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Dr. SK Goyal
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i

IF YOU CONTINUOUSLY PUT YOUR EFFORTS ON AN ASPECT, YOU HAVE VERY 
GOOD CHANCE TO GET POSITIVE OUTCOME i.e. SUCCESS

However I have made the best efforts and put my all Coordinate Geometry teaching 
experience in revising this book. Still I am looking forward to get the valuable 
suggestions and criticism from my own fraternity i.e. the fraternity of JEE teachers.

I would also like to motivate the students to send their suggestions or the changes that 
they want to be incorporated in this book. All the suggestions given by you all will be 
kept in prime focus at the time of next revision of the book.

i

It is a matter of great pride and honour for me to have received such an overwhelming 
response to the previous editions of this book from the readers. In a way, this has inspired 
me to revise this book thoroughly as per the changed pattern of JEE Main & Advanced. I 
have tried to make the contents more relevant as per the needs of students, many topics 
have been re-written, a lot of new problems of new types have been added in etcetc. All 
possible efforts are made to remove all the printing errors that had crept in previous 
editions. The book is now in such a shape that the students would feel at ease while going 
through the problems, which will in turn clear their concepts too.

A Summary of changes that have been made in Revised & Enlarged Edition
• Theory has been completely updated so as to accommodate all the changes made in JEE 

Syllabus & Pattern in recent years.
• The most important point about this new edition is, now the whole text matter of each 

chapter has been divided into small sessions with exercise in each session. In this way the 
reader will be able to go through the whole chapter in a systematic way.

• Just after completion of theory, Solved Examples of all JEE types have been given, providing 
the students a complete understanding of all the formats of JEE questions & the level of 
difficulty of questions generally asked in JEE.

• Along with exercises given with each session, a complete cumulative exercises have been 
given at the end of each chapter so as to give the students complete practice for JEE along 
with the assessment of knowledge that they have gained with the study of the chapter.

• Last 13 Years questions asked in JEE Main &Adv, IIT-JEE & AIEEE have been covered in all 
the chapters.
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Session 1

X' X
0

Y'

OM - x and MP = y

Y

X' X

+
(b) Oblique axes (+.-)

Rectangular Cartesian 
Coordinates of a Point

OM = x-coordinate or abscissa of the point P 
MP = y-coordinate or ordinate of the point P.

II 
quadrant

Coordinate Axes
The position of a point in a plane is determined with 
reference to two intersecting straight lines called the 
coordinate axes and their point of intersection is called 
the origin of coordinates.
If these two axes of reference (generally we call them x 
and y axes) cut each other at right angle, they are called 
rectangular axes otherwise they are called oblique 
axes. The axes divide the coordinate plane in four 
quadrants.

X'OY' 
dll)

Introduction
The great philospher and mathematician of France Rane 
Descartes (1596-1665) published a book ‘La Geometric’ 
in 1637.
Descartes gave a new idea i.e. each point in a plane is 
expressed by an ordered pair of algebraic real numbers 
like (x, y),(r, 0) etc., called coordinates of the point.
The point (x, y) is called cartesian coordinates and (r, 0) is 
called polar coordinates of the point. Then represents 
different forms of equations which are developed for all 
types of straight lines and curves.
Thus the Coordinate Geometry (or Analytical Geometry) is 
that branch of mathematics in •which geometrical problems 
are solved with the help of Algebra.

Sign of/coordinates
Sign ofy coordinates

XOY' 
(IV) 
+

X'*------
III 

quadrant

r z

Let X' OX and Y' OY be two perpendicular axes in the 
plane of paper intersecting at 0. Let P be any point in the 
plane of the paper. Draw PM perpendicular to OX. Then 
the lengths OM and PM are called the rectangular 
cartesian coordinates or briefly the coordinates of P.

Y

fPbc.y)

y;
i

~i in
—x—M

II 
quadrant «

CO 
X 

' 0

I 
quadrant

^90° 
x-axis

IV 
quadrant

J?

Introduction, Coordinate Axes, Rectangular Cartesian 
Coordinates of a Point, Polar Coordinates of a Point, 
Relation between the Polar and Cartesian Coordinates

III 
quadrant

Y'
(a) Rectangular axes

Y
I (a *90°) 

quadrant
-- 0 x-axis

IV 
quadrant

Let
Then, the position of the point P in the plane with respect 
to the coordinate axes is represented by the ordered pair 
(x, y). The ordered pair (x, y) is called the coordinates of 
point P.
i.e.
and

Remarks
1. The ordinate of every point on X-axis is 0.
2. The abscissa of every point on Y-axis is 0.
3. The abscissa and ordinate of the origin 0(0,0) are both zero.
4. The abscissa and ordinate of a point are at perpendicular 

distance from Y-axis and X-axis respectively.
5. Table for conversion sign of coordinates:

Quadrants XOY X'OY
(I) (H)
+
+_

Sign of (x, y)_________ (+,+) (-,+) (-,-)

6. Equation of X-axis, y = 0 and equation of Y-axis, x = 0.
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Chap 01 Coordinate System and Coordinates 3

r

-X - xInitial line

Q(r.-0) and

P(x,y)

X0 x M

or 9 = tan

i.e. ...(iii)s(-2,

(x2 + y2),tanand => (r,9) .••(iv)2

■X0

2,

9 = tan

on If a = tan

•X

a

(i) 5, tc - tan
’4

then,

Sol. (i) Given, r = 5,0 = n - tan

Relation between the Polar 
and Cartesian Coordinates

... (0 
...(ii)

the plane.

Sol. Here,

y
X

y
X

I Example 3. Find the cartesian coordinates of the 
points whose polar coordinates are

(;))

2 
a

in
-it + a

IV

-a

2/ 
An/3

2\

Then, the ordered pair of real numbers (r,9) called the 
polar coordinates of the point P.

(radius vector) 
(vectorial angle) 

P(r, 9)

-fl

-i y
X

Then, values of 9 in four quadrants

Quadrant I D
0 a it -a

i 5jcI Example 2. Draw the polar coordinate I 3,~

(Rote)'''*Z®

-2,-y j and f2, -y 1 on the plane.

Remarks
1. r may be positive or negative according as 9 is measured in 

anticlockwise or clockwise direction. 0 lies between -n to n i.e. 
-it<9£ it. If it is greater than it, then we subtract 2n from it 
and if it is less than -it, then we add 2n, to it. It is also known 
as principal value of P.

2. Always taken 9 in radian.

I Example 1. Draw the polar coordinates

Sol.

Let P(x,y) be the cartesian coordinates with respect to 
axes OX and OY and (r, 9) be its polar coordinates with 
respect to pole 0 and initial line OX.
It is clear from figure

OM = x = rcos9

MP=y = rsin9
y

a0 = — >it
4

Ory-

4

A A 5n „ 3lt 0 - 2lt =----- 2n =------
4 4

q *"• I • fo 3ltA3, — is same 3,-----. 4 J I 4 J

\

If r and 9 are known then we can find (x, y) from Eq. (iii) 
and if x and y are known then we can find (r, 9) from 
Eq. (iv).

Squaring and adding Eqs. (i) and (ii), we get 
x2+y2=r2 or r = «J(x2 +y2)

Dividing Eqs. (ii) by (i), then
( y 

tan 9 = —

(r cos9,rsin9) => (x,y)

or r =

Polar Coordinates of a Point
If OP = r
and ZXOP = 9

5it

4

71
3
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4 Textbook of Coordinate Geometry

aNow,

and
; -1

= - 5 cos tan a = tan

= - 5 cos cos

join
and

= 5 sin sin

Sol. and 0 = tanr =

andor

Now,

and

or

2 ,2

or

and a = tan tan = tan
and

,2 \
,2then

or

or

Given,then,

or

= (2,2) *(-2,-2)

I Example 5. Transform the equation r2 = o2 cos 20 
into cartesian form.

or
This is the rei
Aliter:

1
X -J= 

>12

y = r sin0 = 5 sin In — tan

(;))

©)■

tan© = — 
x

(ii) Given, x = - 3, y = 4
• ' r = J(x2 +

I Example 4. Find the polar coordinates of the points 
whose cartesian coordinates are

(i) (-2,-2) (ii) (-3,4)
Sol. (i) Given,x = -2,y = -2

r = <j(x2 + y2) = 7(4 + 4) = 2^2

-2
-.2

5^2 X 4. = 5

y = r sinG = 5^2 sin

x = r cos0 = 5 cos n — tan

x = r cosG = 5V2 cos

= 5 sin ^tan-1

r = 572,© = -
4

©=n-a=n- tan
.. • db? <~

Hence, polar coordinates of the given points, will be 
(s.n-tan-g)).

I Example 6. Transform the equation x2 +y2 =ox into 
polar form.

Sol. x = r cosG, y = r sin0 
2 . 2x + y = ax 

r2 = a (r cosG)
r = a cosG

This is the required equation in polar form.

1 = ^
4

— 5X- = —3 
5

-0)

'l-tan2e'
J + tan2©,

H
y21 + Z7 

k x )
(x2 + y2)2 = a2 (x2 -y2)

:quired equation in cartesian form.

y_ =
X

Since, point (-2, - 2) lies in DI quadrant.

0 = -7t + a = -n + — =-----
4 4

Hence, polar coordinates of the given points will be

k 4)
Remark : If we find 0, from the equation,

tan© = —= — = 1
x -2

0 = — and then 
4

(x, y) = (r cosG, r sin0) = [ 2^2 x -L, 2x/2
k v2

Given, r2 = a2 cos 20 = a2

4 1 
5

Hence, cartesian coordinates of the given point will be 
(-3,4).

(ii) Given,

r“ = a“ cos 20

r2 = a2 (cos2© - sin2©)
x = r cosG and y = r sin© 
r2 = x2+y2

4 2/2 2xr -a (x -y )
2x2 2/2 2\) = a {x - y ).

7(9 + 16) = 5 

g = tan-|A| = Un-g) 
Since, point (-3, 4) lies in II quadrant 

4> 
3 J

r2 =a

1
/2

(7)=5^x3=5
Hence, cartesian coordinates of the given point, 
will be (5,5).
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Chap 01 Coordinate System and Coordinates 5

Exercise for Session 1

2. The cartesian coordinates of the point whose polar coordinates are 13, n - tan

(d) x2y2

XO'

Q,
2

•X

s(2’-t)

(d)(V3,-1)

LJL
3

Kt)

f)

(b)[V2.^
\ 4

(d)p2.-35

yHI 
/2 
.rt/3 
sMc/6
2

1. The polar coordinates of the point whose cartesian coordinates are (-1, -1) is

(a)p2 ”
\ 4

(C) V2.-4 
k 4

(d) -3.^(b) 3.-|

/o 
2/

(a)

5. The cartesian coordinates of the point Q in the figure is

(a) (12,5) (b)(-12,5) (c)(-12,-5) (d)(12,-5)

3. The transform equation of r2 cos2 9 = a2 cos 29 to cartesian form is (x2 + y2)x2 = a2X, then value of X is

(a) y2 - x2 (b) x2 - y2 (c) xy

4. The coordinates of P' in the figure is

(a)(V3,1) (b)(-V3.1) (c) (-73,-1)

6. A point lies on X-axis at a distance 5 units from Y-axis. What are its coordinates ?

7. A point lies on Y-axis at a distance 4 units from X-axis. What are its coordinates ?

8. A point lies on negative direction of X-axis at a distance 6 units from Y-axis. What are its coordinates ?

9. Transform the equation y = x tan a to polar form.

10. Transform the equation r = 2 a cos 9 to cartesian form.
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Distance Between Two Points

y2

X' ■X0

r

A

or 1 2

or
2

Session 2
(■MniaMicrjmrWrrKnrAUCVtjapMaSMCBWaKMHMaHmi

Distance between Two Points, Choice of Axes, Distance 
between Two Points in Polar Coordinates

I **

O(*2.y2) 
yj-/i

3.
M

(xi.yih 

1^ 
y1JI 

L 
—X,— 
*-----------*2

1____ C
X2-*1

Notations : We shall denote the distance between two 
points P and Q of the coordinate plane, either by | PQ| or 
byPQ.
Corollary 1: The above formula is true for all positions 
of the points (i.e. either point or both points are not in the 
1st quadrant) keeping in mind, the proper signs of their 
coordinates.
Corollary 2: The distance of the point P(x, y) from the 
origin 0(0,0) is given by

| OP | = Jx-0)2 + (y-0)2 = 7(x2 +/)
Corollary 3 : The above formula can also be used as 

7(%i -x2)2 + (yj -y2)2

Corollary 4 : (i) If PQ is parallel to X-axis, then y 1 = y2 
and so

\PQ\ = yl(x2-Xl)2 = |x2 -XjI

(ii) If PQ is parallel to Y-axis, then xx = x2 and so
I^QI = V(Y2 "Ji)2 =l?2 -Yil

Corollary 5 : If distance between two points is given, then 
use ± sign.

Theorem: The distance between two points P (xx, ) 
and Q(x2,y2) is given by

I PQ I = J*2 ~*i)2 +(?2 - Yi)2 .

Proof: Let P(x1,y1) and Q(x2,y2) be any two points in 
the plane. Let us assume that the points P and Q are both 
in 1st quadrant (for the sake of exactness).

Y

From P and Q draw PL and QM perpendiculars to X-axis. 
From P draw PR perpendicular to QM and join PQ. Then

OL = rb OM = x2, PL=yx,QM =y2
PR = LM = OM — OL = x2 - Xj

and QR = QM - RM = QM — PL = y2—yx
Since, PRQ is a right angled triangle, therefore by 
pythagoras theorem.

(PQ)2 =(PP)2 +(QP)2

I PQ| - yj(PR)2 +(QP)2 (*•* PQ is always positive) 

= J*2 -*1)2 +(?2 -Yl)2

The distance PQ between the points P(x;,yt) and 
Q(x2,y2) is given by Jx2 - xj2 + (y2 -yj2

(difference in x coordinates)2

+ (difference in y coordinates)

(difference of abscissaes)2

+ (difference of ordinates)

2. When three points are given and it is required to:
(i) an Isosceles triangle, show that two of its sides 

(or two angles) are equal.

Remarks
1. If three points A*i. yd, B(x2, y2) and C(x3, y3) are collinear, 

then |XI8|±|BC| = pC|
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http://www
http://www


Chap 01 Coordinate System and Coordinates 7

then

= 2a sin

(•/ a > 0)= 2a sin

or

or

| ABj = -J(l-2)2 + (5 - 4)2 = Ji

C72

B

72
A

or
or

(ii) an Equilateral triangle, show that its all sides are equal 
or each angle is of 60°.

(iii) a Right angle triangle, show that the sum of the 
squares of two sides is equal to the square of the third 
side.

(iv) an Isosceles right angled triangle, show that two of its 
sides are equal and the sum of the squares of two equal 
sides is equal to the square of the third side.

(v) a Scalene triangle, show that its all sides are unequal.
3. When four points are given and it is required to

(i) a Square, show that the four sides are equal and the 
diagonals are also equal.

(ii) a Rhombus, (or equilateral trapezium) show that the 
four sides are equal and the diagonals are not equal.

(iii) a Rectangle, show that the opposite sides are equal and 
the diagonals are also equal.

(iv) a Parallelogram, show that the opposite sides are equal 
and the diagonals are not equal.

(v) a Trapezium, show that the two sides are parallel and 
the other two sides are not parallel.

(vi) An Isosceles Trapezium, show that the two sides are 
parallel and the other two sides are not parallel but equal.

4. if A. B, C be tne vertices of a triangle and we have to find the 
coordinates of the circumcentre then, let the circumcentre be 
P(x, y) and use PA2 = PB2 and PA2 = PC2 this will give two 
equations in x and y then solve these two equations and (x, y).

|BC| = 7(2 - 3)2 + (4 - 3)2 = 72
| AC| = 7(1 ~3)2 +(5-3)2 = 2 Ji
| AB\ + |BC| = Ji + Ji = 2^2 = |AC[.

V
= yja2 {1 + 1- 2(cosacosP 4- sinasinP)}

= 7«2 (2-2cos(a-0))

= ^2a2 (1 - cos(a - P))

a - P
2 JJ

a - p
2

2 )

a - p 'I
2 J

and

Clearly, 

Hence, A, B, C are collinear.

3 Example 9. If the point (x,y) be equidistant from the 
points (6, -1) and (2,3), prove that x - y = 3.

Sol. Let P = (x, y), A = (6, - 1) and B = (2,3) 

By the given condition,. PA = PB 

=> 7(x - 6)2 4- (y + I)2 = 7(x - 2)2 4- (y - 3)2 
(x - 6)2 4-(y 4-1)2 = (x - 2)2 4-(y — 3)2 

x2 - 12x +36 4-y2 +2y 4-1

- x2 - 4x 4- 4 4- y2 - 6y 4- 9

8x - 8y = 24 
x-y = 3

I Example 10. Using distance formula, show that the 
points (1,5), (2,4) and (3,3) are collinear.

Sol. Let A = (1,5), B s (2, 4) and C = (3,3) be the given points, 
then

a Example 7. Prove that the distance of the point 
(ocosa,osina) from the origin is independent of a.

Sol. LetP = (a cosa, a sina) and 0 = (0,0)

then |OP| = 7(a cosa - 0)2 4- (a sina - 0)2 

= 7(a2 cos2a 4- a2 sin2a) 

= yja2 (cos2 a 4- sin2a) = Ja2 

= |a|, which is independent of a.

1 Example 8. Find the distance between the points 
(ocosa,osina) and (ocosp,osinp), where a>0.

Sol. Let P = (a cosa, a sina) and Q = (a cosP, a sinP)

4a2 sin2

2a2 -2 sin2

Important Remarks for
Objective Questions

(i) Iffxi.y!) and(x2,y2) are the ends of the hypotenuse 
of a right angled isosceles triangle, then the third 
vertex is given by

r(xi +x2)+(y1 -y2) (yt +y2) + (xt -x2)y

< 2’2,

(ii) If two vertices of an equilateral triangle are (xj, y!) 
and(x2,y2), then coordinates of the third vertex are

"xi 4- x2 + V3 (y2 -yt) yt 4-y2 ± (x, - xtf

2 ’ 2

|PQ| = 7(^ cosa - a cos P)2 4- (a sina - a sinP)2 

= \a2 {(cosa - cosp)2 4- (sina - sinP)‘}

a2 {cos2 a 4- cos2p - 2cosacosP 4-sin~a

4- sin2p - 2 sina sinP)
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8 Textbook of Coordinate Geometry

I Example 11. An equilateral triangle has one vertex at

and
T7C

A(3,£)

—^B

X' •X

fi(x.y)

..4i)

•••(ii)
Ui)=> x =

D

>fi(x,y)

i.e.

or ,2

=>

- 3y - 1 = 0

r

o
(0,0)

=>

=>

or

the point (0,0) and another at (3, VI). Find the 
coordinates of the third vertex.

So/. Let 0 = (0,0) and A = (3, V3) be the given points and 
let B = (x, y) be the required point. Then

OA = OB = AB
Y

| BC| = 7(3 - 5)2 + (6 - 10)2 = ^4 + 16 = 2^5 

|CD| = 7(5 - 3)2 + (10 - 2)2 = 74 +64 = 2^17 

| AD\ = 7(1 - 3)2 + (-2 - 2)2 = 74 + 16 = 2^5 

|AC| = 7(1 ~ 5)2 + (-2 - 10)2 = 716 + 144 = 4^10 

| BD| = 7(3 - 3)2 + (6 - 2)2 = 4 
Dr?

23 - lOy
4

^7\A(3, 4) 
t \

/ \
t \

f

C(1.-1)

I Example 12. Show that four points (1, -2), (3,6), 
(5,10) and (3,2) are the vertices of a parallelogram.

Sol. Let A = (1, - 2), B = (3,6), C s (5,10) and D = (3,2) be the 
given points. Then

| AB[ = 7(1 - 3)2 + (-2 - 6)2 = 74 + 64 = 2>/17

2 J 
or (3,-^3)

Also, in A ABC,
(AB)2+(BC)2=(AC)2

(x-3)2+(y-4)2+(x-l)2+(y + l)2

= (3 — I)2 + (4 + I)2
=> x2 +y2 -4x-3y-l = 0 ..{ii)
Substituting the value of x from Eqs. (i) into (ii), we get 

2 
I + y2 - 4

A^-

Clearly, | AB| = |CD|, |BC| = |AD| and |AC| * |BD| 
Hence, ABCD is a parallelogram.

I Example 13. Let the opposite angular points of a 
square be (3,4) and (1,-1). Find the coordinates of the 
remaining angular points.

Sol. Let A(3, 4) and C(l, -1) be the given angular points of a 
square ABCD and let B(x, y) be the unknown vertex. Then 

AB = BC 
(AB)2 = (BC)2

(x - 3)2 + (y - 4)2 = (x - l)2 + (y +1)2 
4x + lOy - 23 = 0

23 - lOy 
4

23-10y 
4

4y2 - 12y + 5 = 0
(2y - l)(2y - 5) = 0

1 5y = - or -
2 2

r
=> (OA)2 = (OB)2 = (AB)2
=> (3 - 0)2 + (V3 - 0)2 = (x - 0)2 + (y - 0)2

= (x - 3)2 + (y - V3)2 
=> 12 = x2 +y2 = x2 +y2 -6x-2^y + 12
Taking first two members then 

x2 + y2 =12 
and taking last two members, then

6x + 2-Jiy = 12 or y = ^3(2 - x) 
From Eqs. (i) and (ii), we get 

x2 + 3(2-x)2 =12 

or 4x2-12x = 0
=> x = 0,3
Putting x = 0,3 in Eq. (ii), we get y = 2^3, - -J3 

Hence, the coordinates of the third vertex B are (0,2^3) or 
ft-Vs).
Short Cut Method : According to important note : 

fxj + x2 + 73(y2 -yj y, + y2 ±l3(x2 - x1)> 
I 2 ’ 2 J
'o + 3 + ^3(73 - 0) 0 + 75 ± ^3(3 - of 
I 2 ’ 2 
r3T3 73±3VT 

(0,2^3)
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Also,

and

A(a,b)

B(c, d)
e r2

x' >x

cos0 =(-2.-3)4 

C(7. -6)

[from Eqs. (i) and (ii)]

-XO

cos 6 =

..Xi)
-Xii)and

0

y*

Choice of Axes
For simplification we carefully choose the axes or the 
origin. Some situations are given below :

(i) If two lines are perpendicular then point of 
intersection is taken as origin and these lines must be 
taken as the coordinate axes.

(ii) If two fixed points A and B are given then we take
| AB| = 2a and the mid-point of AB as origin ‘O’, line 
AOB as X-axis and the line perpendicular to AB 
through 0 is taken as Y-axis then the coordinates of 
the fixed points are (±a, 0). Similarly if AOB as Y-axis 
and the line perpendicular to AB through 0 is taken 
as X-axis then the coordinates of the fixed points are 
(0,±a).

(iii) If there is a symmetry of any kind then take the 
coordinates of the points in a general way i.e. (xf, yt), 
i = l,2,3,... etc.

I Example 14. Find the circumcentre of the triangle 
whose vertices are (-2, - 3), (-1,0) and (7, - 6). Also 
find the radius of the circumcircle.

So/. Let A = (—2, — 3), B — (-1,0) and C — (7, — 6).

Let P s (x, y) be the circumcentre of AABC.
(-l.OjBs'' \

I Example 15. If the line segment joining the points 
A(o,b) and B(c,d) subtends an angle 0 at the origin 0, 
prove that

By using Cosine formula in A AOB 
(OA)2 + (OB)2 - (AB)2 

2OA.OB

r2 4- r22 - (r2 + r22 ~ 2 (ac + bd)) 
2n r2

 2(ac + bd)  (ac + bd) 
2n r2 rxr2

_ (ac + bd)
' +\2) V(?+d2>

 (ac + bd)
yj(a2 + b2)(c2 + d2)

Also from Eq. (iii), 
i\r2 cosO = ac + bd

ac + bd 

J(a2+b2)(c2 + d2) 
or OA.OB cos0 = oc + bd

Sol. Let OA = r, and OB = r2

 
Now, r, = | OA| = -](a2 + b2)

rt=\OB\ = jS+d*)

\AB\ = yl(a-c)2 +(b-d)2 

= Ja2 + b2 + c2 + d2 - 2ac - 2bd 

= ^r2 + r2 -2 (ac + bd) [from Eqs. (i) and (ii)]

y

or OA.OB cost) = ac + bd

1 9Putting y = - in Eq. (i), we get x = -,
2 2

and putting y = - in Eq. (i), we get x = - -
2 2

f9 l') Hence, the required vertices of the square are I- I 

f 1 5^
I 2’2)'

Since, P is the circumcentre
|PA| = \PB\ = |PC| => (PA)2 = (PB)2 = (PC)2

(x + 2)2 + (y + 3)2 = (x + I)2 + (y - 0)2

= (x-7)2+(y + 6)2

x2 + y2 + 4x + 6y + 13 = x2 + y2 + 2x + 1

= x2 +y2 - 14x + 12y + 85
Taking first two members, we get

x + 3y + 6 = 0
and taking 1st and last member then, we get 

3x-y- 12 = 0
Solving Eqs. (i) and (ii), we get

x = 3,y = -3
Hence, circumcentre is (3, -3).
Radius of the circumcircle

= PB = A/(3+l)2 +(-3-0)2

= ^16 + 9 = 5 units
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Let
y P(a. P)

2

C(a, b)(O.b)D

..{ii) XX' A(0. 0)

(va*0)

2

X' ■xC(a, 0)B{~a, 0)

P(Mi)
r

Now, O(r2. 02)

r2
-<i)

X Initial lineand

Let 0 be the pole and OX be the initial line. Let P and Q be 
two given points whose polar coordinates are , 0j) and 
(r2,02) respectively.

Then, 
and

Distance between Two Points 
in Polar CoordinatesA(b, c) 

s1 \ 
> I \

I \

/ \
I \

o(o7oj

l

I

I

I

I 

t
I

B(a, 0)

I Example 17. In any triangle ABC, show that 
AB2 + AC2 =2(AD2+ BD2)

where, D is the middle point of BC.
Sol. Let D as the origin and DC and DY as the X and Y-axes 

respectively. Let BC = 2a, then
B = (-a, 0), C = (a, 0) and let A = (b, c)

y

I Example 16. Show that the triangle, the coordinates of 
whose vertices are given by integers, can never be an 
equilateral triangle.

So/. Let A s (0,0), B = (a, 0) and C = (b, c) be the vertices of 
equilateral triangle ABC where a, b, c are integers then, 

|AB| = |BC| = |CA| 
(AB)2 = (BC)2 = (CA)2

=> a2 - (a - b)2 + c2 = b2 + c
From first two members, we get 

b2 + c2 = 2ab
and taking first and third members, then 

l2 . „2  o + c = a
From Eqs. (i) and (ii) we get 

a = 2b
From Eq. (ii), b2 + c2 = (2b)2

or c2 = 3b2
or c = ± bV3
which is impossible, since b and c are integers.

r
Now, LHS = PA2 + PC

= (a - 0)2 + (p - 0)2 + (a - a)2 + (p - b)2

= 2a2 + 2p2 - 2aa - 2bp + a2 + b2

and RHS = PB2 + PD2

= (a - a)2 + (p - 0)2 + (a - o)2 + (p - b)2
= 2a2 + 2p2 - 2aa - 2bP + a2 + b2

From Eqs. (i) and (ii), we get
PA2 + PC2 = PB2 + PD2

LHS = AB2 + AC2

= (b + a)2 + (c - 0)2 + (b - a)2 + (c - 0)2

= 2(a2 + b2 +c2)

RHS = 2(AD2 + BD2)

= 2{(b-0)2+(c-0)2+a2}
= 2(a2 +b2+c2)

From Eqs. (i) and (ii), we get
AB2 + AC2 =2(AD2 + BD2)

OP — fi, OQ — r2 
zpox=01,zqox=02 
ZPOQ=01 -02

(Pole)

I Example 18. Let ABCD be a rectangle and P be an^ 
point in its plane. Show that PA2 + PC2 =PB2+PD

Sol. Let A as the origin and AB and AD as the X and Y-axes 
respectively. Let AB = a and AD = b, then

B = (a, 0), D = (0, b) and C s (a, b)
P = (a,p)
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cos(Z POQ) =

COS(0! ~02) “or

and

c

3

3

Sol. Let A = (0, Q\ B andC =
>X

Here, given coordinates are in polar form

•r In A ABC

(say)|BC| =

or

t22 = 3 unitsand |CA) = Hence,

Remark
Always taking and 02 in radians.

2
n
6

6
K
3

AB = AC
Z. ACB = Z. ABC =a

7C a+a+—
3

7t a = —
3

|AB) = |BC| = |CA|.

cH)

32 +02 - 2-3-0 cos (--0
16

ZBAC = -
2

ZBAX =-
2

ZCAX = -
6

By using Cosine formula in &POQ, 
(OP)2 + (OQ)2 -(PQ)2 

2(OP)(OQ)

i 7C iI Example 19. Prove that the points (0,0), I 3, — J and

71 i3,— are the vertices of an equilateral triangle.6 7

18 -18 sin j = 7(18 - 9) = 3 units

|AB|= (02 +32 -2-0-3 cos---- 01=3units

32 + 32 - 2-3-3 cos

ri2 +r22 -(PQ)2 
2rjr2

I J’QI = 7(ri2 + r22 “2 nr2 cos(0! -02))

|AB| = |BC| = |G4|
Hence, points A, B, C are the vertices of an equilateral 
triangle.
Aliter:

-♦^n/3

A(0. 0)

%
2
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Exercise for Session 2

(d)3± 2V15

(d) None of these

4
(d)14

1
+ — is independent off. 

SQ

(a) 8 (b) 10 (c) 12

4. Let ,4(6, -1), B (1,3) and C(x, 8) be three points such that AB = BC, then the value of x are

(a) 3, 5 (b)-3,5 (c) 3, - 5 (d)-3-5

5. The points (a +1,1), (2a + 1,3) and (2a + 2,2a) are collinear, if

(a)a = -1,2 (b)a = -,2 (c)a = 2,1 (d)a = --,2
2 2

6. If A = (3,4) and B is a variable point on the lines | x| = 6. If AB < 4 then the number of positions of B with integral 
coordinates is
(a) 5 (b)6 (c) 10 (d) 12

7. The number of points on X-axis which are at a distance c units (c < 3) from (2,3) is

(a)1 (b)2 (c)0 (d)3

8. The point on the axis of y which its equidistant from (-1,2) and (3,4), is

(a)(Q3) (b)(0,4) (c)(0,5) (d)(0,-6)

9. Find the distance between the points (at,2,2 at|) and (af2, 2 af2), where and t2 are the roots of the equation 
x2 -2f3x +2=0 and a \0.

/ — Oo \ 4
10. If P(at2,2 at), Of p’,——J andS(a,0)be any three points, show that —

11. Prove that the points (3,4), (8,-6) and (13,9) are the vertices of a right angled triangle.

12. Show that the points (0, -1), (6,7), (-2,3) and (8,3) are the vertices of a rectangle.

13. Find the circumcentre and circumradius of the triangle whose vertices are (-2,3), (2,-1) and (4,0).

14. The vertices of a triangle are A(1,1), 8(4,5) and C(6,13). Find cos A

15. Two opposite vertices of a square are (2,6) and (0,-2). Find the coordinates of the other vertices.

16. If the point (x,y) is equidistant from the points (a + b,b -a) and (a -b,a + b), prove thatbx = ay.

17. If a and b are real numbers between 0 and 1 such that the points (a, 1), (1,b)and (0,0)form an equilateral 

triangle, find a and b.

18. An equilateral triangle has one vertex at (3,4) and another at (-2,3). Find the coordinates of the third vertex.

19. If P be any point in the plane of square ABCD, prove that

PA2 + PC2 =PB2 + PD2

1. If the distance between the points (a, 2) and (3,4) be 8, then a equals to
(a)2+3Vl5 (b)2-3Vl5 (c)2±37l5

2. The three points (-2,2), (8, -2)and (-4, -3)are the vertices of
(a) an isosceles triangle (b) an equilateral triangle (c) a right angled triangle

3. The distance between the points |3, — | and f 7, — | is
\ 47 V 4 J
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Section Formula y

b(*2. yd

J

H

X' •Xo

Y

or

=>

=>

y =

and

I

Positive, in internally division 
Negative, in externally division

A

Session 3

AP
PB

m

n
(iii)

2 
L

_ J 
MN

Also, if P be any point on the line AB but not between A 
and B ( P may be to the right or the left of the points A, B) 
then P divides AB externally in the ratio AP: PB

Note
AP
PB

Section Formula, Centroid of a Triangle, Incentre, 
Some Standard Results, Area of Triangle

Definition: If P be any point on the line AB between A 
and B then we say that P divides segment AB internally in 
the ratio AP: PB.

(i) Formula for Internal Division
Theorem : If the point P (x, y) divides the line segment 
joining the points A(xT,yj) and B(x2, y2) internally in 
the ratio m: n, then prove that

_ mx2 + nxy
m + n

n/
□

m/
'E

_my2 +nyi 
m + n

Proof: The given points are A (xt, yt) and B (x2, y2). Let 
us assume that the points A and B are both in 1st quadrant 
(for the sake of exactness). Since P (x, y) divides AB 
internally in the ratio m: n i.e. AP: PB = m: n. From A, B 
and P draw AL, BM and PN perpendiculars to X-axis. 
From A and P draw AH and PJ perpendiculars to PN and 
BM respectively, then
OL = Xj, ON = x, OM = x2,AL = yi, PN = y and BM = y2

AH = LN = ON-OL = x-xx
PJ = NM = OM-ON = x2 -x

PH = PN - HN = PN - AL = y-y1
BJ = BM-JM = BM-PN = y2-y

Clearly, the As AHP and PJB are similar and therefore, 
their sides are proportional 

AH PH ~ 
PJ ~ BJ~ 

x-xi y-yi 
x2-x y2-y 

(0 (ii) 
From Eqs. (i) and (iii), we have 

x - Xi _ m 
x2 -x n 

nx-nxj =mx2 -mx 
(m + n) x =mx2 4-nXj 

_mx2 +nxt 
m + n 

and from Eqs. (ii) and (iii), we have 
y-yi 
y2-y n

ny -nyl =my2 -my 
(m + n) y =my2 +ny{ 

my 2 + nyj 
m + n

Thus, the coordinates of P are 
fznx2+nx1 my2+nyl 
I m+n ’ m+n

http://www.jeebooks.in
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= 8X =

and 4y =

m

0(5,1)

0(3, 0)

B(l-1)

1
P

+ 2 = 0

+ c = 0a

or

or

X = -

or

2
3

Remarks
1. If P (a, p) be the mid-point of AB and if coordinates of A are 

(X, p) then the coordinates of B are (2a - X 2p - p). i.e. 
(Double the x-co-ordinate of mid point - /-coordinate of given 
point, Double the y-co-ordinate of mid point - y-coordinate of 
given point).

2. The following diagram will help to remember the section 
formula.

If ratio is positive, then divides internally and if ratio is negative 
then divides externally.

Proof: Coordinates of P are

I Example 22. Determine the ratio in which 
y - x + 2 = 0 divides the line joining (3, -1) and (8,9).

Sol. Suppose the line y - x + 2 = 0 divides the line segment 
joining A (3, -1) and B (8,9) in the ratio X : 1 at point P, 

then the coordinates of the point P are

(~1.3)

A 
(xi.yi)

B 
(X2.X2)

Median AD = 7(3 +1)2 + (0 - 3)2 

= 716 + 9=725 

= 5 units

8X +3 9X -1 
k X +1 X +1

But P lies ony-x + 2 = 0 therefore 
pX-l 
I X +1

Shortcut method
According to Remark 4: 

-1-3 + 2 
9-8 + 2

X : 1 = 2:3

Corollary 1: The above section formula is true for all 
positions of the points (i.e. either point or both points are 
not in the 1st quadrant), keeping in mind, the proper signs 
of their coordinates.
Corollary 2 : If P is the mid-point of AB then m = n, the 
coordinates of the middle-point of AB are

(Xi +x2 y, +y2>|
I 2 ’ 2 J

8X +3
X +1 

9X-l-8X-3 + 2X+2 = 0

3

*i + Xx2 y, + Xy2 
1 + X 1 + X

■:P lies on the line ax + by + c = 0, then
A + Xy2'

1 + X >

n

P(x.y)

I Example 21. Find the length of median through A of 
a triangle whose vertices are A (-1,3), 8 (1, -1) and 
C(5,1).

Sol. Let D be the mid-point of BC, then coordinates of D are 

i.e. (3,0)1+5 -1 + 1
2 ’ 2

x, + Xx2
1 + X

(ax, + by^ + c) + X (ax2 + by2 + c) = 0
X  (ax, + by} + c)
1 (ax2 + by2 + c)

5. The line joining the points (x1t y,) and (x2, y2) is divided by the 
X-axis in the ratio - — and by Taxis in the ratio - —.

y2 x2
6. In square, rhombus, rectangle and parallelogram diagonals 

bisect to each other.

I Example 20. Find the coordinates of the point which 
divides the line segment joining the points (5,-2) and 
(9,6) in the ratio 3:1.

So/. Let the required point be (x, y\ then
3X9+1X5

3 + 1 J
3 X 6 + 1 X (-2)^ _

3 + 1 /
Thus, the coordinates of the required point are (8, 4),

2
So, the required ratio is 1, i.e. 2 : 3 (internally) since here

X is positive.

3X-2 = 0 or

<x,Ay,) P(X'y) (Wd

3. For finding ratio, use ratio X: 1, then coordinates of Pare
| + Xx2. y, + fy? | js p0Sjtjve then divides internally and 

1 + X 1 + X j
if X is negative, then divides externally.

4. The straight line ax + by + c = 0 divides the joint of points 
-4(xlf y,) and B (x2, y2) in the ratio

AP  X   (ax, + by} + c)
PB 1 (ax2 + by2 + c)

o
" !O /

* / 
$
* / ft

http://www.14
http://www.14
http://www.jeebooks.in


Chap 01 Coordinate System and Coordinates 15

or

P = 6and
A (a. P)

I Example 24. In what ratio does X-axis divide the line then

=>

and 2 =

or

(Internally)

8(5, 6)

A(2, -O)

B 
(4-a,-2-P)

1
2

I Example 26. Prove that in a right angled triangle 
the mid-point of the hypotenuse is equidistant from 
its vertices.

Sol. Let the given right angled triangle be ABC, with right 
angled at B. We take B as the origin and BA and BC as the 
X andT-axes respectively.
Let BA = a and BC = b
then A s (a, 0) and C = (0, b)
Let M to be the mid-point of the hypotenuse AC, then 
coordinates of Af are -1

<2 2/

I /

x = l
2

The ratio is —: 1 i.e. 1: 2
2

I Example 23. The coordinates of three consecutive 
vertices of a parallelogram are (1,3), (-1,2) and (2,5).
Then find the coordinates of the fourth vertex.

Sol. Let the fourth vertex be D (a, p). Since ABCD is a 
parallelogram, the diagonals bisect to each other, 
i.e. mid-point of BD = mid-point of AC

2 + 1 5 + 3^
’ 2 J

fq-l P + 2>  f 2 + 1 
.22 J"!. 2 ’

^D(a, p)

Shortcut Method
According to Remark 5 ;

yi_-(-3) 
1 y2 6

:. The ratio is -: 1 i.e. 1: 2 (internally)
2

/>
I s

or a - 4

or p + 2 = 8 or

or a -1 = 3

On equating abscissaes and ordinates, we get
q-1 _3

2 ~ 2

2
Hence, the coordinates of the fourth vertex D (q, p) is (4,6).

I Example 25. The mid-points of the sides of a triangle 
are (1,2), (0,-1) and (2,-1). Find the coordinates of the 
vertices of a triangle with the help of two unknowns.

Sol. Let D (1,2), E (0, -1) and F (2, -1) be the mid-points of
BC, CA and AB respectively.
Let the coordinates of A be (q, P) then coordinates of B and 
C are (4 - q, - 2 - P) and (-q, - 2 - p) respectively 
(see note 1)
V D is the mid-point of B and C

0(1.2)
(-a,-2-p)V7i

(0,-n\ /(2,-

segment joining (2,-3) and (5,6)?
Sol. Let the given points be A (2,-3) and B (5,6). Let AB be 

divided by the X-axis at P (x, 0) in the ratio A.: 1 
internally. Considering the ordinate of P, then

Q  A, x 6 + 1 X (-3)
A, +1

1_ 4-q-q 
2

1 = 2 - q or q = 1 
-2-P-2-P

2
2 = -2-p or P = —4 

Hence, coordinates of A,B and C are 
(1, - 4), (3,2) and (-1,2) respectively.

F
(2.-1)

http://www.jeebooks.Chap
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y

C(0, b)

\^(H)
■xX' A(a, 0)

r
2

...(i)
n

2 Y
-(ii)

P(x,y)

and r s

R

XX' L M N0

Y

y

A(b. c)

^1)
X'

B(-a, 0) 0

Y

or

and F =E =

FE =Now,

n

or

0-- 
. 2

From Eqs. (i), (ii) and (iii), we get
| AM | = | BM | = | CM |

I Example 27 Show that the line joining the mid-points 
of any two sides of a triangle is half the third side.

Sol. We take O as the origin and OC and OY as the X and T-axes 
respectively.

c
2

c
2

A
(xi.yi)

[ii] Formula for External Division
Theorem : If the point P (x, y) divides the line joining the 
points A(xj.yj) and B(x2,y2) externally in the ratiom: n 
then prove that

PR
PS

= y-yi 
y-yz

a + b
2

_7(q2 + fe2)
2

,7(«2+fr2)
2

_ J(a2 + fr2)
2

b - a
2

AR = LN = ON-OL = x-Xi 
BS = MN = ON - OM = x - x2 
PR = PN-RN = PN-AL = y-yl 
PS = PN-SN = PN-BM=y-y2

a__
8(0, 0)

Let BC = 2a, then B = (-a, 0), C = (a, Qi)
Let A = (b, c), if E and F are the mid-points of sides AC and 
AB respectively.

Then,

2

= a

From A, B and P draw AL, BM and PN perpendiculars on 
X-axis. Also, from A and B draw AR and BS perpendiculars 
on PN, 
then

a + b c
2 *2

b-a c
2 *2

b-b-
2

o-iy
2

|CM|=

= l(2a) = l(BG) 
2 2

Hence, the line joining the mid-points of any two sides of a 
triangle is half the third side.

C(a, 0) X and
Clearly, the As APR and BPS are similar and therefore their 
sides are proportional.

AP_ AR_
PB “ BS “

m x - X]— =--------
n x-x2

(i) (ii)
From Eqs. (i) and (ii), we have

m x - Xi
x-x2

mx2 -nXi
m-n

Proof: The given points are A (xi, yj) and B (x2, y2). Let 
us assume that the points A and B are both in the 1st 
quadrant (for the sake of exactness). Let P(x,y) be the 
point which divides AB externally in the ratio m: n, so that 
AP m
BP

mx -mx2 =nx -nxx
(m-n)x=mx2 -nxj

x = mx2-nxj 
m-n

y^my2 -nyj 
m-n

°4
2
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Chap 01 Coordinate System and Coordinates 17

n

s(*2. yz)

or y = /tyh.yi)

Thus, the coordinates of P are

or or

Then, x =

and y =
Corollary 3: v

n i.e.

m
or

Sol.
m-n

or
n

m-n =>or

P^.yd

i.e. x =
A(6, 3)

and y2 =

Q(*2. y2)

Then,

I Example 29. The line segment joining A (6,3) to 
B (-1,-4) is doubled in length by having its length 
added to each end. Find the coordinates of the new 
ends.

(Here, m*n)
Corollary 1: The above formula is true for all positions of 
the points, keeping in mind, the proper signs of their 
coordinates.
Corollary 2 : The above coordinates can also be expressed 
as

fry)

Remarks
1. The following diagram will help to remember the section 

formula

A 
(xi.yi)

B 
(*2.y2)

my2 - nyx
m-n

my-my2 =ny-ny} 
(m-ri)y = my2 -nyx 

my2 - nyi 
m-n

mx2 -nxx
m-n

I Example 28. Find the coordinates of a point which 
divides externally the line joining (1,-3) and (-3,9) in 
the ratio 1 : 3.

Sol. Let the coordinates of the required point be P (x, y), 
lx(-3)-3xf)

1-3 J

Also, from Eqs. (i) and (iii), we have 
m y-yi 

y-y2

^2-^1 - yi
X-1 ' X-1

2. Let — = X, then 
n
' m „

n
™-1

mx2 -nxi my2 - nyx 
m-n ’ m-n

1 x 9 - 3 x (-3p 
1-3 ,

x = 3 and y = — 9 
Hence, the required point is (3, -9).

, 2 x Xj + 1 x (-1)
6--------------------------

2 + 1

/ \ mx2 - nxy my2 - nyx 
k m-n ’ m-n 

m 'I 
-x2-xi — y2-yi 
*______ n______

m 1 ' m _.] 
n n >

fmx2 + (-n) xt my2 + (-n) yj
k m + (-n) ’ m+(-n) 7

and this can be thought of as the coordinates of the point 
dividing AB internally in the ratio m:-n

AP m
PB

Let P and Q be the required new ends 
Let the coordinates of Pbe (xlt yj 
Given, AB = 2AP 

AB _2 
AP~ 1

i.e. A divides BP internally in the ratio 2:1.

AP 
------ 1 = --1 
PB n

AP-PB
PB

AB .........
PB~ n

Now, we can say that B divides AP in the ratio m - n: n 
internally.

_(m-n) x + nXi
2 (m - n) + n

(m-n) y + nyt
(m-n) + n

Corollary 4 : (for proving A, B and C are collinear)
If A, B, C three points are collinear then let C divides AB in 
the ratio X: 1 internally.
If X = + ve rational, then divide internally
and if X = - ve rational, then divide externally.
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and

C(4,54 =

Coordinates of P are =>

or
S(2,1)Given,

Then

=>

and

-15 = 2y2 or y2 = - then,

=>

Aliter:
A(2, 3) 6(4, 3) C(6, 3)

Now, y = = 3

Then, X} =

and =

:. Coordinates of P are

Also,
(say)i.e.

=>

= - => PR-.RQ = X:1 (internally)

and (externally)

then, x2 =

and y2 =

15
2

9
2
15
2

19
2

13
2

[iii] Harmonic Conjugates
If four points in a line, then the system is said to form a 
range. Let four points say P,Q,R,S.
If the range (PQ, RS) has a cross ratio equal to -1, then it is 
called harmonic.

PR SQ
RQ SP

PR_
~RQ

SP
SQ

SQ

Hence, R and S are called the harmonic conjugates to 
each other with respect to the points P and Q.

i.e. C divides AB in the 
ratio 3 : 2 (externally). 
Hence, A,B,C are collinear.

P divides AB externally in the ratio 1: 2 (‘.‘X is negative) 
1 X3-2X3

1-2

PR 
= -l=>  =

RQ

( 9 
Coordinates of Q are I --,

15
2

— 12 J

9
X^-2

X . 1
1

= -- =>PS:SQ = X:1

-4X =2 or X = - -
2

AB 2—+1=-+1
AP 1
BP
AP

[l Example 30. Using section formula show that the 
points (1,-1), (2,1) and (4,5) are collinear.

Sol. Let A = (1, -1), B = (2,1) and C = (4,5)
Suppose C divides AB in the ratio X : 1 internally, then

X X 2 + 1x1
X +1

4X + 4 — 2X + 1
x = A

2

-9 = 2x2 or

AB 2----+1=-+1
BQ 1

BQ

o 1919 = 2.Vj or x1 = —
2

2 X y, + 1 x (-4)
3 — --------------------------------—

2+1
n 1313 = 2y, oryj= —

19 13>
2’2J

Also, let coordinates of Qbe(x2,y2)

AB = 2 BQ => — = - 
BQ 1

i.e. B divides AQ internally in the ratio 2 :1
2 x x2 + 1 x 6

2 + 1

l 9Coordinates of Q are I --, •

AB-2AP 
AB_2 
AP~ 1

AB + AP _ 3 BP _ 3
AP ~ 1 AP ~ 1

:. P divides AB externally in the ratio 1: 3 
1 x(-l)-3x6 

1-3
1 X (-4)-3X3 

1-3

_ 2 x y2 + 1 x 3
2 + 1

§ Example 31. Find the ratio in which the point (2,y) 
divides the line segment joining (4, 3) and (6,3) and 
hence find the value of y.

Sol. Let A = (4,3), B s (6,3) and P = (2,y)
Let P divides AB internally in the ratio X : 1

2 = 6Vr4=> 2X+2 = 6X+4 
X +1

19 13
2 ’ 2

AB = 2BQ
AB _2 -
BQ~ 1

AB + BQ _ 3
BQ “1 BQ 1

:. Q divides AB externally in the ratio 3 :1
3 x (-1) - 1 x 6

3-1
3x(-4)-l X3

3-1

3
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D =

E =

and F =
7P(2, 10)

Y

4(xi.yi)
P(5.1)

p(6,-2) C(x3, y3)

S(a, P)
fifo.ys)

X' *x

/Also,

\
Now, = 8

or

P =and

/
+ l-x2 2-

Centroid of a Triangle
7k

or
Definition : The point of intersection of the medians of 
a triangle is called the centroid of the triangle and it 
divides the median internally in the ratio 2:1.

Theorem : Prove that the coordinates of the centroid of 
the triangle whose vertices are (xj, yj ),(x2, y2) and 
(*3,73) are

k

Also, deduce that the medians of a triangle are concurrent.

Proof: Let A = (xj,yi), B = (x2,y2) and C = (x3,y3) be 
the vertices of the triangle ABC. Let us assume that the 
points A, B and C are in the 1st quadrant (for the sake of 
exactness) whose medians are AD, BE and CF respectively 
so D, E and F are respectively the mid-points of BC, CA 
and AB then the coordinates of D, E, F are

The common point which divides AD, BE and CF in the 
ratio 2:1 is

0
r

2,

2+1

/
2-

2,

2 + 1

71 +y2 + 73
3

The coordinates of a point dividing AD in the ratio 2:1 are 

72 + 73" 

2

2 + 1

73 +71
2,
2 + 1

f
2-

x
+ 1-72

X 
+ 1-71

I Example 32 Find the harmonic conjugates of the 
point R (5,1) with respect to the points P (2,10) and 
Q(6,-2).

Sol. Let S (a, P) (be the harmonic conjugates of the point R(5,1)). 
Suppose R divides PQ in the ratio X : 1 internally, then S 
divides PQ in the ratio X : 1 externally, then

7

and the coordinates of a point dividing BE in the ratio 2 : 1 
are

Similarly the coordinates of a point dividing CF in the 
ratio 2:1 are

= -8
Hence, harmonic conjugates of R(5,1) is S(8, -8).

~n^2+x3 yg+yJ
\ 2 ’ 2 j

*i +x2 +*
3

Xj +x2 +x

3

*3 +*1 73 +71 
2’2,

*i +x2 71 +y/
2 ’ 2

*2 + *3 y2 +73
2 ’ 2

Xi +x2 +x3

3

3. 7i +72 +73 ]
3 7

Hence, medians of a triangle are concurrent and the 
coordinates of the centroid are

(x, +x2 +x3 yi + y2 +y3>
I 3 ’ 3 J

3. 7i +72 +73 
’ 3<X1 +*2 +*3 71 +72 +73

3 ’ 3

+ lxj 2-

5 = —  => 5X + 5 = 6X + 2 
X +1

X =3
1 -2X + 10 

X +1

X+l = —2X + 10 =>3X=9

X =3
3X6-1X2 

a =---------------
3-1

3 X (-2) - 1 X 10
3-1

(X3+X1 y3+yfl 
E\—)

Xi +x2 +x3 yi +y2 + y3^

3 ’ 3
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= 4

Now,
3

= 0 and=>

y = -15

= 5 and = -l

and

Important Theorem
Centroid of the triangle obtained by joining the middle 
points of the sides of a triangle is the same as the centroid 
of the original triangle.

2-3 + fc
3

Or
If (flj, b]),(a2> ^2) and (a 3, b3) are the mid-points of the 
sides of a triangle, then its centroid is given by

f Qj + a2 +Q3 +^2

V 3 ’ 3 J
Proof: Let D, E, F are the mid-points of BC, CA and AB 
respectively now let coordinates of A are (a, p) then 
coordinates of B and C are (2a3 -a,2b3 -0) and 
(2a2 - a, 2b2 - P) are respectively.

4 + x 6 + y
3 ’ 3

A(a,p)

(a3. b3)F/------------\E(a2,b2)/\/\

s D(ai,bi) C

=>
or
Hence, the third vertex is (-4, -15).

Shortcut Method
According to corollary 2

(x, y) = (3 X 0 - (-1)-5,3 X (-3) — 4 — 2) 
= (-4,-15)

v D (a}, b}) is the mid-point of B and C, then

2at =2a3-a +2a2-a => a = a2+a3-a1 
and 2bx = 2b3 ~P + 2b2 ~P => ^ = b2+b3-b1 
Now, coordinates of B are (2a3 -a,2b3 ~P) 
or (a3+ay-a2,b3+bx-b2)
and coordinates of C are (2a2 - a, 2b2 - p) 
or (a2+at-a3,b2+b1-b3)
Hence, coordinates of A, B and C are

A = (a2 +a3 -altb2 +b3 -b^), 
B = (a3 +a1 -a2,b3 +bx -b2) 

and C = (a2+ai~a3,b2+bx~b3)
Coordinates of centroid of triangle ABC are 

fat+a2+a3 bl+b2+b3> 
( 3 ’ 3

which is same as the centroid of triangle DEF. 
Corollary 1 (Finger Rule): If mid-points of the sides of a 
triangle are(xi,yi),(x2,y2) and(x3,y3), then 
coordinates of the original triangle are

(x2 + x3 -x1,y2 +?3 -yi)>
(x3 +xj -x2,y3 +yi -y2) 
(xj +x2-x3,yi +y2 -y3).

I Example 34. The vertices of a triangle are 
(1,2),(h,-3)and(-4,k). Find the value of 
7{(h+k)2 + (h+ 3k)2}. If the centroid of the triangle be 

at the point (5,-1).
C I TT 1 + h — 4Sol. Here, ----------

3
then, we get h = 18, k = -2

= yj(h + k)2 + (h + 3k)2 

= 7(18-2)2 +(18-6)2 

= 7(162 + 122) = 20

Corollary 2 : If two vertices of a triangle are (Xi, yi) and 
(x2, y2) and the coordinates of centroid are (a, P), then 
coordinates of the third vertex are

(3a-Xj -x2,3p-yi -y2)
Corollary 3 : According to important theorem As ABC 
and DEF are similar

Area of AABC (BC)2 

Area of ADEF (EF)2 

_4{(a2-a3)2+(fe2-M2}

:. Area of A ABC = 4 x Area of ADEF
i.e. Area of a triangle is four times the area of the triangle 
formed by joining the mid-points of its sides.

I Example 33. Two vertices of a triangle are (-1,4) and 
(5,2). If its centroid is (0,-3), find the third vertex.

Sol. Let the third vertex be (x, y) then the coordinates of the 
centroid of triangle are 

f-l + 5 + x 4 + 2 + y 
I 3 ’ 3

(3 3 J
4 + x „ , 6 + y------ = 0 and  — = - 3 

3---------------- 3
4 + x = 0 and y + 6 = - 9 

x = - 4 and
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and

i.e.

B(-2,11)

f(4,5)
(-2,3)0

A(10.-1)

2 >2and
G =

i.e. G =

2

3
2

and

X' -X

r

C(-2, -5) 3 
j.e., X] + x2 + x3 =0,

Hence, j(\AG\2+\BG\2 - |CG|2)

If64 ~ 16 eo 16 o '
= — X10+ —X58-----x 34

VI 9 9 9

Coordinates of A, B, C are (10, -1), (-2,11) and (-2, - 5) 
respectively.
Now, coordinates of centroid

10-2-2 —1 + 11—5^
3*3)

64 + ^
9 J 3

AG =J(10-2)z +I-1--V I 3

BG = J(-2-2)2 + [11--
V I 3

I / eX2
CG = J(-2-2)2 + -5 — 

V I 3)

I Example 36. If G be the centroid of the AABC and 0 
be any other point in the plane of the triangle ABC, 
then show that
OA2 + OB2 + OC2 = GA2 + GB2 + GC2 + 3GO2.

32= J—(20 + 29 -17)

|f 32 A 32= I — X32| = — 
VI 9

400) 4 r-—
!6 + -— =-V(34) 

9 J 3

=ZX« +£yi2-° + 3a2

= Zx2 + Xy2+3a2
RHS = GA2 + GB2 + GCZ + 3GO 

= x2 + y2 + x2 + y2 + x32 + y32 + 3 {(a - 0)2} 

= +2>i +3a2 ...(ii)

Hence, from Eqs. (i) and (ii), we get
OA2 + OB2 + OC2 = GA2 + GB2 + GC2 + 3GO2.

So/. Let G be the origin and GO be X-axis.
O = (a, 0), A = (xb yO, B = (x2, y2)

and Cs=(x3,y3)
Now, LHS = OA2 + OB2 + OC2

= (X1 - a)2 + y2 + (x2 - a)2 + y2 + (x3 - a)2 + y2

= (x2 + x2 + x32) + (y* + y22 + y2)

-2a(xt + x2 + x3) + 3o2
( j. a. X

= 0

I Example 37. If G be the centroid of A ABC, show 
that

AB2 + BC2 + CA2 = 3 (GA2 + GB2 + GC2).
Sol. We take B as the origin and BC and BY as the X and 
K-axes respectively.

y

V 9 3

I Example 35. If D (-2,3), E (4, - 3) and F (4,5) are the 
mid-points of the sides BC, CA and AB of triangle ABC, 
then find -Jd AG|2+ |BG|2 -|CGp) where, G is the 
centroid of A ABC.

Sol. Let the coordinates of A be (a, P)
then coordinates of B are (8 - a, 10 - p) 
and coordinates of C are (8 - a, -6 - p) 
v D is the mid-point of BC, then 

8-a + 8-a __2
2

10-P-6-P 3
2

a = 10 and P = -1

4
3

32
3

http://www.jeebooks.T
http://www.jeebooks.T
http://www.jeebooks.in


Incentre
, i.e.

= 3{

+

(i>

£(xi.yi)
...(ii)

>2

Coordinates of D are
G = i.e.

7 7 b
From Eq. (i),

b + c
or

c c=>

BD =

(ii) v G will lie on X-axis, then = 0 Then,

2

a+b-3=0 
a + b = 3

D 
c:b

are

ayi + by 2 + cy3

or

7V21A/2
Cr + o

a 
or -----=

BD

b 
\e

DC

BD

DC + BD

BD

I Example 38. The vertices of a triangle are (1,a),(2,b) 
and (c2,-3)

(i) Prove that its centroid can not lie on the Y-axis.
(ii) Find the condition that the centroid may lie on the 

X-axis.
Sol. Centroid of the triangle is

1 + 2 +c2

3

'C/2AC/2/\

C(x31y3)
/'yB/2 

B (x2, y2)

a + b-3>

3

a + h
3 >. ■

c 
f/

Hence, D divides BC in the ratio c: b
r cx3 + bx2 cy3 + by2 

c+b ’ c + b

\2

-0
>

h + a k
3 ’ 3

*-0 
3

k-k 
3

a + h--------- a
3

(i) v G will lie on Y-axis, then
^ = 0

3
c2 =-3

or c = ± i^3

V Both values of c are imaginary.
Hence, G can not lie on Y-axis.

a + b-3
3

*-0

+ (h—2a)2 + k2}

f3 + ?
3

ac

(b + c) 

Also, in A ABD, BI is the bisector of B.
Al AB c
ID ~ BD

Let BC = a, then B = (0,0) and C = (a, 0) 
and let A =(h,k) 
then, coordinates of G will be 

f/t+O + a k + 0 + 0 
V 3 ’ 3

Take A ABC as in 1st quadrant (for the sake of exactness). 
Now, LHS = (AB)2 + (BC)2 + (CA)2

= (h- 0)2 + (k - 0)2 + a2+(h- a)2 +(k- 0)2

-(i)

= - {6a2 + 6h2 + 6k2 - 6ah] 
3

= 2h2 +2k2 -2ah +2a2

Hence, from Eqs. (i) and (ii), we get
AB2 + BC2 +CA2 = 3(GA2 + GB2 + GC2)

a + b-3^

3

= -{(a- 2h)2 + (—2k)2 + (a + h)2 + k2 
9

DC b 
or — + 1 = - + 1 

c BD c 
(b + c

= 2h2 +2k2 -2ah + 2a2

RHS = 3 ((GA)2 + (GB)2 + (GC)2)

f ac

J> + cJ

Definition : The point of intersection of internal angle 
bisectors of triangle is called the incentre of the triangle. 

Theorem : Prove that the coordinates of the incentre of a 
triangle whose vertices are 
A(x1,y1),B(x2,y2),C(x3,y3)

I axj + bx2 + cx3

I a + b + c a+b+c ;

where, a, b, c are the lengths of sides BC, CA and AB 
respectively.

Also, prove that the internal bisectors of the angles of a 
triangle are concurrent. ;

Proof: Given A = (x1,y1), B(x2,y2), C = (x3,y3) be the 
vertices of A ABC and BC = a, CA = b and AB = c. Let AD 
be the bisector of A We know that the bisector of an angle 
of a triangle divides the opposite side in the ratio of the 
sides containing the triangle.

BD  AB _c ■ 
DC~ AC~ b

a + h , ----- -  - n
3
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Also,+ ax, (b+c)«

7

i.e.
or

and ,AE =

,BF =

c = AB = 7(4+ 2)2 +(-2-4)2 =and

1 =

= centroidincentre =

4(4,-2)

x =

W21A/2

- J

and y

where,

B 
(-2. 4)

40
16

C 
(5.5)

-(ii)

AE = AF = s-a 
BD = BF = s — b 
CD -CE-s-c 

A

B

axx+bx2+cx3 ay\+by2+cy3 
a+b+c ’ a + b + c

cyi+by2 
c + b

b + c + a

The coordinates of the incentre are | |12 2)

~D^ 

a + b + c s-----------
2

|BC| = a,|CA| = b,|AB| = c

x
+ fryi

40 5 
z:-----= —

16 2
_ gy] + fry2 + cy3

a + b + c • •
_ 5>/2 X (-2) + 5 5/2 X 4 + 65/2 X 5

5>^ + 5 V2 + 6-^
5
2

1 3'K. )\
' cw\ 

c

Similarly we can show that the coordinates of the point 
which divides BE internally in the ratio c + a: b and the 
coordinates of the point which divides CF internally in the 
ratio a + b: c will be each

f ax, +bx2 +cx3 ayx +by2 + cy3 "l 
a+b+c ’ a+£+c )

„„ ab , „ beCE = ------ -, AE = --------,
(c + a) (c + a)

be acAF =------,BF =------
a+b a+b

Thus, the three internal bisectors of the angles of a 
triangle meet in a point I.

'axj +bx2 + cx3 ay, +by2 +cy3 A 
a+b+c ’ a+b+c )

Corollary 1: If A ABC is equilateral, then a = b = c
*1 +x2 +x3 y, +y2 +y3

3 ’ 3

i.e. incentre and centroid coincide in equilateral, triangle. 
Corollary 2: Let (x, y) be the coordinates of incentre of A ABC. Then 

ax, + bx2 + ex 3 
a + b + c

5>^ x 4 + 572 x (-2) + &J2X5 
65/2+65/2+65/2 

205^-1072+30^ 

l&fi 1

and
Proof: Let AE = AF-a

(v Lengths of tangents are equal 
from a point to a circle)

BD = BF=$ 
CD = CE = y 

a = BC = BD + DC = P+Y 
b = CA = CE + AE=y + a 

and c = AB = AF + BF=a + 0
Adding all, we get

a + & + c = 2(a + P + y) 
2s = 2(a + P + y) 
s=a+p+y 

From Eqs. (i), (ii) and (iii), we get 
a = s - a, p = s - b,y = s - c

I Example 39. Find the coordinates of incentre of the 
triangle whose vertices are (4,-2), (-2,4) and (5,5).

Sd. Let A (4, - 2), B (-2,4) and C (5,5) be the vertices of the 
given triangle. Then

a = BC = 7(-2-5)2 +(4-5)2 = 5/50 = 5^2

b = CA = 7(5 - 4)2 + (5 + 2)2 = 5/50 = 572

^72 =65/2

I divides AD in the ratio b + c: a 
Coordinates of I are

c + b 
b + c + a
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B(-5, 5)
0(2, 4)

(-2.3)f

A(1,1)X'* ■X0

Y
A(-1,12)

E Then, centroid is
(-1.6)

Also,

and

i.e.
17 + 13

or
3

or

(1.2)i.e.

1 =
7

I
I 

and

8 
(-1.0)

C 
(4.0)

3=-2-a+3-a 
a = -1
0=12 —P + 12-p
p = 12

Sol. Let coordinate of A be (1,1) and mid-points of AB and AC 
are F and E.

F = (-2,3) and E = (5,2)
*y

D

(1°)

572 +

I Example 40. If anc* (-1,6) are

mid-points of the sides of a triangle, then find
(i) Centroid of the triangle
(ii) Incentre of the triangle

Sol. Let A = (a, P), then coordinates of B = (-2 - a, 12 - P) and 
coordinates of C = (3 - a, 12 - p). But mid-point of BC is 

(H
J2>C(9, 3) 
£(5.2)

then
=>
and
=>
:. Coordinates of vertices are

A =(-1,12), Bs (-1,0) and C = (4,0)
(i) Centroid : The centroid of A ABC is

f X} + x2 + x3 yi + y2 + y3
k 3 ’ 3 J
<-1-14-4 12 + 0 + 0

3

(ii) Incentre : We have
a = BC = 7(-l-4)2 + (0 - 0)2 = 5

b = CA = 7(4 + l)2 + (0 - 12)2 = 13

and c = AB = ^(-1 +1)2 + (12 — 0)2 = 12 „

:. The incentre of A ABC is 1! •
’(axj + bx2 + cx3 ay1 + by2 + cy3 |

'‘a + b + c ’ a + b + c J

5 x(-1) + 13 x(-1) + 12 X 4 5x 12 + 13x0 + 12x0^
5 + 13+12 ’ 5 + 13 + 12 ,

Hence, coordinates of B and C are (2 x (-2) - 1, (2 x 3 - 1) 
and (2 x 2 - (-5), 2x4-5) respectively.
i.e. B = (-5 ,5) and C = (9,3)

1-5 + 9 1 + 5 + 3
3 ’ 3

I Example 41. If a vertex of a triangle be (1,1) and the 
middle points of two sides through it be (- 2,3) and 
(5,2), then find the centroid and the incentre of the 
triangle.

I Example 42. If G be the centroid and / be the 
incentre of the triangle with vertices A(—36,7), 8(20,7) 
and C(0j-8) and G/ =—7(205) X, then find the value 
ofX. 3

Sol. Coordinates of centroid are

Gsf-—,2!
I 3 J

a = |BC| = 7(20 - 0)2 + (7 + 8)2

= 7625 = 25
b = |CA| = 7(0 + 36)2 + (- 8 - 7)2

= 71521=39

c = |AB| = 7(-36 - 20)2 + (7 - 7)2

= 7(567 = 56

Therefore, the coordinates of incentre are
25 X (-36)+39X20+ 56x0 25 X 7 +39x7+56 X (-8) 

25 + 39 + 56 ’ 25 + 39 +56

ie- (H

ie-(3’3)

a = |BC| = 7(~5 - 9)2 + (5 - 3)2 = 7200 = 10T7 

b = |CA| = 7(9 - I)2 + (3 - l)2 = 768 = 2717 

c = |AB| = 7(1 + 5)2 + (1 - 5)2 = 752 = 2713

Then, incentre is
"1072 X 1 + 2717 X (-5) + 2713 X 9

1072 + 2717 + 2713
IQyfi x 1 + 2717 X 5 + 2713 X 3^| 

1072 + 2717 + 2713 )
Z572 - 5717 + 9713 577 + 5717 + 3713"I 

13 ’ 572 + 717 +
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Y
J >

fi(2. 8)i.e.,

GI =
f(3. 4)

but given
XX'* 0

£(2.-3)

C

and

’3

/
i.e.,

*1 =

or or

Similarly, I2 =

and I3 =

brir
where, | BC| = a, ] CA| = b and | AB\ = c

A

£Fi

0

fCB D

I Example 43. If the coordinates of the mid-points of 
sides BC, CA and AB of triangle ABC are (1,1), (2, - 3) 
and (3,4), then find the excentre opposite to the 
vertex A.

Sol. Let D(l, 1), E(2, - 3) and F(3, 4) are the mid-points of the 
sides of the triangle BC, CA and AB respectively. Let 
A = (a, p)

Some Standard Results
1. Excentres of a Triangle
This is the point of intersection of the external bisectors of 
the angles of a triangle.

'(205)
3

£

2
I +(2-0)2 =

Cl 4-bx2 4-cx 

-a+b+ch =

I /A (4. 0)

/ = (-1^0)____

>+l 
3

2. Circumcentre of a Triangle
The circumcentre of a triangle is the point of intersection of 
the perpendicular bisectors of the sides of a triangle (i.e., the 
lines through the mid-point of a side and perpendicular to 
it). Let A(x1,y1),B(x2,y2) and C(x3.y3)be the vertices of 
AABC and if angles of AABC are given, then coordinates 
of circumcentre

axi -bx2 + cx3 
a-b + c

The circle opposite to the vertex A is called the escribed 
circle opposite A or the circle escribed to the side BC. If Ix 
is the point of intersection of internal bisector of Z BAC 
and external bisector of Z ABC and Z ACB, then

(axy -bx2 — ex 3 ayi -by2 -cy3 A 
a-b-c ’ a-b-c J

7
ax 1 + bx2 — cx3 ayi + by2 -cy3 

a + b-c ’ a + b-c J

; / V(x31y3)

1 4;/ r

oc _____
GI = — 7(205) X

-J(205) = —J(205) X
3 3

x = l
25

and

Hence, the coordinates of the excentre opposite to A are
-ax; 4- bx2 4- cx3 ay} 4- by2 4- cy3

—a + b + c -a + b + c J

-io72 X 4 4- 2713 X 2 4- 2717 X 0

—1072 4- 2713 4- 2717
—1072 X 0 4- 2413 X 8 4- 2717 X (-6)") 

-1072 4- 2713 4- 2717 J

-2072 4- 2713 8713-6717
—572 4- 713 4- 717 ’ -5V2 4- 713 4- 417 I

(0.-6)
V

then B = (6 - a, 8 - P)
and C = (4—Ct, —6 —P)
Also, D is the mid-point of B and C, then

„ 6-a4-4-a1 ------------------=> a = 4
2

2
A = (4,0), B = (2,8) and C = (0, -6), then 
a = | BC| = 7(2-0)2 4- (8 + 6)2 = V200 = io42 

b = |CA| = 7(0-4)2 4- (-6 - 0)2 = 752 = 2713 

c = | AB|= 7(4 - 2)2 4- (0 - 8)2 =463= 2717

3_ -ayt 4-by2 4-cy3 

-a+b+c

ay 1 ~by2 +<73 A 
a-b + c
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are

7

P =

where, | BC\ = a, | CA| = b and | AB| = c

andC(3,1)and ZA = ZB = cos

ZC = cos

Sol. Since, ZA = ZB = cos

and ZC = cos

=> P =

x =

and y
= (3,5)

3
5

71 “73

72 -73.

— = 3 
4

Here, we observe that
*i -x3
*2 “*3

I Example 44. In a AABC with vertices A(1,2), 8(2,3)

Z —1

X! sin2A + x2 sin2B + x3 sin2C 
sin 2 A + sin2B + sin2C

Or

aX) cos A + bx2 cosB + cx3 cosC 
acos A + bcosB + ccosC

ayx cos A + by2 cosB+cy3 cosC 
acos A + bcosB +ccosC

Two Important Tricks for Circumcentre
(a) If angles of triangle ABC are not given and the 

vertices A(xi,yx), B(x2,y2) and C(x3,y3) are given, 
then the circumcentre of the AABC is given by

f(*i + *2) + k(7i -72) (7i +72) ~ "XzH
I 2 ’ 2 J

I Example 46. Find the circumcentre of triangle ABC if 
it

A = (7,4), 6 = (3,-2) and ^C = y

4 3 cosC = - then, sinC = -
5 5

7CSol. Here, x, = 7, y, = 4, x2 = 3, y2 = - 2 and ZC = —
3

4 1- , then find the circumcentre of AABC.5J

„ J* ♦ • - [13 11Hence, coordinates of circumcenter are —, —
I 6 6

yj sin2A + y2 sin2B +y3 sin2C^ 

sin 2 A + sin2B +sin2C

2 -2
4 -2

Remark
Circumcentre of the right angled triangle ABC, right angled at A 
is + C

2

3 Example 45. Find the circumcentre of the triangle 
whose vertices are (2, 2), (4, 2) and (0, 4).

Sol. Let the given points are (Xj, yj), (x2, y2) and (x3, y3) respec­
tively, 
for the matrix

Xj-x3 yi-y3]
X2 -x3 y2 - y2

. _ Rr R2 A —-------

 2 X 4 4- (-2) X (-2) _
~ 2 X (-2) - 4 X (-2) ~

.'. Circumcentre of the triangle
_ f(yi 4-x2) + A.(yi - 72) (yt +y2)-X(x1-x2) 
[2’2, 
 (2 + 4 + 3(2 - 2) 2 + 2 - 3(2 - 4)^ 

— | >12 2 )

So J
i cos A = cos B = ~i=

710 
3 

then, sin A = sin B = —f=
710

3 1:. sin2A = sin2B = 2 x —7= x —=
7io

. _ Ri• R2 
A —---------

PI
(b) If the angle C is given instead of coordinates of the 

vertex C and the vertices A(xj, y j), B(x2, y2) of 
AABC are given, then the circumcentre of AABC is 
given by
((x1 + x2)±cotC(y1-y2) (y3 +y2)+cotC(x1-x2) 
12’2

. „ 3 4 24/. sin2C = 2 x - x — = —
5 5 25

Let the circumcenter be (x, y), then
Xjsin2A + x2sin2B + x3sin2C 

sin 2A + sin 2B + sin 2C
. ..3 o 3 o 241X- + 2X- + 3X—

: - 5 5 25 13
- ylji' 3 3 24 6- + - + —

5 5 25
 y{sin2A + y2sin2B + y3sin2C 

sin2A + sin2B + sin2C
„ 3 o 3 242X- + 3X- + 1X—

5 5 25  11
3 + 3 + £i 6
5 5 25

1
10
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X

A

■cB' D B D H C

or

where,
circumcircle

F

Remarks
1. The distance between the orthocentre and circumcentre in an 

equilateral triangle is zero.
2. If the circumcentre and centroid of a triangle are respectively 

(a, p) (y, 6) then orthocentre will be (3y - 2a, 38 - 2p).

A 
f/%

4. Nine Point Centre of a Triangle
If a circle passing through the feet of perpendiculars (i.e., 
D,E,F) mid-points of sides BC, CA, AB respectively (i.e.,
H, I, J) and the n x
mid-points of the line joining the orthocentre 0 to the 
angular points A, B, C (i.e., K, L, M) thus the nine points 
D, E, F, H, I, J, K, L, M all lie on a circle.

K
'jE

Co
I

1

Ac
I

y! tan A + y2 tan B + y 3 tan C 
tan A + tanB + tanC 

<ax1 sec A + bx2 sec B + cxz sec C

a sec A + b sec B + c sec C

Xj tanA + x2 tanB + x3 tanC 
tan A + tan B + tan C

/y 
jZ

where, | BC| = a, | CA| = b and | AB| = c
Important trick for orthocentre :
orthocentre of the triangle whose vertices are (0,0), (xj ,yj) 
is given by

= ^5 + V3,1 - or ^5 - V3,1 +

3. Orthocentre of a Triangle
The orthocentre of a triangle is the point of intersection of 
altitudes
(i.e., the lines through the vertices and perpendicular to 
opposite sides).
Let A(x1,y1), B(x2,y2) and C(x3,y3) be the vertices of 
AABC and if angles of AABC are given, then coordinates 
of orthocentre are

(k(?2 -yi).-Mx2 -xj)
1 =xix2 +yi?2

Xjyjj-xzyi

This circle is known as nine point circle and its centre is 
called the nine point centre. The nine-point centre of a 
triangle is collinear with the circumcentre and the 
orthocentre and bisects the segments joining them and 
radius of nine point circle of a triangle is half the radius of 
the circumcircle.
Corollary 1: The orthocentre, the nine point centre, the 
centroid and the circumcentre therefore all lie on a 
straight line.
Corollary 2 : If 0 is orthocentre, N is nine point centre, G 
is centroid and C is circumcentre, then to remember it see 
ONGC (i.e. Oil Natural Gas Corporation) in left of G are 2 
and in right is 1, therefore G divides 0 and C in the ratio 2 
: 1 (internally).
Corollary 3 : N is the mid-point of O and C

Corollary 4 : Radius of nine point circle = “ x Radius of

ayx sec A 4- by2 sec B + cy 3 sec C 
asecA + bsecB + c sec C

Remarks
1. The orthocentre of a triangle having vertices (a, 0), (p, a) and 

(a, a) is (a, a).

2. The orthocentre of a triangle having vertices is I ——, - aPy I
I apy )

3. The orthocentre of right angled triangle ABC, right angled at A 
is A.

I Example 47. Find the orthocentre of AABC if 
4 = (0,0),B = (3,5) and C = (4,7).

Sol. Here, Xj = 3, yj = 5, x2 = 4, y2 = 7
, 3X4+5x7X =----------------= 47

3X7-4X5

=> Orthocentre of AABC = (47(7 - 5), - 47(4 - 3)) 
= (94,-47)

The circumcentre of AABC
_f(x! + x2)±cotC(y] -y2) (y, +y2) T cotC(x, ~ x2)

L 2 ’ 2
fl 1 \

(7 + 3) ± -t=(4 + 2) (4 - 2) T ^=(7 - 3)
V3 V3_ ----------------------,----------------------
2 2

uiiup ui uuuiuinutu i uiiu uuui uh
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and circumcentre at

(G)
G(x, y)0(1,1)

or

and — (sina + sinP + sin y)and

...(ii)or

, i.e.Nine point centre is x

Area of a Triangle

“1*1(72 “7s)+*2 (?3 “71) + *3 (?! -y2)|

or

,2or

A(xi,yi)

C(x3ly3)

fl,- X' x
M L N

or
or

4
3

5
6

5 7 
4'8

0
r

1

1
1

Theorem : The area of a triangle, the coordinates of 
whose vertices are(x1,y1),(x2,y2) and(x3> y3) is

-1*1(72 -73)+*2 (?3 -7i) + *3 (71 -72) I 
Lt

-^c
(c,c tan y)

B
to)

/H 
fry)

Y1
E

1
D

I Example 48. If a triangle has its orthocentre at (1,1)
3 3A , then find the centroid 
2

and nine point centre.
Sol. Since, centroid divides the orthocentre and circumcentre in 

the ratio 2 :1 (internally) and if centroid G (x, y), then
.2 1 (3 3

■C
(2 4

*1

*2

*3

B1^- 
(bb tan P)

I Example 49. The vertices of a triangle are 
A (o, a tan a), B (b, b tan p) and C (c, c tan y). If the 
circumcentre of A ABC coincides with the origin and 
H (x,y) is the orthocentre, then show that

( sina + sinp+siny

S'

A (a,a tan a)

■J(a2 + a2 tan

3 3^1 + - 1 + - 
4

2
>

72
73

Proof: Let ABC be a triangle with vertices A (x!, yi), 
B(x2,72) and C(x3,y3). Let us assume that the points 
A,B and C are in 1st quadrant (for the sake of exactness). 
Draw AL, BM and CN perpendicular on X-axis. Let A be 
the required area of the triangle ABC, then

y

Similarly,
b tanP = RsinP andc tany = Rsiny

Coordinates of the vertices of a triangle are :
A (R cosa, Rsina), B(R cosp, Rsinp)

and C (R cosy, Rsiny)
Centroid
_ f R(cosa + cosp + cosy) R (sina + sinp + siny)A

3 3 J
Since, G divides H and O in the ratio 2 :1 (internally), then

R. o , 20 + lx— (cosa + cosp + cosy) =----------
' -*3 - 2 + 1

R x— (cosa + cosp + cosy) = —
3 3
R.. . o . . 20 + ly— (sina + sinP + siny) =------------
3 2+1
R v— (sina + sinp + siny) = —
3 3

Dividing Eqs. (ii) by (i), then we get 
y ( sina + sinP + siny ] 

cosa + cosP + cosy)

3 2X-+1X1
x =---------------

2 + 1

2X-+1X1
7 =---- ----------2 + 1
f4 5^

Centroid is I —, - I and nine point centre is the mid-point

of orthocentre and circumcentre.

ft:3 
__2

2

x= ______
x ^cosa + cosp+cosy/

Sol. If R be the circumradius and 0 be the circumcentre 
OA = OB = OC = R 
2 a) = -j(b2 + b2tan2p)

= 7(c2 +c2tan2y) = R 

aseca = bsecP = csecy=R 
a = R cosa, b = R cosp, c = R cosy 

, „ sin a o .then, a tana = R cos a------- = Rsina
cos a
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O(x4> y4)

C(x3.y3)

= Area of AABC + Area of ADAC

1
2 x3 y3

7i+-

2 x3 y3 7i

7

+

*1

*2

*3 Y3

xn yn

yi

1
2

1
1
1

*i 7i

x2 y2

B
to. y2)

1 Xz y2 +1 X3 y3
2 x4 y4

vi

+ —
2 *3 73

X3 ^3 4 

x4 y4
yn
7i

1 x2 y2 1 x3 y3
2 x, h

1 x2 y2 1 x3 y3
2 xt

*i

x2
x3

x2 y2

73

Or
Stair Method Repeat first coordinates one time in last for 
down arrow use positive sign and for up arrow use 
negative sign.

and Area of quadrilateral ABCD: The area of a 
quadrilateral can be found out by dividing the 
quadrilateral into two triangles.

Area of quadrilateral ABCD
^(Xbyd

Xi 7i

2 x2 y2

*i 7i

2 x2 y2

1 x4 y4
2 Xj yi

x3

xn
Xl

+- x'
2 x3 y3

4

(LN)--(BM + CN)(MN) 
2

A=l7

a r i 1 I 
Area of polygon = - |

2

Area of AABC = ^|xj (y2 -y3) + x2 (y3 -yj

+ *3(71 -72)1
This expression can be written in determinant form as 
follows

= “(72 +71)(*1 -x2) + ;(7i +73)^3 -*1) 
Li Li

-|(72 +73)^3-x2}
Li

lr , ' ,
= -Ui (72 +71’“71 -73) + x2 (~y2

Lt

= T|{(X172 +*273 +- + Xn71) 
Li

I X3 _
V *i 71

Area of polygon whose vertices are 
(*1,71),(*2,72), (x3,y3),..., (x„,yn)is

1| Xl * + 
2 x2 y2

71

72
73

Corollary 1: Area of triangle can also be found by easy 
method

+ 1 x3 y3
2 x4 y4

1 x4 y4

Xi

Xi 7i

*3 73= |[X1 (72 -73) + ^ (73 -7i) + *3 (7i -72)]

The area of triangle ABC will come out to be a positive 
quantity only when the vertices A, B, C are taken in 
anticlockwise direction and if points A, B, C are taken in 
clockwise direction then the area will be negative and if 
the points A, B, C are taken arbitrary then the area will be 
positive or negative, the numerical value being the same 
in all cases. /

Thus in general u.e.,
\

A = Area of triangle ABC
= [Area of trapezium ABML + Area of trapezium ALNC

- Area of trapezium BMNC]

[ v Area of trapezium = - (Sum of parallel sides) 
2 *

X (Distance between them)]

.*.A= -(BM + AL)(ML) + -(AL + CN)
2 2

= -(BM + AL)(OL-OM) +-(AL + CN)(ON -(OL) 
2 2

--(BM + CN) (ON-OM) 
2
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A = -

M.e,)

o

2

Sol. We have

ffcy)Here,

'A(6, 3)

and -(°1 ^2 ~a2^1 )

i

and

Area of triangle =

where, A = A = > a2 - = -l + + + +

= - 1(21 - 7) + (-21 - 147) + (14 + 36) + (-36-0) + (0 + 3)|
and A3 -

o2
a3

Cl

C2

C3

01

o2

o2
o3

B 
(-3.5)

Ci

C2

c3

C(r3,03)
------ >X

Ci

c2

c3

B----
(r2,6j)

C(4, -2)-.ijEHOG
.0» • _ |7x + 7y-14|_ 7 | x + y - 2| _ |x + y-2| 

1491 “ 49 ” 7

Corollary 2 : If the coordinates of the vertices of the 
triangle are given in polar form i.e.,

Y
i k

Area of A PBC
Area of A ABC

area
7 21
7 -3

C2 =

*1

b2

^2

^3

*1

*2
^3

O3

01

Corollary 4 : Area of the triangle formed by the lines of 
the formy =mxx + c},y = m2x + c2 andy = m3x + c3 is

1 (c2 — c3) (c3 — (ci — c2)
A =----------------- 1----------------1--------------

2 (m2-m3) (m3-m1) (mi-m2)

a-> b?
C, = =(a2b3-a3b2)

o3 b3

a3 b3
X, = (a3^1 -fli&3)

01 xbi

c3 = axbl 
a2 02 

01 &1 

a2 b2 
a3 b3

Or
A2____

21 A]A2A3|
*>1

b2
bi

b3
*1

l|{x(5 + 2)-3(-2-y) + 4(y-5))| 

11{6(5+ 2) - 3(—2-3) + 4(3-5))|

A = ——------
2 |C]C2C3|

0 -3
1 1

Then, area of triangle

= -^ | H r2 sin (0 j - 02) + r2 r3 sin (02 - 0 3) + r3ri sin (9 3 - 6 j )|

=;lXrir2sin(0i - e2)l

Corollary 3: IffljX + bjy + Cj =0, a2x + b2y +c2 =0and 
a3x + b3y + c3 =0 are the sides of a triangle, then the area 
of the triangle is given by (without solving the vertices)

01

o2
03

where, Ci, C2, C3 are the cofactors of q, c2, c3 in the 
determinant

Remarks
1. If area of a triangle is given then, use ± sign.
2. The points A (x1t y,), B (x2, y2) and C (x3, y3) are collinear, then 

area of (SABO =0.
3. Four given points will be collinear, then area of the 

quadrilateral is zero.
4. Area of the triangle formed by the points (Xj, y1),(x2,y2)and

(x3, y3) is A = - I
2 y,-y3 y2-y3

5. If one vertex (x3, y3) is at (0,0) then, A = 1 | x,y2 - x2y, |

7 -3
12 2

I Example 50. The coordinates of A,B,C are
(6,3), (—3,5) and (4,-2) respectively and P is any points
(x, y). Show that the ratio of the areas of the triangles 

. l*+y-2|PBC and ABC is ------------ -.
7

12 2
0 -3

I Example 51. Find the area of the pentagon whose 
vertices are A (1,1), B (7,21), C (7 - 3), D (12,2) and 
E(0,-3).

Sol. The required 
11 1 
2 7 21 
1
2 
h 137= -1 -137 | = — sq units
2 2
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| = ioNow, Area of APAB = -|

1=0+ +or

or

2

/. Area of triangle A = (i)

,2
where, Q = = 7 - 18 = — 11,

C2 = = -18-7 = -25

and = 14 + 14 = 28,
-(ii)

and

:. From Eq. (i), A =

,2

=>

=>

=>
=>

(i)

7
7
9

h

3
5

k
4

-2

1
1
1

7
7
9

+ x3 (yi - y2)| 
.(0

I Example 53. Prove that the coordinates of the 
vertices of an equilateral triangle can not all be 
rational.

Sol. Let A (xj, yi), B (x2,y2) andC (x3, y3)be the vertices of a 
triangle ABC. If possible let xb yb x2, y2, x3, y3 be all 
rational.

=>
or

1
2|CAC3|

0 b
1 1

= 10C, -10C2 +2C3

C3 =

I Example 54. The coordinates of two points A and B 
are (3, 4) and (5,-2) respectively. Find the coordinates 
of any point P if PA = PB and area of A APB is 10.

Sol. Let coordinates of P be (h,k).

PA = PB => (PA)2=(PB):

(h - 3)2 + (k - 4)2 = (h - 5)2 + (k + 2)2 

(/i-3)2-(/i-5)2 +(fc-4)2— (fc + 2)2=0 

(2/i-8) (2) + (2Ar - 2) (-6) = 0 
(/i-4)-3(fc-l) = 0

h - 3k - 1 = 0

-2 10
2 -10
1 2

I Example 56. If A, is the area of the triangle with 
vertices (0,0),(o tana,bcot a),(osina,bcosa); A2 is 
the area of the triangle with vertices
(o,b), (a sec2 a,b cosec2 a), (o+osin2a,b+bcos2a) 
and A3 is the area of the triangle with vertices (0,0), 
(otana,-bcota),(osina,bcosa). Show that there is 
no value of a for which Ab A2 and A3 are in GP.

i i
a 0

7 2
9 1

Now, area of A ABC = - |xj (y2 - y3) + x2 (y3 - yj 
2

-| 
2 0 b

| (ab - 0) + (0 - b) + (0 - a)| = 0
ab - a - b = 0

, , 1 1 .a + b = ab or - + - = 1
a b

9 1
7 -2

7 -2
7 2

= Rational
Since, A ABC is equilateral

■J3 
:. Area of A ABC = — (side)'

4
= 2^ (AB)2 

4 
/a

= — {(Xi-x2)z +(yi -y2)2}
4

= Irrational
From Eqs. (i) and (ii), 

Rational = Irrational 
which is contradiction.
Hence, x1( yb x2, y2, x3, y3 cannot all be rational.

or
=>
=>
Solving
we get
Solving
we get
Hence, the coordinates of P are (7,2) or (1, 0).

I Example 52. Show that the points (a, 0), (0,b) and
1 1

(1,1) are collinear, if -+- = 1 
a b

Sol. Let A = (a, 0), B = (0, b) and C = (1,1)

Now, points A,B,C will be collinear, if area of AABC = 0 
a 0

6/1 + 2k - 26 = ±20
6h+2k-46 = Q or
3/i + k - 23 = 0

-2 10
2 -10
1 2

= 10 X (-11) - 10 X (-25) + 2 X 28 = 196

------------ -------------X (196)2
21 -11 X (-25) X 281

196 X 196 ! 686 ------------------- = — sq units 
2X 11 X25X28 275

6h + 2k - 6 = 0 
or 3/1 + k - 3 = 0 

/i—3/t —1 = 0 and 3/i + k -23 = 0, 
h = 7, k = 2

h - 3k -1 = 0 and 3h + k - 3 = 0, 
h = 1, k = 0

I Example 55. Find the area of the triangle formed by 
the straight lines 7x-2y +10 = 0,7x + 2y-10 = 0 and 
9x + y + 2 = 0 (without solving the vertices of the 
triangle).

Sol. The given lines are :
7x-2y+ 10 = 0
7x + 2y-10 = 0

9x + y + 2 = 0

1
2
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and

asec2a - (a + asin2a)

X
2

=>

=>

=>

(v| cos 2a |^0)

or

or

...(ii)

Exercise for Session 3

(d)(3,4)

(b)(-1,0) (c)(l 1)

then the square of the determinant equals

(c)2

or 
and

.(iii) 
/

(a) 3a4

[from Eqs. (i), (ii) and (iii)]

sin2a(sec2a -1) 

cos2a(cosec2a -1)

M(?1)
3. If the orthocentre and centroid of a triangle are (-3,5) and (3, 3) then its circumcentre is

. c(a.) (a2) (b)(3-1) ihJc^5)

4. An equilateral triangle has each side equal to a. If the coordinates of its vertices are(x1ly1),(x2,y2)and(X3ly3)

*1 yi 1 
x2 y2 1
*3 /3 1

-asin2a a (tan2a-sin2a) 

-b cos2a b (cot2a - cos2a) 

-sin2 a
2 -cos a

-sin2 a sin2 a tan2 a
! __

Sol. We have, A! = -1 (a tana) (b cosa) - (a sina) (b cota) | 
(v one vertex is (0,0)) 

(i)

1.and A2 = -1
2 h-(b +fccos2a) b cosec2 a -(b + bcos2 a)

(See remark 4)

= | ab || sina - cosa | 

a-(a + asin2a) <

= - |ab| x | - sin2a cos2a cot2 a + sin2acos2a tan2a| 
2

= -1 ab | x |- cos4a + sin4 a |
2

= -|at>| x |sin2a + cos2a| x |sin2a - cos2a |
2

= -\ab\ x |1| x | - cos 2a |
2

= - |ab| x |cos 2a|
2

4'

(b)y- (c)|a4 (d)|a<

5. The vertices of a triangle are A (0,0), B (0,2) and C(2,0). The distance between circumcentre and orthocentre 
is

(a)V2

= ||at,|x|

= ||afe|x| 
it

1. The coordinates of the middle points of the sides of a triangle are (4, 2), (3, 3) and (2, 2), then coordinates of 
centroid are
(a) (3,7/3) (b) (3, 3) (c)(4,3)

2. The incentre of the triangle whose vertices are (-36,7), (20,7) and (0, -8) is

(a) (0,-1)

-cos a cos a cot a

A3 = - |(a tana) (b cosa) - (-i»cota) (a sina) ( 
2 

= | |at| |sina + cosa |

Since, Ah A2, A3 are in GP, then AjA3 = A2

i | ab || sina - cosa | x | |ab ||sina + cosa |

= — | ab\21 cos2a|2
4

| sin2 a - cos2 a | = | cos 2a |2

| - cos 2a | = | cos 2a |2

| cos2a | = | cos2a|2
| cos 2a | (1 -1 cos 2a |) = 0

1 -1 cos 2a | = 0
| cos 2a | = 1

cos2a = ±l or cos2a = l
cos 2a = -1

2a = 2nit, 2a = (2p +1) it
7t a = mt, a = pit + —; n, p e I
2

For these values of a the vertices of the given triangles are 
not defined. Hence Ab A2 and A3 cannot be in GP for any 
value of a.
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7. The points (x +1, 2), (1, x + 2), are collinear, then x is equal to

(d) 1

17. = 0, i.e.

10. The vertices of a triangle are (0,0), (1,0) and (0,1). Then excentre opposite to (0, 0) is

(b) 11+ ', 1+ '
I 42 42

<b)f-<4A3 73 \ V *5

A4BC 2 ------- = -, find x. 
A BCD 3

19. Find the area of the hexagon whose"vertices taken in order are (5,0), (4,2), (1,3), (-2,2), (-3, -1) and (0, -4). 
e nA

6. A (a, b \ B (Xi, yi) and C (x2, y2) are the vertices of a triangle. If a, x1t x2 are in GP with common ratio r and 
b, Yi, Yi are in GP with common ratio s, then area of A/4BC is
(a) ad (r - 1) (s - 1) (s -r) (b)^ab (r + 1) (s + 1) (s -r)

(c)^ab (r-1)(s-1)(s-r) (d)ab (r + 1) (s + 1)(r-s)

( 1 2 )
I, ----------------1------------------

^X + 1 X + 1,

(a)-4 (b) —8 (c)4 (d)8

8. The vertices of a triangle are (6,0), (0,6) and (6,6). Then distance between its circumcentre and centroid, is
(a) 242 (b)2 (c)72

9. The nine point centre of the triangle with vertices (1,73), (0,0) and (2, 0) is

t’lfty

‘“’(MM
If a, p, y are the real roots of the equation x3 - 3px2 + 3qx -1 = 0, then find the centroid of the triangle whose 

MW I'l ( Wvertices are a, — , p, - and y, - .
V a °

(c)M
I 3 2

{ 42 42

11
y/

12. If centroid of a triangle be (1,4) and the coordinates of its any two vertices are (4, -8) and (-9,7), find the area of 
the triangle.

13. Find the centroid and incentre of the triangle whose vertices are (1,2), (2,3) and (3,4).

14. Show that the area of the triangle with vertices (X, X - 2), (X + 3, X) and (X + 2, X + 2) is independent of X.

15. Prove that the points (a, b + c), (b, c + a) and (c, a + b) are collinear.

16. Prove that the points (a, b), (c, d) and (a - c, b - d) are collinear, if ad = be.

If the points (x1( y^, (x2, y2) and (x3, y3) are collinear, show that y ——

yi-y2, Y2-Y3, y3-yi =0 
XiX2 x2x3 X3X!

18. The coordinates of points A, 8, C and D are (-3,5), (4, - 2), (x, 3x) and (6,3) respectively and
/Guo,

L M t-3)

f 1 1(d) 1--L.1--1
L 42 42

1
’p
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D B

M J

*X

For example 2. If a point P moves in a plane such that 
whose distance from two fixed points A and B (say) are 
always equal i.e. PA = PB

P

Equation of a Locus
A relation f (x, y) =0 between x and y which is satisfied 
by each point on the locus and such that each point 
satisfying the equation is on the locus is called the 
equation of the locus.

A 
, - i) - : .

(The point P cannot be at Q because AQ *BQ) 
Obviously all the positions of the moving point P lies on 
the right bisector of AB. Thus the locus of the moving 
point P is the right bisector of AB.

Locus and Its Equation
Locus : The locus of a moving point is the path traced out 
by that point under one or more given conditions.
For example 1. If a point P moves in a plane such that 
whose distance from a fixed point 0 (say) in the plane is 
always constant distance a. Thus the locus of the moving 
point P is clearly a circle with centre 0 and radius a.

How to Find the Locus of a Point
Let (Xj, y i) be the coordinates of the moving point say P. 
Now, apply the geometrical conditions on Xj,y! . This 
gives a relation between X! and yj. Now replace Xj by x 
and yj by y in the eliminant and resulting equation would 
be the equation of the locus.
Corollary 1: If x and y are not there in the question, the 
coordinates of P may also be taken as (x, y).
Corollary 2 : If coordinates and equation are not given in 
the question, suitable choice of origin and axes may be made. 
Corollary 3 : To find the locus of the point of intersection 
of two straight lines, eliminate the parameter or 
parameters from the given lines. If more than one 
parameter, then additional condition or conditions will 
also be given.

/
/

0

Y

Locus and Its Equation, Change of Axes the 
Transformation of Axes, Removal of the Term xy from 
F(x, y) = ax2 + 2hxy+by2 without Changing the Origin, 
Position of a Point which lies Inside a Triangle

Note
Simplify the equation by squaring both sides if square roots are 
there and taking LCM to remove the denominators.

I Example 57. Find the locus of a point which moves 
such that its distance from the point (0, 0) is twice its 
distance from the Y-axis.

Sol. Let P (xh yt) be the moving point whose locus is required.
By hypothesis | OP | = 21 PM | (•.• P lies in any quadrant)

=> V<*i+yi2)=2l*il
Y
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~x

X' 0B(-ae, 0)

6(4.-3)
r

J
or

=>

(I - m method)

•••(ii)

or

f(xi,yi)

,2

X' 0fi(-a, 0)
= 1or

or

or - a

and
or

A(ae, 0)

[from Eq. (ii)]

•••(iii)

—*---- -X
. A(a, 0)

'V j .<•

Changing (xb yi) to (x, y\ then 
v2 , ,,2 _ 2 2x + y = c — a

which is the required locus of P.

[vb2

By hypothesis, , . . t
2PA = 3PB or 4 (PA)2 = 9 (PB)2 

4{x24y12}=9{(x1-4)24(y143)2} , 

4 (xf 4 y2) = 9 (x?4 y2 - 8x, 4 6y, + 25) 

5x2 + 5yf - 72xi + 54?i + 225 = 0

or
Adding Eqs. (ii) and (iii), then

By hypothesis, 

=>

)+ y(xi + yl + ^exj + a2e2)
...(i)

-,2

or
Changing (xb yj to (x, y), then

5x2 + 5y2 - 72x 4 54y 4-225 = 0 
which is the required locus of P.

22

= a2(l-e2)]

> £•

I Example 59.A point moves so that the sum of the 
squares of its distances from two fixed points^ (o,0) 
and B (-o,0) is constant and equal to 2c2,' find the 
locus of the point.

Sol. Let P (xb yj) be the moving point whose locus is^rpc^uired.

Y . _

*4- 
a2 a

Y

(PA)2 4(PB)2 =2c2

(x, - a)2 + (yi - 0)2 + (xi + a)2 + (y, - 0)2 = 2c2

2x2 + 2y2 + 2a2 = 2c2
V2 a. ,,2 - z.2 „2x\ + 71 ~ c ~

Squaring both sides, then
x2+y2 = 4X)2 

=> 3x2 - y2 = 0
Changing (xb ft) to (x.y), then 

3x2 - y2 = 0 
which is the required locus of P.

I Example 58. Find the locus of the moving point P- 
such that 2PA = 3PB, where A is (0,0) and B is (4, - 3).

Sol. Let P(xby!) be the moving point whose locus is required. ' 
’. .. ‘ y .. ■ • ? '

Y
By hypothesis, | PA | +1 PB | = 2a

7(xi “ ae)2 + (7i “ °)2 + >/(Xi +ae)2 4(y, -0)2 = 2a 

or -J(x2 + yf - 2aexj + a2e2

-2a
.Let I = x2 + y2 - 2aexx + a2e2 

and 1 m = x2 + y2+2aexx+a2e2 
then, Eq. (i) can be written as

V/ + 4m = 2a
I - m = - 4aexx 

(V/ 4 Vm)(V/ -4m) = -4aexx

2a (41 - 4m) - - 4aexx 
4i - 4m = - 2exi •

■ •> V [ Example 60. A point moves such that the sum of its 
„ • distances from two fixed points (oe,0) and (-oe,0) is 

always 2a. Prove that the equation of the locus is 
2L+2L = i where b2 =a2 (1 —e2) 
Q2 b2

Sol. Let P (xb yj) be the moving point whose locus is required 
and A (ae, 0) and B (-ae, 0) be the given fixed points.

Y

' • P(*i.yi)

24T = 2a- 2exx or 41 = a - ex, 
c . . .. ., it lonr>Squaring both sides,

l = a2 - 2aexx + e2x2

x2 + y2 - 2aexx + a2e2 =a2 - 2aexx + e2x2 
(l-e2)x2+y2=a2(l-e2)*''
-2 ..2Yi 

,2(l-e2)
2 2

* 4* =1
a2 b2

Changing (xb yj to (x, y\ then
2 2

z,2 k2 a o
which is the required locus of P.

x'—
(0.0)
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=>

5

X' 0B(-3, 0)

r

P(xi,yi)

or

X'
0

r
or

=>

=>

-1(i)

,2

...(ii)

=>

B 
(0,6)

and
=>

[from Eq. (ii)]
...(iii)

By hypothesis
(AC)2 +(BC)2 = (AB)2

Adding Eqs. (ii) and (iii),
2 Vi = (3xi + 4)

Squaring both sides,
4Z = 9x2 + 24Xj + 16

4 (*? + y\ + 6xi + 9) = 9x2 + 24xi + 16
2 2

£l_Zl = i 
4

Changing (X], yj by (x, y), then 
2 2

4 5
which is the required locus of P.

(’.' ZACB = 90°) 
(xi - 6)z + (yi - 0)2 + (xj - 0)2 + (y. - 6)z = 62 + 62 

2xiz +2yf -12X1-12^=0 

x? + y2 -6Xi-6y! =0

I Example 62. The ends of the hypotenuse of a right 
angled triangle are (6,0) and (0,6). Find the locus of 
the third vertex.

Sol. Let C (xb yi) be the moving point (third vertex) whose locus 
is required and A (6,0) and B (0,6) be the given vertices.

Y

or
Changing (xb yj by (x, y), then 

x2 + y2 - 6x - 6y = 0 
which is the required locus qf third vertex C. 
Aliter 1. Slope of AC x slope of BC = - 1 

f- o) v fyi - _ I ■ I I I
^Xj-cJ yX]—Oy 

or x2 + y2 - 6x, - 6y j = 0

Aliter 2. Mid-point of AB is M = (3,3)
MA = MB = MC => (MA)2 s (MC)1 

(3-0)2+(3-6)2=(xi-3)2(yi-3)2 

or xz + y2 - 6xi - 6yi = 0
.’. Required locus is 

x2 + y2 - 6x - 6y = 0

I Example 61. Find the equation of the locus of a 
point which moves so that the difference of its 
distances from the points (3,0) and (-3,0) is 4 units.

Sol. Let P (xp yj be the moving point whose locus is required 
and A (3,0) and B (-3,0) be the given fixed points.

y

f(xi.yi)
5xz-4y2=20 or

A(3,0) X

--------->X
A(6, 0)

By hypothesis
|PB| - |PA| = 4 (assume | PB | > | PA D 
yj(x} + 3) + (yj - 0)2 - J(xi - 3)2 + (y, - 0)2 = 4 

7(X12 + 71 + 6X] + 9) = 4 + 7(x? + y2 - 6Xj + 9) 

Squaring both sides then,
x2 + yf + 6xi + 9 = 16 + xf + y? - 6xi + 9 + 8

7(X12 + yi - 6X1 + 9) 

(12xi - 16) = 8 7(x2 + y2 - 6xj + 9)

or (3Xi ~ 4) = 2-J(xz + y2 -6X] +9)

Again, squaring both sides, then
9x2 - 24X] + 16 = 4x2 + 4y2 - 24xt + 36 

5x2 - 4y2 = 20
2 2

5l_Zl = i 
4 5

Changing (xb ) by (x, y), then 
2 2^L-2L = 1 

4 5
which is the required locus of P.
Aliter (I -m method):
Since, | PB | -1 PA | = 4
=> 7(xi+3)2+(yi-O)2 -7(x!-3)2+(yi-0)z = 4 

=> 7(xi2 + y? + 6xi + 9) - -j(x2 + y2 - 6xi + 9) = 4 

Let I = x2 + y2 +6xj+9 

and m = Xi + yj, - 6xx + 9 
then, Eq. (i) can be written as 

Vz - Vm = 4

I - m = 12xi 
(Vz + Vm)(Vz ~ Vm) = 12xi 

(Vl + Vm) (4) = 12xi 
41 + 4rn = 3xi
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X =

=> X =

or

or

0

r
B jo.jyn

ftxi.yi)
=>

nX' 0

r

=>

2

-1“’ •

8

...(iii)From Eq. (ii), t = ffcy)

X' ■X02

X =
2 r

locus is required and A (3,0) and B (-3,0) are the given 

points.

then, 
and

I Example 63. Find the equation of the locus of a 
point which moves so that the sum of their distances 
from (3,0) and (-3,0) is less than 9.

Sol. Let P (xb y]) be the moving point whose

...(i)

...(ii)

-1
2

------ -X
A(3,0)

I Example 65. A stick of length / rests against the 
floor and a wall of a room. If the stick begins to slide 
on the floor, find the locus of its middle point.

Sol. Let the cross section of the floor and wall be taken as the 
coordinate axes and AB be one of the position of the stick. 
Let the mid-point of AB be P (Xj.yj), then coordinates of A 
and B are (2xb 0) and (0,2yx) respectively.

Y

But given, | AB | = I 
=> (AB)2 = I2 

(2x1-0)2+(0-2y1)2=/2 

=> 4xf + 4y2 = I2

Changing(xb yj) by (x, y), then 
4(x2+y2) = / 

which is the required locus of P. 
Aliter: 
Since, 
Let

ct\
A

---------- -X
A(2xb0)

By hypothesis,
| PA | +1 PB | < 9 

V«xi -3)2 + (yj -0)2}+>l{(xx + 3)2 + (yi - °)2} <9

- 6x! + 9) < 9 - 7(X]2 + yf + 6Xj + 9)

On squaring, we get
(x2 + y2 - 6Xj + 9) < (81 + x2 + y2 + 6xx + 9)

- 18 7(x2 + yf + 6x, + 9)
(v a< b=}a2 < b2 provided a >0) 

-12X! - 81 < -18 7(x2 + y2 + 6xj + 9) 

(4Xj + 27)> 6 yj(x2 +y2 +6xj +9)

(•«• If a> b, then -a < - b)

y-r
2 , 

y-i"
2 ? 

4x = y2 -1 

y2 =4x + l

|AB| = /
Z0AB = a "1‘-

OA = I cosa and' 65 = I sina

A=(l cosa,0)
B = (0,/sina)

Y

Y

P(W)

x = t + t2

y = 2t + l 
y-i)

2 )

On eliminating t from Eqs. (i) and (iii), we get required 
locus as

coordinate are given by x = t-i-12, y = 2t+1, where t is 
variable.

Sol. Given,

and

On squaring, we get
16xf + 729 + 216x > 36X]2 + 36y2 4- 216Xj + 324 

=> 20x2 + 36yt2 < 405

Changing (xb yj by (x, y), then 
20x2 + 36y2 < 405 

which is the required locus of P.
: d'jirlw

I Example 64. Find the locus of a point whose

i + ^2
2

y + C
2 J

X'
B(-3, 0)
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and

or
I ■

or

Y

H(xi,yi)

4> •X
0 Xi

Y

a = 3x

and

fi(0, b)

(0
b and in ARMQ,

(ii)
jX' X0 *A(a, 0)a

(constant)Y

or

••(ii)

MR = y} 
and ZRQM = ty

rioiVr ■ RM
OP - OM

yi 
a - xt

yi 
a + Xj

Let P (x, y) be the mid-point of AB, then 
2x = I cos a 
2y = I sina

Squaring and adding Eqs. (i) and (ii), then 
4(x2 + y2) = /2 

which is the required locus of P.

Atan0 =----
MP

I Example 68. Two points P and Q are given, R is a 
variable point on one side of the line PQ such that 
ZRPQ - ZRQP is a positive constant 2a. Find the 
locus of the point R.

Sol. Let the X-axis along QP and the middle point of PQ is 
origin and let coordinates of moving point R be (x^ yj.

On substituting in a2 + b2 = 1, we get 

(3x)z + (3y)2 = 1 

x2+y2 = - 
9

|2 = 1, we get

(2x)2 + (2y)2 = 1

X2 + y 2 = - 
4

which is the required locus of C.

which is the required locus of G.
(ii) If the circumcentre be C (x, y). Since in semicircle angle 
90°, then AB is the diameter of the circumcircle OAB. /

Circumcentre is the mid-point of AB.
_ a + 0Then x =-----

2
0 + b

y=~

On substituting in a2 + b

Let OP = OQ = a
then coordinates of P and Q are (a, 0) and (-a, 0) 
respectively.
Draw RM perpendicular on QP

OM = x1 and
and let ZRPM = Q
Now, in ARMP,

=> a = 2x

=> b = 3y

Yi \ 
~i
M p

(a.0)

=> b = 2y

X' ■ < 'Q 
H.0)

I Example 66. Find the locus of the point of 
intersection of the lines x cos a + y sin a = a and 
x sin a - y cos a = b, where a is variable.

Sol. Given equations are
x cosa + y sina = a ...(i)

and x sina - y cosa = b ...(ii)
Here, a is a variable, on eliminating a. Squaring and adding 
Eqs. (i) and (ii), we get required locus as

(x cosa + y sina)2 + (x sina -y cosa)2 = a2 + b2 

(x2 cos2a + y2sin2a + 2xy cosa sina)

+ (x2sin2a + y2cos2a-2xy sina cosa) = a2 + b2 

x2 (cos2a + sin2 a) + y2 (sin2a + cos2 a) = a2 + b2 

x2+y2=a2 + b2

But given
, ZRPQ- ZRQP = 2a 

0- 4> = 2a 
tan (0 - 4>) = tan 2a 

tan0-tan<b L _ ------------ — = tan 2a 
1 + tan0 tan $

I Example 67. A variable line cuts X-axis at A, Y-axis at 
B, where OA = a, OB =b ( O as origin) such that 
a2+b2 =1.
Find the locus of

(i) centroid of A OAB
(ii) circumcentre of A OAB

Sol. (i) Coordinates of A and Bare (a, 0) and (0,b) respectively.
If centroid of A OAB be G (x, y)
, 0 + a + 0then x =----------

3
0 + 0 + b 

y=~l~
Y

RM RM 
tan © =-----=-------------

QM OQ + OM
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7-= tan 2a=>
1 +

or

(ii)

■x
N

-XM

Change of Axes OR the 
Transformations of Axes

Remarks
1. In this case axes are shifted parallel to themselves, then it is 

also called Transformation by parallel axes.
2. Inverse translation or shifting the origin back: Some 

times it is required to shift the new origin back. Then putting 
x - h in place of x and y - k in place of y in any equation of 
curve referred to the new origin to get the corresponding 
equation referred to the old origin.

3. The above transformation is true whether the axes be 
rectangular or oblique.

Let 0 be the origin of coordinates and OX, OY be the 
original coordinate axes. Let O' be the new origin and 
(h, k) its coordinates referred to the original axes. Draw 
two lines O' X' and 0' Y' through 0' and parallel to OX 
and OY respectively. Let P(x, y) be any point referred to 
the original axes OX, OY. Again suppose that the

-X

k
I

P(x, y) w.r.t.
t old axes
I P(X, y)
r w.r.t. nc.. ~ 

y

and
we have
i.e.
and
i.e.
from Eqs. (i) and (ii),

X = x - h and Y = y - k
Thus, if origin is shifted to point (h, k) without rotation of 
axes, then new equation of curve can be obtained by 
putting x + h in place of x and y + k in place of y.

' h! bns
w.r.t. new axes

In coordinate geometry we have discussed the coordinates 
of a point or the equation of a curve are always considered 
on taking a fixed point 0 as the origin and two 
perpendicular straight lines through 0 as the coordinates 
axes. For convenient the coordinates of the point or the 
equation of the curve changes when either the origin is 
changed or the direction of axes or both are suitably. 
These processes in coordinate geometry are known as the 
transformations or change of axes. This process of 
transformation of coordinates will be of great advantage 
to solve most of the problems very easily.

(i) Change of origin OR Shifting of origin 
(Translation of Axes)

To change the origin of coordinates to another point (h,k) 
whereas the directions of axes remain unaltered.

tv tY

■ | Example 70. The equation of a curve referred to the 
new axes, axes retaining their direction and origin is 
(4,5) is x2 + y2 = 36. Find the equation referred to the 
original axes.

Sol. Here we want to shift the (4,5) to the origin without 
changing the direction of axes. Then we replace x by x - 4 
and y by y - 5 in the equation of given curve then the 
required equation is

(x-4)2 + (y-5)2 =36

x2 +y2 -8x-10y+5 = 0

I Example 69. Find the equation of the curve 
2x2 + y2-3x+5y-8 = 0 when the origin is 
transferred to the point (-1,2) without changing the 
direction of axes.

Sol. Here, we want to shift the origin to the point (-1,2) with­
out changing the direction of axes. Then we replace x by 
x -1 and y by y + 2 in the equation of given curve, then 
the transformed equation is 
2(x - l)2 + (y + 2)2 - 3 (x - 1) + 5 (y + 2) — 8 = 0 

=> 2x2 + y2 — 7x + 9y + 11 = 0

/ 
yi

coordinates of the same point P referred to the new axes 
O'X',O'Y'are(X,Y).
From 0' draw 0' L perpendicular to OX. from P draw PM 
perpendicular to OX to meet 0' X ' in N. Then

OL = h,0 'L = k, OM = x,PM = y, 0 'N = X 
PN = Y
x = OM = OL + LM = OL + O'N = h + X
x = X + h ...(i)

y = PM = PN + NM = PN + O'L = Y + k 
y-Y + k

2xiyt
2 2 2a ~ xi + yf

a2 - x2 + y2 = 2x]yl cot 2a
X]2 - y2 + 2xjyj cot2a = a2or

Hence, locus of the point R (xb yj is 
x2 - y2 + 2xy cot2a = a2

O' —

0 L ----------x

yi yi 
a - Xj a + Xj
/ \

yi
^a-xj l^ + xj

[from Eqs. (i) and (ii)]

= tan 2a
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Now,

(i)

-(ii)i.e.
k = — 2 and

P

X'
0 yN

P
9 X

0
X'

0
X0 M

e
i

■

Let OX and OY be the original system of coordinate axes. 
Let OX ’ and OY' be the new axes obtained by rotating the 
original axes through an angle 0. Let P be a point in the 
plane whose coordinates are (x, y) and (X, Y) referred to 
old and new axes respectively. Draw PM and PN 
perpendiculars to OX and OX' and also NL and NQ 
perpendiculars to OX and PM. We have

We have, 
and

OM — x, PM = y, ON = X
PN = Y

i.e.
and

PL

I Example 72. At what point the origin be shifted, if 
the coordinates of a point (-1,8) become (-7,3) ?

Sol. Let the origin be shifted to the point (h, k) without 
changing the direction of axes. Then we replace x by x 4- h 
and y by y + k and we get new co-ordinates. Here, given 
old coordinates and new coordinates are (-1,8) and (-7,3) 
respectively.
We have

Old (x, y) 
.New (X, Y)

A

-14-/1 =-7 and 8 + k = 3 
h = - 6 and k = - 5

Hence, the origin must be shifted to (-6, - 5).

(ii) Rotation of Axes 
(Change of Directions of Axes)

To find the change in the coordinates of a point when the 
directions of axes are rotated through an angle 0 the 
origin being fixed.

Q 
x-<9

I 3 IHence, the point to which the origin be shifted is —, - 2 .
14 J

OM = x, PM=y, ON = X, PN = Y 
x-OM-OL-ML

Angle between any two lines = Angle between 
their perpendiculars i.e. ZXOX' = ZNPM=0 

= OL - QN = ON cos 0 - PN sin0 
= Xcos0 -Ysin©

■ x-= X cos 0 - Y sin 0
y = PM = PQ + QM = PQ + NL 

= PN cos0 + ON sin0 
= Y cos 0 4- X sin 0

y = X sin 0 4- Y cos0
Now, multiplying Eqs. (i) by cos0 and Eq. (ii) by sin0 and 
adding we get

X = xcos0 4-y sin0 ...(iii)
Also, subtracting the product of Eq. (i) by sin0 from the 
product of Eq. (ii) by cos 0, we get

Y = -xsin0 4-ycos0 ...(iv)
also x2 +y2 =X2 +Y2 =OP2 are unchanged i.e. the 
distance of the point P from the origin 0 remains 
unaffected by the rotation of axes.
Rule : When the axes are rotated through 0, replace (x, y) 
by (x cos 0 - y sin0, x sin0 4- y cos 0).
Shifting the coordinate axes back : Some times it is 
required to shift the new coordinates axes back. Then 
replace (x, y) by

(x cos 0 4- y sin0, - x sin0 4- y cos 0).

Independent Proof (Aliter)
The relations X = x cos0 4- y sin0 and
Y = - x sin0 + y cos0 can be obtained independently. 

Proof: Draw PM and PN perpendiculars to OX and OX' 
and also ML and MQ perpendiculars to PN and OX' 
respectively.

iTii 'jdl y-

I Example 71. Shift the origin to a suitable point so 
that the equation y2 4- 4y 4- 8x - 2 = 0 will not contain 
term in y and the constant.

Sol. Let the origin be shifted to the point (/i, k) without 
changing the direction of axes. Then we replace x by x 4- h 
and y by y + k in the equation of the given curve then the 
transformed equation is

(y + k)2 + 4 (y + k) 4- 8 (x 4- h) - 2 = 0 
=> y2 4- (2k 4- 4) y 4- 8x 4- (k2 4- 4k 4- 8h - 2) = 0 
Since, this equation is required to be free from the term 
containing y and the constant, we have

2k 4-4=0 and k2 4-4k 4-8/1 - 2 = 0
. 3h = —

4

M L
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i.e.

Y = -xsin0+ycos0

x X
= A

i.e. x
and =A

then ...(i)

(x + iy) = (X + iY) (cos0 + isin0)

(Civil Services)

-sin0 COS0

so

i.e.
2

3 2

i.e.
and

i.e.
Hence,

x + y i _ 
72 J

s

sin0

I

X 
y

X

COS0

- sin6

y 
sin0 
COS0

x + y 
^2

*-y 
41

*-y
41

(say) 
D'J

Y

2

I +2

Remark:
The results Eqs. (i), (ii), (ill) and (iv) can be conveniently 
remembered by the following methods.

(i) Light heavy method : Let x, y be light and X,Y be 
heavy then heavy X,Y down and x,y up then

Also, angle between any two lines
= Angle between their perpendiculars lines 
ZXOX' = ZMPN = ZPMQ = Q

X = ON = OQ + QN
= OQ + ML
= OM cos0 + PM sin0

(yOQ = OM cosQ and ML/=PMsin0) 
= x cos0 +y sin0

X = xcos0 +y sin0
Y = PN = PL-NL = PL-QM 

= PM cos 0 - OM sin 0
(v PL = PM cos 0 and QM = OM sin 0) 

= ycos0-xsin0
Y = - x sin 0 + y cos0

D' 
where, A' is the transpose matrix of A 

(iii) Complex number method : 

Let 

and

sin0 ~ cos0 = -L
V2

Replacing (x, y) by (x cos0 - y sin 9, x sin0 + y cos 0) 
x - y x + y^| 
41

Then, 3x2 + 3y2 + 2xy = 2 becomes 
/ \2

+ 3

i.e.
On comparing real and imaginary parts, we get 

x = X cos 0 - y sin 0 
y = X sin 0 + y cos 0

x = Sum of the products of the elements in the left 
most column with the corresponding elements of the 
first column
i.e. x = Xcos0-Y sin0
and y = Sum of the products of the elements in the 
left most column with the corresponding elements of 
the second column.

y = Xsin0 + ycos0
x =Xcos0 - y sin0
y = X sin 0 + y cos 0

I Example 73. If the axes are turned through 45°, find 
the transformed form of the equation 
3x2 + 3y2 + 2xy = 2

Sol. Here, 0 = 45’

C-»cos0^

S -> sin 0

Again from Eq. (i), Z = ze ®

i.e. (X + iY) =(x + iy)(cos0 - i sin 0)
On comparing real and imaginary parts, we get

X = x cos 0 + y sin 0
►

y = - x sin 0 + y cos 0

Z = X + iY, where i = V-l 

z-Ze^

third row is obtained by differentiating second row with 
respect to 0.
For remembrance C

1
COS0

(b) Finding X and Y in terms of x and y
X = Sum of the products of the elements of top-row 
with the corresponding elements of first row.
i.e. X = xcos0+y sin0
and y = Sum of the products of the elements of 
top-row with the corresponding elements of second 
row.
i.e.
Hence, X = x cos 0 + y sin 0

y = - x sin 0 + y cos 0

(ii) Matrix method:
Fxl F cos0 sin0
|_Yj |_-sin0 cos0 |_y

cos0 -sin0 X
sin 0 cos 0 y

/ 
i.e.

\ u “7 am u y 

7cos 0)'= - sin 0 

k (sin0)' = cos0

(a) Finding x and y in terms of X and Y
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=>

=>

i.e.

or

(>)

x
v ux + vy = [u v] = [uv]

X

or

or
or

<9

••(i)
,(ii)

••(i)
(ii)

3(2x2 + 2y2) + 2(x2 -y2) = 4

8x2 + 4y2 = 4

or 2x2+y2=l
which is free from the term containing xy.

.-(ii)
••(iii)

*-y
■Ji

-y x + y
H -Ji

I Example 74. Prove that if the axes be turned 
through — the equation x2 - y2 = a2 is transformed 
to the form xy = X. Find the value of X.

Sol. Here, 0 = — so sinG = cos0 = -7= 
4 y/i

Replacing (x, y) by (x cos 0 - y sin 0, x sin 0 + y cos 0) 
x - y x + yA 
.^2’5/2) 

then, x2 - y2 = a2 becomes

I Example 75. Through what angle should the axes be 
rotated so that the equation 9x2 -2 V3 xy + 7y2 = 10 
may be changed to 3x2 + 5y2 = 5 ?

Sol. Let angle be 0 then replacing (x, y) by 
(x cos0 - y sin0, x sin0 + y cosG) 
then, 9x2 - 2-Jixy + 7y2 = 10 becomes

9 (x cos0 - y sinG)2 - 2-Ji

(x cos0 - y sinO) (x sin© + y cosG)
■ +7(xsin0 + y cosG)2 = 10

2 (9 tJdsa0-2 y/i sinG cosG + 7 sin2 0)
+ 2xy (-9 sinGcosG - -Ji cos 20 + 7 sin0 cos 0) 

+ y2(9 cos20 + 2^3 sin0 cos0 + 7 cos2 0) = 10 

On comparing with 3x2 + 5y2 = 5 (coefficient of xy) 
we get- 9 sin0 cos0 - -Ji cos20 + 7 sin0 cos0 = 0

sin20 = --Ji cos 20
tan 20 = - V3 = tan (180° - 60°)

20 = 120° 
0 = 60°

= a2*-y
I -Ji

a2

fl2
Comparing it with xy = X, then we get X =-----

2

I Example 76. If (x,y) and (X, y) be the coordinates 
of the same point referred to two sets of rectangular 
axes with the same origin and if ux+ vy, when u and v 
are independent of X and y become VX + UY, show 
that u2 + v2 = U2+V2

Sol. Let the axes rotate an angle 0 and if (x, y) be the point with 
respect to old axes and (X, Y) be the co-ordinates with 
respect to new axes, then

x + iy = (X + iY) e® = (X + iY) (cos0 + i sin 0) 
On comparing real and imaginary parts, we get

x = X cos 0 - 7 sin 0
y = X sin 0 4- Y cos 0

Then, ux + vy = u (X cos0 - Y sin0)+ v (X sin0 + Y cosG) 
= (u cos0 + v sin0) X + (-u sin0 + v cos0) Y 

but given new curve VX + UY
then, VX + UY = (u cos0 + v sin0)
X + (-u sinG + v cos0)y
On comparing the coefficients of X and Y, we get

V = u cos 0 + v sin0
and U = - u sin0 + v cos0
Squaring and adding Eqs. (i) and (ii), we get

V2 + U2 = (u cos0 + v sin0)2 + (- u sin0 + v cos©)2 

= u2+v2

Hence, u2 +v2 = U2 + V2
Aliter 1 (By matrix method):

FxlFcosG -sin0jrxl fXcosG-YsinG 
|_y J [sin 0 cos 0j [y J [x sin 0 + Y cos 0

X cos0 + ysin0
Xsin0 + y cos0

[from (i)]
= uX cos0 - uY sin0 + vX sin 0 + vY cos0
= X (u cos0 + v sin0) + Y (-u sin0 + v cos0)

but given new curve VX + UY
Then, VX + UY = X (u cos0 + v sin0) + Y

(-u sin0 + v cos0)
On comparing the coefficients of X and Y, we get

lo olg.'!' V = ucosG + vsinG
U = - u sin0 + v cos0

Squaring and adding Eqs. (ii) and (iii), we get 
u2 + v2 = U2 + V2

Aliter 2 (Best approach):
ux + vy = /4((u - lv) (x + iy))

= Re((u-iv)(X + iY)e10)

and VX+UY = ^((V - iU)(X + IY)) 
From Eqs. (i) and (ii), we get

V - iU = (u - iv)e
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-5 < -3 + -2 +

- 22- -3 + -14 = 0
2or

=>

rz

and•X'

O' l\
-X0

Then, we get

and

and

and -3 + respectively in thei.e. -2 +

21-2 + -2 + 1-3 +

••(i)
(ii)

2

■ + 20

x + y 
72

x + y 
72

x + y 
72

x-y
41

x-y
41

given curve, then the new equation of curve will be
2

• + 4 •

x-y
41

x-y 
72

I Example 77. What does the equation 
2x2 + 4xy - 5y2 + 20x — 22y — 14 = 0 becomes when 
referred to rectangular axes through the points no 
(-2,-3), the new axes being inclined at an angle of 
45° with the old ?

Sol. Let 0' (-2, - 3) be the new origin and axes are rotated 
about 0' through an angle 45° in anticlockwise direction 
then replacing x and y by

- 2 + x cos 45° - y sin 45° 
-3 + x sin 45° + y cos 45°

x + y 
41

Remark
2hUsually, we use the formula, tan20 =------for finding the angle of

a-b

Removal of the Term xy from 
f (x, y) = ax2 + 2hxy+by2 
without Changing the Origin

21

(iii) Double Transformation ,y' 
Origin Shifted and Axes Rotated)

If origin is shifted to the point. 0' (h, k) and at the same 
time the directions of axes are rotated through an angle 0 
in the anticlockwise sense such that new coordinates of 
P (x, y) become (X, Y).

Y
Clearly, h ^0
Rotating the axes through an angle 0, we have

x = Xcos0-Ysin0
y = Xsin0 + Ycos0

f (x, y) = ax2 + 2hxy + by2 

After rotation, new equation is
F(X, Y) = (acosz 0 +2/icos0sin0 + hsin2 0) X2

+ 2{ (b - a) cos 0 sinO + h (cos2 0 - sin2 0) }XY 

+(a sin2 0 - 2h cos 0 sin 0 + b cos2 0) Y2 

Now, coefficient of XY = 0
a — b 

cot 20 =------
2h

Taking modulus both sides, then
| V-iCJ| = |u-iv||e'e| 

yj(V2+U2) = ylu2+ v 

u2+v2=U2 + V

Then, we get x = /i + Xcos0-Ysin0 
and y = k.+ Xsin0 + Ycos0
In practice we have to replace x by h + x cos 0 - y sin 0 
and y by k + x sin 0 + y cos 0.
Again, if we want to shift the coordinate axes back to their 
original positions, then we obtained X and Y by solving 
Eqs. (i) and (ii), then

X = (x - h) cos 0 + (y - k) sin 0
Y = -(x -h) sin0 + (y-k) cos0 rotation, 0.

3 — h
However, if a = b, we use cot 20 =------as in this case tan20 is not

2h
defined.

I Example 78. Given the equation
4x2 +2 V3xy+ 2y2 =1, through wb^^ngle should the 
axes be rotated so that the term in xy be wanting from 
the transformed equation.

Sol. Comparing the given equation with ax2 + 2hxy + by2, we 
get a = 4,4 = 73 £» = 2. If axes are to be rotated at 0, then 

^24 273 n
tan 20 =----- =----- = V3 = tan —

a-b 2 3
_ K 7C _ 71 4k
20= -,7C + -=>20= -, ---

3 3 3 3

e=5,^
6 3

x2 - 14xy-7yz -2 = 0

P(x,y)
(X, Y)

•p;
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For X < - 4:

8X-12

7A.4-6-

Aj + A2 + A3 — A

=>

B C

where,

v at

Also,

X G

l + ii

i

=»

Position of a Point which Lies 
Inside a Triangle

0 
1

6 
0

1
1

0
-2

3 
0

6 2 
7*2

niHenee; value of X g | --, 
9 nipiio a

which is impossible.

For -4<X < - -:
7

Then, -(7X +6)-(8X - 12) + (X 4- 4) = 22

-14X = 12 .’.= — —
7

yrT 4- 4- 4- 4- 4- 
^3/2
+j4-4-4-4-4-4-4-

F^-6/7 j
i/^4- + 4--H4-4-4-4-4-4-4-4- 4- 4- 
i-4 i i

3For X >-:
2

Then, 7X 4- 6 4- 8X - 12 4- X 4- 4 = 22 => 16X = 24

2
3V at X = -, area of APCA = 0
2

If any point say (P) lies within the triangle ABC, 
then

X*-
2

Then, - (7X + 6) - (8X - 12) - (X 4- 4) =22

-16X = 20 A X=--
4

l+*l
2

= -|
i-v 2?

which is impossible.

For--< X < - :
7 2

Then, (7X 4- 6) - (8X - 12) 4- X 4- 4 = 22 => 22 = 22

X = - -, area of A PBC = 0 
7

X*—
7

6 3^
7 ’ 2J

X X 4-1 1
1
3

X X 4-1 1
1
1

X X 4- 1 1
-2 0 1

6 1 1

A = Area of triangle ABC,
A, = Area of APBC, 

A2 = Area of APCA, 
A 3 =Area of APAB 
A] ^0, A2 ^0, A3 0, A 0 

(Each individual area must be non-zero)

I Example 79. Find X if (X, X 4-1) is an interior point of 
A ABC where, A = (0,3) ;B = (-2,0) and C = (6,1).

Sol. The point P (X, X 4-1) will be inside the triangle ABC, then 
Area of A PBC 4- Area of A PCA 4- Area of A PAB = Area of 
A ABC

0 3 1
-2 0 1 i

6 1 1

|7X4-6|+.|.8X-12|4-|X4-4| = 22

1
2

j 4-

A. 4- 4----
Hioq Jis.
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Exercise for Session 4

,2

13. What does the equation (a -b)(x2 + y2) - 2abx = 0 become, if the origin be moved to the point ,0 ?
ab 

a-b

16. Find the angle through which the axes may be turned so that the equation Ax + By + C = 0 may reduce to the 

form x = constant, and determine the value of this constant.

17. Transform 12x2 + 7xy -12y2 -17x - 31y - 7 = 0 to rectangular axes through the point (1,-1) inclined at an
_/4\

angle tan - to the original axes.
\3/

(a)x2-y2=a2 (d) x2 + y2 = a2

1. The equation of the locus of points equidistant from (-1 -1) and (4,2) is

(a)3x-5y-7=0 (b)5x + 3y-9 = 0 (c)4x+3y+2=0 (d)x-3y+5 = 0

2. The equation of the locus of a point which moves so that its distance from the point (ak, 0) is k times its
/ Q \

distance from the point -, 0 , (k * 1) is
\/c J

(b) 2x2 - y2 = 2a2

14. The equation x2 + 2xy + 4 = 0 is transformed to the parallel axes through the point (6, X). For what value of X its
new form passes through the new origin ? 1

15. Show that if the axes be turned through 7 —; the equation V3x 2 + (73 -1) xy - y2 = 0 become free of xy in its
new form. 2

(c) xy = a2
f 3

3. If the coordinates of a variable point P be I1 + -, t - -1, where t is the variable quantity, then the locus of P is

(a) xy = 8 (b) 2x2 - y2 = 8 (c) x2 - y2 = 4 (d) 2x2 + 3y2 = 5

4. If the coordinates of a variable point P be (cos 8 + sin 8, sin 8 - cos 8), where 8 is the parameter, then the locus 
of Pis
(a) x2 - y2 = 4 (b) x2 + y2 = 2 (c) xy = 3 (d) x2 + 2y2 = 3

5. If a point moves such that twice its distance from the axis of x exceeds its distance from the axis of y by 2, then
its locus is 
(a) x - 2y = 2 (b) x + 2y = 2 (c) 2y - x = 2 (d) 2y - 3x = 5

6. The equation 4xy - 3x2 = a2 become when the axes are turned through an angle tan-12 is

(a) x2 + 4y2 = a2 (b) x2 - 4y2 = a2 (c) 4x2 + y2 = a2 (d) 4x2 - y2 = a
7. Transform the equation x2 -3xy + 11x -12y + 36 =0to parallel axes through the point(-4,1)becomes 

ax2 + bxy + 1 = 0thenb2 -a =

(a) - (b)-L (c)— (d)J-
4 16 64 256

8. Find the equation of the locus of all points equidistant from the point (2,4) and the Y-axis.

9. Find the equation of the locus of the points twice as far from (-a , 0) as from (a, 0).

10. OA and OB are two perpendicular straight lines. A straight line AB is drawn in such a manner that 0/1 + OB=8. 
Find the locus of the mid point of AB.

11. The ends of a rod of length / move on two mutually perpendicular lines. Find the locus of the point on the rod 
which divides it in the ratio 1:2.

12. The coordinates of three points O, A B are (0,0), (0,4) and (6,0) respectively. A point P moves so that the area 

of APOA is always twice the area of &POB. Find the equation to both parts of the locus of P.

1
t

http://www.Exercise
http://www.Exercise
http://www.jeebooks.in


■

Shortcuts and Important Results to Remember

, where

G 
I 
h 
h 
h 
O 
C

and vertices
A = fa. Yi X 8 = (x2, Y2\ C = fa. Ya)and A B, C are the 
angles of M8C. ' \

9 If the circumcentre and centroid of a triangle are 
respectively (a, p); (y, 6), then orthocentre will be 
(3y-2a,35-2p).

1
sin B 
sin B 

-sin B 
sin B 
tan B 

sin 2B

r»3
1

sin C 
sin C 
sin C 

-sin C 
tan C 
sin 2B

• «i
1 

sin A
- sin A 
sin A 
sin A 
tan A 
sin 2A

20 Circumcentre of the triangle formed by the points 
fa, y^, (x2i y2)and (x3, y3) is same as that of triangle 
formed by the points (0, 0), 
fa - x1f y2 - yO, fa - x1( y3 - y^

19 Given the two vertices fa, y^and (x2, y2) of an equilateral 
triangle, then its third vertex is given by 
p + x2 ± J3 fa - y2) yi + y2 t V3 fa - x2)^
I 2 ’ 2 J

10 If ABCD is a parallelogram, then D = A-B + C.
11 If D,E.F are the mid-points of the sides BC, CA, AB of 

AA8C, then the centroid of AA8C = centroid of &DEF. If 
area of AABC = A, then area of AAFE = area of ABDF = 
area of &CED = area of &DEF = — and area of

4 
parallelogram CEFD = area of parallelogram BDEF = area 
of parallelogram AEDF = —

12 Orthocentre of the right angle triangled ABC, right angled 
at A is A.

13 Circumcentre of the right angled triangle ABC, right
. , ... B + Cangled at A is —-—.

14 X-axis divides the line segment joining fa, yj (x2, y2) in 
the ratio : y2 and Y-axis divides the same line 
segment in the ratio—Xt : x2.

15 Area of the triangle formed by fa, y1} (x2 y2), fa, y3) is
X, - x3 x2 - x3 
yi-ya Y2-Y3 ‘

15 The area of the triangle formed by y = rr^x + c1( 
. 1 _ (c-i -c2)2y = m2x + c2,y = m3 x + c3 is-EAJ— 

2 |m1-m2|

17 Area of the quadrilateral formed by
fa.yi)(x2.y2) (X3.y3).fa.y4)is

Xi - *3 x2 - x4

yi-ys y2-y4

18 If fa, y1), fa, y2) are the ends of the hypotenuse of a right 
angled isosceles triangle, then the third vertex is given by 
pi + x2 ± fa - y2) yi + y2 + (xs - x2ft
I 2 ’ 2 J

1 If D, E, F are the mid-points of the sides BC. CA, AB of
AA8C, the A = E + F - D

B = F + D - E
and C = D + E - F

2 Orthocentre, nine point centre, centroid, circumcentre of a 
triangle are collinear. Centroid divides the line joining 
orthocentre and circumcentre in the ration
2 :1 (Internally) and nine point centre is the mid-point of 
orthocentre and circumcentre.

3 The circumcentre of a right angled triangle is the 
mid-point of the hypotenuse.

4 In an equilateral triangle orthocentre, nine point centre, 
centroid, circumcentre, incentre coincide.

5 The distance between the orthocentre and circumcentre 
in an equilateral triangle is zero.

6 The orthocentre of a triangle having vertices (a, P), (p, a) 
and (a, a) is (a, a}

7 Orthocentre of the triangle formed by the points

I a/ k PJ I yj I apy )

i.e. all points and orthocentre lie on xy = 1.
8 Points in a triangle: Centroid (G), Incentre (/), Excentres 

(/t /2, /a) Orthocentre (0), Circumcentre (C)are given by
(+ m2x2 + m3x3 nw + m2y2 + m3y3

m, + m2 + m3 ' m, + m2 + m3
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(a) (b)(3,12)

(d)(3,9)

:. Centroid =

...(i)Let

and =>3y =asint-bcost ...(ii)

i.e.

(a)
Orthocentre

Sol. (d) y

y.>xo

F/

£

>X0

=-lx=> '0-4 
ka-3

JEE Type Solved Examples:
Single Option Correct Type Questions
This section contains 5 multiple choice examples. Each 
example has four choice (a), (b), (c) and (d) out of which 
ONLY ONE is correct.

Let
and

• Ex. 3. Orthocentre of triangle with vertices (0,0), (3, 4) 

and (4, 0) is

1
4

Slope of BH x slope of OA = -1
0
4

Lilrijori'-.
Vf) n* ■

iJOliJ v

H \\
D A(4. 0)

„ L 7 _ 
j

k 3

I 47
Aliter: Let orthocentre

H*(a.0)

L 13 
= 2.—I 8

O = (0,0), A =(2,0)
B =(1,

OA=2 = OB = AB
=> AOAB is an equilateral.

Incentre = Centroid
_'o+2+l 0 + 0 + 73

3 ’ 3

P= xi~xz y^-yj 
|_x2-*3 y2-y3. 

'-4 o' = 
-1 4

fi(1.V3)

A
A (2, 0)

(d) AI 73.

(c) 3, | 
\ 4.

Sol. (c) Denote the points are (x2, y,). (x2,y2) and(x3,y3) from the
matrix

. _ RrRz 
A —----------

IPI
_(-4)(-l) + 0 

-16

Circumcentre of the triangle
_fx, + x2 + A(y, -y2) y, + y2 -X(x, -x2 

k 2 ’ 2
_<3-4X 4 + 3X 

k 2 ’ 2

CsG,—1 
k 8 J 
r7 4^ and centroid Gs -,- 
k3 3j<4 

k3 73,

'2-b2
2

\

Incentre = 11,4=
k 73,

[ 7 4 13H=3X--2x2,3 X--2X —
3 8.

(2 7J^ <tJ 1
• Ex. 2. The incentre of triangle with vertices (1, V3), (0,0) 

and(2,0) is

4)

• Ex. 1. Locus of centroid of the triangle whose vertices are 
(acost,a sint),(B sint,-hcost) and(1,0), wheret isa 
parameter, is

(a) (3x-1)2+(3y)2=a:

(b) (3x-1)2 + (3y)2 =a2 +b

(c) (3x + 1)2 +(3y)2 =a2 + b2

(d) (3x + 1)2 +3y2 =a2 - b2

Sol. (b) Let A = (a cost, asint), B =(bsint, -bcost) and C s(l, 0) 
acost+hsint +1 asint-bcosA 

3 3 J

acost + bsint + 1 , .x=--------------------=> 3x -1 = a cos t + bsm t
3 

asint-b cost 
y--------- 3-------

On squaring and adding Eqs. (i) and (ii), we get 
(3x-l)2 + (3y)2=a2 + b2 

which is locus of centroid.
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(vCj and C2 are identical)(i)

= -lx=>

From Eq. (i),

1
(a) -7=

well asyv y2,y3 are in GP, with the

and

Required coordinates are -

=>

•(i)

JEE Type Solved Examples:
More than One Correct Option Type Questions

4
3

■ This section contains 3 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d). Out of which 
MORE THAN ONE may be correct.

a-3 = 0
=> a=3
and slope of AH x slope of OB = -1

P-o)

1
1 1 = 0
1

• Ex. 5. Let A be the image of (2, -1) with respect to Y-axis. 
Without transforming the origin, coordinate axis are turned 
at an angle 45° in the clockwise direction. Then, the 
coordiates'of A in the newsystem are

, J 1 3

1, 
= 2 \ 

x,r

I 3 1Hence, orthocentre is 3, - .
I 4J

I 
r 
r2

=>
:. n=8,9,10,...

• Ex 7. If each of the vertices of a triangle has integral 
coordinates, then the triangles may be

(a) right angled (b) equilateral
(c) isosceles (d) scalene

Sol. (a,c,d) Let A=(x1,y1),B =(x2,y2)andC=(x3,y3)be the vertices 
of triangle ABC. Given xpyp x2,y2, x3,y3be all integers.
Now, area of AABC = ^|x,(y2 -y3)+ x2(y3 -yj-b x3(yj -y2)|

= Rational

(b) -4

• Ex. 6. LetS} S2,...,be squares such that for each n > 1, 

the length of a side ofSn equals the length of a diagonal of 
Sn + }. If the length of a sideS} is 10 cm, then for which of the 
following value ofn is the area ofSn less than 1 sq cm?

(a) 7 (b)8 (c)9 (d) 10
Sol. (b,c,d)

If a be the side of the square, then diagonal d = af2 by 

hypothesis

• Ex. 4. Ifxv x2, x3 as 

same common ratio, then the points(xvy}),(x2,y2') and 
(x3>X3)

(a) lie on a straight line
(b) lie on an ellipse
(c) lie on a circle
(d) are vertices of a triangle

Sol. (a) Let common ratio of GP is r, then x2 = xf, x3 = x/2, y2 =y,r 
and y3 =yf2.

Let A sfxpyj, B =(x2,y2) and C=(x3,y3)
1 Ti 1

Area of A ABC=-| x2 y2 1|
2 x3 y3 1

•/ Area of Sn < 1 => a2 < 1
100 
----7<1 2"-1

2n-1>100>26

n-1 >6 
n>7

Yi 1 
YT 1 I 
yy2 i

i 1
= -1^1^111 r 

2

=> Points A, B, C are collinear.

,J 1 3

Sol. (a) Since, the image of(/i,fc)w.r.t. Y-axis is (-h, k).

.'. Coordinate of A are (-2, -1).
If (X, Y) are the coordinates of A w.r.t. the new coordinate axes 
obtained by turning the axes through an angle 45° in the 
clockwise direction, then

X = - 2 cos(-45°) -sin(-45°)
2 1 1

—~~ r~ 4" r~ ~ i~
V2 V2 V2

Y=2sin(-45°)-cos(-45°)
_2___ 1_
Ji Ji

(d) T’T kV2 V2.

an=V2an+I

_ an _ fln-l _ an-2 _ _ fli 

Ji" (Ji)2~ (Ji?~‘''~ (Ji)n
0] _ 10

1
2

1
2

1
2
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(a) (1,6)
,2

—(i)=>

be the vertices of a /\ABC, where

or

10. (c) Centroid of AABC = I —,--- -

11. (d) Orthocentre of AABC = ——, - a^y

■ This section contains one solved paragraph based 3 
multiple choice questions. Each of these questions has 
four choices (a), (b), (c) and (d) out of which ONLY ONE is 
correct.

JEE Type Solved Examples: 
Paragraph Based Questions

• Ex. 8. ABC is an isosceles triangle. If the coordinates of 
the base are B(1,3) and C (-2,7). The coordinates of vertex A 
can be

...(vi)

...(in)
-(iv)

...(i)

..(ii)

(c)l 7, 6
16

4=

11. The coordinates of orthocentre of AABC is

k 2

(c)H’’5'

-7, - | satisfy the Eq. (i). 
8/

Paragraph 
(Q. Nos. 9 to 11)

///a A)s|p,Mc{y,A)
I PJ I yJ

a, flare the roots ofx2 - 6ax + 2 = Q- 0,y are the roots of 

x2 - 6bx + 3 = Oandy,a are the roots ofx2 - 6cx + 6= 0; 

a, b, c being positive.

9. The value of a + b + c is

(a)1 (b)2
(c) 3 (d) 5

10. The coordinates of centroid of AABC is

(a)|\-'lI 9 J
/ 11(c) K

If AABC is equilateral then,

Area of AABC = — (side)' 
4

=—{(*i-*2)z+(yi-y2)2}
4

= Irrational ...(ii)
It is clear from Eqs. (i) and (ii), AABC can not be equilateral.

(b)[-l -3 
k 3

(d)[-2 -6
I 6

(d)f-7 2
k 8

(b)
U 18.

(d)f-.-(3 19,

(b)|--,5 
k 2

Sol. (b,c,d) Let vertex of the AABC be A(x,y)

AB = AC
(AB)2=(AC)2

(x -1)2 + (y -3)2 =(x + 2)2 + (y - 7)2

6x-8y + 43 = 0

Here, use observe that the coordinates I 5 I, | -, 6 | and 
" 6 i

Sol. v a, P are the roots of x2 - 6ax + 2 = 0 

a + p=6a 
and aP=2
Again, p, y are the roots of x2 -6bx + 3 = 0 

P + y=6B 
and Py=3
Again, y, a are the roots of x2 - 6cx + 6 = 0 

y+a=6c 
and ya =6
from Eqs. (ii), (iv) and (vi), we get 

ap.py-ya=2.3.6 
aPy=6 

a=2,p = l,y=3
9. (b) Adding Eqs. (i), (iii) and (v), we get 

2(a + P + y)=6(a + B + c) 

a + b + c = —(2 + 1 + 3)=2

V 3 ’3apyJ

_<2 + 1 + 3 24 4-1-3+'3-2
1 3 ’ • 3.k2-l'.3'

k isj

1
2

1
apy’

--,-6
6
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73sin0-cos0=2=>

=>

or

or

1 = 0-1 for n = 0,

Number of values 6 is 1.

= 0

=>
• Ex. 13. Match the following

Column I Column II or
or

B.

* 5(10,14)

D.
E

(4.6)4“
I

JEE Type Solved Examples: 
Matching Type Questions

JEE Type Solved Examples:
Single Integer Answer Type Questions

v C can not be at D and E
Four positions are possible two above AB and two below AB.

■ This section contains one solved example. The answer to 
this example is a single digit integer ranging from 0 to 9 
(both inclusive).

■ This section contains one solved example. Which has 
four statements (A, B, C and D) given in Column I and 
four statements (p, q, r and s) in Column II. Any given 
statements in Column I can have correct matching with 
one or more statement^) given in Column II.

, (s) , a perfect
! number

1
1

p-

A. ’ The points (X + 1,1), (2X + 1,3) and 
(2X + 2,2X) are collinear then number of 
values of X is 

 

a prime 
number

!<P)

-2[ -7=-sin0 |-0 + if-sinQ- C°l^ j = 0
3 J

Number of values of X is 2.
(B) v Area of triangles ABC is 20 sq units.

I 
I

' I
I 
I
I 

—t o;
I 
I
I
I

V3 1—sin0--cos0=l
2 2

sinfo-—1 = 1
k 6/

A man starts from P(- 3,4) and reaches 
the point Q (0,1) touching the X-axis at 
R(k, 0) such that PR + RQ is minimum, 

j then 10 |X| is 

(r) i a composite 
number

Sol. (A) -> (p); (B) -> (r); (C) ->(p, q); (D) -> (r, s)
(A) v Points are collinear

X + l 1 
2X+1 3 
2X + 2 2X 1

(X+ 1)(3-2X)-1(2X+1-2X-2)
+ l(4X2 + 2X-6X-6) = 0

2X2-3X-2 = 0
(2X+l)(X-2) = 0

X = 2,-- 
2

 it „ it
0 — =2nit + —

6 2
n It It 2lt . „ . e=- + -=—e 0,2n

6 2 3

Area of AABC is 20 sq units, where A, B 
and C are (4,6), (10, 14) and (x, y) 
respectively. AC is perpendicular to BC, 
then number of positions of C is

1---------------------------------------------------------------------------------------------------

C. In a AABC coordinates of orthocentre, 
centroid and vertex A are respectively 
(2,2), (2,1) and (0,2). The x-coordinate of 
vertex B is

(q) an odd 
number

f 1
• Ex.12. If the points (-2,0), — 1, —= and (cos0, sinO) are

collinear, then the number of values ofQ E [0,2rt] is
Sol. (1) Since, the given points are collinear, then 

-2 0 1

-1 ~ 1 V3 
cos0 sin© 1

1
'3
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(C) pS(a.Y)4
Y.

4 i
f

H{2. 2) . — —*• — — —(0. 2) A

X'* 77
G(2.1)

X'+ *X
O

Y

C(a, P)

= 2

or

/. 10|X|=6.or

-.*e>nibioo>

• Ex. 14. Statement I The area of the triangle formed by 
the points 7(100,102), 8(102,105), C(104,107) is same as the 
area formed by A'(0,0), B'(2,3), C'(4,5).

4 
1

■ Directions (Ex. Nos. 14 and 15) are Assertion-Reason 
type examples. Each of these examples contains two 
statements.
Statement I (Assertion) and Statement II (Reason)
Each of these examples also has four alternative choices, 
(a), (b), (c) and (d) only one out of which is the correct 
answer. You have to select the correct choice as given 
below :
(a) Statement I is true, Statement II is true; Statement II is a 

correct explanation for Statement I
(b) Statement I is true, Statement II is true; Statement II is not a 

correct explanation for Statement I
(c) Statement I is true, Statement II is false
(d) Statement I is false, Statement II is true

Statement II The area of the triangle is constant 
respect to translation:
Sol. (a) Area of triangle is unaltered by shifting origin t< 

If origin is shifted to (100, 102), then A, B, C become 
B'(2,3), C'(4,5) respectively. Hence, both statements 
and Statement II is correct explanation for Statemei

a=3
=> x-coordinates of vertex B =3
(D) For PR + RQ to be minimum, it should be the path of light

• Ex. 15. Statement I If centroid and circumcen 
triangle are known its orthocentre can be found 

Statement II Centroid, orthocentre and circumce 
triangle are collinear.
Sol. (b) v Centroid divides orthocentre and circumcentri 

ratio 2 : 1 (internally).
We can find easily orthocentre.

=> Statement I is true, and centroid, orthocentre an< 
circumcentre are collinear Statement II is true but S 
is not correct explanation for Statement-I.- > «■

Y

a+ a+ 0
3

ZPRA = ZQRO
From similar triangles PAR and QOR 

X + 3
0^X

\y
t 

f

1/ •/ r c

AR PA
RO~ QO

5

JEE Type Solved Examples:
Statement I and II Type Questions

0(0,1)
X
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Subjective Type Examples

then

1

(ii)then,

then

then
1

but given

= 0

a
[from Eqs. (i) and (ii)]

ab'+ a'b=2hh'or
Now,

and

7

1

(P.O) 
—B

(P.O) 
-B

1 = -c
2

• Ex. 17. If mi andm
2

Sol. Since, m, and m2 are the roots of the equation 

x2+ (-73+2)x + (>/3-l) = 0 

m, + m? = -(-73+2), =(-73-1)

m, - mj = ^(ffl| + mj)2 - 4^^ 

= 7(3+ 4+4-73-4^3 +4) =V1T 

and coordinates of the vertices of the given triangle are (0,0), 
(c/m,, c) and(c/ m^c).

• Ex. 18. If x coordinates of two points B and C are the 
roots of equation x2 + 4x + 3 = 0 and their y coordinates are 

the roots of equation x2 - x-6=0. Ifx coordinate ofB is 

less than x coordinate ofC andy coordinate ofB is greater 
than they coordinate ofC and coordinates of a third point A 
be (3, - 5), find the length of the bisector of the interior angle 
at A.
Sol. v

and

Also, given that x and y coordinates of B are respectively less 
than and greater than the corresponding coordinates of C.

B=(—3,3) and Cs(-l,-2) 
AB = 7(3 + 3)2 + (-5-3)2 = 10 

AC = 7(3 +1)2 + (-5 + 2)2 = 5 
AB 2 —— 
AC 1

Let AD be the bisector of Z BAC, then 
BD AB 2 

* — ■ — 

DC AC 1

i2 are the roots of the equation 

x2 + (7i + 2)x+(73-1) =0
Show that the area of the triangle formed by the lines

4

x2 + 4x + 3 = 0 =>x = -1,-3 

x2-x-6 = 0 =>x = -2,3

= -c2
2

c2

c2.

1 c c
Hence, the required area of triangle =------xc------xc

2 m, m-j

2b 2b' -------- - = 0
a a

■ In this section, there are 7 subjective solved examples.

• Ex. 16. The four points A (a, 0), B (£, 0), C (y, 0) and 

D (8,0) are such that a, P are the roots of equation 
ax2 + 2hx + b=0 andy, Bare those of equation 

a'x2 +2h' x + b' = 0. Show that the sum of the ratios in 

which C and D divide AB is zero, ifab' + a'b = 2hh'. 
Sol. Since, a, P are the roots of ax2 + 2hx + b = 0

o 2/1 J O b 
a + P =----- and ap = -

a a
and y,8are the roots of a 'x2 + 2h 'x + b ' = 0

- 2h' , c b'y + o =------and yo = —
a ’ a'

Let C divides AB in the ratio X: 1
(a. 0) (Y. 0)

A X C 1

_ X-P + 1-a 
Y X + l

P-Y
and let D divides AB in the ratio p: 1 

(a, 0) (8,0)
*—ii—D 

g=HP+ia 
P + 1 

8-a

X + p = 0 
y-a 8-a 
F7 + T5 
(a + P)(y + 8)-2aP-2y8=0 
( 2h}( 2hf 

a'

_1 2 Vll
= 2C (75-1)

=1 2 ^(^ + 1) 
2C (^-1)(^ + 1) 

f^i+Vn^
4

y = m}x, y = m2x andy = c is

c
2 nij
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YB (-3,3)

xX' [from Eq. (i)]= 1rD

(-1.-2JC

or

A (3,-5) =>

=>

D =

Thus,

2

AD =Now,

...(i)

In APQL,

but(i)

ft (f, 9 + 60°)

rr
1

r

Q N L

1
3

rsin(9 + 60°) = l 
r{sin0cos60° 4- cos0sin6O°}=l

1 2
+ 2 3

and

3+*
3

60°

2 3
a 2a+ 3

X'-«— 
(0, 0)

Y’

r2-a

- + — J(r2-a 
2 2 v

k 3

1 V3 ir -sin0+— cos0> =1
2 2 i

• Ex. 19. The distance between two parallel lines is unity. 
A point P lies between the lines at a distance a from one of 
them. Find the length of a side of an equilateral triangle 
PQR, vertex Q of which lies on one of the parallel lines and 
vertex R lies on the other line.
Sol. Let

and
then,
Given,

• Ex. 20. In a A ABC, A s(a, p), B = (1,2), C= (2,3) and 

point A lies on the line y = 2x + 3 where a, 0 e I. If the area 
of A ABC be such that[&] -2, where [.] denotes the greatest 
integer function, find all possible coordinates of A. 
Sol. v(a,P)liesony=2x + 3 

then P=2a + 3 
Thus, the coordinates of A are (a, 2a 4- 3) 

a 2a+3 
1 2

andinAQRN, sin(0+6O°) = —— = -

P(C0) 
a 
—*X

!2)=1

PQ = QR = RP = r

ZPQL = Q 
ZXQR = 04-6O°
PL = a and RN = 1 unit

. n PL asin0 = '— = —
QP r

a=rsin0
Y

Thus, D divides BC internally in the ratio 2 :1 
2(-1)4-1 (-3) 2 (-2) 4-1 (3) 

24- 1 ’ 24-1

-54--
3.

[196 196 14^2 .
— 4- — =------units

9 9 3

2 2

-(r2-a2)=l 4-— -a 
4 4
3r2-3a2 = 4 4- a2-4a

3r2 = 4a2-4a + 4

= 4 (a2 -a 4-1)

r = -7= J(a2-a4-1) 
V3

Hence, length of side of an equilateral triangle
=^(a2-a4-l) units.

1 a J3 a2! 
-x-4- —x. i—-
2 r 2 V r2 I

A-l
2

=-|2a-(2a4-3)4-3-44- 4a4-6-3a|
2

= ^|a+2|

[A]=2
||a4-2| =2

2^<3
2

4^|a4-2|<6
4£a4-2<6

-6<a4-2£-4
2<a<4 and -8<a<-6
ael
a=2,3,-7,-6

Hence, possible coordinates of A are (2,7), (3,9), (-7, -11) and 
(-6.-9).RN 1

QR
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cos

y
R(r, 1)

(0.1)C 6(1.1)

0(1.Q)(0, m)M

— (cos a + cosfJ + cosy) = ("PG.GO =2:1’)
Then,

.2

— (sin a + sinP + siny) =and

2 •••(ii)
>2

—(i)

=>

•••(ii)

cos

=2 ( 1+ r —
k 2

1
2

• Ex. 21. LetS be the square of unit area. Consider any 
quadrilateral which has one vertex on each side ofS. Ifa,b,c 
andd denote the lengths of the sides of the quadrilateral, 
prove that 2 <a2 + b2 +c2 + d2 <4.

Sol. Given S be the area of square with vertices 
0(0,0), A(l, O),B(1,1), 0(0,1).

Let PQRM be the quadrilateral with vertices 
P(p, 0), Q(l,q), R(r,l) and M(0, m) 

and sides MP = a, PQ = b,QR = c, RM = d

=>

also, since

P 
2

2

I +1

• Ex. 22. The circumcentre of a triangle with vertices 
(a, a tana), B (b, b tan0) andC (c, c tany) lies at the origin, 
where 0 <a, 0, y < k/2 and a + 0 + y = 7t. Show that its 
orthocentre lies on the line
A (
4 cos — cos

1 
p-2

( 1+ m —
I 2.

a2 + b2 + c2 + d2>2

0<x<l
r2<l

a2<l,b2<l,c2<l,d2<l

=> a2 + b2 + c2 + d2<4

From Eqs. (i) and (ii), we get
2<a2 + b2 + c2 + d2 <4

>X
P(p,0) -4(1,0)

1 
q'2.

R (sin a + sinp + sin y) = k
Dividing (ii) by (i), then

sina + sinP + siny k
cosa+ cos0 + cosy h

4cos(a/2)cos(p/2)cos(y/2) _k
1 + 4sin(a/2)sin(p/2)sin(y/2) h

(Because, a + P + y= 7rby identity)

Hence, the orthocentre P (ft, k) lies on the line
. (
4 cos — cos 

12/

R(cosa+ cosp+ cosy)=ft
R, . . n . . . l-fc + 2-0
3 ' ’ ’ 1 + 2

V

i fbA fy') 
x-4sin — sin - sin — y=yUJ UJ UJ

. . (a). fpV fy^j x-4sin — sin — sin - y = v
U) I2J I2J

(tn
Sol. Since, the circumcentre of the triangle is at the origin O, we 

have OA = OB = OC = R, where R is the circumradius of the 
circumcircle.

(OA)2 = R2 => a2 + a2 tan2 a = R2 =J> a = R cosa

Therefore, the coordinates of A are (R cos a, R sin a).
Similarly, the coordinates of B are (R cos0, Rsin0) and those of 
C are(R cosy, R sin y).
Thus the coordinates of centroid G of A ABC are

r 7? r a— (cosa+ cosB+ cosy), —(sin a + sinP + siny) 
k3 3 J

Now, if P (ft, k) is the orthocentre of A ABC, then
R. o , l-ft + 2-0— (cos a + cosp + cosy) =-----------
3 1 + 2

d2 = rz + (l-m)'

a2 + b2 + c2 + d2 =p2 + (1 - p)2 + q2 + (1 -q)2

+ r2 + (l-r)2 + m2 + (l-m)2

-2[p2 + q2 + r2 + m2 -p-q-r-m + 2]

2

UJ

a2=p2 + m2 

b2=(l-p)2 + q2 

c2=(l-?)2 + (l-r): 
2_,2j_/i__ \2

a
2

Y
2

Y
2

( a
I 2
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(a) 8

(d) None of these

(ii) The points (-1,0), (4, -2) and

i

13. A triangle ABC with vertices A(-l» 0), BI -2, — and
( 7^

C -3, — has its orthocentre at H. Then, the
I 6/

orthocentre of triangle BCH will be
(a) (-3,-2) (b)(U)
(c) (-X 2) (d) None of these

are collinear
(a) both statements are equivalent
(b) statemetn (i) has more solution than statement (ii) for 0
(c) statement (ii) has more solution than statement (i) for 0
(d) None of the above

12. Ifa.,a,,a,,0,,0,,0, are the values of n for which
1 i. J • 1 • fa I J

fl — 1 fl - 1

x27 is divisible by xr , then the triangle having
r = 0 r=0

vertices (a,, 0]), (a2,02) and (a3,03) cannot be
(a) an isosceles triangle
(b) a right angled isosceles triangle
(c) a right angled triangle
(d) an equilateral triangle

8. The vertices of a triangle are (0,3), (-3,0) and (3,0). The 
coordinates of its orthocentre are
(a) (0,-2) (b)(0,2)
(c)(0,3) (d)(0,-3)

9. ABC is an equilateral triangle such that the vertices B 
and C lie on two parallel lines at a distance 6. If A lies 
between the parallel lines at a distance 4 from one of 
them, then the length of a side of the equilateral triangle 
is

< > 4^7

V3

10. A, B, C are respectively the points (1,2), (4,2), (4,5). If
I,, T2 are the points of trisection of the line segment AC 
and Sj, S2 are the points of trisection of the line segment 
BC, the area of the quadrilateral T1S1S2T2 is

3 5(a)1 (b)± (c)2 (d)±
2 2

11. (i) The points (-1,0), (4,-2) and (cos 20, sin 20) are
collinear

■ This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c), (d) out of which 
ONLY ONE is correct.

1. Vertices of a variable triangle are (3, 4), (5 cos 0,5 sin 0) 
and (5 sin 0,-5 cos 0), where 0 e R. Locus of its 
orthocentre is
(a) x2 + y2 + 6x + 8y - 25 = 0
(b) x2 + y2 - 6x + Sy - 25 = 0
(c) x2 + y2 + 6x-8y-25 = 0
(d) x2 +y2-6x-8y-25 = 0

2. If a rod AB of length 2 units slides on coordinate axes in 
the first quadrant. An equilateral triangle ABC is 
completed with C on the side away from O. Then, locus 
of C is
(a) x2 + y2 - xy + 1 = 0
(b) x2 + y2 - xy^3 +1 = 0
(c) x2 + y2 + xyV3 -1 = 0
(d) x2 + y2 - xyji -1 = 0

3. The sides of a triangle are 3x + 4y, 4x + 3y and 5x + 5y 
units, where x > 0, y > 0. The triangle is
(a) right angled (b) acute angled
(c) obtuse angled (d) isosceles

4. Let P and Q be the points on the line joining A(-2,5) 
and B (3,1) such that AP = PQ = QB. Then, the mid-point 
ofPQis 

(a)P,3
\2

(c)(2,3) ’ (d) (—1,4)

5. A triangle ABC right angled at A has points A and B as 
(2,3) and (0, -1) respectively. If BC = 5 units, then the 
point C is
(a) (4, 2) (b) (—4,2)
(c)(-4,4) (d)(4, — 4)

6. The locus of a point P which divides the line joining 
(1,0) and (2 cos 0,2 sin 0) internally in the ratio 2:3 
for all 0 is
(a) a straight line (b) a circle
(c) a pair of straight lines (d) a parabola

7. The points with the coordinates (2a, 3a), (3b, 2b) and (c, c) 
are collinear
(a) for no value of a, b, c
(c) ifo,|,6 are in HP

(b) for all values of a, b, c 
2c(d) if a, —, b are in HP

f 1
(b) --,4 

\ 4 .

l-tan2 0 2tan0
l + tan20 l + tan20y

g Coordinate System and Coordinates Exercise 1:
Single Option Correct Type Questions

3
/ ’ x V 4
I 7 iC -3, — has its orthocentre at H. Then, the
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g Coordinate System and Coordinates Exercise 2:
More than One Correct Option Type Questions

24. Length of DE is

(b) x = 0

(d) x = 2a

(b)(-3,2) 
(d)(-2,-3)

■ This section contains 2 solved paragraphs based upon 
each of the paragraph, 3 multiple choice questions have 
to be answered. Each of these question has four choices 
(a), (b), (c) and (d) out of which ONLY ONE is correct.

Paragraph I
(Q. Nos. 23 to 25)

ABC is a triangle right angled at A, AB = 2AC. A = (1,2), 
B = (-3,1) A CD is an equilateral triangle. The vertices of two 
triangles are in anticlockwise sense. BCEF is a square with 
vertices in clockwise sense.

23. If area of &ACF is S, then the value of 85 is
(a) 42 (b) 51
(c) 62 (d) 102

15. Without change of axes the origin is shifted to (h, k), 
then from the equation x2 +y2 -4x + 6y-7 = 0, 
then term containing linear powers are missing, then 
point (h, fc) is 
(a) (3. 2) 
(c)(2,-3)

4

14. If£(x2 + y2)<2x,x3 + 2x2x4 + 2y2y3 + 2y,y4,the 
i = i

points (x,, y,), (x,, y,),(x3, y3), (x4, y4) are
(a) the vertices of a rectangle
(b) collinear
(c) the vertices of a trapezium
(d) None of the above

■ This section contains 7 multiple choice questions. Each 
questions has four choices (a), (b), (c), (d) out of which 
MORE THAN ONE may be correct.

16. If (-6, - 4), (3,5), (-2,1) are the vertices of a
parallelogram, then remaining vertex can be 
(a) (0,-1) (b)(- 1,0)
(c)(-U-8) (d)(7,10)

17. If the point P(x, y) be equidistant from the points
A(a + b,a-b) and B (a - b, a + b) then
(a) ax = by
(b) bx = ay
(c) x2 -y2 = 2(ax + by)
(d) P can be (a, b)

18. If the coordinates of the vertices of a triangle are 
rational numbers, then which of the following points of 
the triangle will always have rational coordinates
(a)centroid (b)incentre
(c) circumcentre (d) orthocentre

g Coordinate System and Coordinates Exercise 3:
Paragraph Based Questions

(b) — 7(8 + 73)
2

(c) ^7(4 + 73)

(d) Vl5 7(4 + 73)
25. The y-coordinate of the centroid of the square BCEF is

1 3(a)-4 (b)--
4 4
5 7(c)-4 (d)-i
4 4

19. The points A(-4, - 1), B(-2, - 4), C(4,0) and D(2,3) are 
the vertices of a
(a) parallelogram (b) rectangle
(c) rhombus (d) square

20. The medians AD and BE of the triangle with vertices
A(0, b), B(0,0) and C(a, 0) are mutually perpendicular if 
(a) b = a^2 (b) a = bV2
(c)b = -aV2 (d)a = -bV2

21. The points A(x, y), B(y, z) and C(z, x) represents the 
vertices of a right angled triangle, if
(a) x = y (b)y = z
(c) z = x (d) x = y = z

22. Let the base of a triangle lie along the line x = a and be 
of length 2a The area of this triangles is a2, if the vertex 
lies on the line 
(a) x = - a 

(c)x = -
2
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(d)4 + 73

3

5

C. 7

9D.

Column I
A. The inradius r is
B. The circumradius R is
C. The area of AIGH is
D. The area of AOG1 is

■ This section contains 5 questions. The answer to each 
example is a single digit integer ranging from 0 to 9 (both 
inclusive).

29. If the area of the triangle formed by the points
(2a, b), (a + b, 2b + a) and (2b, 2a) be A) and the area of the 
triangle whose vertices are (a + b, a - b), (3b-a,b + 3a) and 
(3a - b,3b - a) be A2, then the value of A2 /Aj is

30. The diameter of the nine point circle of the triangle with 
vertices (3, 4), (5 cos 0,5sin0) and (5 sin 6, - 5 cos 0), where 
0e R, is

35. The vertices of a triangle are A(- 10,8), B (14,8) and 
C(-10,26). Let G, I, H, 0 be the centroid, incentre, 
orthocentre, circumcentre respectively of AABC.

(s)
.1 1

26. Length of perpendicular from M to OA is equal to
(a) 73 (b)-J= (c) 3 (d)2-73

73
27. The perimeter of region R is equal to

(a) 4 - 73 (b) 4 + 73
(c) 4 + 373 (d) 2 +4^/(2-71)

28. The area of region R is equal to
(a) 2 - 73 (b) 2 + 73 (c) 273

g Coordinate System and Coordinates Exercise 5:
w Matching Type Questions

g Coordinate System and Coordinates Exercise 4:
w Single Integer Answer Type Questions

Paragraph II
(Q. Nos. 26 to 28)

( 1
Let0(0,0), A(2,0)andB 1,— be the vertices of a triangle.

< 73,
Let R be the region consisting of all those points P inside AO AB 
satisfying.
d(P,0A)<min {d (P,OB),d(P, AB)},where, ddenotes the 
distance from the point P to the corresponding line. Let M be the 
peak of region R.

31. The ends of the base of an isosceles triangle are 
(2^2,0) and (0,72). One side is of length 2^2. If A be 
the area of triangle, then the value of [A] is (where 
[•] denotes the greatest integer function)

32. If (x, y) is the incentre of the triangle formed by the 
points (3,4), (4,3) and (1,2), then the value of x2 is

33. Let P and Q be points on the line joining A(-2,5) 
and B(3,1) such that AP = PQ = QB. If mid-point of

bPQ is (a, b), then the value of - is
a

■ The section contains 2 questions. Each question has four statements (A, B, C and D) given in Column I and four 
statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one or more 
statement(s) given in Column II.

34. Consider the triangle with vertices A(0,0), B (5,12) and 0(16,12).

Column I Column II------------------------- ---- -------------------------- ----- .
A. ' If(X, p) are the coordinates of centroid of (p)!

triangle ABC, then (k + p) is divisible by
B. | If (X, p) are the coordinates of circumcentre of (q) |

triangle ABC, then 2X is divisible by
If (X, p) are the coordinates of incentre of
triangle ABC, thenp is divisible by
If(X,p)are the coordinates of excentre
opposite to vertex B, then X + p is divisible by

Column II
(p) a prime number
(q) an even number

■**.

(r) a composite number
(s) a perfect number
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0M P B

f
43. If the points, and

/ 23

are collinear for three distinct values a, b, c

= 0+ c

A =

1
1
1

1
1
1

a2

a3

■ Directions (Q. Nos. 36 to 39) are Assertion-Reason 
type questions. Each of these questions contains two 
statements:
Statement I (Assertion) and
Statement II (Reason)
Each of these question also has four alternative choices 
(a), (b), (c) and (d), only one out of which is the correct 
answer.
You have to select the correct choice as given below
(a) Statement 1 is true, statement 11 is true; statement II is a 

correct explanation for statement I
(b) Statement I is true, statement II is true; statement II is not a 

correct explanation for statement I
(c) Statement I is true, statement II is false
(d) Statement I is false, statement II is true

36. The vertices of a triangle an A(l, 2), B(-l, 3) and C(3,4).
Let D, E, F divide BC, CA, AB respectively in the same 
ratio.
Statement I The centroid of triangle DEF is (1, 3).
Statement II The triangle ABC and DEF have the same 
centroid.

37. Statement I Let the vertices of a AABC be A(-5, - 2), 
B(7,6) and C(5, - 4). Then, the coordinates of the 
circumcentre are (1, 2).
Statement II In a right angled triangle, the mid point 
of the hypotenuse is the circumcentre of the triangle.

38. A line segment AB is divided internally and externally in 
the same ratio at P and Q respectively and M is the 
mid-point of AB.

A

g Coordinate System and Coordinates Exercise 6:
Statement I and II Type Questions

Statement I MP, MB, MQ are in G.P
Statement II AP, AB and AQ are in H.P.

39. Statement I Transformation of the equation
x2 -3xy -Mix - 12y + 36 = 0to parallel axes through the

point (- 4,1) becomes ax2 + bxy + 1 = 0, then b2 - a = —..
64

Statement II If the axes turned through an angle 0, 
then the equation f(x, y) = 0 is transformed by replacing 
(x, y) by ((x cos 0 - y sin 0), (x sin 0 + y cos 0)).

)

Coordinate System and Coordinates Exercise 7:
Subjective Type Questions

C1

C2

C3

2 a - 3■ In this section, there are 7 subjective questions.

40. If A (x,, y{), B (x2, y2) and C (x3, y3) are the vertices of a 
A ABC and (x, y) be a point on the internal bisector of 
angle A, then prove that

x y
xi 

x3 y3 

where, AC = b and AB = c.

41. If a, b, c be the pth, qth and rth terms respectively of a 
HP, show that the points (be, p),(ca,q) and (ab, r) are 
collinear.

42. A line L intersects three sides BC, CA and AB of a 
triangle in P, Q, R respectively, show that
BP CQ AR = _1 
PC QA RB

______  
-1’ a-1 ?

c3 cz-3'

lc"l c“b
and a 1, b * 1 and c 1, then show that
abc -(be + ca + ab) + 3(a + b + c) = 0

44. Show that the area of the triangle whose sides are
A2arx + bry + c = 0, r = 1,2,3 is------------- , where C.,C,

2|C_C2C3|
and C3 are the cofactors of c,, c2 and c3 respectively in 
the determinant

b2

b3

b3 b2-3y 
\b-l’ b-l?

http://www.58
http://www.58
http://www.jeebooks.in


Chap 01 Coordinate System and Coordinates 59

+ %,n and

(d)(0,0)

x

(C)

(a) {1,3} (b) {0,2}
(c)(-U} (d){—3, — 2}

50. Three distinct points A, B and C are given in the 
2-dimensional coordinates plane such that the ratio of

46. If by change of axes without change of origin, the 
expression ax2 + 2hxy + by2 becomes 
^x2 +2hlxlyi + b}y2,prove that

(i) a + b = a, +bx
(ii) ab-h2 =albl - h2

(iii) (a-b)2+4h2=(a1-b1)2+4h2

(b)g.o)

48. Let 0(0, °)> 4), <2(6,0) be the vertices of the triangle
OPQ. The point R inside the triangle OPQ is such that the 
triangles OPR, PQR, OQR are of equal area. The 
coordinates of R are [IIT-JEE 2007, 3M]

(a)(r3) 
(C)H)

■ This section contains questions asked in IIT-JEE, AIEEE, 
JEE Main & JEE Advanced from year 2005 to 2017.

47. If a vertex of a triangle is (1,1) and the mid-points of 
two side through this vertex are (-1,2) and (3,2), then 
the centroid of the triangle is [AIEEE 2005, 3M]
<■>&;)

1 7(c)
I 3 3

the distance of any one of them from the point (1,0) to 

the distance from the point (-1,0) is equal to Then, the 

circumcentre of the triangle ABC is at the point
[AIEEE 2009, 4M]

45. If Aj, A2, Aj, ..., An are n points in a plane whose 
coordinates are (xt, y,), (x2, y2), (x3, y3),....(xn, yn) 
respectively. A, A2 is bisected in the point G]; G, A3 is 
divided at G, in the ratio 1:2; G,A. is divided at G, in 
the ratio 1: 3; G3 As at G4 in the 1 : 4 and so on until all 
the points are exhausted. Show that the coordinates of 
the final point so obtained are

+x2 +.....+ *„ and y} +y2 +
71 71

g Coordinate System and Coordinates Exercise 8:
u Questions Asked in Previous 13 Year's Exams

(d)f-l-
k 3

(d)M
\3 3 J

49. Let A(/i, k), B(l, 1) and 0(2,1) be the vertices of a right 
angled triangle with AC as its hypotenuse. If the area of 
the triangle is 1, then the set of values which ‘k’ can take 
is given by [AIEEE 2007, 3M]

<0)

(Og.o)
51. The x-coordinate of the incentre of the triangle that has

the coordinates of mid-points of its sides are (0,1), (1,1) 
and (1,0) is [JEE Main 2013,4M]

(b)2-V2 
(d)1-72

52. The number of points, having both coordinates are
integers, that lie in the interior of the triangle with 
vertices (0, 0), (0, 41) and (41, 0) is [JEE Main 2015,4M] 
(a) 820 (b) 780
(c) 901 (d) 861

53. Let k be an integer such that the triangle with vertices 
(fc, -3k\ (5, k) and(-k, 2) has area 28 sq units. Then, the 
orthocentre of this triangle is at the point

[JEE Main 2017, 4M] 

(b)fz,-J]
(d) h-7 

\ 4 J
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Answers
6. (b)5- (c)

16. tan

17. a = 6 = 2-V3

18. or

6- (c)

19. 34 sq units

2.(c)

7. (c)

5. (a) 
ii. (a?)

26. (d)
32. (9)

27. (d)
33. (6)

39. (b)
52. (b)

5. (a)
11. (b)

24. (b)
30. (5)

6.(b)
12. (d)

3- (b)

8. (c)

3.(b)
6. (±5, 0)

37. (a)
50. (a)

3. (c) 
9.(c) 

15. (c)

2. (d)
8. (c)

14. (a)

4.(b)

9. 8a

15. (5, l)and(-3, 3) 

fl-

12.? -9/ =0
14. -3 —

3

17.jy=0

Exercise for Session 1
1. (d)
4. (b)
7. (0, ±4)
9. 9 = a

Exercise for Session 4
1. (b)
7. (c)

2. (b)
5.(b)
8. (-6, 0)

10.? + y2 = 2 ax

4. (c)
10. (b)

13. Centroid = incentre = (2,3)

2.(b)
8.(c)

12. sq units

45

and-----
2

Exercise for Session 3
3. (a) 
9.(d)

Exercise for Session 2
1. (d)
6. (a)

5. (d)
13. U

\2 2

2. (d) 3. (c) 4. (b)
8. / -8^-4x + 20 = 0

9. 3? + ly2 - 10 ox + 3a2 = 0 10. x+y=4
11. 9? + 36/= 4/2
13. (d-6)2 (? + /) = d264

■(*],- r C
\AJ ^(A2 + B2)

Chapter Exercises
I- (d)
7. (d)

13. (d)
19. (a,b) 20. (b,d)
25. (d)
31. (3)
34. (A)-* (j>,q\, (5)-> (p,r); (C)-> (£>)—> (p)
35. G4) —> (q,r,s)-, (5)-4 (r); (C)-» (q,r,s); (£))-> (/>)
36. (a) 37. (a) 38. (a) 39. (b) 47. (b) 48. (c)
49. (c) 50. (a) 51. (b) 52. (b) 53. (a)

14. «
65

1+ J3 7-5V3
2 ’ 2

4. (a)
10. (b)
16. (b,c,d) 17. (b,d) 18. (a,c,d)

21. (a,b,c) 22. (b,d) 23. (b)
28. (a) 29. (4)

1- (a)
7. (a)
- 333

2
18.

67 17
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Solutions cosC =

BP Q

AP = PQ = QB

(0

-.(ii)

y

A (2.3)

C
2.

C(a,P)
5

X> *X
B

ty,
X'< *x0 A D

Y

=>

or

and h = => 5h -3 = 4cos0

and k = => 5k = 4sin0 ...(ii)

(ii)

Let 
and 
Let

0
(o,-i)e

1. Since, the distance of all points from 0(0, 0) = 5
.’. 0(0, 0) be the circumcentre.
Centroid of triangle (G)

_ (3 + 5cos0 + 5sin0) 4 + 5 sin0 - 5cos0
“I 3 ’ 3

Let H(a, p) be the orthocentre of the triangle, then 
a = 3 + 5cos0 + 5sin0

=> (a -3) =5cos0 + 5sin0
and P = 4 + 5sin0 -5cos0
=> (p - 4) = 5sin0 -5cos0
On squaring and adding Eqs. (i) and (ii), we get

(Ct -3)2 + (P — 4)2 =25 + 25
=> a2+ p2-6a-8p-25 = 0
Hence, the locus of H(a, P) is

x2 +y2 -6x-8y-25 = 0
y

3. Let a = 3x + 4y, b = 4x + 3y, c = 5x + 5y 

a2 + b2-c2 
2ab

_ (3x + 4y)2 + (4x + 3y)2 - (5x + 5y)2 
2(3x + 4y) (4x + 3y)

=------------ -------------<0
(3x + 4y) (4x + 3y)

=> C > 90°
Hence, triangle is obtuse angled. 

A-

AB = AC-2
ZBAO = e
CB(a,P)
a =2cos0 + 2cos(180° -(60° + 0))

= 2 cos0 - 2 cos(60° + 0)
1 ^3

= 2cos0 -2<cos0 x — sin0 x— •
2 2

(AC) = yj^BC)2 - (AC)1 = V5 

zc~za = ACfiij 
zB-zA AB 2 

zc-(2+3i) = Vi-2-3i)

zc = 2 + 3i-i + 2=4 + 2i 
C = (4,2)

6. Let P = (h, k) and A = (1, 0), B = (2cos0,2sin0)

V PA :PB =2:3 
4cos0 + 3

5 
4sin0 + 0

5
OA squaring and adding Eqs. (i) and (ii), we get 

(5/i-3)2 +(5fc)2 =16
Locus of C is (5x - 3)2 + (5y)2 = 16

or 25(x2+y2)-30x-7 = 0 
which is a circle.

= cos0 + 73sin0

p = 2sin(18O°-(6O° + 0))
= 2sin(6O° + 0)

( 1 -/H
=2 sin0 x - + cos0 x —I 2 2)
= sin0 + y/i cos0

Eliminating 0 from Eqs. (i) and (ii), we get 
a2 +P2 -ap>/3-1 = 0

Hence, the locus of H(a, p) is 
x2 + y2 - xyyfi -1 = 0

mid-point of PQ = mid-point of AB - Q, 3^

5. zA =2 + 3i ; zB = - i and AB = ^(4 + 16) = ^20 =2^5
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2a
= o

c c

or

or

B

8.
S, =

z45° 45°

1X'* >XO
r

2

Y

X6

fC

y=x tan (6 - 60°)

=>

= 0=>

=>

or

■C10. A or
t2

(•mt;=TT2=t2c) andV A = (1,2), B = (4,2), C s (4,5) 6 = rm + tan

or S, = (4,3)
and S2 is the mid-point of S, and C, then 

4+43 + 5
2 J

2c
5

=>
or
or

or =(2>3)
and T2 is the mid-point of and C, then

2 + 4 3+5^
2 J

or

2 
or T2 = (3, 4)
S] divides BC in the ratio 1: 2 (internally), then

4
y=x tan0 

y=2..-"g

2
or S2=(4,4)
Area of quadrilateral

S,

A
(0,0)

A (3, 0)
/45°

C (-3. 0)

T} divides AC in the ratio 1: 2 internally, then 
1 x 4 + 2 X 1 1 X5 + 2 x2 

1+2 ’ 1+2

C
BSl = StS2 = S2C)

1X4+ 2X4 1x5 + 2x2^
1+2 ’ 1+2 )

Y 
;;s(o, 3)

Hence, a, —, b are in HP.

7. 1
2

S2

tan0 = —
5

It is clear from the figure orthocentre = (0,3)
9. Let,A(0, 0)

Coordinate of B are (2 cot 0,2) and coordinate of C are 
{4 cot (60°-0),-4}

AB = AC
(AB)2 = (AC)2

4cot20 + 4 = 16cot2(60°-0) + 16
4cosec20 = 16cosec2(60° - 0)

sin(60° - 0) = 2sin0
■Vi i )
—cos0 —sin0 = 2 sin0I 2 2 J

S2 =

2a(2b — c) - 3a(3h - c) + l(3bc - 2bc) - 0 
-5ab + ac + be = 0

5ab c =-------
a + b

2a b
a + b

2 /
/<e y
Veo’-e

The required length
= AB = 7(4 cot2 0 + 4)

V 3 43

2 + sin20 + 2cos20 + sin20 cos20
+ 4sin20 -sin20 cos20 = 0

5sin20 + 2(1 + cos20) = 0
lOsin0 cos0 + 4cosz0 = 0
2cos0 (5sin0 + 2cos0) ~ 0

2 
cos0 = 0 and tan0 = —

5
A0 = mn + —

2

= -|(6 + 16 + 16 + 9) -(12 + 12 + 12 + 8)| 
2
3= - sq units.

11. Statement (i):
v Points (-1, 0), (4, -2) and (cos20, sin20) are collinear.

-l-cos20 O-sin20
4 - cos20 - 2 - sin20

3a 1
3b 2b 1

1

2c
5
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Statement (ii):

are collinear.v Points (-1, 0), (4,-2) and

0-
= 0

-2-

y
(3,5)

(-2. D

■XX'+=> 0 = pit + tan' peZ 0
(h.k)

(-6.-4)
r

12. = integer

y
■7(3.5)

= integer=>

■XX'+ 0
= integer=>

(h.k)

Case III My

(3. 5)
X

or

and (-6.-4)
Ye(x2.y2)O(*4. y4)

C(X3, y^A^.y,)

(va = b)

(-2,1) 
/ >

or
or

(-2.1)
X'«—

- x3)2 + (x2 - x4)2 + (y2 - y3)z + (y, - y4)2 = 0
x, =x3,x2 =x4,y2 =y3,y1 = y4

Xi + x2 _ x3 + x4
2 ~ 2

y. + y? _ y3 + y«
2 " 2

h + 3 = -2-6, fc + 5 = 1 - 4 or h = -ll, fc = —8 
:. Fourth vertex is (-11, - 8).

h-6 = -2 + 3,fc-4 = l + 5
or h=7, fc = 10
:. Fourth vertex is (7,10).

17. (PA)1 = (PB)2

=> (x - a - b)2 + (y - a + b)2 = (x - a + b)2 + (y - a - b)2 
=> (x - a + b)2 - (x - a - b)2 = (y - a + b)2 - (y - a - b)2 
=> (2x-2a)(2b)=(2y-2a)(2b)
or x = y
and P is the mid-point of AB i.e., (a, a) 
If P be (a, b), then bx = ay

h-2=3-6,k+ 1=5-4 
Fourth vertex is (-1, 0).

Case II

Hence, AB and CD bisect each other
Therefore, ACBD is a parallelogram. Also,
(AB)2 =(x, - x2)2 + (y, -y2)2 =(x3 -x4)2 + (y3 -y4)2 = (CD)2 
Thus, ACBD is a parallelogram and AB = CD.
Hence, it is a rectangle.

J4 
(-6. -4)

15. (x+h)2 + (y + k)2 - 4(x +/i) + 6(y + fc)-7 = 0

=> x2 + y2 + 2x(/i-2) + 2y(k + 3) + (h2 + k2 - 4h + 6k -7) = 0 
According to question

/i-2 = 0,k + 3 = 0 
h = 2, k = - 3

hence, (h, k) = (2, - 3).
16. If the remaining vertex is (h, k), then

Case I

n -1

r-0 
n -1 

L' 
ro0

i-d-x2") 
(l-x2) 

i-d-x") 
(l-x)

1 + x” 
1 + X

n must be 1, 3, 5, 7, 9,11,.....
vertices are (1, 7), (3, 9), (5,11)

Here, (AB)2 = 8, (BC)2 = 8, (CA)2 = 32 
triangle cannot be an equilateral.

13. The orthocentre of ABCH is the vertex A(—1, 0).

14. Given, x2 + y2 + x2 + y2 + x2 + y3 + x2 + y2
< 2x,x3 + 2x2x4 + 2y2y3 + 2y,y,

=> (x,-x3)2 + (x2-x4)2 +(y2 -y3)z +(y, -y4)2 ^0
or
or

or h = -1, k = 0

l-tan20 2tan0 
-------- -- --  ,ax l + tan20 1 +tan'9 J

1 l-tan20 Q 2tan0
1 + tan20 1 + tan20
l-tan20 „ 2tan20 4------------2------------------—
1 + tan 0 1 + tan‘0

lOtan30 + 4tan20 + lOtan0 + 4 = 0
(2 tan2 0 + 2) (5 tan0 + 2) = 0

tan2 0 * -1
n 2tan0 = - - 

5
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=>

=>

21. v

22.

A

lx-naix=a B(x,y)

(given)20.
10. b) ,2

b

90° G

X'*
og.o)

>F

(i)

and D

...(ii)=> A B

Let 
then, 
and 
Area of

(a,X)L
A

(0,0)
—8

7(fl2 -I- b2)

2

18. Let vertices of triangle ABC are
A - (xp y,), B = (x2, y2)and C = (x3, y3) 

where, x,, x2, x3, yp y2, y3 e Q
a = BC = ^(x2 -x3)2 +(y2 -y3)2

= rational or irrational 
b = CA, c = AB

C

/'W 
60° 
■\60°

and
Clearly,
:. ABCD is a parallelogram. 
Again, 
and

(AC)2 = (-4 - 4)2 + (-1 - 0)2 = 65
(BD)2 = (-2 - 2)z + (-4 - 3)2 = 65 

AC = BD
Hence, ABCD is a rectangle.

Yt 
A

a2 u— + b
4

B

(AB)2 = (-4 + 2)2 + (-1 + 4)2 = 13 
(BC)2 = (-2 - 4)2 + (-4 - 0)2 = 52 
(CD)2 = (4-2)2 +(0-3)2 =13
(DA)2 =(2 + 4): + (3 + l)2 = 52

AB = CD and BC = AD

similarly,
Then, incentre

 | ax, + bx2 + cx3 ay! + by2 + cy3 | 
a + b + c ' a + b + c )

/.Incentre has rational or irrational coordinates but centroid, 
circumcentre and orthocentre have always rational coordinates.

19. Since, A - (-4 -1), B = (-2, - 4), C = (4, 0), D = (2,3)

C

(AG)2 =^(a2 + 4b2)

Now, in right angled triangle ABG,
(BA)2 = (AG)2+(BG)2

b2 =~ (a2 + 4b2) + |(a2 + b2) [from Eqs. (i) and (ii)] 

a2 =2b2
a = ±by/i

A = (a, X)
B = (a, 2a + X) 
C=(x,y) 
AABC = a2

~ X2a x|x-a| = a

|x - a| = a 
x - a = ± a
x - 0, x - 2a

(AB)2=(x-y)2+(y-z)2

(BC)2=(y-z)2+(z-x)2 
and (CA)2 =(z-x)2+(x-y)2 
Case I If x = y, then

(AB)2 + (CA)2 =(BC)2 
Case II Ify =z, then

(AB)2 + (BC)2 = (CA)2 
Case III If z = x, then

(BC)2 + (CA)2 =(AB)2

C (a, 2a+X)

2 2
BG = -BE = -x

3 3 
(BG)2=^(a2 + b2)

2 2
AG=-AD=-x

3 3

=>
=>

Sot. (Q. Nos. 23 to 25) 
AB = 7(1 +3)2 + (2-l)2 =V17

AC = -AB = -V17 
2 2

E

C (a, 0) A
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IK/2

6
15° r

X'* Xor DO A (2, 0)

Y

Given,

and

or ZD =
4

= 2(2-73)- + 2

= (73-I)2- + 2

2 1

0 1 =>

1 28. Area of region R - - x OA x r

2

24. DE = 1

BCEF =

1
3
2

-4

7
4

V3+ —
4

15°

i
2

5 r 1- + 73 - -
4 2,

O = (0, 0) A=(2, 0)
B = J 1, ]

k 73 J
P=(x,y)

■ Sol. (Q. Nos. 26 to 28)
Y

Let
If I be the incentre of AOAB.
If in radius = r, then

ID=IE=IF=r,ifP at I,
then d(P,OA) = d(P,OB) = d(P, AB) = r, 
But d(P, OA) < min.{d(P, OB), d(P, AB)} 
which is possible only P lies in the AOL4 
:. M be the peak of region R.

M = I

26. Length of perpendicular from M to OA = ID = r = OD tan 15° 

= 1 x(2-73) 
= 2-73

7
2

8$ =51

D = I — + 73,1
14

=> zD

27. Perimeter of region
R = IO+ OA +Al 

= rcosecl5° + 2 + r cosec 15° 
= 2r cosecl5° + 2 

2v2 
(73-1) 

272 
(73-1)

= 272(73-1)4-2
= 24-4^(2-73)

2

= - x2 x(2 - 73) = (2 - 73)
2

29. We know that the area of the triangle formed by joining the 
mid-points of any triangle is one fourth of that triangle, then

A, = 4A,

— = 4
A,

30. Since, the distance of all points from 0(0, 0) = 5

.■.Circumradius (R) = 5
Hence, diameter of nine point circle = R = 5

r4 J
25. y-coordinate of the centroid of the square

0-’
2 =

2

For coordinates of C:
Zc~2A _AC c‘ 

zB-zA AB

=> ze -(1 + 2i) = ^(-3 + i - 1 -2i)

= l(_4_J-) = -2i + -
2 2
3

Z'=2

c = f-,ol12 J
For coordinates of D:

ZD ~ ZA _ em I 3

ZC~ZA

. 51 = —
8

,-«/2 __I-

1=^7^

(9 1=> ZF-(-3 + i) = -I|--ij

7zF = - 4 —i
2

F = -4, - - , then 
k 2)

c (1 9 AE = —
12 2J

For coordinates of F:
zr~zB =c 

zc ~ZB

"11 73

I2 4.

k2 2)
1 n ■ = - + 7 3 - i +
4

f 7i 9?
I 4 2)

23. s = -|
2

sf1-r r

http://www.I
http://www.I
http://www.jeebooks.in


66 Textbook of Coordinate Geometry

(B)

10

2V2

and

Here,

35.

=3

18(b) 30(a)

33. a
QP R B

24 (c)

| =216

Rs

= 36
(a,b) (given)

G =

I =
= (7,8) 7

3

Here,

'55
2

JlL 
D

A 
(-10, 8)

8
8

1
1

(14.8)

= (27,-21)
X=27,g=-21
X + |1 =6

C (-10, 26)

30 + 18 + 24
2 2

-10 + 14-10 8 + 8 + 26^
3 3 J

= (-2,14)
30 X-10 +24 x-10 + 18 X14 30 X8 + 24 X26 + 18X8'

30 + 24 + 18 ’ 30 + 24 + 18
= (-4,14)

H = A=(-10, 8)
O = mid-point of BC = (2,17)

A 

f''\
B DC

AP = PQ = QB
Let R is the mid-point of PQ such that PR = RQ. 
Now, AR = AP + PR = QB + RQ = RB 
=> AR = RB

R bisects the line segment AB, then 
-2 + 3 5 + 1T 
2'2)

31. Let B = (2J2, 0), C = (0, 72)

BC = 7(8 + 2) =

e(7,9)
Here, g = 9
(D) Excentre opposite to vertex B is

pl X 0+ 13 X16-20 x5 11 X 0 + 13 X 12 -20 X 12
I 11 + 13-20 ’ 11 + 13-20

A

1 b a = -, b = 3 => — = 6
2

34. (A) Centroid of AABC is 
f 0 + 5 + 16 0+12 + 12 
I 3 
X=7,g=8 
X+g=15

-10
14

-10 26 1
a + b + c s =-----------

C(16, 12)

A 20/ ; \ii
/ JP(X,4\

A (0,0) 13 8(5,12)

(OA)2 = (OB)2 = (OC)2
=> X2 + g2 = (X-5)2 + (g — 12)2=(X — 16)2 + (g —12)2
=> (X-5)2+(g-12)2 =(X-16)2+(g-12)2
or (X-5) = -(X -16)

X=— =>2X=21 
2

(C) Incentre of AABC is
T1 x 0 + 13 X16 + 20 X5 11 x 0 + 13 X 12 + 20 X12 

11 + 13 + 20 ’ 11 + 13 + 20

AD = 7(AB)2 -(BD)2 

-R-J?
A = -•BC•AD 

2
1 /— ViT 7 = --vio-A-=-
2 V2 :

=> [A] =3

32. Let A = (3, 4), B = (4,3) and C = (1,2) 

a=|BC| =7(9+ 1) =V10 

fr=|CA| = 7(4+ 4) =272 

c = |AB| = 7(1 + 1)

710 x 3 + 2y/2 X 4 + -Ji Xl 
X =----------;—----------------------------

710 + 2-^2 + 72

_ 3(710 + 372) 
(710 + 372)

x2 =9

b
a
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b2

1 = 6

1 = 3

, E =D =
C(x3.y3)C (x2. X2) D

and F = Then,

D =

=0
1

x
= 0or

P = Q = x

= 0+or

7(/i2 + k2), AB=2^h2+ k2), c

AQ =
xX

+ b = 0or c

bHence, = 0+ c

40or

Similarly, •(ii)

BD
DC

1
1

CXj

1
1
1

1
1
1

64

1
1

1

1
1

1
1

c + b

-4
-2
-10

y 
z

X + 3 31 + 4
1 + 1 1 + 1

1 
(c+b)

X

*1

cx3 + bx2
c + b

y
y.

OS + foa 
c + b

AB c
AC~ b

| CXj + bx2 cyz + by2 | 
c + b ’ c + b )

Let P = (x, y). According to question, P (x, y) lies on AD, 
therefore P, A, D are collinear

2hX 2kX 
1-1’ 1-1

comparing with ax2 + bxy + 1=0.
1 a 3 .. a = -, b = —
8 8

-a
9 1 = — — —

64 8
=> Statement I is true.
Hence, both statements are true and statement II is not correct 
explanation of statement I.

40. Let AD be the internal bisector of angle A.

A(x!,yi)

(C) Area ofAIGH = ||

(D) Area ofAOGI = ^|

pth term ofHP = a

pth term of AP = - 
a

A + (p-l)D = - 
a

A + (q-l)D = l
b

2 17

-2 14
-4 14 1

zmk A 216 ,(A) r = - = —=6
s 36

n BC 30(B) R- — = — = 15
2 2

36. The centroid of triangle ABC is G(l, 3). If D divided BC in the 
ratio 1:1, then

31-1 41 + 3 
k1+1 1+1 

—1 + 1 31 + 2 
k1+1 1+1 

/.The centroid of triangle DEF is (1,3). 
Both statements are true and statement II is correct 
explanation of statement I.

37. v I AB I = 7(-5-7)2 +(-2-6)2 = 4>/13
| BC] = 7(7 - 5)2 + (6 + 4)2 = 2^26 

and | CA | = 7(5 + 5)2 + (-4 + 2)2 = 2^26
•/ (BC)2 + (CA)2 =(AB)2 and|BC| =|CA|
=> AABC is right angled isosceles triangle and right angle at C. 
/.Circumcentre is mid-point of A, B =(1,2). Both statements 
are true and statement II is correct explanation of statement L

38. Let A = (0, 0), M = (h, k), B = (2h, 2k) and let same ratio 1:1 

' 2/11 211 ' 
^1 + 1 1 +

21 
(A.+1) 

(£)^> ■ 
AP-AB1-1AP 
AB-AQ~ 1 + 1 ~AQ 

/. AP, AB and AQ are in HP.
=> AM + MP, AM + MB and AM + MQ are in HP 
/. MP, MB and MQ are in GP.
Both statements are true and statement II is correct 
explanation of statement I.

39. Replacing x by (x - 4) and y by y + 1 is
x2 -3xy + llx - 12y + 36 = 0, then 
(x-4)2 -3(x - 4) (y + 1) + ll(x - 4) - 12(y + 1) + 36 = 0 
=> x2-3xy + 8 = 0

x2 3xy , „  -+1 = 0 
8 8

y

y3
x y

z
y2

y i 
y> i 

bx2 by2 b 

using the addition 
property of determinants 

y 1 
y. i 

x2 y2 1 

x y 

yt 
y3

41. Let first term and common difference of corresponding AP are 
A and D.
Since,

cx3 + bx2 cy2 + by2

x y 1

y, i
cy3

14 i
14 1
8 i
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and ...(iii)

(iv) y

(h, X)/

,Q

X' *x0

y'

-(vi)=> Let

and

BP[from Eq. (vi)] i.e.

Now, P =

since P lies on L.are and Rs

0 1

1 = 0

1

= 0or

+ c = 0a
1 + 1

k = 0or

Similarly, = 0
v + 1

and
-k = 0or

Hence,

=>

1
2

1
c

£ 
b

la - a 
ph + a 
-av + h

= [ ph + a pl 
p + 1 ’ p + 1

BC = 2a
OB = OC = a 

B s (-a, 0) 
C=(a, 0) 
A=(h, k)

B 
(-a.0)

Subtracting Eq. (ii) from Eq. (i), 

(p — q)D = —

k
v + 1

(. 1 
a

and subtracting Eq. (iii) from Eq. (ii), 
(g-r)D = l 

b

AR — = v

A + (r - 1) D = - 
c

Aliter:
Let middle point O of BC as the origin, BC as the X-axis and 
yy' as /-axis.

be x------
(c-fr)

_eL 
p + i 

k
v +1

(ax, + byt + c)
AR  (ax, + byx + c)
RB (ax2 + by2 + c)

BP ,£Q.^ = _1 
PC QA RB

0 1 + 1
p p + 1
1 v + 1

Slope of BC = ——— 
ab - ca

q-p 
ca - be

Since, Slope of AB = slope of BC 
Hence, A, B, C are collinear.

42. Suppose the equation of the line L is ax + by + c = 0. Let the 
coordinates of A, B, C be respectively (jq, yt); (x2, y2); (x3, y3). 
Suppose P divides BC in the ratio 1:1, then coordinates of P 

^3 + x2 ly3 + y2 
k 1+1 1+1

Since, points P,Q,R are collinear.

la - a 
1 + 1 

ph + a 
p + 1

-av + h
v +1

Then, 
and 
Let
Let P, Q, R divides BC,CA and AB in the ratio 1:1, p : 1 and 
V:1

0 1 + 1
pl p + 1
1 V + 1

< ^ + 1 >

a (lx3 + x2) + b (ly3 + y2) + c (1 + 1) = 0
1 (ax3 + by3 + c) + (ax2 + by2 + c) = 0

1  BP   (ax2 + by2 + c)
1 CP (ax3 + by3 + c)

CQ  (axz + by3 + c)
QA

= p, 
PC QA RB

Case I: Two sides divided internally and one side divided 
externally.
Hence, 1, p are positive and v is negative 

la - a > _ 
------ -.0 ;Q1 + 1 J 

-av + h 
v + 1

Dividing Eq. (iv) by Eq. (v),

P~<?  a b _(b~a)
q - r £  1 ba 

b c 
p-q be -ac
q-r ac -ab

Let A (be, p), B (ca, q), C (ab, r)

Slope of AB = ——~ 
ca - be

= x.c»

la - a 
ph + a 
-av + h

Applying R2 -> R2 - pR,, then
la - a 0 1 + 1

1 a + apv 0 1 - pv 
-av + h 1

la - a 1 + 1 
a + apv 1 - pv

P C
(a.0)
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-ka = 0or

(v ka * 0)

-1or

then, I + n = 0+ m

X' X0B ]P

Y' then,0

abc =

Now,

i.e. — = 0

1

= 01
A =Let,

1

then,

= 0

a-1
= 0or

+ +
cc i.e.

P == 0+

a'
+ 0 = 0+or

C ’ C \V2 ^2c c

1
2

A
A
A

or - abc (a -b){b - c) (c - a)
+ {ab + bc + ca)(a- b) (b — c) (c — a) 

-3 (a + b + c)(a - b) (b - c)(c - a) = 0 
=$ -(a - b)(b -c)(c - a)

{abc - {ab + be + ca) + 3 (a + b + c)}=0
;. abc - {ab + be + ca) + 3 (a + b + c) = 0

•r a,b,c are distinct
■ :.a * b, b * c, c * a
:.{a -b){b - c){c - a) * 0

a 
b

or
or

or

a3 

b3 
c3

Q3 

b3 
c3

a3 

b3 
c3

a3 
b3 
c3

a3
a-1 

b3
b-1

c3

c-1

t2 -3
t-1

A
B2 
b5

b3 
c3

-1
-1
-1

e

-3 a
-3 b
-3

a3 
b3 
c3

a3 
b3 
c3

a2 
b2 
c2

a2
.2

a2 
b2 
c2

-3 -1
-3 -1
-3 -1

c, 
c2
Q

A = ^2cj — Ac2> B] = ajc2 — a2c3, C, = a2b3 — a3b2
A = b3c, - b,c3, B2 = c3a, - c,a3, C2 = a3b, - a,b3 

A = fyc2 “ ^2ci’ Bj = a2ci ~ ^2' Cj = Ojb2 — a2b,
Given lines are

a1x+b,y + cl=0 ...(i)
a2x + by + c2 = 0 ...(ii)
a3x + bjy + c3 = 0 ...(iii)

Let P be the point of intersection of Eqs. (ii) and (iii), then
x _ y _ 1

b2Cj — b3c2 c2a3 - c3a2 a2b3 — a3b2
x y 1
A"A"G

A b,^

Similarly, if Q and R be the points of intersections of Eqs. (iii) 
and (i) and Eqs. (i) and (ii) respectively, then

In (A B,^ 
,R= A —I lc3 cj

a, b, c are distinct.
Aliter: Suppose the given points lie on the line 
lx + my + n = 0

then, I -----
V-1

where, t = a, b, c
=> It1 + mt2 + nt - {3m + n) = 0
i.e. a, b, c are the roots of Eq. (i)

, ma + b + c =----
I

. » nab + be + ca = -
l
{3m + n)

I
abc -{be + ca + ab) + 3(a + b + c)

_ {3m + n) n 3m _
" / 7~T"

Hence, abc - {be + ca + ab) + 3 {a + b + c) = 0

44. vAc =A2

where, Ac be the determinant of cofactors of A

1 a
-abc 1 b b

1

1 a2
1 b2
1 c2

X-l X + l
1 + pv 1 -pv

- ka {(X -1) (1 - pv) - (X + 1) (1 + pv)}=0 
-fca{-2Xpv -2} 
2ka (Xpv + 1) = 0 

Xpv = -l 
BP CQ AR = 
PC QA RB

Case II: All the three sides will be divided externally

1 a
-3 1 b b3

1 c c3

a3 a2-3
b2-3 b-1
c2-3 c-1

_______ 1
(a-iXb-iXc-!)

a2-3 a-1 
b2-3 b-1 
c2 - 3 c-1

Here, X, p and v are negative.
Now, in case I formula for internal division will be used then 
we can show that

Xpv =-l 
BP.CQ AB =-1 
PC' QA RB

43. Since, given points are collinear, then 

a2 -3 
a-1 
b2 -3 
b-1 
c2 -3 
c-1
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i

i

c,
i

2

A2
2|C,C2CS|

2

^5

3 =>

1

A
.(vtii)

+i-y3

7

i.e.

+ l.x4 3-

7

G3 =i.e.

G,..

48.
P(3, 4)

R

X'-* -X0 Q(6, 0)

Y

C2

or
Again,

A B, c,
— Tlj B2 Cj
sl A B,

■(iii)

•(M
••(v)

1 
2| C,C2C3|

x, + xz + x, + x4 y, + y2 + y3 + y<
4 ’ 4

x
f jg + x2 + x, y, +y2 + y^
I 3 ’ 3 J

Again G5 divides G2A4 internally in the ratio 1:3 
/

3-
x, + x2 + x3

3
3 + 1

y. +y2 
2 
2+1

2 ;
2+1

y. + y2 + y>
3
3 + 1

g3
1

1/
G4

Gy
A

Since, G2 divided 6^ internally in the ratio 1:2 
/ 

2-

A

4

g3 s

G2 =

G2 =

= x2 (a cos2 a + h sin2a + b sin2 a)
+ x.y, (2/i cos2a - a sin2a + b sin2cc) 

+ y,2(a sin2 a - h sin2a + b cos2 a) ...(i) 
But, from question the expression ax2 + 2hxy + by2 transforms 
into

1 
2|C,C2C3|

Again, from Eq. (iv) 
2/i] = 2h cos2a - (a - b) sin2a 

:. 4/i,2 = 4/i2 cos2 2a + (a - b)2 sin2 2a
- 4h (a - b) sin 2a cos2a

On adding Eqs. (vii) and (viii), we get 
(a, - b, )z + 4/i]2 = (a - b)2 + 4/i2

Again, 4a,b, - 4/q2 = (a, + bt )2 - (fl, - bt )2 - 4/i2
= (a + b)2 - (a - b)2 - 4h2 [from Eq. (vi)]| 

Hence, -hf =ab-h2

47. Vertex of triangle is (1,1) and mid-point of sides through this 
vertex are (-1,2) and (3,2)

A A 
c. c, 
A A 
c2 c2 
A A 
c3 c,

.*. Area of kPQR = 11

Proceeding in this way, we can show that
= (\ + x2 + -+ xn t y» + y2 + - + yJ 

\ n ’ n ) 

or we can say that the coordinates of the final point are
x, + x2 +...+ x, and y, + y2 +...+ y„ 

n n

46. Let the axes be rotated through an angle a, since (x, y) 

be the coordinates with respect to old axes and , y2) 
be the coordinates with respect to new axes, then

x = X] cosa - y, sina 
and y = x, sina + y, cosa 
Now, the expression ax2 + 2hxy + by2 becomes

a (jq cosa - y, sina)2 + 2h (x, cosa - yt sina) 
(x, sina + y, cosa) + b(jq sina + y, cosa)2

C.X2 + 2/i,x,y, + b,y2 ...(ii)
Therefore, the expressions (i) and (ii) are the same. Hence, 
equating the coefficients, we get

O] = a cos2 a + h sin2a + b sin2 a 
2/1] = 2/1 cos2a - a sin2a + b sin2a 

b, = a sin2 a - h sin2a + b cos2 a 
On adding Eqs. (iii) and (v), we get

a, + bt = a (cos2 a + sin2 a) + b (sin2 a + cos2 a)
+ bx = a + b ...(vi)

0] - bx = a (cos2 a - sin2 a)
+ 2h sin2a + b (sin2 a - cos2a)« 

(a, - b,) = (a - b) cos2a + 2h sin2a 
(a, - bj )2 = (a - b)2 cos2 2a + 4h2 sin2 2a

+ 4/i(a - b) sin2a cos 2a

+ l.y4

2/

g2

a, ft, 
a2 b2 
a, b3

45. Since, Q is the middle point of 71, \ where 

A=(x;,y,) and A=(x2.y2) 
_fjq + y.

I 2 ’ "

A(1'1)

H.2)/ \(3,2)

B C

=> Vertex B and C come out to be (-3,3) and (5,3) 
t ... 1-3 + 5 1 + 3 + 5Centroid is---------- ,----------- =>

3 3
Y
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R =
3

52. B

B (1,1)
X'* X' >x0 0 A(41,0)

r

= 780

Given that,

53. | =28

,2

=>

...(i)=>

(vD<0)and

=>

(vkel)

(•;BC = a,CA=b,AB = c)

matrix P =
CXO, 2)

X =
(1.1)(0, 1) >•;

.’.Circumcentre of triangle is

-X /(1.0) A (2.0)

or

1
2

k 
5 
-k

k 
2

1
2

2
3

C(2,1)
--------►X

=>
=>
or

Let

(o. 4ir

Now, x-coordinate of incentre is given as 
ox, + bx2 + ex, 

a + b + c

__ 8
(0.0)

3 5) ... (5—> — — and centroid is —, — 
.2 4J

then, orthocentre
= [-x3-2x-, --x3 + 2 x-1 or (2,-1, 

<3 2 3 4) k 2)

AP _ BP _ CP _1 
AQ~ BQ~ CQ~ 3 

3AP = AQ or 9 (AP) 
A = (x, y), then

a((x -1)2 + (y - 0)2) = (x + I)2 + (y - 0): 
8x2 + 8y2 - 20x + 8 = 0

5 
x2 + y2 -~x+ 1 =0

2
Circumcentre of AABC = Centre of circle Eq. (i)

51. From the figure, we have 
a = 2, b = 2^2, c = 2 

x, = 0, xz = 0, x, = 2 
y

4 -8
7 0

=> x-coordinate of incentre
- 2 x 0 + 20^ X 0 4- 2 x 2

2 + 2 + 2y/2
2

2 + -J2

Total number of integral points inside the square
OABC = 40 X 40 = 1600.

Number of integral points on AC = Number of integral points 
on OB = 40 (namely (1,1), (2, 2), (3, 3 ),..., (40, 40)
Hence, number of integral points inside the 

1600 - 40 AOAC =-----------
2

Aliter:x>0, y>0x + y<41 or 0 < x + y < 41
Number of integral points inside the AOAC = WC2 = 780.

-3k 1
1
1

5k2 + 13k + 10 = ± 56
5k2 + 13k - 46 = 0
5k2 + 13k+ 66 = 0
5k2 + 13k-46 = 0
5k2 + 13k + 66 * 0

We know that, area of right angled triangle

= -xBCx AB = -(l)|(k-l)| 
2 2

= l|fc-l|=> ±(*-l)=2

=> k = -1,3
K = {-1,3)

50. Let P = (1, 0) and Q = (-1, 0)
BP CP

v Area of (AOPR) = Area of (APQR) = Area of (AOQR)
/. By geometry R should be the centroid ofAOPQ 

0 + 3 + 6 0 + 4 + 0) f 4)
F~’ 3 J "I ’3j

49. Given, the vertices of a right angled triangle are A(l, k), B (1,1) 
and C(2,1) and area of AABC = 1 sq unit

y
A(tk)

-(AQ)2

, o 23

k = 2,k?t-— 
5

.’.Vertices an A h (2, - 6), B = (5,2), C = (-2,2).
Denote the points are (Xj, yt), (x2, y;) and (x3, y3) from the 

z-y3l: 
x2-x3 y2-y,

Ri • R2 _ 28 
|P| =56 

fl 1 )
7+-X-8 -4--X-3

'5
3

1
2
2

1
2.
2
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CHAPTER

The Straight Lines

• Area of Parallelogram

• A Line Equally Inclined with Two Lines

• Angle of Inclination of a Line
• Angle Between Two Lines
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Definition

+b + c=O (A^-l)or a
1 + \ 7

lies on Eq. (i).

8

150°

X1* >x0

Session 1
Definition, Angle of Inclination of a Line, Slope or 
Gradient of a Line, Angle Between Two Lines, 
Lines Parallel to Coordinate Axes, Intercepts of a 
Line on Axes, Different Forms of the Equation of 
A Straight Line, Reduction of General Equation to 
Standard Form, The Distance Form or Symmetric 
Form or Parametric Form of a Line

r
Here, angle of inclination of line AB = 150°.

Angle of Inclination of a Line
The angle of inclination of a line is the measure of the 
angle between the X-axis and the line measured in the 
anticlockwise direction.

Y

A straight lirr defined as the curve which is such that the 
line segment joining any two points on it lies wholly on it. 
Theorem : Show that the general equation of the first 
degree in x, y represents a straight line.
Proof: The general equation of the first degree is

ax + by + c = 0
Let P (xj, y i) and Q (x2, y2) be the coordinates of any two 
points on the curve given by Eq. (i), then

axj +by! +c = 0 ...(ii)
ax2+by2+c = 0 ...(iii)

Multiplying Eq. (iii) by X and adding to Eq. (ii), we have
a (Xj + Ax2) + b (yi + Ay2) + c (1 + X) = 0

< Xj + Ax2
1 + A

Remarks
1. The number of arbitrary constants in the equation of a 

straight line is two (we observe three Constantsa band c in the 
equation ax + by + c = 0 of a straight line. The given equation

f q\ f k\
of line can be rewritten as - x + - y + 1=0 or 

kcj VcJ
a A

px + qy + 1 = 0 where p = - and q = -.
c c

Thus, we have only two arbitrary constants p and q in the 
equation of a straight line.
Hence, to completely determine the equation of a straight line, 
we require two conditions to determine the two unknowns in 
general.

2. A straight line is briefly written as a 'line.'
3. The equation of a straight line is the relation between x and y, 

which is satisfied by the coordinates of each and every point 
on the line.

This relation shows that the point
^Xj + Ax2 yj + Ay2

1 + A 1 + A ?

But from previous chapter we know that this point divides 
the join of P(x},y}) and Q (x2,y2) is the ratio A: L 
Since, A can have any value, so each point on the line PQ 
lies on Eq. (i) i.e. the line wholly lies on Eq. (i). Hence, by 
the definition of the straight line as given above we 
conclude that Eq. (i) represents a straight line.
Hence, the general equation of first degree in x,y viz 
ax + by + c=0 represents a straight line.

30° Ax
A
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135°
*xX'*

45°

45°
X'< >X0

r r

y
B

l/W) QJ
n+0

,0X'+ >x0
It— 0

AY
AZLX'+ >x0

*1+

x2 +d

€ ory
y

45°0 If Xi = x2, then tan6X'M- >X

45°J2X'+ 0
r r

4t-

Y

Then, 
and

Remarks
1. When the two lines are parallel, then their slopes are equal 

i.e. = m2.
2. If three points A B, Care collinear, then slope of AB = slope of 

BC = slope of AC

4F

y
0

Remarks
1. When two lines are parallel, they have the same inclination.
2. The inclination of a line which is parallel to X-axis or coinciding 

with X-axis is 0°.
3. The angle of inclination of the line lies between 0° and 180° i.e.

O<0£ nandO*—.
2

Difference of ordinates
Difference of abscissaes

Md p/\Q
t
L 

L 
■H

M

1
An\2

i.e. Slope of AB =m of AB =m (AB)
= tan0 or tan [-(ft-0)]
= tan (tc +0)
= slope of BA = m of BA
= m(BA) 

m(AB)=m(BA)
Hence, we do not take into consideration the direction of a 
line segment while talking of its slope.

Also, 
Now, in AQPN

Slope or Gradient of a Line
If inclination of a line is (0 ^90°), then tan0 is called the 
slope or gradient of the line. It is usually denoted by m.
0 is positive or negative according as it is measured in 
anticlockwise or clockwise direction.

= 00 or 0 = — i.e. m is not defmed or 
2

the line is perpendicular to X-axis.

135° 
J—>-X

?2 ~T1 m =---------
*2 ~Xi

QN y2 - Vi tan0 = ^—* = —■ 1
PN x2-xt

Proof: Given P(xx,yx) and Q(x2,y2) are two points on 
a line I, let line I makes an angle 0 with positive direction 
of X-axis. Draw PL, QM perpendiculars on X-axis and

PN1QM
PN = LM = OM-OL = x2 - xx

*QN = QM - NM = QM - PL

=yz-yi
ZQAM = ZQPN=Q

Remarks
1. Slope of a line is not the angle but is the tangent of the 

inclination of the line.
2. If a line is parallel to X-axis, then its slope = tanO° = 0.
3. Slope of a line parallel to X-axis or perpendicular to X-axis is not 

defined. Whenever we say that the slope of a line is not defined.
4. If a line is equally inclined to the axes, then it will make an angle 

of 45° or 135° with the positive direction of X-axis. Slope in this 
case will betan45°ortan135°. i.e. ± 1

Theorem : If P(xx,yx) and Q (x2,y2) are two points on a 
line /, then the slope m of the line I is given by

..
771 — > X J 5^ %2

If Xj = x2, then m is not defmed. In that case the line is 
perpendicular to X-axis.

y

http://www.I
http://www.I
http://www.jeebooks.in


76 Textbook of Coordinate Geometry

=>

(given)

0 = tan

mi =

>XX'+

m2 =

(i)tan© =

and

(ii)Also, tan(7t -0) = - tan0 = -

1
6

=>
=>

Then,

Here, = m2
Hence, lines are parallel.

I Example 2. Find the slope of the line through the 
points (4,-6), (-2,-5).

~5 ~(~6)
-2-(4)

01
0

Sol. Slope of the line m =

I Example 4. Show that the line joining the points 
(2,-3) and (-5,1) is parallel to the line joining (7,-1) 
and (0,3).

I Example 5. Find whether the points 
(-o,-b),[- (s +1)a,- (s + 1)b] and [(t-1)a,(t- 1)b] 
are collinear ?

Angle Between Two Lines
Theorem : The acute angle 0 between the lines having 
slopes mi and m2 is given by

mj -m2
l + m1m2

Proof: Let and l2 be two non-perpendicular lines, 
neither of which is parallel to the Y-axis.

I1
I M92

mx =tan0! and m2 =tan02
(

Let 0 and n - 0 be the angles between the lines 0 .

m2 -ml A 

l + mjm2 ,

I Example 6. For what value of k the points 
(k, 2 - 2k), (- k +1,2k) and (- 4 - k, 6 - 2k) are 
collinear ?

Sol. Let A=(k,2- 2k), B = (-k + 1,2k) and C = (- 4 - k,6 -2k) 
are collinear, then

Slope of AB= Slope of AC 
2fc - (2 - 2fc)  6 - 2fc - (2 - 2k)

- 4 -k-k

k / -(’/Denominator #0) 1 
2 J

Let mi and m2 be the slopes of two given lines and l2 
respectively. Let©! and02 be the inclinations of these 
lines.

02 = 0+0, or 0=02 -0j 

tan0 = tan(02 -0J

tan02 - tan©! 1 (
l + tan02 tan0i J

f m2-ml

J + m^i y

Sol. Slope of the line joining the points (2, - 3) and (- 5,1) is 
l-(~3)_ 4 
-5-2 7

and slope of the line joining the points (7, - 1) and (0,3) is 
3-(-l) = -T 
0-77

I Example 3. Determine X, so that 2 is the slope of 
the line through (2,5) and (1,3).

Sol. Slope of the line joining (2,5) and (X, 3)
3-5 -2=------=-------= 2
X—2 X-2

- 2 = 2X - 4
2X =2
X = 1

I Example 1. Find the inclination of the lijie whose 1 
i 1slope is - -j=.

Sol. Let a be the inclination of a line then its slope = tana

tana=—7= = -tan30° 
V3

= tan (180°-30°) = tan 150°
=> a = 150°

-k+l-k
4fc -2 _4
- 2k + 1 ~ - 4 - 2k

(4fc — 2) (—4 — 2fc) = 4 (— 2k +1) 
(2X - 1)(-2 - X) - (-2fc + 1) = 0 
(2fc - 1)(—2 - X + 1) = 0

k*-, k = - 1
2

Sol. Let A s (- a, - b), B 3 [- (s + 1) a, -($ + 1) &] and 
Cs((t-l)a,(t-l) b)

, r.n -(s + l)b + b b Then, slope of AB - ----------------- = -
-(s + l)a + a «
(t-l)b + (s + l)b _b 

slope of BC - ------------- ------ ;-------
(t - 1) a + (s + 1) a a

Hence, given points are collinear.

7C
2
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tanO = ±

0 = tan ±

tan0

Let0 = tan

then

1 ==>

iff <=>cot0 =0

(say)Slope of side AB = = 2= ZHj

(say)

and Slope of side CA = (say)

Clearly, -1

Hence, the acute angle between the lines and l2 is given 
by

it tan— =
4

tanfl=i^ = 
1 + m[m2

From Eqs. (i) and (ii) the angle between two lines of slopes 
m j and m2 is given by

4
— - m2 
3

1 
T”’

AB and CA are perpendicular to each other i.e.
Z BAC = 90°

Hence, the given points are the vertices of a right angled 
triangle.

mi -m2
1 + m1m2

Corollary 1: If two lines, whose slopes are mx and m2 are 
parallel, 
iff 0=O°(or7t) <=>tan0=O

<=> m1 =m2
Thus, when two lines are parallel, their slopes are equal. 
Corollary 2 : If two lines, whose slopes are mj and m2 are 
perpendicular,

1 m,=-

m1m3 = 2 x

n 71 f 7t
0 = - or-----

2

I Example 8. The angle between two lines is and the
1

slope of one of them is -. Find the slope of the other 

line.
Sol. If 0 be the acute angle between the lines with slopes mj and 

m2, then

5-3
o-(-D

Slope of side BC - = •

3-1 
-1-3

1 ~ 2ynz = ± !
2 + m2

Taking positive sign then,
1 - 2m2 = 2 + m2

1 ra,=--

and taking negative sign then,
1 - 2m2 = - 2 - m2 

m2 = 3

Hence, the slope of the other line is either - or 3.

_ m, - m2
1 + mim2

0 = — and
4

1— m7
2

1+ —‘Zn?
2

1 - 2mz
2 + m2

I Example 7. Find the angle between the lines joining 
the points (0,0), (2,3) and (2, - 2), (3,5).

Sol. Let the given points be A = (0,0), B = (2,3), C = (2, - 2) and 
D s (3,5). Let W] and m2 be the slopes of the lines AB and 
CD respectively.

3-0 3 . 5-(-2) _m, =----- = - and m2 =----------= 7
2-0 2 3-2

Let 0 be the acute angle between the lines

--7
2____

i+f-Y?
12J

_ I-111 _ 11
~ |~23| 23

e=tan"0

I Example 9. Without using pythagoras theorem, show 
that the points A (-1,3),B (0,5) and C (3,1) are the 
vertices of a right angled triangle.

Sol. In A ABC, we have

It' 

2> 
o m1m2 = -l 

Thus, when two lines are perpendicular, the product of 
their slopes is -L The slope of each is the negative 
reciprocal of the slope of other i.e. if m is the slope of a 

line, then the slope of a line perpendicular to it is---- .
m

rmi -m2 "I 

J+m^ J
f mi -m2
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Y i

PMj

x= |a| = a«—a —►

X'+ >X
0 a

/ Y

r/Vm

x= |a| = -a a

X'* >X
0-a

Let

(Here, |a| = a)(say)

and (say)

60°

b>0

y= |t>| =t> P(x,y)b I

X'* >X

+yz

,.y

X'+ >x0

a
I

y=\b\ = -bP(x,y)

Here, |t> | = -b

I Example 10. A line passes through the points 
A (2, - 3) and B (6,3). Find the slopes of the lines 
which are

(i) parallel to AB

But
V Rational number * Irrational number
Which is contradiction so our assumption that the vertices 
are integers is wrong. Hence, the triangle having one angle 
of 60° can not have all vertices with integral coordinates.

a<0

PM

Here, |b| = b 

b < 0

Y'
Here, |a| = a

Here, |a| = -a

b

I
-b

bL
0

Lines Parallel to Coordinate Axes
(i) Equation of a line parallel to Y-axis : Let I be a 
straight line parallel to Y-axis and at a distance a from it, 
being the directed distance of the line from the Y-axis . 
Therefore, the line lies on the right of Y-axis if a > 0 and if 
a < 0, then the line would lies on the left of Y-axis.

j
M

M 
"zr

Sol. Let m be the slope of AB. Then m =

N 
a >0

❖
= Rational (■.‘m1 and m2 are rational) 

tan (ZBAC) = tan 60° = V3 = Irrational

B (x2.y2)

Here, mi and m2 are rational numbers 
(••• xb x2, x3, yb y2, y3 are integers)

tan (ZBAC) = —------ -
1 + mlm2

I Example 11. Show that the triangle which has one of 
the angles as 60°, can not have all vertices with 
integral coordinates.

Sol. Let ABC be a triangle whose vertices are A (xb yj),B (x2, y2) 
and C (x3, y3). Assume xb x2, x3, yb y2, y3 all are integers. 
Let ZBAC = 60°

Slope of AC - ——— = ZU] 
x3 - X,

Slope of AB = ——— = m2 
~ Xi

C (x3,y3)

(ii) perpendicular to AB 

3-(- 3) 6 3
6-2 4 ~2

(i) Let be the slope of a line parallel to AB, then
3 

m, =m = -
2

(ii) The slope of a line perpendicular to AB is
1 1 2-- — — —

3 3
2

P (x, y) be any point on the line I, then 

x = a is the required equation.

Remarks
1. In particular equation of Y-axis is x = 0 (va=0J
2. A line is parallel to Y-axis, at a distance from it and is on the 

negative side of Y-axis, then its equation is x = - a.

(ii) Equation of a line parallel to X-axis : Let / be a 
straight line parallel to X-axis and at a distance b from it, b 
being the directed distance of the line from the X-axis. 
Therefore, the line lies above the X-axis, if b > 0 and if 
b < 0, then the line would He below the X-axis.

+Y
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B(0,b)

X'- >x-+— x intercept A(a,0)

b
A(a,0)x+ *x >x

aX+ ■X

Let P (x, y) be any point on the line I, then y = b is the 
required equation (Here, | b | = b).

o
b

0

b

I Example 13. Find the equation of the straight line 
parallel to X-axis and at a distance

(i) 5 units above the X-axis
(ii) 9 units below the X-axis.

Sol. (i) Equation of a straight line parallel to X-axis at a distance 
b units above the X-axis is y = b.
.‘. Required equation is y = 5
(ii) Equation of a straight line parallel to X-axis at a 
distance b units below the X-axis is y = - b.
:. Required equation is y = - 9

Remarks
1. In particular equation of/-axis is y = 0 (vb = 0)
2. A line parallel to /-axis at a distance b from it and is on the 

negative side of /-axis, then its equation is y = - b.

/ B (0,-b)

Intercept on X-axis = a. length of 
intercept on X-axis = |a| 
Intercept on Y-axis = -b, length of 
intercept on Y-axis = |b|

B (0,-b) 

r?
Intercept on X-axis = -a. length of 
intercept on X-axis = |a| 
Intercept on Y-axis = -b, length of 
intercept on Y-axis = |t>|

t
o
<5

1
0
Y'

I Example 12. Find the equation of the straight line 
parallel to Y-axis and at a distance (i) 3 units to the 
right (ii) 2 units to the left.

Sol. (i) Equation of straight line parallel to Y-axis at a distance a 
units to the right is x = a.
.'. Required equation is x = 3
(ii) Equation of straight line parallel to Y-axis at a distance a 
units to the left is x = -a.
.’. Required equation is x = - 2.

Intercepts In II quadrant

V
B (O.b) 

b

I Example 14. Find the equation of the straight line 
which passes through the point (2,-3) and is

(i) parallel to the X-axis
(ii) perpendicular to the X-axis

Sol. (i) Let equation of any line parallel to X-axis is
y = b

’Since, it passes through the point (2, - 3).
Putting y = - 3 in Eq. (i), then

b = -3
Hence, required equation of the line is y = - 3.
Eq. (i) Let equation of any line perpendicular to X-axis
= Equation of any line parallel to Y-axis is

x = a ...(ii)
Since, it passes through the point (2, -3) putting x = 2 in 
Eq- (ii)
Then, 2 = a => a = 2
Hence, required equation of the line x = 2.

Remark
If a line parallel to Y-axis, then its intercept on Y-axis is not 
defined and if a line parallel toA'-axis, then its intercept on 
X-axis is not defined.

Sol. Since, the given (both) lines are parallel to Y-axis and the 
required line is equidistant from these lines, so it is also 
parallel to Y-axis. Let equation of any line parallel to Y-axis is

x = a

8 „ .— = 2 umts
2 4

Hence, its equation is x = 2.

Intercepts in I quadrant 
4Y
\ B(0.b)

Intercepts of a Line on Axes
If a line cuts X-axis at A (a, 0) and the Y-axis at B (0, b) 
then OA and OB are known as the intercepts of the line on 
X-axis and Y-axis respectively. | a | is called the length of 
intercept of the line on X-axis. Intercept of a line on X-axis 
may be positive or negative and | b| is called the length of 
intercept of the line on Y-axis. Intercept of a line on Y-axis 
may be positive or negative.

Yi

I Example 15. Find the equation of a line which is
7 15equidistant from the lines x = - - and x = —.
2 2

7 15 --- + —
2 2

0

Intercept on X-axis = -a. length of 
intercept on X-axis = |a| 
Intercept on Y-axis = b, length of 
intercept on Y-axis = |b|

Intercepts in III quadrant 
Y+

A(-a.O)

0 a

Intercept on X-axis = a, length of 
intercept on X-axis = |a|
Intercept on Y-axis = b, length of 
intercept on Y-axis = |b|

Intercepts in IV quadrant
aY

Here, a =

A(a,0) v y 
* A

/A a
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(■)

0 M

X'* *XL

to theof y-axis and inclined at an angle tanr

axis of x.

Sol. Here, c = -3and0 = tan

or

and

Now in APQA4, i.e.

or
=> y = mx 4- c

m = tan 45°
i.e. m = ±l

+yJ 35°
X'+ 45° V045’

45’45°

(0,-5)

(i) r

(ii)

On solving Eqs. (i) and (ii), we get or

i Example 16. If the straight line y = mx+c passes 
through the points (2,4) and (-3,6), find the values of 
m and c.

24
5

I Example 17. What are the inclination to the X-axis 
and intercept on y-axis of the line

3
5

Remarks
1. If the line passes through the origin, then c = 0 (v 0 = m.O + c 

=>c = 0) and hence equation of the line will become y = mx.
2. Equation of any line may be taken as y = mx + c.
3. If the line is parallel to X-axis, then 0 = 0°

i.e. m = tanO° = 0. Hence, equation of the line parallel to X-axis 
is y ~ c.

/B 
P(*.y)

Sol. Since, (2, 4) lies on y = mx 4- c
4 = 2m + c

Again, (-3,6) lies on y = mx + c
6 = - 3m 4- c

Different Forms of the Equation of a 
Straight Line
(i) Slope-Intercept Form
Theorem : The equation of the straight line whose slope 
is m and which cuts an intercept c on the Y-axis is

y = mx + c

Y x

Sol. The given equation can be written as 
x y = -7=4-2 

V3
Now, comparing Eq. (i) with y = mx 4- c, then we get 

1 m = —f=
V3

Let 6 be the inclination to the X-axis, then 
tan6 = tan30°
0 = 30° and c = 2.

Hence, required equation is 

y = (±l)x-5 
y=±x-5

c
i__
O

3 
tan0 = - = m

5
Hence, the equation of the line 

y = mx 4- c 

y=-x-3 
5

3x - 5y - 15 = 0

I Example 18. Find the equation of the straight line 
cutting off an intercept of 3 units on negative direction 

3 
5

A

I Example 19. Find the equation to the straight line 
cutting off an intercept of 5 units on negative direction 
of y-axis and being equally inclined to the axes.

Sol. Here, c = - 5

A^X

or tanl35°

Proof: Let AB be a line whose slope is m and which cuts 
an intercept c on Y-axis. Let P (x, y) be any point on the 
line. Draw PL ± to X-axis and QM ± to PL.
Then, from figure,

ZPRL = ZPQM = Q,OQ = c
PM = PL-ML = PL-OQ =y-c
QM =OL = x 

n PM 
tan0 =----

QM 
y-c 

m =------
x

which is the required equation of the line.
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(i)

/■

or

9 *X0 LR

Y'-

or

Remark
The equation y - y, = m (x - x,) is called point-slope form or 
one point form of the equation.

fix*
P^.y)

N

I Example 21. Find the equation of a line which makes 
an angle of 135° with the positive direction of X-axis 
and passes through the point (3,5).

Sol. The slope of the line = m = tan 135° - - 1
Here X] = 3, y, = 5.
.'. The required equation of the line is

y-5 = -l(x-3)
x + y-8 = 0

_ZL 
M

y-yi
X - Xj

7 J 9 y — = 11 x —
2 I 2

Equation of line 1^ is y 
i.e. x - y = 0
For L2, m = tan 135° = -1 
/. Equation of line L2 is y = - x 
i.e. x + y = 0
Hence, equations of the bisectors of the angle between the 
coordinate axes are x ± y = 0.

(ii) The Point-Slope Form of a Line
Theorem : The equation of the straight line which 
passes through the point (Xi, y t) and has the slope 'm is 

y-yi = m(x-x1)

Proof: Let AB be a straight line whose slope is m and 
which pass through the point Q (xj, yt). Let the line AB 
cuts X-axis at R and Z.BRX = 0, then

tan0 = m

I Example 20. Find the equations of the bisectors of 
the angle between the coordinate axes.

Sol. Let Lj and L2 be the straight lines bisecting the co-ordinate 
axes.
Both L] and L2 pass through origin

Equation of line through origin is y = mx
for Lb m = tan 45° = 1

Now, in triangle PQN, 
m PN 

tan 0 =----
QN

Let P (x, y) be any point on the line AB. Draws PL and QM 
perpendiculars from P and Q on X-axis respectively. Also 
draw QN perpendicular from Q on PL, then from figure

Z.PRL = ZPQN = 0, OL = x,0M = xb PL = y, QM = y{ 
Then, QN = ML = OL- OM = x - Xj

and PN = PL-NL = PL-QM =y-yx

—

I Example 22. Find the equation of the straight line 
bisecting the segment joining the points (5,3) and (4,4) 
and making an angle of 45° with the positive direction 
of X-axis.

Sol. Here, m = slope of the line = tan 45° = 1.
Let A be the mid-point of (5,3) and (4,4). Then, the 
coordinates of A are 

f5+ 4 3 + 4 
L 2 ’ 2

Hence, the required equation of the line is 
7 . 

' 2
x-y-l=0

.. m —--------
x - Xi 

or y-y1=m(x-x1)
which is the required equation of the line. 
Aliter : Let the equation of the required line be 

y = mx +c 
where, m is the slope of the line.
Since line Eq. (i) passes through the point (xb yj, therefore 

yj =mxj +c ...(ii)
Subtracting (ii) form (i), we get 

y-yi =m(x-xi) 
which is the required equation of the line.
Corollary: If the line passes through the origin, then 
putting Xj =0andyj =0 in y-yi = m(x - xj.
It becomes y = mx, which is the equation of the line 
passing through the origin and having slope m.
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Then,

(x-Xi)y-yi =or

or
,(iv)

,(v)

(X-Xj)y-yi =

(x-xjor y-yi =

y-
&

X

1 = 0 ori.e. =0

*x0 M L

Y'^

is

then, /

and

1
1
1

1
1
1

1

2

/
and at

I

y 
yi 

y2

..(ii)
...(iii)

N

ON = x2,0M = x1,0L = x,RN = y2, 
QM = y, and PL = y

RK = NM = OM - ON = x} -x2
QH = ML = 0L-0M = x-x,
QK = QM-KM = QM-RN-y1 -y2
PH = PL-HL = PL-QM = y-yr

a

— (x-atj 
at2 - att

V /

a 
y-;

Proof:
Let AB be a line which passes through two points 
Q(X], j/]) and R(x2,y2). Let P(x,y) be any point on 
the line AB.

Draws PL, QM and RN are perpendiculars from P, Q and R 
on X-axis respectively. Also draws QH and RK are 
perpendiculars on PL and QM respectively. Then from 
figure

Now, triangles PHQ and QKR are similar, then
PH QH
QK~ RK

y-yi
yi -y2

Xi

*2

(A
2T r2>

I Example 24. Find the equation to the straight line 

joining the points atb — 
k fi J

—

i.e.(2,3).
Hence, equation of the right bisector passing through (2,3) 

and having slope M = - is

y-3 = -|(x-2) 
£

x + 2y - 8 = 0

(iii) The Two-Point Form of a Line
Theorem : The equation of a line passing through two 
given points (xj, yj) and (x2, y2) is given by 

"y2

<*2 "Xi

Mid-point of the join of (1,1) and (3,5) is |
k 2 2

S Example 23. Find the equation of the right bisector 
of the line joining (1,1) and (3,5).

Sol. Let m be the slope of the line joining (1,1) and (3,5).
5-1 4 o m =----- = - = 2
3-1 2

.’. Slope (Al) of right bisector of the join of (1,1)

and (3,5) = - —
m

M = - -
2

Sol. The equation of the line joining the points | atu — | and
( a
^2> —

\ *2.

X - Xi

*1 -x2
\

y2 -yi 
x2 -xi; 

which is the required equation of the line. 
Aliter I: Let the equation of the required line be 

y = mx + c 
where m is the slope of the line.
Since, line Eq. (i) passes through the points (xpyj) and 
(x2,y2) therefore

yj =mX] +c 

and y2 =mx2 +c
Now, subtracting Eqs. (ii) from (i), we get 

y-y, =m(x-Xi) 
and subtracting Eqs. (ii) from (iii), we get 

y2 -yj = m(x2 -xj 
Dividing Eqs. (iv) by (v) then, we get 

y-yt x-X! 

y2-yi x2-xj 
/ \ 
y2 -yi 

<X2 -Xi , 

which is the required equation of the line. 
Aliter II: Since points, P(x,y),Q(x1,y1) and B(x2,y2) 
are collinear then area of A PQR = 0 

x y 
Xi yi 

x2 y2 

which is the required equation of the line.

a

a

2
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(x-arO

or

or

Coordinates of D =

C(2,2)

X' >X
i.e. (2,-1)

X'+ >X0
F

C(5.-8)
(-3-9)8

and coordinates of F =

y-6 =

Slope of altitude AD = -

(-4,9)8 y + 9 =

A(10,4)

(-2,-1 )C or

----- 6
(x + 1)

Hence, equation of altitude AD which passes through (0,4) 
and having slope - is

Y- 
(-1,6)A

I Example 25. Let ABC be a triangle with A (-1,-5), 
B (0,0) and C (2,2) and let D be the middle point of BC. 
Find the equation of the perpendicular drawn from B to 
AD.

Sol. D is the middle point of BC.
. r . rn (0 + 2 0 + 2^ Coordinates of D are ---,-----

I 2 2 )

or
or
which is the required equation of the line.

2

-5
YA

i.e. I.-”
I . 2

I Example 27. Find the equations of the medians of a 
triangle, the coordinates of whose vertices are 
(-1,6),(-3,-9)and (5,-8).

Sol. Let A (-1,6), B (-3, - 9) and C (5, - 8) be the vertices of 
A ABC. Let D, E and Fbe the mid-points of the sides BC, CA 
and AB respectively.

-3 + 5 -9-8^
2 ’ 2 J

-1-3 6-9
2 ’ 2

a

(x-at,)
‘1 111 2

tit2y - at2 = - X + at!
x + t1t2y = a(tl + t2)

Slope of BM which is perpendicular to AD = - -.

Hence, equation of the line BAf is
y-0 = -^(x-0) => x + 3y = 0 

which is the required equation of the line.

i.e. jD(1, 1)

Slope of median AD = = 3

y-4 = ^(x-10) 

x - 5y + 10 = 0

D
Y'"

y.,

(0,0)8 //r
(-1.-5JA Z 

rt

r .. . (5-1 -8 + 6Coordinates of E = I ,-------
I 2 2

i.e.(-2,-3/2)
Equation of the median AD = Equation of line through 

( 17^(-1,6) and 11, - — I is

17
2

1 + 1
29 y-6 =-----(x + 1) or 29x + 4y + 5 = 0
4

Equation of median BE is
-1 + 9------- (x + 3) or 8x - 5y - 21 = 0
2 + 3

and equation of median CFis

-- + 8 
y + 8 = —2----(x-5)

-2-5
13x + 14y + 47 = 0

I Example 26. The vertices of a triangle are 
A (10,4), 8 (—4,9) and C (—2,—1). Find the equation of 
the altitude through A.

-1 -9 
Sol. •.• Slope of BC =-------

-2+4

a Gi ~ h)
-12)

1 .
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y-8 = or

•(i)
or

P

(x-a)
+ 12 = 010

or
or

or
or

or
.'. The required ratio = X : 1 = —: 1 = - 5:7

=} bx -ab = -ay

b
or

0a

=0

or

R or

m)XM

y

>xX'+ L0

Area of AO AB = Area of AOAP + Area of AOPB

x
0

Y‘l

3 + 5X
1 + X

A(a,0)
\o

x y
- + - = 1 
a b

Proof: Let QR be a line which cuts off intercepts OA - a 
and OB = b on the X-axis and Y-axis respectively, where 
a * 0. The line is non vertical, because b is finite. Let 
P (x, y) be a general point on the line.
Draws PL and PM perpendiculars on X-axis and Y-axis 
respectively. Then PL = y and OL = x also join OP. Clearly,

- • OA • OB = -■ OA • PL + - OB ■ PM 
2 2

. .. 1 _ ~ 1 _ _
. — — — /

2 2

1,1 1,- ab = - ay + - bx
2 2 2

ab=ay + bx

a b
which is the required equation of the line.
Aliter I: Equation of the line through A (a, 0) and B (0, b) 
is

1 

y 1 
b 1

b-0
y-0 =------

0-a

-ay = bx-ab

bx + ay = ab

a b
which is the required equation of the line.
Aliter II: Points A (a, 0), P (x, y) and B (0, b) are collinear, 
we have
slope of AB = slope of AP

b -0 _ y -0
0-a x-a

7k+5=0 or

a(y-b) -0 + l-(bx) =0 
bx + ay = ab

a b
which is the required equation of the line.

I Example 29. Find the equation of the line through 
(2,3) so that the segment of the line intercepted 
between the axes is bisected at this point.

Sol. Let the required line segment be AB.
Let O be the origin and OA=a and OB = b.
Then the coordinates of A and B are (a, 0) and (0, b) 
respectively.

x y
bx + ay = ab => —+ —= 1 

a b

I Example 28. Find the ratio in which the line segment 
joining the points (2,3) and (4,5) is divided by the line 
joining (6,8) and (-3,-2).

Sol. The equation of line passing through (6,8) and (-3, - 2) is
-2-8.-------(x-6)
-3-6

=> 9y - 72 = lOx - 60
or 10x-9y + 12 = 0
Let the required ratio be X : 1.
Now, the coordinates of the point P which divide the line 
segment joining the points (2,3) and (4,5) in the ratio X : 1 is

2 + 4X 3 + 5X^ 
k 1 + X 1 + X J

Clearly P lies on Eq. (i), then
2+4X

1 + X
20 + 40X - 27 - 45X + 12 + 12X = 0

1=-’
7

5 . , 7
7

Hence, the required ratio is 5:7 (externally).

(iv) The Intercept Form of a Line :
Theorem : The equation of the straight line which cuts 
off intercepts of lengths of a and b on X-axis and Y-axis 
respectively, is

1
2

-•OAOB = --OAPL + -OB-OL 
2
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= 2 => a = 4

and
i.e.

(2.3)

A(a,0)X'* *XO

Y'y

Y
B'(O.b’)

i.e.
P(a.b)

(O.b)B

AW) ,X' o (a,0)A

Yr

...(i)

i.e.

...(ii)

=>

=>

(vb=14 —a)Then,

Y-‘

\s(O.b)

Let the required parallel line meet in A' and B' resj 
so that

Hence, the equation of the required line is 
x y .— + - = i
4 6
3x + 2y = 12

42 - 3a + 4a = 14a - a2 

a2 - 13a + 42 = 0 

(a-7)(a-6) = 0
a = 6,7 
b = 8,7

I Example 31. Find the equation of the straight 
through the point P (o,b) parallel to the line — 4 

o 
Also find the intercepts made by it on the axes.

Sol. Let the line — + — = 1 
a b 

meets the axes in A and B respectively. So that 
OA = a,OB = b

This passes through (3, 4).
3 4Therefore — + — = 1 
a b

It is given that a + b = 14
b = 14 - a

Putting b = 14 - a in Eq. (ii), we get
3 4- +--------= 1
a 14 - a

I Example 30. Find the equation to the straight line 
which passes through the points (3,4) and have 
intercepts on the axes :
(a) equal in magnitude but opposite in sign
(b) such that their sum is 14

Sol. (a) Let intercepts on the axes be a and - a respectively.
The equation of the line in intercept form is 

£ + ^ = i 
a —a

Since, Eq. (i) passes through (3, 4), then 
3- 4-a 

a = -1
From Eq. (i), x — y + 1 = 0 
which is the required equation of the line.

x y (b) Let the equation of the line be — + — = 1 
a b

OA' = a'
and OB' = b'

Equation of required line is

i+z=l 
a’ b'

Since, A's OAB and OA' B' are similar, then
OA' _ OB'
OA ~ OB

a' _b' _
— — — — A, 
a b
a' = ak, b' = bk

Substituting these values in Eq. (i), then

A + i=i 
aX bk

It passes through (a, b), then

-2.+ 
aX bk
2 A n— = 1 or X = 2
X

From Eq. (ii) required equation is

i + Z = i 
2a 2b

Evidently intercepts on the axes are 2a and 2b.

Hence, the required equations are

i + '-l and ± + Z = 1
6 8 7 7

4x + 3y = 24and x + y = 7

or x — y = a

a + 0
2

0 + b _ , ,------= 3 => b = 6
2
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Equation of AB is

0
= 0

or
or

X'^» *XvQ
Ax«■

InAPLQ,
II quadrant I quadrant

...(i)

Also, in &ONQ,

X'+
a

III quadrant

B
XM- >X0 o

p
N

Now, in AONQ,

or

cos a < 0, sin a < 0, p > 0 cos a > 0, sin a < 0, p > 0

O

r.
L 

+H

y-‘

o

cos a > 0, sin a > 0, p > 0

-^a 
O

r-
cos a < 0, sin a > 0, p > 0

or
which is the required equation of the line AB.

Remarks
1. Here, p is always taken as positive and a is measured from 

positive direction of X-axis in anticlockwise direction between 0 
and2n(i.e.0<a<2n).

2. (Coefficient of x)2+ (Coefficient of y)2 = cos2a + sin2a = 1

3. cosa and cos (90° - a) are the direction cosines of ON.

(v) The Normal Form or Perpendicular Form 
of a Line

Theorem : The equation of the straight line upon which 
the length of perpendicular from the origin is p and this 
normal makes an angle a with the positive direction of 
X-axis is

1 

y 1 
pcosec a 1

p sec cl (y - p cosec a) - 0 +1 (px cosec a) = 0 
p (y sin a - p) + px cos a = 0 
xcosa + ysina = p

\A A/

/B

IV quadrant

X'^—Hr

xcosa + ysina = p.
Proof: Let AB be a line such that the length of 
perpendicular from O to the line be p
i.e. ON = p
and ZN0X = a
Let P (x, y) be any point on the line. Draw PL 
perpendicular from P on X-axis.

Let line AB cuts X and T-axes at Q and R respectively.
Now, Z NQO = 90° - a

Z LPQ =90°-(90°-a) =a
LQ LQ 

tana= —= — 
PL y

LQ=y tana 
ON 

cosa = —
OQ 

p cos a = —-----
OL + LQ

OL cosa + LQ cosa = p 
xcosa + y tana cosa = p

(•/ OL = x and LQ = y tana)
x cosa + y sin a = p

which is the required equation of the line AB.
Aliterl: v ZNOQ=a
then Z NOR =90° -a

OQ OQ 
sec a = — = — 

ON p

OQ = p sec a
OR

Also in AONR, sec (90° - a) = —
ON

OR
=> cosec a = —

P
or OR = p cosec a
Thus, AB makes intercepts psec a and p cosec a on X-axis 
and T-axis respectively.

x y -------- +----- L-----= 1 
p sec a p cosec a

or xcosa+ysina = p
which is the required equation of the line AB.
Aliter II: The points Q (p sec a, 0), P (x, y) and
R (0, pcosec a) are collinear, then

pseca
x 

0

\Zp 
N\

WZ 
/\P

X'-»—-7 
/A

B/

http://www.86
http://www.86
http://www.jeebooks.in


Chap 02 The Straigh

In AONA,

B

bP N

X'+ +X

and in AONB, cos 60'

i.e.

B or

AX'+ +Xo

tY

9

or

(Assy =

we get

and

+ y

30/

A60°

c
B

coefficient of x 
coefficient of y 

constant term 
coefficient of j

(i) Reduction of 'Slope-Intercept For
Given equation is Ax + By + C = 0
=> By = - Ax - C

f A
B

Reduction of General Equation 
Standard Form
Let Ax + By + C = 0 be the general equation of 
line where A and B are not both zero.

O

Y -

Y or b = 2p

= p 
b

I Example 33. Find the equation of the straight line on 
which the perpendicular from origin makes an angle of 
30° with X-axis and which forms a triangle of area 
( 50
I -j= I sq units with the coordinates axes.

Sol. LetZM)A=30°
Let ON = p > 0, OA = a,OB = b

x + y 45 = 13

Corollary 1: If a =0°, then equation x cos a +y sin a =p 
becomes x cos0° + y sin0° = p
i.e. x = p (Equation of line parallel to Y-axis)

71
Corollary 2 : If a = —, then equation x cos a + y sin a = p

2

120°

cos30° = —= £ 
OA a

> y,L

becomes x cos

i.e. y = p (Equation of line parallel to X-axis).
Corollary 3 : If a = 0°, p = 0 then equation 
xcosa -l-y sina = p becomes x cos0° +y sin0° =0 
i.e. x =0 (Equation of Y-axis)

7t
Corollary 4:Ifa = y,p=0 then equation

( n A (7t A
x cos a + y sin a = p becomes x cos I — I + y sin I — I = 0

y = 0 (Eq. (i) of X-axis).

I Example 32. The length of perpendicular from the 
origin to a line is 9 and the line makes an angle of 
120° with the positive direction of Y-axis. Find the 
equation of the line.

Sol. Here, a = 60° and p = 9.
.’. Equation of the required line is

xcos60° 4- y sin60° = 9
y

Comparing it with y = mx + c 

slope (m) = — = ■

C 
y mtercept (c) =-----=

B

V3 p 2p— = — or a = 
2 a V3

OB
l=p 
2 b

Area of AOAB = -ab 
2

<2'*=w
2p2 _ 50 
45 ~ 45

=> p2=25
or p = 5
.’. Using x cos a + y sina = p, the equation of 

x cos30° + y sin30° = 5 
x V3+y = 10

60°5^
X30° 

a A
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(say)
(Assuming C £0)

= 1 (Assuming A & 0, B * 0)(say)

tan0 = x t
14-

and

9 = tan

Therefore,

.(i)and
=0

+(Remember)or

or

= oo

sin a = -

(Remember)

A 
-C

AP 
C

constant term 
coefficient of x

ffli ~m2

1 + m1m2
constant term 

coefficient of y

C2
4

A2 B2

(ii) Reduction to 'Intercept' Form
Given equation is Ax + By 4- C = 0

Ax + By = - C
B

x +---- y = 1-cy

L2 d2 

which is required condition of parallelism.
(ii) If the two lines are perpendicular, 9 = 90° 

tan9 = tan90° = oo 
A1B2 ~ -^2^1 

Ai A2 + BlB2

=> AjA24-BjB2=0 (Remember)
which is required condition of perpendicularity.

Remark
If two lines are coincident, then 

Ai B, Cj

P2=

c
y-intercept (b)=---- =

B

7 X C 

we get, x-mtercept (a) =---- =
A

A2

B2 )

B2 >

=> X I y
(-C/A) (-C/B)

x y
Comparing with — + — = 1 

a b

Corollary 1: Find angle between the lines 
AjX 4- B]y + Cj =0 and A2x 4- B2y + C2 =0. 
Slope of the line

A1x4-B1y4-C1 = 0 is-----~ = m1
Bi

and slope of the line
A2 

A2x 4- B2y + C2 =0 is------ = m2
B2

If 9 is the angle between the two lines, then 

r ai
Bl J
La
< Bl 7 k

(iii) Reduction to 'Normal' Form
Given equation is Ax 4- By 4- C = 0 . Let its normal form 
be x cosa 4-y since = p.
Clearly, equations Ax 4- By 4- C = 0 and
x cos a 4- y sin a = p represent the same line.

A B __ C
cos a sin a -p

Ap
cos a = ——

C

sin a = - — 
C

2 2cos a 4-sin a = l
2 /

= 1
_Bp 

Cy 

c2
A2 4-B2

|C| 

7(A2 +b2)
r n rx lCl AFrom Eq. (i), cos a = - -—. . .. . —

c y(A2+B2) 

|C| B 
c ^A2 4-B2)

Putting the values of cos a, sin a and p in 
x cos a 4-y sina =p, we get

AjB2 — A2Bi 
Aj A2 4- Bj B2

AiB2 — A2Bj

Aj A2 4- B]B2

Corollary 2 : Find the condition of (i) parallelism (ii) 
perpendicularity of the lines

AjX 4- B}y 4-Q =0 
and A2x + B2y + C2 =0

(i) If the two lines are parallel, 9=0° 
tan9 = tan0°=0 

AlB2 ~ A2B\ 

A}A2 4- BjB2

=> AjB2 — A2Bj =0

a2 b
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where,x+y ------X
or

and

/ or

y =
\

x +y =

=>

= 1=>

tan 9 =
b

where x-intercept (a) = - 4 and y-intercept (b) = - tan0 =

0 = tan

4
?3

4
Ji

4
Ji

x— +
-4

-(ii)

c

c 
-J(A2 + B2)

(iii) Given equation is x + Jiy + 4 = 0

=> x + Jiy = - 4
=> - x - Jiy = 4 (RHS made positive)

Dividing both sides by J(-l)2 + (->/3)2 = 2, we get 
f 

x + y = 2I 2J
Which is the normal form x cos a + y sina = p.

Hence, 
Required normal form is

x cos 240° + y sin 240° = 2

I Example 35. Find the measure of the angle of 
intersection of the lines whose equations are 
3x + 4y + 7 = 0 and 4x - 3y + 5 = 0.

Sol. Given lines are 3x + 4y + 7 = 0, 4x - 3y + 5 = 0. Comparing 
the given lines with A]X + Bjy + C, = 0, A2x + B2y + C2 = 0 
respectively, we get

A] - 3, Bj = 4 and A2 = 4, B2 — - 3 
AXA2 + B^B2 = 3 x 4+ 4(-3) = 0 

Hence, the given lines are perpendicular.

I Example 36. Find the angle between the lines 
(o2-ob)y = (ob + b2)x+b3 

and (ob + o2)y = (ob-b2)x+a3 
where a > b > 0.
Sol. The given equations of lines can be written as

(ab + b2) x - (a2 - ab)y + b3 =0 

and (ab - b2) x - (ab + a2)y + a3 = 0 
Comparing the given lines (i) and (ii) with the lines

AjX + B^ + C^O and A2x + B2y + C2 = 0 
respectively, we get

A{ = ab + b2, By=- (a2 - ab) 

and A2=ab-b2,B2=-(ab + a2) 
Let 0 be the acute angle between the lines, then

AjB2 — A2B 
AtA2 + BjB2

(ab + b2)x(-(ab + a2)) -(ab - b2)x (-(a2 - ab)) 
(ab + b2)(ab - b2) + (a2 - ab)(ab + a2)

_ ~{a2b2 + a3b + ab3 + a2b2 - a3b + a2b2 + a2b2 - b3a} 
“ (a2b2 - bA + a4 - a2b2)

4a2b2 
a4—b*

4 a2b2 '

a4-b\

This is the normal form of the line Ax + By + C = 0.
Rule : First shift the constant term on the RHS and make 
it positive, if it is not so by multiplying the whole equation 
by1’ and then divide both sides by

■^(coefficient ofx)2 + (coefficient ofy)2

B 

'J(A2+B2);

KI
■yj(A2 +BZ)

cos a = - - = - cos60°= cos (180° - 60°)2
cos (180°+ 60°)
a = 120° or 240°

Jisina =----- = -sin 60° = sin (180° +60°)
2

sin (360°-60°)
a = 240° or 300°
a = 240°, p = 2

- 4a2b2 
a4-b4

A 

^a2+b2);

B 
^A2+B2);

A

J(A2+B2)

I Example 34. Reduce x + Viy + 4 = 0 to the :

(i) Slope-intercept form and find its slope and y-intercept
(ii) Intercept form and find its intercepts on the axes

(iii) Normal form and find the values of p and a
Sol. (i) Given equation isx + 73y + 4 = 0

=> Jiy = - x - 4
( 1_

5
which is in the slope-intercept form y = mx + c
Where slope (m)= - -4= andy-intercept (c) = -

v3
(ii) Given equation is

x + -Jiy + 4 = 0
x + Jiy = - 4

-4 -4
y

— 4 / Ji
x ywhich is in the intercept form — + ^ = 1

f-|C|
c

2
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...(iii)

(WO N

X'+ ■XM L>XX'* 00

YT

E

(0or

and tan (n - 0) =
-(ii)and or

- tan 9 = - => tan0 =

= r

Corollary 1: v = r, then

or

or

=>
=>

and
from APQN,

Let 
then

Y“

A

parametric equations of straight line AB.
Corollary 2: If P point above Q then r is positive then 
coordinates ofPare(Xj + rcosG,y! + rsinG) and if P 
below Q then r is negative then coordinates of P are 
(xj -rcosG.y! -rsinO).

B/ 
W

QN = ML = 0L-0M = x-xy
PN = PL-NL = PL-QM = y-yt

y-yi
r

f/<9r

o
ii I

1 + m 
\1- m

Let P (x, y) be any point on the line at a distance r from Q. 
Draws PL and QM are perpendiculars from P and Q on 
X-axis respectively and draw QN perpendicular on PL. 
Then,

0(1 ,-10) 
r

From Eqs. (i) and (ii), slopes of AB and AC are 
ni] = 7 and m2 = -1

A
\ <P
\o

Zft
A

X - X] 

r
'1 + m^ 
J - mJ

respectively.

tanO = ——— 
l + 7m

I Example 37. Two equal sides of an isosceles triangle 
are given by the equations 7x - y + 3 = 0 and 
x + y-3 = 0and its third side passes through the 
point (1,-10). Determine the equation of the third 
side.

Sol. Given equations
7x-y43=0 ...(i)

and x + y - 3 = 0 ...(ii)
represents two equal sides AB and AC of an isosceles 
triangle ABC. Since its third side passes through D (1, - 10) 
then its equation is

y + 10= m(x - 1) 
AB = AC

Z ABC = Z ACB = 0
Z ACE = it - 0

-1 - m
l + (-l)m

7 - m _ 1 + m 
l + 7m 1-m

(7 - m) (1 - m) = (1 + 7m) (1 + m) 
6m2 + 16m -6 = 0

3m2 + 8m - 3 = 0 or (3m - 1) (m + 3) = 0
1 , m = —, — 3
3

Hence from Eq. (iii), the third side BC has two equations 

y + 10 = (x — 1) and y + 10 = - 3 (x - 1) 

x - 3y - 31 = 0 and 3x + y + 7 = 0

The Distance form or Symmetric form 
or Parametric form of a line
Theorem : The equation of the straight line passing 
through (Xj, yi) and making an angle 6 with the positive 
direction of X-axis is

*-*i =y-yi 
cos0 sinG

where, r is the directed distance between the points (x, y) 
and(x1,y1).
Proof: Let AB be a line which passes through the point
Q (xj, yi) and meet X-axis at R and makes an angle 0 with 
the positive direction of X-axis.

y“

X - Xi 
----------r 

cosG

y-yi 
sinG

-^C

B

n QN 
cosG =----

PQ

. o PN sinG = —
PQ

From Eqs. (i) and (ii), we get
x-xi = y-y} 
cosG sinG
x-Xj _y-yt 
cosG sinG

x = Xj +rcosG
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=>

=>

then => = cos

4

for n = 0, (v0<9< n)3

and

y-

3k/4 '4
X'*

+x,

= r
(0.4) cos

i.e. = r
-4(1.2)

X'< >x(4.0)

lies onx + y- 7 = 0or

then

or

1
3

0

r

o
r.

n
6

:. The equation of the line through (1,2) in parametric form is 
x-2 _ y

sin

__y-2 
sin 9

-3
( K
14

72

1 
'I

1 1 73
-f= cos0 + -7= sin 9 = — 
72 72 2

I Example 39. Find the direction in which a straight 
line must be drawn through the point (1,2) so that its 
point of intersection with the line x+y = 4 may be at 
a distance -^V6 from this point.

Sol. Let the straight line makes an angle 9 with the positive 
direction of X-axis.

Equation of the line through (1,2) in parametric form is 
x-1 y-2 1 r-------=-----— = — vo 
cos 9 

y(

fa K cos 0-----
k 4

9 - — = 2nn i-;nel
4 6

V6
— (cos9 + sin 9) = 1

« n 3 >cos0 + sin9 = -=■ = -
76 >

9=±-+-
6 4

= 15°, 75°

x = 3 ± 5 cos 9 = 3 ± 5 X — = 3 ± 4 = 7 or -1 
5

3
y = 2 ± 5 sin 9 = 2±5x- = 2±3 = 5or-l

5
Hence, the coordinates of the points are (7,5) and (- 1, - 1).

x = l + — cos 9 and y = 2 + — sin 9
3 3
f 76 76Since, the point 1 + — cos 9,2 + — sin 9 lies on the lineI 3 3 )
x + y = 4

1 + — cos9+ 2 + — sin9 = 4 
3 3

----- ►X

I Example 40. A line through (2,3) makes an angle — 

with the negative direction of X-axis. Find the length of 
the line segment cut off between (2,3) and the line 
x + y - 7 = 0.

Sol. v Line makes an angle — with the negative direction of 
X-axis. 4

7t:. Line makes an angle — with the positive direction of 
X-axis. 4

3 
tan 9 = —

4
3 4

sin9 = - and cos9 = —
5

I Example 38. The slope of a straight line through 
A (3,2) is Find the coordinates of the points on the 

line that are 5 units away from A.
Sol. Let straight line makes an angle 9 with positive direction of 

X-axis,

7t .

4)
x-2
_1_
72

x = 2 + -C= and y = 3 + 4=41 72
Let the line (i) meet the line x + y- 7= 0inP

:. Coordinates of P12 + -X=, 3 + 4- I
{41 42)

2 + 4- + 3 4- 4= - 7 = 0
72 72

2r r—f= = 2 or r = 42
42
ap = 41

k/4\ P

/4(2,3)

4

Equation of the straight line through A (3,2) in 
parametric form is

^ = i^ = ±5
cos 9 sin 9
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,sin6 =

y+

= r

(YsrYi)

>X0

+ 9=0

=>

(i)-1

Y +A
Q(ze*)

>X P(z)O

B
>X0 Real axis

then,

PA ■ PB = r\r2
3

re

B'(^'Y2)

This point lies on the line 2x - 3y + 9 = 0

2 | 2 + -^
I V2

%

I
I

/^60°
^(4,0)

e

ya -yi 
d

_y-3

Ji

or Zi =re®-e** =r-e‘(e + ^ [fromEq.(i)]

Clearly the complex number zx represents a point Q 
in the Argand plane, when

OQ~r and ZQOX=0+<|)

x-2= r or------

Ji

-33+-^
I V2,

—-C= + 4=0
V2

r - 4 Ji

I Example 41. Find the distance of the point (2,3) 
from the line 2x - 3y + 9 = 0 measured along the line 
2x - 2y + 5 = 0 .

Sol. Since, slope of the line 2x - 2y + 5 = 0 is 1, its makes an

angle — with positive direction of X-axis. 
4

The equation of the line through (2,3) and making an angle 

in parametric form

-J3 + -, —— be a point on the parabola y2 = x + 2 
2 2 ?

= Ji + - + 2 =>3r2 -2r - 4(2 +V3) = 0 
2
= —4 (2 + V3 )| _ 4 (2 + Ji)

3

x - 2 _ y - 3 

cos — sin —

f F F ) Coordinates of any point on this line are 2 + -7=, 3 + .
I V2 V2)

3 2 —r
4

where, d = j(x2 ~x})2 +(y2 -yj2 = AB

and x2 = Xi +d cos0, y2 =yi +d sin0 
If AB rotates an angle a about A, then new 
coordinates of B are

x2 = Xi+d cos(0+a), 
y'2 = yi +dsin(0+a)

and here, AB = AB' = d.
(ii) Complex number as a rotating arrow in Argand 

plane :
Let z =r(cos0 + isin0) = re®, where i =

be a complex number representing a point P in the 
Argand plane.

I Example 42. If the line y - V3x + 3 = 0 cuts the 
parabola y2=x + 2atA and B, then find the value of 
PA. PB {where P = (V3,0)}.

Sol. Slope of line y - Jix + 3 = Ois Ji

If line makes an angle 0 with X-axis, then tan 0 = Ji

0 = 60° 
x-Jj 
cos60°

Special Corollaries
(i) Angle made by AB with positive X-axis (where 

A and B are given points) :be two points and let AB 
makes an angle 0 with the positive direction of X-axis 
and let d be the distance between A and B. Then Let 
A(x1,y1)andB(x2,y2) 

„ x2 - x, 
cos 0 =------—

d

y-0 = -z--------  r
sin 60°

Then, OP = | z| = r and Z POX = 0
Now, consider complex number zf = ze^

i (0 + $)
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and y =

or

and coordinates of C are

fl(Z2)

0

or + ior

7

C =

S(3,1)

X'+ 0 A(2,0)

BY'l ?(2,1)

0

C
-(i) D

I Example 44. The centre of a square is at the origin 
and one vertex is A (2,1). Find the coordinates of other 
vertices of the square.

Sol. [By special corollary (ii)]
A s (2,1)
zA = 2+ i, where i = 7-1

f 
= 2 +

Z BAX = 45°
Now line AB is rotated through an angle of 15° 
=> XCAX = 45° + 15° = 60°
and AB = AC = 71

Equation of line AC in parametric form is 
x = 2 + r cos60° 
y = 0 + r sin 60°

zc~za

ZB ~ ZA

zc -2 = (l + i) (cos 15° + i sin 15°) 
Q5 + 1 

2^2
75 -1

2V2

f73+i 75-n 
k 2V2+

4+72
2

^3-^1

/2 " Z1 >

2V2 2>/2

=[2+^)+i(®=
'4 + J2

2 2 I

V15° = —
12

Aliter (By special corollary (ii))
A = (2,0), B = (3,1), let C = (x, y)

:. zA = 2,zb = 3 + i, zc = x + iy, where i = 7-1
. 511 
I —

= e *2

x - 2 „ 1------= cot 60 = -7=
y 41

x73-y-273=0
^4 + 75 75

2 ’ 2

I Example 43. The line joining the points A (2,0) and 
B (3,1) is rotated about A in the anticlockwise direction 
through an angle of 15°. Find the equation of the line 
in the new position. If B goes to C in the new position, 
what will be the coordinates of C ?

Sol. By special corollary (i)
Here AB = -J(2 - 3)2 + (0 - I)2 = 75

and slope of AB = -—- = 1 = tan 45°
3-2

\
and equation of AC

y - 0 = tan 60° (x-2)=>x73-y-273=0

Clearly multiplication of z with e rotates the vector OP 
through angle 0 in anti-clockwise sense. Similarly 
multiplication of z with e~ ** will rotate the vector OP in 
clockwise sense.

Remark
If zv z2 and z3 are the affixes of the three points A B and Csuch 
that AC = AB and Z CAB = 0. Therefore

—> 
AB=z2 -z1,AC = z3 -Zi

—♦ —>
Then /ICwill be obtained by rotating AB through an angles in 
anticlockwise sense and therefore

C(Z3)

Since, AC = r = ^2
Put r = y/i in Eq. (i), then

2 2

2 2
Equation of the line AC is

2J2 y

<2

AC=ABd6

(z3-z1) = (z2-zl)e'e or
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Now, in triangle AOB,

=>

B =

-1 then
and

or

90° y-0 =

=>

D

Exercise for Session 1

(d)Vl3(c)V5

XE\ 
(-1/2.0)

1
2

C^ 
(-2.-1)

I Example 45. The extremities of the diagonal of a 
square are (1,1), (-2,-1). Obtain the other two vertices 
and the equation of the other diagonal.

Sol. (By special corollary (ii)) 
Ah(1, 1)

zA =1 + i, where i = 
C = (-2, -1) 

zc = - 2 - i 
B__

i — 
zB = e

B = (-1,2)
v 0 is the mid-point of AC and BD
.-. C = (-2, -1) and D = (1, -2).

OA = OB, Z AOB = 90° = -
2

(b) * - Y. = - 1 and 2L + Y. = -1
2 3 -2 1

(d) * - y = 1 and — + = 1
2 3 -2 1

(b)7f3
2. The lines x cos a + y sin a = p^ and x cos 0 + y sin 0 = p2 will be perpendicular, if

(a)a = 0 (b)|a-0 | = n/2
(c) a = 7t / 2 (d) a ± 0 = rc / 2

3. If each of the points (x1t4), (-2, yi) lies on the line joining the points (2,-1), (5, -3), then the point P (x1t y1) lies 
on the line
(a)6(x + y)- 25= 0 (d)2x+6y+1=0
(c)2x+3y-6 = 0 (d) 6 (x + y)+25= 0

4. The equation of the straight line passing through the point (4, 3) and making intercepts on the coordinate axes 
whose sum is -1 is
(a)* + X = -land2L+y = _i

2 3 -2 1
(c)-+ ^ = 1 and — + ^ = 1

2 3 -2 1

Zb-Ze _ „

Za~Ze

Zn + — = i 11 + i + —
2 I 2

It

2 = izA = 2i - 1

1. The distance of the point (3, 5) from the line 2x + 3y -14 = 0 measured parallel to the line x -2y = 1 
is

3 3.
ZB = -- + ~l

2 2
3 2)
2 2J

„ . 3 31D = -1 + -, - -
k 2 2)

n (1 3 A
<2 2J

Hence, equation of other diagonal BD is

’-0
2 ___
3 1 — + —
2 2

6x + 4y + 3 = 0

then centre of square E = 0

1

Now, in A AEB,(EA = EB)
I- 

2 = f

1

2
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(d)a2 + b2 = 4

6

13. A straight line is drawn through the point P (2,2) and is inclined at an angle of 30* with the X-axis. Find the 
coordinates of two points on it at a distance 4 from P on either side of P.

14. If the straight line through the point P (3,4) makes an angle — with X-axis and meets the line 12x + 5y +10 =0
6

at Q, find the length of PQ.

15. Find the distance of the point (2, 3) from the line 2x - 3y + 9 = 0 measured along the line x - y + 1 = 0.

76. A line is such that its segment between the straight line 5x - y - 4 = 0 and 3x + 4y - 4 = 0 is bisected at the 
point (t 5). Obtain the equation.

7 7. The side AB and AC of a A ABC are respectively 2x + 3y = 29 and x + 2y = 16. If the mid-point of BC is (5, 6), 
then find the equation of BC.

18. A straight line through A (-15, -10) meets the lines x-y-1 = 0,x+2y=5 and x + 3y = 7 respectively at A B 
12 40 52and C. If — + —■=—, prove that the line passes through the origin. 
AB AC AD

5. If the straight lines ax + by + c = 0 and x cos a + y sina = c enclose an angle n /4 between them and meet 
the straight line x sin a - y cos a = 0 in the same point, then 
(a)a2+b2=c2 (b)a2+b2=2 (c)a2 + b2 = 2c2

6. The angle between the lines 2x - y + 3 = 0 and x + 2y + 3 = 0 is

(a) 30° (b)45° (c)60° (d)90°

7. The inclination of the straight line passing through the point (-3, 6) and the mid-point of the line joining the 
points (4, -5) and (-2, 9) is
(a) x/4 (b)n/2 (c)3x/4 (d) n

8. A square of side a lies above the X-axis and has one vertex at the origin. The side passing through the origin 
makes an angle x/6 with the positive direction of X-axis. The equation of its diagonal not passing through the 
origin is
(a)y(V3-1)-x(1-V3) = 2a (b) y (73 + 1)+ x (1-V3) = 2a
(c)y (73 + 1) + x (1+73) = 2a (d) y (73 + 1) + x (73 - 1) = 2a

9. A (1,3) and C (7,5) are two opposite vertices of a square. The equation of side through A is

(a) x + 2y - 7 = 0 (b) x - 2y + 5 = 0
(c)2x + y-5=0 (d)2x-y+1=0

10. The equation of a straight line passing through the point (-5,4) and which cuts off an intercept of 72 units 
between the lines x + y + 1 = 0 and x + y-1 = 0is 
(a)x-2y+13=0 (b)2x-y+14 = 0
(c)x-y+9=0 (d)x-y+10=0

7 7. Equation to the straight line cutting off an intercept 2 from negative direction of the axis of y and inclined at 30* 
to the positive direction of axis of x is
(a) y + x -73 = 0 (b)y-x+2 = 0
(c)y-x73-2=0 (d)y 73 - x + 273 = 0

7 2. What is the value of y so that the line through (3, y) and (2, 7) is parallel to the line through (-1, 4) and (0, 6) ?
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<0

>0

or

The coordinates of R are

then + b + c=Qa
>0

<0X=- (v ax2 + by2 + c 0)

or

Position of Two Points Relative to a Given Line, 
Position of a Point Which Lies Inside a Triangle, 
Equations of Lines Parallel and Perpendicular to 
a Given Line, Distance of a Point From a Line, 
Distance Between Two Parallel Lines, 
Area of Parallelogram,

Remarks
1. The side of the line where origin lies is known as origin side.
2. A point (a, 0) will lie on origin side of the line ax + by + c = 0, if 

aa + 60 + c and c have same sign.
3. A point (a, 0) will lie on non-origin side of the line

ax + by + c = 0, if aa + dp + c and c have opposite sign.

Position of Two Points Relative X is negative 

to a Given Line
Theorem : The points P(x},y}) and Q(x2,y2) lie on the 
same or opposite sides of the line ax + by + c = 0 according 
as

^ax2 + by2+C;

axx +byx + c' 
ax2 +by2 +c^

f(x2ty2)
where, f (x, y) = ax + by + c.
Case II: Let P and Q are on opposite sides of the line 
ax 4- by + c = 0

R divides PQ internally.
X is positive

ax, +bv, + c
—---- -- ----->0or<0.
ax2 + by2 +c

Proof: Let the line PQ be divided by the line 
ax + by + c = 0 in the ratio X: 1 (internally) at the point R.

"xj + Xx2 yt +ky2
1 + X 1 + X j

The point of R lies on the line ax + by + c = 0
<x1 + Xx2
k 1 + X

71 + ^2 
1 + X

X(ax2 +by2 + c) + (axj + by} +c) =0 
'ax i +by! + c 
kax2 + by2 +c

Case I: Let P and Q are on same side of the line 
ax + by + c = 0.
/. R divides PQ externally.

(axx + by} +c5 
^ax2 +by2+C; 

'aXi + byx +c^ 
kax2 + by2+c>

f(x2iy2) 
where, f (x, y) = ax + by + c
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<0

and

(x*,y*)fl^
fl

L .7(4,3)

X'+
0 A

Y'-'

-(i)>0

-(ii)
(i)or

and (iii)>0

Position of a Point Which Lies 
Inside a Triangle

I Example 47. Is the point (2,-7) lies on origin side of 
the line 2x + y + 2 = 0?

Sol. Let f(x,y) = 2x + y+ 2
f(2,—7) = 2(2) - 7 + 2 = —1

f(2, -7)<0 and constant 2>0
Hence, the point (2, -7) lies on non-origin side.

Equation of AB 
i.e. Equation of canal is

7(4.3)^ 
/(0.0)

->x 
East

\ XL

X.

' X.
I x.

North
Y“

I Example 48. A straight canal is at a distance of 
U km from a city and the nearest path from the city 

to the canal is in the north-east direction. Find 
whether a village which is at 3 km north and 4 km east 
from the city lies on the canal or not. If not, then on 
which side of the canal is the village situated ?

Sol. Let 0 (0,0) be the given city and AB be the straight canal.
9

Given, OL = - km
2

Let P (*!, ) be the point and equations of the sides of a 
triangle are

BC:a}x + b}y + q =0
CA:a2x + b2y + c2 =0
AB:a3x + b3y + c3 =0

X45°

Hence, the given village V does not lie on the canal.
9 

Also if /(x, y) s x + y —
V2

Z 9 "I 4 + 3--,= 
_____ V2 
__ 9

9
x cos 45° + y sin 45° = -

9
X + y =

y/2

Let Vbe the given village, then V = (4,3)
Putting x = 4 and y = 3 in Eq. (i),

9 9then 4 + 3 = —j=, i.e. 7 = -t= which is impossible.
V2 \2

7 72-9A
9

I Example 46. Are the points (2,1) and (-3,5) on the 
same or opposite side of the line 3x-2y + 1 = 0?

Sol. Let /(x, y) = 3x - 2y + 1

J(2,l) _ 3(2)-2(l) + l _ 5 
f(-3,5) 3(-3)-2(5) + l 18

Therefore, the two points are on the opposite sides of the 
given line.

First find the coordinates of A, B and C say,
A = (x',y'); B = (x,,,y,/) and C=(x"',y"') 

and if coordinates of A, B, C are given, then find equations of 
BC, CA and AB.
If P (xi, y j) lies inside the triangle, then P and A must be 
on the same side of BC, P and B must be on the same side 
of AC, P and C must be on the same side of AB, then 

fltxi +biyi +ct 
qjX' + ^y' + Cj 

q2Xi + b2y3 +c2 >Q 
a2x" + b2y" + c2 

q3Xi +b3yx +c3 
a3x'" + b3y"' + c3

The required values of P (Xi, y j) must be intersection of 
these inequalities Eqs. (i), (ii) and (iii).

0 + 0--;=
\

Hence, the village is on that side of the canal on which 
origin or the city lies.
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or

...(ii)

i.e. >0

or

or
.(iii)

i.e. is

for all t.

E
i.e.

0(6.1)or

X'+or
r...(i)

D =^C(6,1)

X'+ >X and

Hence,
i.e. >0

i.e. t e
or

and 
then 
and

LY 
4(0,3)

D=(a,P)
E = (y,8) (say) 
a<Xj <y
P <ax} +b <3

Aliter: First draw the exact diagram of A ABC, the point 
P (t, t + 1) move on the line 

y = x + 1

■‘Y

4(0,3)

Now, D and E are the intersection of 
y = x + l,x-8y+ 2 = 0 

and y = x + 1, x + 3y - 9 = 0 
respectively.

B(-2,0) O

Aliter (Best Method): First draw the exact diagram of 
the problem. If the point P (X;, y j) 
move on the line y = ax + b for all Xi, then

P = (xi,ax1 + b)
and the portion DE of the line y = ax + b (Excluding D and 
£) lies within the triangle. Now line y=ax + b cuts any 
two sides out of three sides, then find coordinates of D and 
E.

From Eqs. (i), (ii) and (iii), we get

7 2
6 3^ 
7*2

\.P

7t + 6>0
6
7

P/^

B(-2,0) O
-r

and P, B must be on the same side of CA 
value of (x + 3y - 9) at P(t, t + 1) > 
value of (x + 3y - 9) at B (- 2,0)

-2 + 0-9
4t -6 n------->0
-11

6 -1
V 7’7;

Thus, the points on the line y = x + 1 whose x-coordinates
6 3lies between — and - lie within the triangle ABC.
7 2

-<t<-
7 2

6 3^1
7’2

I Example 49. For what values of the parameter t 
does the point P (t,t+1) lies inside the triangle ABC 
where A = (0,3),B = (-2,0) and C = (6,1).

Sol. Equations of sides
BC : x - 8y + 2 = 0
CA : x + 3y - 9 = 0

and AB: 3x - 2y + 6 = 0
Since, P (t, t + 1) lies inside the triangle ABC, then P and A 
must be on the same side of BC

value of (x - 8y + 2) at P (t, t + 1) > 
value of (x - 8y + 2) at A (0,3)

t-8(t + 1) + 2>q 
0-24+2

-7t-6 n --------- >0
-22

4t-6<0
3
2

and P, C must be on the same side of AB 
value of (3x - 2y + 6) at P (t, t + 1) 

value of(3x - 2y + 6) atC(6,1) 
3t -2(t + l) + 6 

18-2 + 6
t + 4 n ------>0

22
t + 4>0

t> - 4
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A

X'+ or
0

=>

(0=>

and

=>

=>

..(ii)

and

=>
Hence, =>

...(iii)
i.e.

or

Let intersection points

and>X
0

or
X'

I Example 50. Find X if (X,2) is an interior point of 
A ABC formed by x + y = 4,3x-7y = 8and 
4x-y = 31.

Sol. LetP = (X,2)
First draw the exact diagram of A ABC, the point P (X, 2) 
move on the line y = 2 for all X.

a e (- oo,

B(-7,5) and C^,|)

133 and E = —,2
I 4

D = (- L 1) and E = Q, 

intersection of y = x2 
x + 2y - 3 = 0 

x + 2x2 - 3 = 0 
x = 1, x = - 3 / 2

11 A a-- >0
2J

1 Example 51. Determine all values of a for which the 
point (a,a2) lies inside the triangle formed by the lines 
2x+3y-1 = O, x + 2y-3 = 0and 5x-6y-1 = 0.

Sol. The coordinates of the vertices are intersection of y = x2 
2x + 3y-l = 0 

2x^-3x2 -1 = 0 
w

X = - 1, X = - 
3

Now, D and E are the intersection of
3x - ly = 8, y = 2 

and 4x - y = 31, y = 2 respectively.
(22 ' D = —, 2
U

Thus, the points on the line y = 2 whose x-coordinates lies 
22 33between — and — lie within the A ABC.
3 4

22 , 33— <X< —
3 4
. (22 33^Xe —( 3 4 J

I 1 a- -
V 3,

ae(- <»,1/3)u (l/2,<»)

- + --33 v- >°a + 2a -3
a + 2a2 — 3<0

(2a + 3)(a-l)<0
a €(-3/2,1)

From Eq. (i), Eq. (ii) and Eq. (iii), we get
ae(-3/2,-l)u(l/2,l).

Aliter: Let P (a, a2) first draw the exact diagram of
A ABC.
The point P (a, a2) move on the curve y = x2 for all a.

Now,
and

5 7
4* S';

v P (a, a2) lies inside the A ABC, then
(i) A and P must lie on the same side of BC
(ii) B and P must lie on the same side of CA

(iii) C and P must lie on the same side of AB, then
5 21- +-----1

— --- 8^---- >0
2a + 3a-1

33---------— >0
2a + 3a -1
3a2 +2a-l>0

(a + l)|a--|>0
I 3j

•, -1) u | -, 00 |
\3 )

- 35 - 30 - 1 n-------------- >0
5a-6a2 -1
5a-6a2 -l<0
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Y
B

y=x2
LG

F ax + by + X = 0or
A

D

X'
0

r
■(i)

or

(writing X for-hX,)

Hence,

i.e. ae

or

(say)
be

a-L =bk,b1 = -akthen

£1
b

-(i)
-(ii)

be 
then

Dividing it by k, then 
c 

ax + by + — = 0

.(i)
(ii)

//zc

Equations of Lines Parallel and 
Perpendicular to a Given Line

x + Xj

Then from Eq. (ii),
akx + bky + c=Q

(say)
Then, from Eq. (ii), bkx - aky + q = 0 dividing it by k, then

bx - ay + — =0 
k

Theorem 1: The equation of line parallel to 
ax + by + c = 0 is ax + by + X = 0, where X is some 
constant.
Proof: Let the equation of any line parallel to 

ax + by + c = 0
Q]X + +Cj =0

3 1- - < a < - 1 or - <a<l
2 2

H4-)

Let intersection points
( 3 9^

F = (1, l)and G = —, - I24;
and intersection of y = x2 and 5x - 6y - 1 = 0

5x - 6x2 -1 = 0
1 1x = -, x = -
3 2

Let intersection points
„ fl 1) .T fl nH = I - and .

<3 9 J {2 4)

Thus the points on the curve y = x2 whose x-coordinate 
lies between -3/2 & - 1 and ± & 1 lies within the triangle

ABC.

writing X for - 
I k

Hence, any line parallel to ax + by + c = 0 is 
ax + by + X = 0 

where X is some constant.
Aliter : The given line is 

ax + by + c = 0 
t , a

Its slope = — 
b

Thus, any line parallel to Eq. (i) is given by 

y I J
=> ax +by -bX] =0
=> ax 4- by + X = 0
where, X is some constant.
Corollary: The equation of the line parallel to 
ax + by + c = 0 and passing through (xt, y ,) is 

a(x-x1) + b(y-y1)=0
Working Rule :

(i) Keep the terms containing x and y unaltered.
(ii) Change the constant.

(iii) The constant X is determined from an additional 
condition given in the problem.

Theorem 2 : The equation of the line perpendicular to the 
line ax + by + c = 0 is
bx - ay + X = 0, where X is some constant.
Proof: Let the equation of any line perpendicular to 

ax + by + c = 0 
a}x + b}y + Ci =0 

aax + bbt =0 
aax =-bb1 

h.=k 
-a

a b
a} =ak,by = bk

c
k
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writing X for —bx - ay + X = 0or

(i)

...(i)

y =

(writing X for aX!)or

...(i)

-(ii)

-(iii)

or
-(i)

x + Xj

Working Rule :
(i) Interchange the coefficients of x and y and changing 

sign of one of these coefficients.
(ii) Changing the constant term.

(iii) The value of X can be determined from an additional 
condition given in the problem.

I Example 52. Find the general equation of the line 
which is parallel to 3x-4y + 5 = 0. Also find such line 
through the point (-1,2).

Sol. Equation of any parallel to 3x - 4y + 5 = 0 is

3x - 4y + X = 0 
which is general equation of the line. 
Also Eq. (i) passes through (-1,2), then 

3(-l)-4(2) + X =0

X=ll 
Then from Eq. (i) required line is 

3x - 4y + 11 = 0

b 
Slope of perpendicular line of Eq. (i) is -.

a
Thus any line perpendicular to Eq. (i) is given by

bx - ay +aXi =0 
bx - ay + X = 0 

where, X is some constant.

Corollary 1: The equation of the line through (xj, y j) 
and perpendicular to ax + by + c = 0 is 

fe(x-x1)-a(y-y1)=0
Corollary 2 : Also equation of the line perpendicular to 
ax + by + c = 0 is written as

x y
---- — + k = 0, where k is some constant.
a b

I Example 53. Find the general equation of the line 
which is perpendicular tox+y + 4 = 0. Also find such 
line through the point (1,2).

Sol. Equation of any line perpendicular to x + y+4=0is 
x-y +X=0 

which is general equation of the line. 
Also Eq. (i) passes through (1,2), then 

1-2 + X =0
X = 1 

Then from Eq. (i), required line is 
x-y+l=0

I Example 54. Show that the equation of the line 
passing through the point (a cos3 0, a sin3 9) and 
perpendicular to the line

x sec 0 + y cosec 0=o is 
x cos0 - y sin0 = o cos20

Sol. The given equation x sec 0 + y cosec 9 = a can be written as 
x sin0 + y cos0 = a sin0 cos0 

.'. equation of perpendicular line of Eq. (i) is 
x cos0 -y sin0 = X

Also it is pass through (a cos3 0, a sin3 0) 

a cos30 cos0 - asin30sin0 = X

=> X =a(cos40-sin40)

=a (cos2 0 + sin2 0) (cos2 0 - sin2 0) 
= a • 1 • cos 20 = a cos 20

From Eq. (ii), the required equation of the line is 
x cos0 - y sin0 = a cos20

Aliter: (From corollary (2) of Theorem (2) 
Equation of any line perpendicular to the line 

xsec 0 + y cosec 0 = a, is 

-------- y— = k 
sec 0 cosec 0 

or x cos0 - y sin0 = k
Also, it pass through (a cos30, asin3 0) 

a cos30-cos0 - asin30 sin0 = k 

k = a (cos40 - sin 40)

= a (cos2 0 + sin2 0) (cos2 0 - sin2 0)

= al-cos 20 
= a cos 29

From Eq. (iii), the required equation of the line is 
x cos0 - y sin0 = a cos20

Hence, any line perpendicular to ax + by + c = 0 is 
bx - ay + X = 0

where, X is some constant.
Aliter : The given line is

ax + by + c = 0

T 1Its slope = — —

Cl

k
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Distance of a Point From a Line

(vPM = p)= P

(iii)or

Since, slope of AB = -

M

(A(-c/a,0) A>xX'+
Y J(a2+b2)

b

e
Ca

then

and cos 6 =

Now, from Eq. (iii),

1
„.(i) P

P = ~or

hP

P1 7(a2 + b2)-p ... (ii)

or P =

c
2 ab

c
2 ab

From Eqs. (i) and (ii), we have
1 c
2 ab

Let PM = p
Also, area of A PAB

c 
a

Hence, the length of perpendicular from P on AB will be 
least value of PQ.

(v PM makes an angle 8 with 
positive direction of X-axis)

Draw PM perpendicular to AB. 
Now, Area of A PAB 

_ 1 
~2

\ 6(0, -c/b)

b
sin 8 = -. =

7(«2+^2)

Let the given line intersects the X-axis and Y-axis at A and 
f c |

B respectively, then coordinates of A and B are —,0
I a J

--0 
a

a2

'(«2+fe2)+7c
(axt +byi + c) 

7(a2 + b2)
Since, p is positive

| ax, + fry, +c|
/a2+b2}

Aliter II: Let Q (x, y) be any point on the line

( ‘0 + - l b

\2
C 10 + /j

I----------- 1 c
\a2+b2)-p =~ ~\ax' +byi +c\

2 ab

^a2+b2)

= ~-AB-PM = -
2 2

Theorem : The length of perpendicular from a point 
(xi,yi) to the line ax + by +c =0 is 

lax,+fry, +c|
7(«2+<>2)

Proof: Given line is ax + by + c = 0
x y

’ (W

I c Iand I 0, - - I respectively.

c ]
--yi +0(y1 -0) 
b j

H.
B

b2 ) 

v^r(axi y,+c)

a
*(a2+b2)

Aliter I: Let PM makes an angle 8 with positive 
direction of X-axis.
Then, equation of PM in distance form will be

_y-yi
cos 8 sin 8

Therefore coordinates of M will be
(xj +pcos6, yj +psin6)

Since, M lies on ax + by + c = 0, then
a(Xi +pcosQ') + b(y1 +psin8)+ c = 0
p(acos6 + bsin6) =-(ax1 +by} +c)

a
b

L

Slope of PM = - 
a
b

tan8 = — 
a
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Y

B p = PM =

M

X' >XA

Let

(iv) = -l

[from Eq. (v)]
and

(a2+&2)
7

PM = ±

2(x-x1)+2(y-y1)or Hence, PM = p =

or

OL = -=>

(X-Xj)=-=>

(y-yi)=-and

From Eq. (iv), AX^ >X0
PQ = J(a*i + fyi +c)

= 0

c
\a2+b2)

«x>

Y

B

\q

W) 
Q\

|a*i + bh +cl
/(a2 + b2)

''\L
\ 

r

v Least value of PQ is PM
|flXi +byr +c| 

7(a2+b2)

ax~ry'

dz _ .
dx

d2z
—— =2+2 
dx2

= (x-x1)2+ —£
V &

v ax +by + c = (T 
c

dz
For maximum or minimum, — = 0 

dx

2 (a2+fr2)
(a2+b2)2

yx~k—-----x
X! -h

Xj -h _

a

( c 2(x—x,)+2l——

°|r
z=(PQ)2

=(x-x,)2 +(y-y,)2

OX

T >

Aliter III: Let M = (h, k)
Since, M (h, k) lies on AB, 

ah + bk + c=Q „(v)
Now, AB and PM are perpendicular to each other, then

(slope of PM) x (slope of AB) = -1 

f--
yi -k _a(Xj -h) + b(y1 -k) 

b a.a + b.b

(by law of proportion)

_(axi +byx +c)-(ah + bk + c) 
a +b 

_ axi +byj +c 
a2+b2

(PM)2=(x-x1)2+(y-y1)2

f L \2 _ oxj +byt +c 

a2+b2

\2 ax ] 
T’5'1

\

Length of perpendicular
(ax,-t-fry, +c)

^(a2+fr2)
| ax, + fry, -t-c)

^(a2 +h2)

Aliter IV: Equation of AB in normal form is 
a b -c

yl(a2+b2) X yj(a2 +b2) y y/(a2+b2)

c
■..y=-b

(^-^1) = (y-yi) = g(x-Xi) + B(y-yi) 

a b a-a + bb
_(ax + by + c)-(ax1 +byx +c)
" (a2+b2).

(by law of proportion)
_0-(aXj +byx +c)

(a2+b2)
a(aXi +byx +c)

(a2+b2)
b(ax1 +byy +c)

(a2 +b2)

dz , , c ax
— =2(x-Xj)+2 ----- 

\ b b

H)H)=2(i+7j=positive
•/ z is minimum

PQ is also minimum.
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PM = QL = OQ-OL =

P =

...(vi)

•(>)

P' = = | - a cos20|and2

(ii)or

2

PM = p =

2 •

i.e.

2

= | X] cos a +>>! sina - p| or 2

Equation of line parallel to AB and passes through (xi, y j) 
is

=>
=>

2
+

(fl2+b2)«xz

Working Rule:
(i) Put the point (xj, yi) for (x, y) on the LHS while the 

RHS is zero.
(ii) Divide LHS after Eq. (i) by -^/(a2 4- b2), where a and b 

are the coefficients of x and y respectively.

I Example 55. Find the sum of the abscissas of all the 
points on the line x4-y =4 that lie at a unit distance 
from the line 4x 4- 3y -10 = 0.

So/. Any point on the line x + y = 4 can be taken as (xb 4 - xj 
As it is at a unit distance from the line 4x 4- 3y - 10 = 0, we 
get

x + —
V(a2 +b2) ^(a2 +b2)

a(x-x1) + b(y-y1)=0 

or ax+ by = ax^+byx

Normal form is 
a

■J(a2+bz)

p2 =

1___
' 1 1 ■

4- — 
.a2 b2.

|4x1+3(4-x1)-10|_i 

7(42 +3Z)
|x1+2| = 5 => Xj + 2 = ±5 

Xj=3 or -7
.*. Required sum = 3 - 7 = - 4.

I Example 56. If p and p' are the length of the 
perpendiculars from the origin to the straight lines 
whose equations are x sec 0 + y cos ec 0 - a and 
x cos 0 - y sin 0 = a cos 20 , then find the value of 
4p2 + p'2.

Sol. We have, p =

a2sin20 cos26

1

ax; +by1 4-c 

7(«Z +b2)
Hence, required perpendicular distance 

|axj +byj 4-c[ 

7(<’2+i’2)
Aliter V : The equation of line through P(X], y j) and 
perpendicular to ax + by + c = 0 is 

fe(x-x1)-a(y-y1)=0

If this perpendicular meet the line ax + by + c = 0 in 
Af (x2, yi) then (x2, y2) lie on both the lines 
ax + by + c = 0 and Eq. (vi), then 

fe(x2 -Xj)-a(y2 -y1)=0,ax2 + by2 +c=0 

ax2 +by2 + c = a(x2 -x1)4-/>(y2 -yJ + axj + by{ +c = Q 

or t(x2-x1)-a(y2-y1)=0 ...(vii)

and a(x2 -x1) + b(y2-y1)=-(ax1 +by^ +c) ...(viii) 

On squaring and adding Eqs. (vii) and (viii), we get 

-*i)2 +(?2 ~yi)2)=(^i + tyi +c) 

PM = 7(x2 -xj2 +(y2 - yj2 
_ | gXj +byx +c| 

J(a2+b2)
Hence, length of perpendicular 

|axi +fryi +c| 
7(a2+*2)

Corollary 1: The length of perpendicular from the origin 
to the line ax + by 4- c - 0 is

| a • 0 4- b • 0 4- c | . | c|

7(a2 + b2) + b2)
Corollary 2 : The length of perpendicular from (xj, y!) to 
the line x cos a 4- y sina = p is

|X, cosa 4-yj sina -p\ 

y(cos2 a 4-sin2 a)

£ 
b

ill ill— = — 4- —- or-----1-----= —„2 _2 l2 2 j.2p a b a b p

axx +byi

(a2+b2)

l-a I 
y(sec20 4- cosec2©) 

a2 
sec20 4- cosec20 

4p2 = a2 sin2 20 

| - a cos 201 
-J(cos20 4- sinz0) 

(p')2 = a2 cos2 20 

Adding Eqs. (i) and (ii), we get 
4p2 4- p'2 = a

I Example 57. If p is the length of the perpendicular 
x y

from the origin to the line -4- 7- = 1, then prove that 
a b

1 J__J 
a2 b2 p

Sol. p = length of perpendicular from origin to 

i + Z = i 
a b 

|04-0 —1| 

1 (- 
Via

1
b2
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=>

Then,

...(i)

to the line 5x - 12y + 2 = 0

(i)

[from Eq. (i)]

and

_5_
13

5X--0+2 
5

■J52 + (-12)2

Area of Parallelogram
Theorem : Area of parallelogram ABCD whose sides 
AB, BC, CD and DA are represented by + bxy + q =0,
a2x + b2y + c2 =0, atx + bxy + d1 =0

a2x + b2y + d2 =0 is
P1P2 _ ki ~^illC2 -<*2!

<2 2 ^2

where, px and p2 are the distances between parallel sides 
and 0 is the angle between two adjacent sides.

Distance between Two 
Parallel Lines
Let the two parallel lines be

ax + by+c=0 and ax + fcy+c^O
The distance between the parallel lines is the perpendicular 
distance of any point on one line from the other line.
Let (xj, yj) be any point on ax + by + c = 0 

ax1+by1+c=0 ...(i)
Now, perpendicular distance of the point (%!, y 1) from the 
line ax + by 4- Cj =0 is

|cx,+fry,+c,| I Cl - c| 
j(a2+b2) J(a2+b2)

This is required distance between the given parallel lines.
Aliter I: The distance between the lines is

7(a2+b2)
(i) X = | q - c |, if both the lines are on the same side of 

the origin.
(ii) X = | c! 14-1 c|, if the lines are on the opposite side of the 

origin.
Aliter II: Find the coordinates of any point on one of 
the given lines, preferably putting x = 0 or y = 0. Then the 
perpendicular distance of this point from the other line is 
the required distance between the lines.

3 
Aliter II: Putting y =0 in 5x - 12y -3 = 0 then x = - 

(5’ 0) °n ~ ~ ~ °

Hence, distance between the lines
5x - 12y + 2 = 0 and (5x - 12y — 3 = 0) 

= Distance from | 0 I 
15 )

I Example 60. Find the equations of the line parallel to 
5x - 12y + 26 = 0 and at a distance of 4 units from it.

Sol. Equation of any line parallel to 5x - 12y + 26 = 0 is 
5x-12y + X =0

Since, the distance between the parallel lines is 4 units, then 
|X-26|

7(5)2 +(-12)2
| X — 261 = 52 or X-26 = ±52
X = 26 ± 52 X = - 26 or 78

I Example 58. Prove that no line can be drawn 
through the point (4,-5) so that its distance from 
(-2,3) will be equal to 12.

Sol. Suppose, if possible.
Equation of line through (4,-5) with slope of m is 

y + 5 = m (x - 4) 
mx -y- 4m -5 = 0 
|m(-2)-3-4m-5|_1?

^m2 +1

=> | - 6m - 81 = 12 -j(m2 + 1)

On squaring, (6m + 8)2 = 144 (m2 + 1) 

4 (3m + 4)2 = 144 (m2 + 1) 

(3m + 4)2 =36(m2 +1) 

27m2 -24m + 20 = 0
Since, the discriminant of Eq. (i) is (-24)2 - 4-27 -20 = -1584 
which is negative, there is no real value of m. Hence no 
such line is possible.

I Example 59. Find the distance between the lines 
5x - 12y + 2 = 0 and 5x - 12y - 3 = 0.

Sol. The distance between the lines
5x-12y + 2 = 0 and 5x-12y-3 = 0is

|2-(-3)| _5
7(5)2 +(—12)2 13

Aliter I: The constant term in both equations are 2 and -3 
which are of opposite sign. Hence origin lies between them.
:. Distance between lines is ■ _2L= = —

7(5)2 + (- 12)z 13

or
or
Substituting the values of X in Eq. (i), we get 

5x-12y-26 = 0
and 5x - 12y + 78 = 0

or 
sin 9
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Now, substitute the values of , p2 and sin 0 in Eq. (i)

Area of parallelogram ABCD =

Pi

rL
Area of rhombus ABCD =

lfl1^2

(i)

sq units
Also, tan 0 =

1 +

sin0 -

and

Sol. Required area of the parallelogram 
_ |-a - 4a| |3a - 7a| _ 20

I
mj -m2
1 +m1m2

and m2 = slope of AD = - — 
\

<21^2 ~ a2^1

#1 #2 + byb2

|fl]fe2 ~ fl2^11

+ h22)

1 3
3 -2

ki ~dj|c2 -d2| 
|aife2 -aM 

|ci -dt||c2 -d2|

^2 ^2

Proof: Since, pt and px are the distances between the pairs 
of parallel sides of the parallelogram and 0 is the angle 
between two adjacent sides, then

D______ a^+b^+d^O

b*/f

*2.
~ b2)

g2

^2

I Example 62. Show that the area of the parallelogram 
formed by the lines

xcos a + ysin a = p, xcos a + ysin a = q, 
xcos p + ysin p = r, xcos p + ysin p = s is

| (p - q) (r - s) cosec (a - p) |.
Sol. The equation of sides of the parallelogram are

x cos a + ysin a - p = 0, 
x cos a + ysin a - q = 0, 
xcos p +ysin P - r =0, 
xcos P + ysin P - $ = 0

Area of parallelogram ABCD
= 2 X Area of A ABD

= 2x|xABxpi

= AB xp!

_ P2
sin 6

_ P1P2
sin0

Now, pi = Distance between parallel sides AB and DC

and p2 = Distance between parallel sides AD and BC 
lc2 ~d2| = — ——-

^a22+b22)

v in A ABL, sin 0 =— 
AB

I Example 61. Show that the area of the parallelogram 
formed by the lines x + 3y - a = 0, 3x - 2y + 3o = 0, 

20x + 3y + 4o = 0 and 3x - 2y + 1q = 0 is — a2 sq units.

-a2 n

2. If and d2 are the lengths of two perpendicular 
diagonals of a rhombus, then

Area of rhombus = - d,d22 1 2

3. Area of the parallelogram whose sides are y = mx + a,
, , j. |a —b||c-«f|

y=mx + b, y-nx + c and y = nx + d is —•--------—•
|m-n|

"F7C oV

-ajX+by+c^O /

/P2'''^ /

Corollaries:
1. If p! =p2, then ABCD becomes a rhombus

Pi
sin 9

(C, -d, )2

J- A2 A +&!

bl "

I bl
( al

v rri! = slope of AB =-----
bi

J 1 A Q2

^2 7
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Area of the rhombus

| sin(p — a)|

(say)is = Pi

(say)is - P2 (say)- P2

2
Area of rhombus

Exercise for Session 2

(d) None of these

Here, pi = p2.
Parallelogram is a rhombus.

But we know that diagonals of rhombus are perpendicular 
to each other.

cos a sin a 
cos P sin P 

= |(p-9)(r-s)cosec(a-p)|

Required area of the parallelogram 
_|-p-(-?)||-r-(-s)|_ |p-q||r-s|

I

x y „—+ —= 2 
b a

I Example 64. Show that the four lines oxi by ±c = 0
2c2 

enclose a rhombus whose area is —.
|ob|

= 2 and £+-=2 
b a

5. The area of the parallelogram formed by the lines 3x - 4y + 1 = 0,3x - 4y + 3 = 0,4x - 3y -1 = 0 and 
4x-3y-2 = 0, is 

(a) y sq units

+ b'2

g
(d) —

10

2 
(b) - sq units

3
(c) - sq units

4
(d) - sq units

4c' 2c2
|-2ab\ |ab|

1 

1 1 
“7 + ~7 .a2 b2.

1___
' 1 1
-7 + -7
.a2 b2.

1. The number of lines that are parallel to 2x + 6y - 7 = 0 and have an intercept 10 between the coordinate axes is
(a) 1 (b) 2 (c) 4 (d) infinitely many

2. The distance between the lines 4x + 3y = 11 and 8x + 6y = 15 is

(a)Z (b)Z (O —
2 5 10

3. If the algebraic sum of the perpendicular distances from the points (2, 0), (0, 2) and (1,1) to a variable straight 
line is zero, then the line passes through the point
(a)(1,1) (b)(-1,1) (c)(-1,-1) (d)(1,-1)

4. If the quadrilateral formed by the lines ax + by + c = 0, a' x + b' y + d = 0, ax + by + d =0 and
a' x + b' y + cf =0 have perpendicular diagonals, then 
(a)b2 + c2 =b'2 + c/2 (b)c2 + a2 = c'2 + a'2 (c)a2+b2=a'2

2i(a**) 
-a I

= |(—1 + 2)(—1 4-2)|
1 '

I a b 
1 1_ 
b a

a b 

=i?I Example 63. Prove that the diagonals of the 
parallelogram formed by the lines 

x y x y x y — + —=1, — + —=1, — 
a b b 0 a b b

are at right angles. Also find its area (0 * b).
Sol. The distance between the parallel sides 

x y . , x y „— + — = 1 and — + - = 2 
a b a b

|2-1| 
1 1' 
2 + h2 

.a b , 

and the distance between the parallel sides

± + ^ = l and 
b a

|2-H
1 1 

>2 + 2 
b a ,

Sol. The given lines are
ax + by + c = 0 ...(i)
ax + by - c = 0 ...(ii)
ax - by + c = 0 ...(iii)

and ax - by - c = 0 ...(iv)
Distance between the parallel lines Eqs. (i) and (ii) is

2c
. = Pi (say) and distance between the parallel

V^ + fr2)
lines Eqs. (iii) and (iv) is

2c
^2 + b2)

Here, px = p2

it is a rhombus.
_ I(c + c)(c + c)| _ 

la *1 
a -b
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b

32
7

3 5
7‘ 7

6. Area of the parallelogram formed by the lines y = mx, y = mx + 1, y = nx and y = nx + 1 equals
(b>—- (c)——(d)—!—:

(m-n)2 |m + n| |m + n| |m-n|

7. The coordinates of a point on the line y = x where perpendicular distance from the line 3x + 4y = 12 is 4 units, 
are 

(a)

( 10A ((b)ae -2-^ be -1 *
I 3) I 2

(d) None of these

(d)[“-(c)[-«-8
17 7^2 2

8. A line passes through the point (2,2) and is perpendicular to the line 3x + y = 3, then its y-intercept is
(a)-? (b)| (c)-i (d)^

3 *3 3 3

9. If the points (1,2) and (3, 4) were to be on the opposite side of the line 3x - 5y + a = 0, then

(a)7<a<11 (b)a = 7 (c)a=11 (d)a<7ora>11

10. The lines y = mx, y + 2x = 0, y = 2x + k and y + mx = k form a rhombus if m equals
(a)-1 (b)J (c)1 (d)2

- X y
17. The points on the axis of x, whose perpendicular distance from the straight line — + — = 1 is a 

a b
(a) - (a ± 7(a2 + b2),0) (b) - (b ± J(a2 + b2),0)

a b
(c) - (a + b, 0) (d) - (a ± J(a2 + b2), 0)

a b

12. The three sides of a triangle are given by(x2 -y2)(2x + 3y-6) = 0. If the point (-2, a) lies inside and (b,1) lies 
outside the triangle, then
(a)a6[2^)be(-11) 

( ich(c)aeh-^j;be(-3, 5)

13. Are the points (3, 4) and (2, -6) on the same or opposite sides of the line 3x - 4y = 8 ?

14. If the points (4,7) and (cos 0, sin 0), where 0 < 0 < it, lie on the same side of the line x + y -1 = 0, then prove 
that 0 lies in the first quadrant.

15. Find the equations of lines parallel to 3x - 4y - 5 = 0 at a unit distance from it.

16. Show that the area of the parallelogram formed by the lines 2x - 3y + a = 0,3x - 2y - a = 0,2x - 3y + 3a = 0
2a2

and 3x - 2y - 2a = 0 is — sq units.

17. A line‘L’ is drawn from P (4,3) to meet the lines Lt: 3x +4y+ 5 = 0andL2:3x +4y + 15=0 at point A and 8 
respectively. From ‘A’ a line, perpendicular to L is drawn meeting the line L2 at A|. Similarly from point 'B' a line, 
perpendicular tot is drawn meeting the line L-j at^. Thus a parallelogram AA^BB^ is formed. Find the 
equation (s) of ‘L‘ so that the area of the parallelogram AAfify is least.

18. The vertices of a A08C are 0(0,0), B (-3, -1), C (-1, -3). Find the equation of the line parallel to BC and 
intersecting the sides OB and OC and whose perpendicular distance from the origin is i

9
2
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= 0

(xi>7i)-we get
7

=

7\

II Method : We have

= 0

Concurrent Lines

l

Points of Intersection of 
Two Lines

Remarks
1. Here lines are not parallel, they have unequal slopes, then,

- afy * 0
2. In solving numerical questions, we should not be remember 

the coordinates (xb y,) given above, but we solve the equations 
directly.

Remarks
1. The reader is advised to follow method I in numerical problems.
2. For finding unknown quantity applying method II.

On comparing,
2/ + m + 3n = 0,31 - 5m + 4n = 0, - 8/ + 9m - 1 In = 0 

After solving, we get I = 19, m = 1, n = -13 
Hence, 19(2x+3y-8) + (x-5y + 9)- 13 (3x + 4y-ll) = 0 
Hence the given lines are concurrent.

Cl

C2

c3

2
1
3

3
-5
4

/

8
9

-11

The three given lines are concurrent, if they meet in a 
point. Hence to prove that three given lines are 
concurrent, we proceed as follows :
I Method : Find the point of intersection of any two lines 
by solving them simultaneously. If this point satisfies the 
third equation also, then the given lines are concurrent.
II Method : The three lines atx + bjy + cf =0,i = 1,2,3 are 
concurrent if

bi 

b

c2

21
O2 

^2

Cl

01

01 

bi

Point of Intersection of Two Lines, Concurrent Lines 
Family of Lines, How to Find Circumcentre and 
Orthocentre by Slopes

I Example 65. Show that the lines
2x+3y-8 = 0, x-5y+9 = 0 and 3x + 4y-11 = 0 

are concurrent.
Sol. I Method : Solving the fust two equations, we see that 

their point of intersection is (1,2) which also satisfies the 
third equation

2
0
0
0

3x1 + 4x2-11 = 0 
Hence the given lines are concurrent. 

01 h 
G2 ^2 

O3 b3

Applying C3 —> C3 + Ci + 2C
2 3 

= 1 -5
3 4

Hence the given lines are concurrent.
Ill Method: Suppose

I (2x + 3y - 8) + m (x - 5y + 9) +n (3x + 4y - 11) = 0 
x (2/ + m + 3n) + y (3l-5m + 4n) + (-8l + 9m -lln) = 0 

= 0x + 0-y + 0

01 t?i Ci

a2 ^2 c2

a3 b3 Cj

III Method : The condition for the lines P = 0, Q =0 and 
R = 0 to be concurrent is that three constants I, m, n (not all 
zeros at the same time) can be obtained such that

IP +mQ + nR=Q

Leta^x + bxy + c3 =0 and a2x + b2y + c2 = 0 be two 
non-parallel lines. If (x-!, y 3) be the coordinates of their 
point of intersection, 
then axxx +b1yx + q =0 and a2*i + b2yt + c2 =0 
Solving these two by cross multiplication, then 

*1 = 7i = 1
biC2—b2Ci cla2-c2al alb2—a2b^ 

^b1c2-b2c1 cxa2 — c2fli 

d\b2 —o2^i arb2 —a2b1 

bi b2 

ci c2

Oi o2 
bi b2
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=o=o =>
and

i.e.

=>

Hence,

=>

=>
=>

I Example 67. Show that the three straight lines 
2x-3y4-5 = 0 ,3x4-4y - 7 = 0 and 9x-5y 4-8 = 0 
meet in a point.

Sol. If we multiply these three equations by 3,1 and -1, we have 
3 (2x - 3y + 5) + (3x + 4y - 7) - (9x - 5y 4- 8) = 0 

which is an identity.
Hence, three lines meet in a point.

I Example 69. The family of lines
x(04-2b)+y (o+ 3b) = a+b passes through the point 
for all values of a and b. Find the point.

Sol. The given equation can be written as
a (x + y - 1) + b (2x + 3y - 1) = 0 

which is equation of a line passing through the point of 
intersection of the lines x 4- y - 1 = 0 and 2x + 3y -1 =0. 
The point of intersection of these lines is (2, -1). Hence th 
given family of lines passes through the point (2, -1) for a 
values of a and b.

1 - a 
b-1 

0 L2 = a2x + b2y + c2 = 0is
(ajX +bxy + Cj) + X(a2x + b2y +c2) = 0
L] + XL2 =0

I Example 68. Find the equation of the straight line 
passing through the point (2,1) and through the poinl 
of intersection of the lines x+2y = 3 and 2x - 3y=A

Sol. Equation of any straight line passing through the 
intersection of the lines x 4- 2y = 3 and 2x - 3y = 4 is

X (x + 2y - 3) + (2x - 3y - 4) = 0
Since, it passes through the point (2,1)

X (2 4-2-3) 4-(4—3 —4) = 0
X -3 = 0

X =3
Now, substituting this value of X in (i), we get

3(x 4-2y - 3)4-(2x - 3y - 4) = 0
i.e. 5x 4- 3y - 13 = 0
which is the equation of required line.

/
=> (a1x + h1y + c1) + X(a2x + ^2y + c2)=0 where,X = -

It is a first degree equation in x and y. So it represents 
family of lines through the point of intersection of Eqs- C 
and (ii).
Thus, the family of straight lines through the intersectio 
of lines

Corollaries:
1. The equation + XL2 =0 or plj +vL2 = 0 represen 

a line passing through the intersection of the lines 
Iq = 0 and L2 = 0 which is a fixed point, where X, g,1 
are constants.

2. For finding fixed point, the number of constants in 
family of lines are one or two. If number of constanl 
more than two, then convert in two or one constant 
form.

1
1-b

1 ----- + 
1-b

1 ----- 4- 
1-b

Family of Lines
Theorem : Any line through the point of intersection of 
the lines ajX 4- bty 4- q =0 and a2x + b2y + c2 =0 can be 
represented by the equation

(t^x + b}y + Cj) + X(a2x +b2y + c2) = 0 
where X is a parameter which depends on the other 
property of line.
Proof: The equations of the lines are

a}x + b}y 4-q =0 ...(i)
and a2x + b2y + c2 = 0 ...(ii)
Multiplying g and v in Eqs. (i) and (ii) and adding, we get 

g (tijX +bxy 4-Cj) +v (a2x + b2y + c2) =0 
where g, v are any constants not both zero.
Dividing both sides by g, then

v
(Qj x 4- byy + Cj) 4- - (a2x + b2y + c2) = 0

P

i Example 66. If the lines ox + y + 1 = 0, x 4-by 4-1 = 0 
and x + y + c = 0(o,b and c being distinct and 
different from 1) are concurrent, then find the value of

1 1 1------+ —r+------ .
l-o 1-b 1-c

a 1-a 1-a 
1 b-1 0
1 0 c-1

(applying C2 —> C2 - Cj and C3 —> C3 - Ct) 
Expanding along first row

a (b - 1) (c - 1) - (1 - a)(c - 1) - (1 - a) (b -1) = 0 
a(l - b)(l - c) + (1 - a)(l - c) +(1 - a)(l - b) = 0

Dividing by (1 - a)(l - b)(l - c), then 
a 1 1-------1------ 4--------— 0 

1- a 1-b 1-c 

1-a 1-b 1-c 

111. -----+------ +------ = 1 
1-a 1-b 1-c

Sol. The given lines are concurrent, then 
a 1 1 
1 b 1 
1 1 c
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...(i)=>

or

then...(H)

=>
a

=>

= -l

or

or
■(i)

...(H)

l

then m x -1

or

or

7
2

I Example 72. Find the equation of the line passing 
through the point of intersection of the lines 
x + 5y + 7 = 0,3x + 2y - 5 = 0

and (a) parallel to the line 7x + 2y -5 = 0
(b) perpendicular to the line 7x+2y-5 = 0

2 m = -
7

Hence, the equation of the required line is
2

y + 2 = -(x-3)

2x - 7y - 20 = 0

Aliter:
The point of intersection of the given lines 
x + 5y - 7 = 0 and 3x + 2y - 5 = 0 is (3, - 2).
:. Equation of line through (3, - 2) is 

y + 2 = m(x-3)
(a) Line (ii) is parallel to7x + 2y-5 = 0

7 m = —
2

Hence, the equation of the required line is
7 

y + 2 = --(x-3)

or 7x + 2y-17 =0
(b) Line (ii) is perpendicular to7x + 2y-5 = 0

I Example 70. If 3o+2b + 6c = 0 the family of straight 
lines ox+by + c = 0 passes through a fixed point. Find 
the coordinates of fixed point.

Sol. Given, 3a + 2b + 6c = 0 
a b n -+-+c=Q 
2 3

and family of straight lines is
ax + by + c = 0

Subtracting Eqs. (i) from (ii), then 
l') J A x--+ty--=0
2) V 3y

which is equation of a line passing through the point of 
intersection of the lines

1 A x — = 0 and
2

The coordinates of fixed point are j

I Example 71. If 4a2 + 9b2 -c2 + 12ob = 0, then the 
family of straight lines ox+by + c = 0 is either 
concurrent at... or at....

Sol. Given, 4a2 + 9b2 - c2 + 12ab = 0

(2a + 3b)2 -c2 =0 
or c = ± (2a + 3b)
and family of straight lines is 

ax + by + c = 0
Substituting the value of c from Eqs. (i) in (ii), then 

ax + by ± (2a + 3t)=0 
=> a(x±2) + b(y ±3) = 0
Taking *+* sign : a (x + 2) + b(y + 3) = 0 
which is equation of a line passing through the point of 
intersection of the lines x + 2 = 0 and y + 3 = 0 

coordinates of fixed point are (-2, - 3).
Takingsign: a(x - 2) + b (y - 3) = 0 
which is equation of a line passing through the point of 
intersection of the lines 

x-2 = 0 and y-3 = 0
:. coordinates of fixed point are (2,3)
Hence, the family of straight lines ax + by + c = 0 is either 
concurrent at (-2, - 3) or at (2,3).

Sol. Any line passing through the point of intersection of the 
given lines is

(x + 5y + 7) + 1 (3x + 2y - 5) = 0
x(l+31) + y(5 + 21) + (7 -51) = 0

u i (1 + 31)Its slope =-----------
(5 + 21)

(a) Line Eq. (i) is to be parallel to7x + 2y-5 = 0
(1 + 31)_ 7
(5 + 21) ~ 2

2 + 61=35 + 141
81 = - 33
, 33

8
Substituting this value of 1 in Eq. (i), we get the required 
equation as 7x + 2y - 17 = 0
(b) Line, (i) is to be perpendicular to7x + 2y-5 = 0

(1 + 31) „
(5 + 21)

7+211 = -10-41

1=-"
25

Substituting this value of 1 is Eq. (i), we get the required 
equation as

2x - 7y - 20 = 0.

1
3
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(i)

= 1=> = 0

x

Le. = (1 + X)X

=1+

yor

B

X'* A

A = ,0

(i) B = |0,

y - 2atx =

(x-ati)y-2atj =

(b + aX + a + bX)

[from Eq. (i)] (a + &)(! + X)

= 0or

0
■ r

y 
x-i
X-4

I Example 73. Find the equation of straight line which 
passes through the intersection of the straight lines 

3x-4y + 1 = 0 and 5x+y-1 = 0 
and cuts off equal intercepts from the axes.

Solution : Equation of any line passing through the 
intersection of the given lines is

(3x - 4y + 1) + X (5x + y - 1) = 0 
x (3 + 5X) + y (-4 + X) + (1 - X) = 0 

x 
f X -1 
V3 + 5X

but given x-intercept = y-intercept 
[x-iWx-i] 
(3 + 5X; [x-4;

1 1

I Example 74. If t, and t2 are roots of the equation 
t2 + Xt+1 = 0, where X is an arbitrary constant. Then 
prove that the line joining the points (at2,2ot}) and 
(at2,2at2) always passes through a fixed point. Also 
find that point.

Sol. tx and t2 are the roots of the equation t2 + “kt + 1 = 0 
tj +t2 = - X and t,t2 = 1

Equation of the line joining the points (at2,2atx) and 
(at2,2at2)is

fl XA fl X') z, ..
Va b 
b + ak' 

ab
x

ab(l + X) 
b + aX

1 1 —+ — 
xi yi

I Example 75. A variable straight line through the 
x y 

point of intersection of the lines - + = 1 and

x y
- + — = 1 meets the coordinate axes in A and B. Show 
b o
that the locus of the mid-point of AB is the curve 
2xy (a+b) = ob (x+y).

Sol. Any line through the point of intersection of given lines is 
f x y A .
(a b J

3 + 5X X-4

(X # Ivif X = 1 then line (i) pass through origin) 
X - 4 = 3 + 5X

4X =-7

x=-’
4

Substituting the value of X in Eq. (i), we get required 
equation is 23x + 23y = 11.

and yj =2at2 - 2at, . 2.2 - }(x-at2} 
atj - at?
2 

--------------- 1

(t2 + Ji).
y (ti + t2) - 2atxt2 - 2at2 = 2x - 2at2 

y(h + fz)-2afif2 =2x 
y(-X)-2a = 2x 

(x + a) + xg)
which is equation of a line passing through the point of 
intersection of the lines x + a = 0 and — = 0.

2 
coordinates of fixed point are (-a, 0).

This meets the X-axis at 
ab(l + X) 

k b + aX 
and meets the Y-axis at 

ab (1 + X)1) 
a + bk J 

Let the mid-point of AB is M(xb yj, then
_ ab(l + k) _ ab(l + X)

2(fr + aX) 2(a + bk)
_2(b + ak) 2 (a + bk) 

ab(l + k) ab(l + X)
2 

ab(l + X)
2 

ab(l + X) 
(xi+yi) _2(a + fr) 

Xjyj ab 

=> 2x,yx (a + b) = ab (xx + yj
Hence, the locus of mid point of AB is 

2xy(a + b) = ab(x 4-y).

2 + y-i
.b a

(1 X

f a + bk 
ab

y___
ab(l + X) 

a + bk
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=>

>(*)

=>

=>

...(ii)

/Cfxjys)(W^B

Circumcentre =

BC, CA and AB are D

=>

B CD
y

£(6,6)

(-1.5)8

X'+ >X
A(5.-1)

"7f

and
and

=>

--6 
8

Remarks
1. If any two lines out of three lines i.e. AB.BCand G4are 

perpendicular, then orthocentre is the point of intersection of 
two perpendicular lines.

2. Firstly find the slope of lines BC CA and AB.

Here 0 is the orthocentre since AD ± BC, BE ± CA and 
CF1 AB, then OA1 BC, OB 1 CA and OC1 AB 
Solving any two we can get coordinates of O.

6-5x----- = -l
6 + 1

How to Find Circumcentre and 
Orthocentre by Slopes
(i) Circumcentre
The circumcentre of a triangle is the point of intersection 
of the perpendicular bisectors of the sides of a triangle. It 
is the centre of the circle which passes through the 
vertices of the triangle and so its distance from the 
vertices of the triangle is the same and this distance is 
known as the circumradius of the triangle.

AQWi)

h
D

I Example 76. Find the coordinates of the 
circumcentre of the triangle whose vertices are 
/A (5, — 1),B (—1,5) and C (6,6). Find its radius also.

Sol. Let circumcentre be O' (a, p) and mid points of sides

—,-| and F (2,2) 
2 2/

Let 0 (x, y) be the circumcentre.
If D, E and F are the mid points of BC, CA and AB 
respectively and OD ± BC, OE ± CA and OF 1 AB 

slope of OD x slope of BC = -1 
slope of OE x slope of CA = -1 
slope of OF x slope of AB = -1

Solving any two, we get (x, y).

5 11
2* 2

respectively. Since O'D± BC.
:. Slope of O' D x slope of BC = - 1

Ll 
5 a - - 
2

»-6 
8

<25? <25? 25^2~n8J +U J ~ 8 uni*
(ii) Orthocentre
The orthocentre of a triangle is the point of intersection of 
altitudes.

-1-6 x------- = -l
5-6

and
:. Slope of O' E x Slope of CA = - 1

11 a-----
2

2p-5 7—- -----x - = - 1
2a-11 1
14p - 35 = — 2a + 11
2a + 14p = 46
a + 7P = 23

Solving Eqs. (i) and (ii), we get 
n 23 a = P = _

23 23)
8 ’ 8 J

Circumradius = O'A = O' B - O'C
= O'C = 7(a-6)2 +(p-6)2

7

2P~H _ t
7 (2a - 5)

2p-11 =-14a+ 35
14a + 2p = 46
7a + p = 23 

O'EICA

I
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>x

c
Sol. Now, Slope of BC =

y..

C(4,3)F
=>

>XX'<

-J

and Slope of AB =

-1

-C

Since, third side passes through - 13,-----with slope —
and

=>

(•/a = 1)

1
3

33
2

I Example 77. Find the orthocentre of the triangle 
formed by the lines xy = 0 and x + y = 1.

Sol. Three sides of the triangle are x = 0, y = 0 and x + y=l. The 
coordinates of the vertices are 0 (0,0), A(l, 0) and B (0,1). 
The triangle OAB is a right angled triangle having right 
angle at O. Therefore O (0,0) is the orthocentre. Since we 
know that the point of intersection of two perpendicular 
lines is the orthocentre of the triangle OAB.

O
r ■

A(1,2)

I Example 79. The equations of two sides of a triangle 
are 3x-2y + 6 = 0and4x+5y =20and the 
orthocentre is (1,1). Find the equation of the third side.

Sol. Let 3x - 2y + 6 = 0 and 4x + 5y = 20 are the equations of the 
sides AB and AC. The point of intersection of AB and AC is 
112,| slope of BC is m. Since O'AA.BC 
123 23 J

I Example 78. Find the orthocentre of the triangle ABC 
whose angular points are A (1,2), B (2,3) and C (4,3)..

3- 3  = 0
4- 2
O*K

'£(2,3)

13
.’. m- —

61
Let the vertex B is (a, 0).

(a, p) lies on 3x - 2y + 6 = 0
3a - 2p + 6 = 0

and O'BA. AC
;. Slope of O'B x slope of AC = - 1

P-1 - ---- X 
a -1

=> 4p-4 = 5a-5
=> 5a - 4p - 1 = 0
Solving Eqs. (i) and (ii), we get

a = -13 and P = -

Slope of O'Ax Slope of BC = - 1

~—x m- - 1

23
61-----m = - 1 

-13

therefore its equation is
33 13 /y + —= —(x + 13)
2 61

=> 122y + 33 X 61 = 26x + 2 X 169
=> 26x —122y — 1675 = 0
Aliter : The equation of line through A. i.e. point of 
intersection of AB and AC is

(3x - 2y + 6) + X (4x + 5y - 20) = 0
it passes through (1,1), then

(3-2 + 6) + X (4 + 5-20) = 0
7 — 11X =0

1=1
11

2 — 3
Slope of CA = -—-

2- 1
Let orthocentre be O'(a, p) then
Slope of O'A x slope of BC = - 1

2-P ---- —x0=—1 
1-a

1-a
l-a = 0

a = 1
Slope of OB x slope of CA = - 1

3-P 1 —-x-=-l 
2-a 3

3- P=3a-6
3a + P=9

P=6
Hence, orthocentre of the given triangle is (1,6).

33
2

13
61
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7

-1

=>
-(H)

=>
(Hi)

,(ii)
and

then -1

...(Hi)

-.(i)

...(i) •cB

B

-1

X'* 0 =>
c ...(H)

t
=>

33
2

From Eq. (i),
2x + 3y - 1 - ax - by + 1 = 0

(2 - a) x + (3 - b) y = 0

D 
a1x+b1y=1

I Example 81. If the equations of the sides of a 
triangle are arx+bry = 1;r = 1,2,3 and the orthocentre 
is the origin, then prove that

°i°2 =0203 + b2b5 = 0^ + b3b1.
Sol. The equation of the line through A, i.e. the point of 

intersection of AB and AC is
(a2x + b2y - 1) + X (a3x + b3y -1) = 0 

It passes through (0,0), then

2-a = -6 + 2b 
a + 2b = 8 

Similarly, BE LAC, we get 
a + b = 0 

Solving Eqs. (ii) and (iii), we get 
b = 8 and a = - 8 

(a, b) is (- 8,8).

----- >-X

Similarly, BE 1CA, then we get
G[G2 4" ^1^2 = ^2^3 4" ^2^3

From Eqs. (u) and (iii), we get
GjU2 + b^b2 = a2a3 + b2b3 — a3a^ 4" b3bj

Solving Eqs. (H) and (Hi), we get 

a = — 13 and p = —

Equation of third side i.e. BC is
33 13.y + — = — (x + 13)
2 61

26x - 122y - 1675 = 0

^x\

Since, AD.LBC
.-. -<^>x

(3-fe)

-l-X=0
X = -1

From Eq. (i), a2x + b2y - 1 - a3x - b3y + 1 = 0 
(a2 -a3)x + (b2 -b3)y = 0

Since, ADLBC
Slope of AD x slope of BC = - 1

_ (fl2 ~ Q3) x

(*2-*3)

GjG2 ~~ QjCt] = ~ bLb2 + b^b3

ala2 4" bjb2 = OjA) 4-

^7

From Eq. (i), (3x - 2y + 6) + — (4x + 5y - 20) = 0

=> 61x + 13y — 74=0

Slope of AD = - ~

13 Slope of BC = —

If coordinates of B (a, P), B lies on AB 
3a-2p + 6 = 0 

0'B.LCA
P-1 r— x 
a -1

5a - 4p -1 = 0

I Example 80. If the orthocentre of the triangle 
formed by the lines 2x + 3y -1 = 0, x+2y -1 = 0, 
ox+by -1 = 0 is at origin, then find (o,b).

Sol. The equation of a line through A i.e. the point of intersec­
tion of AB and AC, is

(2x + 3y -1) + X (ax + by - 1) = 0
It passes through O (0,0), then

-1-X =0
X = -1 

fy
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Exercise for Session 3

2. If a, b, c are in AP then ax + by + c = 0 represents

(b)

31

concurrent, then the value of

(b) 5y - 3x = 1
(d) 5x - 3y = 2

9. The straight line through the point of intersection of ax + by + c = 0 and a' x + b' y + o' = 0 are parallel to Y-a> 
has the equation
(a)x (ab'-a'b)+ (cb'-c'b)= 0 (b)x (ab'+ a'b)+ (cb' + c'b) = 0
(c) y (ab' -a'b) + (c'a - ca') = 0 (d) y (ab' + a'b) + (c'a + ca')= 0

10. If the equations of three sides of a triangle are x + y = 1,3x + 5y = 2 and x - y = 0, then the orthocentre of Ite 
triangle lies on the line/lines 
(a) 5x - 3y = 1 
(c) 2x - 3y = 1

(a)-2 (b)-1
(c) 1 (d) 2

6. If u = a-\X + b,y + &i=0 and v = a2x + b2y + c2 = 0 and — = 
a2

(a) a straight line (b) a family of concurrent lines
(c) a family of parallel lines (d) None of these

3. If the lines x + 2ay + a = 0, x + 3by + b = 0 and x + 4cy + c = 0 are concurrent, then a, b, c are in
(a) AP (b) GP
(c) HP (d) AGP

4. The set of lines ax + by + c = 0, where 3a + 2b + 4c = 0 is concurrent at the point

2’ 4 J

(d)l-
I 2 4

1. The locus of the point of intersection of lines x cos a + y sin a = a and x sin a - y cos a = b (a is a parameter, 

(a)2(x2 + y2) = a2 + b2 (b)x2-y2 = a2-b2

(c) x2 + y2 = a2 + b2 (d)x2 - y2 = a2 + b2

(a)pJU 2
(c)

4 2

5. If the lines ax+ y + 1 = 0, x +by+ 1 = 0 and x + y + c = 0, (a, b and c being distinct and different from 1) are 
a b c . -------+-------+-------is 

a-1 b-1 c —1

‘ ' 12’ 3]

(d)p.-Z
\3 5

b Ci
— = —, then u + kv = 0 represents
b2 c2

(a) u = 0 (b) a family of concurrent lines
(c) a family of parallel lines (d) None of these

7. The straight lines x + 2y - 9 = 0,3x + 5y - 5 = 0 and ax + by -1 = 0 are concurrent, if the straight line
35x -22y + 1 = 0 passes through the point
(a)(a,b) (b)(b,a)
(c)(a,-b) (d) (—a, b)

8. If the straight lines x + y - 2 = 0,2x-y + 1 = 0 and ax + by - c = 0 are concurrent, then the family of lines
2ax + 3by + c = 0 (a, b, c are non-zero) is concurrent at

(a>(2.3) (b)lTz'l
, J 1 5(c) ——I 6 9
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k ' 2J
being the roots of the equation x3 -3x2 + 2 = 0.

15. Prove that the lines ax + by + c = Q,bx + cy + a - 0 and ex + ay + b =0 are concurrent if a + b + c = 0 or 
a + bco + co)2 =0 ora + bco2 + cco = 0, where co is a complex cube root of unity.

11. Find the equation of the line through the intersection of 2x - 3y + 4 = 0 and 3x + 4y - 5 = 0 and perpendicular to 
6x - ly + c =0 
(a) 199y + 120x = 125 
(c)119x + 102y= 125

X V12. The locus of the point of intersection of the lines — —
a b

16. Find the equation of the straight line which passes through the intersection of the lines x - y -1 = 0 and 
2x - 3y + 1 = 0 and is parallel to (i) X-axis (ii) Y-axis (iii) 3x+4y =14.

17. Let a, b, c be parameters. Then, the equation ax + by + c = 0 will represent a family of straight lines passing 
through a fixed-point, if there exists a linear relation between a,b and c.

18. Prove that the family of lines represented byx(1+l) + y(2-X) + 5 = 0,X being arbitrary, pass through a fixed 
point. Also find the fixed point.

/ q \ d
19. Prove that -a, - - is the orthocentre of the triangle formed by the lines y = m, x + —,/ = 12,3; m,, m2, m3

L 2J m.

(b)199y - 120x = 125
(d)119x- 102y= 125

7 x y 1 .-=m,—+ —= —is 
b a b m

(a) a circle (b) an ellipse
(c) a hyperbola (d) a parabola

13. Find the condition on a and b, such that the portion of the line ax + by -1 = 0, intercepted between the lines 
ax + y +1 = 0 and x + by = 0 subtends a right angled at the origin.

14. If the lines (a -b -c)x + 2ay + 2a =0,2bx + (b -c-a)y+ 2b =0and(2c + 1)x + 2cy + c-a-b =0are 
concurrent, then prove that either a + b + c = 0 or (a + b + c)2 + 2a =0.
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Session 4

(i)
and

,(ii)

F
Then

Now
B

a

l

Equations of Straight Lines Passing Through a Given Point 
and Making a Given Angle with a Given Line, A Line Equally 
Inclined With Two Lines, Equation of the Bisectors, Bisector 
of the Angle Containing the Origin, Equation of that Bisector 
of the Angle Between Two Lines which Contains a Given Point, 
How to Distinguish the Acute (Internal) and Obtuse (External) 
Angle Bisectors

Equations of Straight Lines 
Passing Through a Given Point 
and Making a Given Angle with 
a Given Line

4>

(180°-a)

>X

m = tan0
Let CD and EF are two required lines which make angle a 
with the given line. Let these lines meet the given line AB 
at Q and R respectively

J

Theorem : Prove that the equations of the straight lines 
which pass through a given point (X], y j) and make a 
given angle a with the given straight line y = mx + c are 

y-y, = tan(0±a)(x-X])
where, m = tan9.
Proof: Let AB be the given line which makes an angle 0 
with X-axis.

ZDQS = Z PQR + Z RQS =(a + 0) 
/. Equation of line CD is

y-yx = tan(0+a)(x-xj 
Z FRT = Z FRB + Z BRT

= 18O°-a + 0
= 18O°+(0-a)

Equation of line EF is
y-y] =tan(180°+ 0-a) (x - xj 

or y~yi = tan (0-a) (x - X]) 
From Eqs. (i) and (ii), we get

y-yj =tan(0±a)(x-X]) 
These are the equations of the two required lines.

I Example 82. Find the equations of the straight lines 
passing through the point (2,3) and inclined at k/4 
radians to the line 2x+ 3y = 5 .

Sol. Let the line 2x + 3y = 5 make an angle 0 with positive 
X-axis.

A

2
tan0 = —

3
A 71 2

tan0 • tan — =----x 1
4 3

= --9t±l
3

Slopes of required lines are
( 7t\ f ktan 0 H— and tan 0----I 4

Aca

07
T

Y
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+1

(1)
and

tan© - tan
and

1 +

i.e.

(1.2)

B

>4(2,3) X'-e >X0 45°
M-1)

60°j 45°,

C C

>xX'*

p

Let Y'

(x-1)y-2 =

(taking ’+’ sign)
(x-1)y-2 ==>

(x-1)y-2 =

(takingsign) (x-1) (taking upper sign)y-2 =

or=>

1-

1T
=>

1
5

and

(1) 
/

0

y -3 = cot 15° (x - 2) 
y-3 = (2 + V3)(x-2)

K

4;
(it

<4

60°

-3 ±4 j 
4T(-3)/

1
4-(-3)

x-7y + 13 = 0

f tan© ± tana 
^1 + tan ©tan a 

( - X

I Example 84. The straight lines 3x+4y = 5 and 
4x - 3y = 15 intersect at a point /A. On these lines, the 
points B and C are chosen so that AB = AC. Find the 
possible equations of the line BC passing through the 
point (1,2).

Sol. Clearly Z BAC = 90°
v AB = AC

ZABC = ZBCA = 45°
a = 45°

. . tan© + tan
tan | 0 + — |=--------------

1 - tan© tan

tan [ 0 - —
I 4

— —+ 1 
4

tan© = -1
0 = 135°

Equations of the other two sides are 
y - 3 = tan (135° ± 60°)(x - 2) 

i.e. sides are
y-3 = tan (195°) (x-2)
y - 3 = tan (180° + 15°)(x - 2) 
y-3 = tan 15° (x-2)
y-3 = (2-V3)(x-2) 
(2-^)x-y = l-2^ 

y-3 = tan (75°)(x - 2)

1 + tan© tan —14

A\a

3
v Slope of 3x + 4y = 5 is - -

-1
—=-5
(1)

3
Let tan© =----

4
So, possible equations of BC are given by 

y - 2 = tan (0 ±a)(x - 1) 

fy 
^x

Equations of required lines are

y - 3 = (x - 2) and y-3 = -5(x-2)

x - 5y + 13 = 0 and 5x + y - 13 = 0

I Example 83. A vertex of an equilateral triangle is
(2,3) and the opposite side is x+y = 2. Find the 
equations of the other sides.

Sol. Let A (2,3) be one vertex and x + y = 2 be the opposite side 
of an equilateral triangle. Clearly remaining two sides pass 
through the point A (2,3) and make an angle 60* with 
x + y = 2

Slope of x + y = 2 is -1
..y

Q\

B

=> (2 + 5/3) x - y = 1 + 2>/3
Hence, equations of other sides are

(2 - 73) x - y = 1 - 2^3

(2 + 73) x - y = 1 + 2^/3

it

4
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and (x-1) (taking below sign)y-2

=>

tan(Z CPA) =

(’.’m>m1) ...(i)tan0 =or

and tan (ZBPC) =
X'* >X

'O

tan 6 = (•/m2 >m) ... (ii)or

e c

e
or 8

Then

A Line Equally Inclined with 
Two Lines

=>

=>
=>

Remarks
1. The above equation gives two values of m which are the slopes 

of the lines parallel to the bisectors of the angles between the 
two given lines.

2. Sign of m in both brackets is same.

o
ii

+ /

m -Mj 

l+mmx

f \m2 -m

I Example 86. Two equal sides of an isosceles triangle 
are given by the equations 7x - y + 3 = 0 and 
x+y - 3 = 0 and its third side passes through the 
point (1,-10). Determine the equation of the third 
side.

Sol. Let m be the slope of BC. Since AB = AC.

Therefore BC makes equal angles with AB and AC.

From Eqs. (i) and (ii), we get
/ \ [ m -mj 
^1 +mmi?

m2 -m 
^l+m2m 

' m2 -m 

kl + m2m

( 3— m
4____

, 31 + - mI 4 7

I Example 85. Find the equations to the straight lines 
passing through the point (2,3) and equally inclined to 
the lines 3x - 4y - 7 = 0 and 12x - 5y + 6 = 0.

Sol. Let m be the slope of the required line. Then its equation is 
y-3 = m(x-2) ...(i)

f7-m'

J + 7m>

(7 - m)(l - m)-(l + 7m)(l + m) = 0
6m2 + 16m-6 = 0

3m2 +8m-3=0

 (-3-4)
(4+(-3))

or 7x + y-9 = 0
Hence, possible equation of the line BC are x - 7y + 13 = 0
and7x + y - 9 = 0

3-4m>

4 + 3m,

Theorem : If two lines with slopes ml and m2 be equally 
inclined to a line with slope m, then

' m2 - m |

<l+mm2)

ni] -m
^1 + mmj

Proof: Let be two lines of slopes and m2 intersecting 
at a point P.

Let ZCPA = ZBPC = B

m2 -m

„ 1+mm, \ c

-1 - m 

J+ (-!)»»>

It is given that line (i) is equally inclined to the lines 
3x-4y-7=0 and 12x - 5y + 6 = 0 then 

( 12 
------ m 

. _5-------
12 '

1 + —m 
k 5 J

f 3 '
slope of 3x - 4y - 7 = 0 is —

12 
and slope of 12x - 5y + 6 = Ois —

< 5 >
12-Sm^ 

k5 + 12m )

(3 - 4m) (5 + 12m) + (4 + 3m) (12 - 5m) = 0
63m2 - 32m - 63 = 0

(7m-9)(9m + 7) = 0
9 7

m = -, —
7 9

Putting these values of m in Eq. (i) we obtain the equations 
of required lines as 9x - 7y + 3 = 0 and x + 9y - 41 = 0.

' D(1 ,-10)

m-m

J 4-mmj

/
mx -m

1 + mmj,
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=>

and 3x + y + 7 = 0or

Equation of the Bisectors or

are given by = ±

A

ct
I

X'* 0
O'*

P(xy)

X'+A' 0Y

I

V S'
A'Y

the same side of the two lines Eqs. (i) and (ii),

>0
= ±or

and >0

>0i

(VCJ.C2 >0)

or 
and

-+D

*X

-(i)
••(ii)

Let CC' and DD' be the two bisectors of the angle between 
the lines AAZ and BB'. Let P (x, y) be any point on CC', then 
Length of the perpendicular from P on AA'

= length of the perpendicular from P on BB' 
l^x + ^y + cj _|fl2x + b2y + c2|

M+i!)
(q2x + b2y+ c2)

V(«2+i’2)

These are the required equations of the bisectors.

Note
The two bisectors are perpendicular to each other.

Theorem : Prove that the equation of the bisectors of the 
angles between the lines

+ + ci =0 and a2x + &2y + c2=0
 (a2x + b2y + c2)

j(a22 +b22)

Proof: Let the given lines be AA' and BB' whose 
equations are

(q^ + ^y + cj 

7(ai + ^i)

a1x + b1y + c1=0 ...(i)
and a2x 4- b2y +c2 =0 ...(ii)
Since bisectors of the angles between the two lines are the 
locus of a point which moves in a plane such that whose 
distance from two lines are equal.

“Y 
B

Af

&

X

(i) Let P (x, y) lies on DD' ,then either O (0,0) and P (x, y) 
will lie on 
then

flix + biy + ci 
0 + 0 + Cj

0+0 + c2
fljX

YV
A 

*\ O\

_XJ
X

(3m - l)(m +3) = 0

m = -3
3

Equation of third side BC is y + 10 = m(x - 1)

i.e. y + 10 = -(x-l) and y + 10 = -3(x-l) 
3

x-3y-31=0

Bisector of the Angle Containing 
the Origin
Let equations of lines be

aiX + bjy + c^O 
a2x + b2y + c2=0 

where and c2 are positive.

Let P (x, y) be taken on the bisector of the angle which 
contains the origin.Wx,y) /

1 yw 
"*a1x+b1y+c1=0

X 
yMx

---------- >x
I

I Example 87. Find the equations of the bisectors of 
the angles between the straight lines 3x-4y + 7 = O 
and 12x + 5y -2 = 0.

Sol. The equations of the bisectors of the angles between 
3x - 4y + 7 = 0 and 12x + 5y - 2 = 0 are

(3x - 4y + 7)  ± (12x + 5y - 2) 
V(3)2 + (-4)2 ’ 7(12/ +(5)2
(3x - 4y + 7)  ± (12x + 5y - 2) 

5 13
or (39x - 52y + 91) = ± (60x + 25y - 10)
Taking the positive sign, we get

21x+ 77y — 101 = 0 
as one bisector.
Taking the negative sign, we get 99 x - 77y + 81 = 0 
as the second bisector.

Dd
a2x+b2y+c2C)\z!Z/

D'-x-—.......... X,
X
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<0 and <0

or

then
=>

13

then

i.e.

or

respectively. = ±

=>
=>

I Example 88. Find the equations of angular bisector 
bisecting the angle containing the origin and not 
containing the origin of the lines 4x + 3y - 6 = 0 and 
5x + 12y + 9 = 0.

Sol. Firstly make the constant terms (cb c2) positive, then
- 4x - 3y + 6 = 0 and 5x + 12y + 9 = 0 or

and equation of the bisector of the angle between the lines 
ajX + biy + Cj=0 and a2x+b2y+c2=0

which does not contain the origin when Cj and c2 are 
positive is

(a,x+t,y+Ci) 

Working Rule:
(i) First re-write the equations of the two lines so that 

their constant terms are positive.
(ii) The bisector of the angle containing the origin and 

does not containing the origin, then taking +ve 
and - ve sign in

If the origin O (0,0) and P (x, y) lie on the opposite side of 
the two lines Eqs. (i) and (ii), then

a.y + fr.y + c, <p md a2x + t2y + c2 
0+0 + c, 0+0 + c2

ajX + bjy + qcO and a2x + b2y + c2<0
(VCpCz >0)

(a2x + b2y + c2)

Let the equations of the two lines be
aiX + biy + c^O ...(i)

and a2x + b2y + c2 =0 ...(ii)
The equation of the bisector of the angle between the two 
lines containing the points (h, k) will be

(qjX + b^ + Ci) _(a2x + b2y+ C2)

(a2x + b2y + c2)

yfal+bl)

Equation of that Bisector of the 
Angle between Two Lines which 
Contains a Given Point

yl^+b2.)
fax + btf + ci)

according as axh + bxk + Cj and a2h + b2k + c2 are of the 
same sign or opposite sign.

I Example 89. Find the bisector of the angle between

The equation of the bisector bisecting the angle 
containing origin is

(-4x-3y + 6) _(5x + 12y + 9)
7(5)2 + (12/

 5x + 12y + 9^
13 J

the lines 2x + y-6 = 0 and 2x-4y+ 7 = 0 which 
contains the point (1, 2).

Sol. Value of 2x + y - 6 at (1, 2) is - 2 (negative) 
and value of 2x - 4y + 7 at (1, 2) is 1 (positive) 
i.e. opposite sign.

Equation of bisector containing the point (1, 2) is 
(2x + y - 6)  (2x - 4y + 7) 
V(Z’+12) ” V(2)2 +(-4)2

2(2x + y-6) + (2x-4y + 7) = 0 
6x - 2y - 5 = 0

V(-42) + (-3)2
4x - 3y + 6^ 

- 52x - 39y + 78 = 25x + 60y + 45
77 x + 99y - 33 = 0 or 7x + 9y - 3 = 0 

and the equation of the bisector bisecting the angle not 
containing origin is

(-4x-3y + 6)  (5x + 12y + 9)
J(-4)2+(-3)2)’ V(52) + (12)!
f ~ ~ 3y + 6^ 5x + 12y 4- 9 A
I 5
- 52x - 39y + 78 = - 25x - 60y - 45
27x - 21y - 123 = 0 or9x-7y-41 = 0

Then equation of bisectors will be
|q1x + b1y+c1|Jq2x + b2y + c2|

+ &i) V(fl2 +%)

Case I: IfajX + biy + Ci >0 and a2x + b2y +c2 >0 
fox + biy + q) _(a2x + b2y + c2)

V(ai+i-?) hl+bf)
Case II: If axx + bxy + Cj <0 and a2x + b2y + c2<0 

(aix + ^y + cj _ (a2x + b2y + c2)

+^i)

(fl! x + b}y + q) (fl2x + b2y + c2)

7(a* +bi) +b2)
Thus is both cases equation of the bisector containing the 
origin, when q and c2 are positive is

(alx + bly + c1)_ (a2x + b2y + c2)

\al+b22)
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How to Distinguish the Acute =±

Obtuse angle bisector

Let the equations of the two lines be

.-(hi)= ±

and

If then sin a = -

and

Then, and

tana =

/

14-

...(iv)
...(v)

-(i)
-(h)

=>
=>

Shortcut Method for finding Acute 
(Internal) and Obtuse (External) Angle 
Bisectors
Let the equations of the two lines be

(a2x + b2y + c2)

(a2 x'+b2 y + c2)

Acute angle bisector

_ a\<Jl -frlPl
Ml + alPl

a2x + b2y + c2 =0
Taking >0,c2 >0 and atb2
Then equations of the bisectors are

[Internal] and Obtuse (External] 
Angle Bisectors?

Now, cos (a - P) = cos a cos {3+sin a sin P 
GMz +bxb2)

cos (a - P) > 0 or <0 
according as (a - P) is acute or obtuse, 
i.e. 0^2 +bxb2 >0 or <0
Hence, bisector of the angle between the lines will be 
the bisector of the acute or obtuse angle according as 
origin lies in the acute or obtuse angle according as 
axa2 +bib2 <0 or >0.

Conditions

ata2 + b\b2 > 0 

ata2 + bib2 < 0

Remarks
1. Bisectors are perpendiculars to each other.
2. ' +‘ sign gives the bisector of the angle containing origin.
3. If 3|% + > 0 then the origin lies in obtuse angle and if

+ bfy < 0- then the origin lies in acute angle.

Explanation : Equations of given lines in normal form 
will be respectively 

axx 

yl^+b2.)
biy

’tf+b2 ) 
_ a2x b2y

+b22) ^a22+b22)

cos a = - .—-----
7(4+4)

cos (3 = —, °2 then sinB = —,

= -/-^-(vc,>0) 
7(4 +bl)

7(4+4)

I Example 90. Find the equation of the bisector of 
the obtuse angle between the lines 3x - 4y 4- 7 = 0 and 
12x4-5y - 2 = 0.

Sol. Firstly make the constant terms (cb c2) positive
3x — 4y + 7 = 0 and — 12x - 5y 4- 2 = 0

V afr 4- btb2 = (3) (- 12) 4- (- 4) (- 5) = - 36 4- 20 = - 16
.’. ata2 4- blb2 < 0
Hence sign gives the obtuse bisector.

Obtuse bisector is
(3x - 4y 4- 7) _ (- 12x - 5y 4- 2)
7(3)24-(-4)2 7(-l2)2 +(-5)2

13(3x - 4y 4-7) = — 5(—12x - 5y 4-2) 
21x4-77y-101=0isthe obtuse angle bisector.

and a2x + b2y +
where, q >0,c2 >0.

Equations of bisectors are
(q1x4-&1y 4-Cj)

7(4+4)
when Eq. (iii) be simplified, let the bisectors be

PiX+qiy + h =0 
and p2x + q2y + r2=Q
Since the two bisectors are at right angles, the angle a 
between the acute (internal) bisector and any one of the 
given lines must lie between 0 and 45° i.e. 0 < a < 45°.

0 < tan a < 1
Ifni! andm2 are the slopes of Eqs. (i) and (iii) respectively.

_ _ ai „_j m _ Pi 
ana 7712 “• *■* 

bi 9i

rrij -m2 

14-nij m2 

( <L 
bi J

< bi,

v 9i 

if-—
Hence, if 0 < tan a < 1, pr x 4- qxy 4- rx = 0 is the acute 
(internal) bisector and if tan a > 1, p2 x 4- q2y 4- r2 = 0 is the 
obtuse (external) bisector.
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=>

Acute bisector is = +
...<iv)

=>

or
■(v)

Exercise for Session 4

(a) Q

(d)<b) a 5 573
2 2

5a/2
- 7x + y + 15 = 5x - 5y - 5
12x-6y-20 = 0
6x-3y-10 = 0

(c) a 

7x-y + 5 
7(7)2+(-1)2

4-5V3
2

Hence coordinates of incentre are | -, 0 |.

±^]or(a
4+ 573^

2 J

a(a2 + bib2 = (—1) (—7) + (—1) (1) = 6 > 0
Acute or internal bisector is

(-x-y + 1)  (~7x + y + 15)
V(- I)2+(-!)’ ' V(-7)2 +(D2

(-x-y + 1)  (~7x + y + 15)
■Ji ~ 5^2

- 5x - 5y + 5 = 7x - y - 15
12x + 4y-20 = 0

3x + y - 5 = 0

=>
or
or
Internal bisector of BC and CA:

-7x + y+ 15 = 0
-x+y+l=0

v a,a2 + b>b2 = (-7)(-l) + (1) (1) = 8 > 0
v Acute or internal bisector is

(~7x + y + 15)_ (-x + y + 1)
V(-7)2+(i)2 7(- i)2+(i)2
- 7x + y + 15  (x - y - 1)

5a/2 72

or 
Finally, solve Eqs. (iv) and (v), we get

x = andy = 0

I Example 92. Find the coordinates of incentre of the 
triangle. The equation of whose sides are

AB:x + y-l = 0,BC:7x -y-15 = 0
and CA:x-y-1 = 0.

Sol. Firstly, make the constant terms (cb c2, and c3) positive
i.e. AB:-x-y + l= 0 ,..(i)

BC:-7x + y + 15 = 0 ...(ii)
CA:-x + y + l = 0 ...(iii)

v The incentre of triangle is the point of intersection of 
internal or acute angle bisectors.
Internal bisector of AB and BC:

-x-y + 1 = 0
-7x + y+ 15 = 0

1. The straight lines 2x + 11y - 5 = 0,24x + ly - 20 = 0 and 4x - 3y - 2 = 0
(a) form a triangle
(b) are only concurrent
(c) are concurrent with one line bisecting the angle between the other two
(d) None of the above

2. The line x + 3y - 2 = 0 bisects the angle between a pair of straight lines of which one has the equation
x - 7y + 5 = 0. The equation of other line is 
(a)3x+3y-1=0 (b)x-3y+2=0 (c)5x+5y+3=0 (d)5x+5y-3=0

3. P is a point on either of the two lines, y - 731 x | = 2 at a distance of 5 units from their point of intersection. The 
coordinates of the foot of the perpendicular from P on the bisector of the angle between them are

depending on which the point P is taken

I Example 91. Find the bisector of acute angle 
between the lines x + y- 3 = 0and7x-y + 5 = 0.

Sol. Firstly, make the constant terms (cb c2) positive then
- x - y + 3 = 0and7x - y + 5 = 0

a1a2 + b1b2=(-l)(7)+(-l)(-l) = -7 + l = -6
i.e. a^a2 + b}b2 < 0
Hence “+” sign gives the acute bisector.

-x-y+3

7(-d2+(-i)2
-x-y + 3  7x-y+ 5

■Ji ~ 5 72
- 5x - 5y + 15 = 7x - y + 5
12x + 4y-10 = 0 or 6x + 2y-5 = 0 

is the acute angle bisector.
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i

■

s
i
=
i

■

10. Equation of the base of an equilateral triangle is 3x + 4y = 9 and its vertex is at the point (1, 2). Find the 
equations of the other sides and the length of each side of the triangle.

11. Find the coordinates of those points on the line 3x + 2y = 5 which are equidistant from the lines 4x + 3y - 7 = 0 

and 2y - 5 = 0.

12. Two sides of rhombus ABCD are parallel to the lines y = x + 2 and y =7x + 3. If the diagonal of the rhombus 
intersect at the point (1, 2) and the vertex A lies on Y-axis, find the possible coordinates of A

13. The bisector of two lines Ly and L2 are given by 3x2 - 8xy - 3y2 + 10x + 20y - 25 = 0. If the line L[ passes 

through origin, find the equation of line L2.

14. Find the equation of the bisector of the angle between the lines x + 2y -11 = 0 and 3x -6y -5 = 0 which 
contains the point (1,-3).

15. Find the equation of the bisector of the angle between the lines 2x - 3y - 5 = 0 and 6x - 4y + 7 = 0 which is the 
supplement of the angle containing the point (2, -1).

6. The equation of the straight line which bisects the intercepts made by the axes on the lines x + y = 2 and 
2x + 3y = 6 is
(a) 2x = 3 (b) y = 1 (c) 2y = 3 (d) x = 1

7. The equation of the bisector of the acute angle between the lines 2x - y + 4 = 0 and x - 2y = 1 is

(a)x + y+5 = 0 (b)x-y+1=0 (c)x-y=5 (d)x-y+5=0

8. The equation of the bisector of that angle between the lines x + y = 3 and 2x - y = 2 which contains the point
(1,1) is
(a)(V5-2V2)x+(V5+V2)y = 3V5-2V2 (b) (75 + 272) x + (75 - J2)y = 3 75 + 242
(c)3x = 10 (d)3x-5y+2=0

9. Find the equations of the two straight lines through (7, 9) and making an angle of 60° with the line 
x-43y-243=Q.

4. In a triangle ABC, the bisectors of angles B and C lie along the lines x = y andy = 0. If A is (1, 2), then the 
equation of line BC is
(a)2x + y=1 (b)3x-y = 5 (c)x-2y = 3 (d)x+3y=1

5. In MBC, the coordinates of the vertex A are (4, -1) and lines x - y -1 = 0 and 2x - y = 3 are the internal
bisecters of angles B and C. Then, the radius of the incircle of triangle ABC is 

(a) 4 <b>4 <c>4
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Session 5

...(iii)

(v PM 1 RS)and

or

or

[from Eq. (iii)]

or

•(i)

(ii) (ii)i.e.

and 

then

(ax, + by1 +c) 
(a2+b2)

x2 -*i _y2 -yi 
a b

or
Solving Eqs. (i) and (ii), we get (x2, y2 )•

The Foot of Perpendicular Drawn from the 
Point (x1f yj to the Line ax + by+c = 0, Image or 
Reflection of a Point (xlf yj about a Line Mirror, 
Image or Reflection of a Point In Different Cases, 
Use of Image or Reflection

The Foot of Perpendicular 
Drawn from the Point (xb yj 
to the Line ax+by + c = 0
Let P = (x,, y,) and let M be the foot of perpendicular 
drawn from P on ax + by + c = 0.
In order to find the coordinates of M, find the equation of 
[he line PM which is perpendicular to RS and passes 
throughP(xj,y,), i.e. bx-ay = bxx -ay, 
or b(x-x,)-a(y-y,) =0 and solving it with 
ax + by + c = 0, then we get coordinates of M.

Aliter I: Let the coordinates of M are (x2, y2) then 
M(x2 y2) lies on ax + by + c =0

ax 2 + by 2 + c = 0
v PM IRS

(Slope of PM) (Slope of RS) = -1

f—1*2 “X, ) I b)

bx2 - ay2 = bx} -ay{

and M lies on 
i.e.

Aliter II: Let the coordinates of M are (x2 y2)

PM IRS

q(x2 ~Xi)+b(y2 -yj
(a2 +b2)

(By ratio proportion method) 
(ax2+by2)-(ax} +by}) 

a2+b2

-c-(axi + by}) 
a2+b2

I Example 93. Find the coordinates of the foot of the 
perpendicular drawn from the point (2, 3) to the line 
y = 3x + 4.

Sol. Given line is
3x - y + 4 = 0

Let Eq. Ps(2,3).
Let, M be the foot of perpendicular drawn from P on RS. 
Then equation of PM passes through P (2,3) and 
perpendicular to RS is

x + 3y-(2 + 3x3) = 0
x + 3y-ll=0

ax2 +by2 +c = 0

1*2 ~*1 J I b)

*2 ~*i _y2 -?i 
a b

*2 ~*i _y2 -?i 
a b
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(x2.y2)w
P(2,3)

>XX'* 0 M =  i.e.fl /

or
M =

or

(iii) or

x(3) = -l=>

(iv)
/

M —
(v ax + by - - c)

=> i.e.

M =

V(a2+b2)
b

n
a

Y.
S

v
$

a(2x -Xj

Image or Reflection of a Point 
(xvyj About a Line Mirror
Let Q = (x2, y2) be the image of P = (xx, yj) then find 
coordinates of the foot of perpendicular M drawn from the 
point P(x1( y!) on RS and use fact that M is the mid- point 
Pand Q.

3x2 - y2 + 4=0
v PM1 RS

(Slope of PM) x (Slope of RS ) = - 1
p2-3
kX2 “ 2

x2 + 3y2 - 11 = 0

*2 ~*i 

a

Slope of PQ = - 
a

Slope of RS = - - 
b

 b

Solving Eqs. (i) and (ii), we get
1 37x =-----,y = —

10 10
1 37
10’ 10 J

Aliter I: Let the coordinates of M be (x2, y2) then 
M (x2, y2) lies on 3x - y + 4 = 0 
=> 
and

a(x2 ~xx) + b(y2 -yj 
a2 + b2

-xx) + b(2y-yx -yj 
„2 j. J,2 a + b

M (x, y) is mid-point of P and Qy 

/. x2 =2x-Xj andy2 = 2y-yx 

-2axx -2byx +2(ax + by) 
a2+b2 

-2axx -2byx + 2(-c)

7Tb2 
-2(axx +byx +c) 

(a2 + b2) 

y2~yi= 2(axx+byx+c) 
b (a2+b2)

Aliter II: By Distance form or Symmetric form or 
parametric form:

or
Solving Eqs. (iii) and (iv), we get 

1 37
x2 =-----,y2 = —

10 10
_1_ 37A 
10’ 10 J

Aliter II: By Ratio Proportion Method: 
x2 - 2  y2 - 3  -(3 x 2 - 3 4- 4) 

3 -1 32+(-l)2
x2 — 2  y2 — 3  7 

3 -1 “ 10
1 37x2 =-----and y2 = —

10 10
1 37 A 

10* 10 J

Aliter I: Ratio Proportion Method: 
PQLRS

(Slope of PQ) x (Slope of RS) = - 1 

<X2-xJ k bj

(x2-xi) _(y2 -yj 
a b

x2-xx _y2 -?1 
a b

S.

•G
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Let

and

1

5

PQ=2PM=2p = 2 = r

PQ = r = 2p = - 26

i.e.

or

y

P(a.P)

X'+
0

O(x,y)or

Y

Image or Reflection of a Point 
in Different Cases

13
J26

Aliter II:
By distance form or Symmetric form or Parametric 
form : Let, P = (4, - 13) and Q be the image of P with 
respect to line mirror (PS) 5x + y + 6 = 0

v Slope of PS = - 5

/

Required image has the coordinates 
(xj +rcos0,yj + rsin0).

IL 
M

(i) The image or reflection of a point with 
respect to X-axis
Let P(a, P) be any point and Q (x, y) be its image about 
X-axis, then (M is the mid-point of P and Q)

-aX] - by i — c 
&+i>2)

. n b sin 0 = , . —= 
7(«2+<’2) 

a 
cos 0 = —=====

7(a2 + b2)
Put the equation of the mirror line such that the 
coefficient of y becomes negative.
Suppose if b > 0
then ax + by + c = 0
becomes - ax - by - c - 0 
and p = PM = Directed distance from P(xj, ) on

-ax - by -c =0 (i.e. p +ve or -ve) 
f \
-axj -by} — c 

’( 7(? +b2) ,

Slope of PQ = = tan 9

sin 9 = ~^= and cos 9 = —1=
726 726

Now, put the equation of the mirror line such that the 
coefficient of y becomes negative.
Then, 5x + y + 6 = 0 becomes -5x-y-6 = 0 and 
p = 1 Directed distance from P (4, -13) on 
(- 5x - y - 6 = 0)

 - 5X4 +13-6
;t-5)2+(-i)2

26_
^26

Hence, required image has the coordinates
Q = (4 - 726 cos 9, - 13 - 726 sinO)

| 4 - 726 X -J=, - 13 - 726 X ~^= I
V 726 726 J

i.e. (4 - 5, - 13 - 1)
Hence, Q = (- 1, -14)

AX I3 271 M = I -,----U 2)
V M is the mid-point of P and Q, then

( 3 ( 27 AQ = (*2.y2)= 2X--4.2X +13
\ \ £» J

„ b
tan0 =- 

a

I Example 94. Find the image of the point (4,-13) 
with respect to the line mirror 5x + y + 6 = 0.

Sol. Let, P = (4, - 13) and Let, Q = (x2, y2) be mirror image P 
with respect to line mirror 5x + y + 6 = 0.
Let, M (ex, p) be the foot of perpendicular from P (4, - 13) on 
the line mirror 5x + y + 6 = 0, then

q - 4  P + 13  -(5 x 4 - 13 + 6)
5 ” 1 52 + I2

q-4_p + 13_ 1
5 12

i.e. Q = (-1,-14)
Aliter I:
By Ratio Proportion Method: Let, Q (x2, y2) the image 
of P (4, - 13) with respect to line mirror 5x + y + 6 = 0, then 

x2 - 4  y2 +13  2(5 x 4 - 13 + 6)   1
5 1 52 + l2

x2 - 4 = - 5 and y2 + 13 = - 1 
x2 = - 1 and y2 = - 14

Hence Q = (- 1,-14).

27
2

http://www.128
http://www.128
http://www.jeebooks.in


Chap 02 The Straight Lines 129

+r

(a,P)P O(x.y)

>xo x = a

P(a.P)(x,y)Q M

X'* >x0

Qfcy)

M y = b 
J-------------*

P(a,p) >Xx> 0

PM

>xX'* 0

■rQ(x.y)

s

Q(*i.yi)

>x0

Y

Remark
The image of the line ax + by + c = 0 about X-axis is
- ax + by + c = 0

(iii) The image or reflection of a point with 
respect to origin

" Let P (a, p) be any point and Q (x, y) be its image about 
the origin (0 is the mid point of PQ), then

fX

Remark
The image of the line ax + by + c = 0 about X-axis is 
ax - by + c = 0

(ii) The image or reflection of a point with 
respect to Y-axis
Let P (a, P) be any point and Q (x, y) be its image about 
T-axis, then ( M is the mid-point of PQ)

+x

x=a andy = -p 
Q = (a,-P) 

i.e. sign change of ordinate.

Let P (a, p) be any point and Q (x, y) be its image 
about the line x = a, then y = p

Coordinates of M are (a, p)
v M is the mid-point of PQ

Q=(2a-a,P)

Remark
The image of the line ax + by + c = 0 about origin is
- ax - by + c - 0.

(iv) The image or reflection of a point with respect 
to the line x = a

Co-ordinates of M are (a, b)
M is the mid-point of PQ /. Q = (a, 2b - P)

Remark
The image of the line ax + by + c = 0 about the line x = X is 

a(2X-x) + by + c = 0

(v) The image or reflection of a point with 
respect to the line y = b
Let P (a, p) be any point and Q (x, y) be its image about 
the line y =b, then x = a

♦x

x = - a and y = p 
Q=(-a,P)

i.e. sign change of abscissae.

M

X'-»—
R

x = - a and y = - P 
Q=(-a,-p)

i.e. sign change of abscissae and ordinate.

Remark
The image of the line ax + by + c = 0 about the line y = g is 

ax + b (2g - y) + c = 0.

(vi) The image or reflection of a point with 
respect to the line y = x
Let P (a, p) be any point and Q (xj, yj) be its image about 
the line y = x (RS), then PQ 1 RS 

fY
P(a-P) A
\ Z

XM
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or
■y

(i) /P(a.P)

i.e. >xX*

P2 (*2/2)
■Y

-(iii)

or

...(i)

tan 6i.e.

S
(a,P)P

QMi) >X

(ii)

and

X'*

[from Eq. (i)]

0 
¥

I Example 95. The point P (a,P) undergoes a reflection 
in the X-axis followed by a reflection in the Y-axis. 
Show that their combined effect is the same as the 
single reflection of P (a,P) in the origin when a,p>0.

Sol. Let Pi (xlf yi) be the image of (a, P) after reflection in the 
X-axis. Then

I

Pi(*i.yi)

Also given image of yj by the line minor y = 0 is 
(a, P). Then a = Xj - 2 
and p - - y, = - 1
Hence, a = 2 and p = -1

Yi + P 
2 

+y

X! = a and y, = - p ...(i)
Now, let P2(x2,y2) be the image of Pi(X), yj in the Y-axis. 
Then

Vi + P
2

or x1+a = P + y1 ...(ii)
Solving Eqs. (i) and (ii), we get Xj = P and y j = a

Q = (P>a) i-e- interchange of x and y.

¥
or +p — (Xj +a) tan©
Solving Eqs. (i) and (ii), we get

Xj =acos20 + Psin20
yj =a sin20 - P cos20
Q = (a cos 20 + P sin 20, a sin 20 - p cos 20)

*2 = -*i>y2 = yi
=> X2 = - a, y2 = - P [from Eq. (i)] ...(ii) 
further let P3 (x3, y3) be the image of P (a, p) in the origin 
0. Then

R-

Remark
The image of the line ax + by + c = 0 about the line y = x is 
ay + bx + c = 0.

(vii) The image or reflection of a point with 
respect to the line y = x tan 0

Let P (a, p) be any point and Q (x,, yj) be its image about 
the line y = x tan 0 (RS), then PQ J_ RS

(Slope of PQ) x (Slope of RS) = -1

——— xtan0 = -l 
Xj -a

=> yj -p = (a-Xj)cot0
and mid-point of PQ lie on y = x tan©

Xj +a

2

(Slope of PQ) x (Slope of RS) = -1 
yi ~P——- X 1 = - 1 
Xj -a

or xj-a = p-yj
and mid-point of PQ lie on y = x

Xj

2 J

x3 =-a,y3 =-p
From Eqs. (ii) and (iii) ,we get 

x3 = x2 and y3 = y2.
Hence the image of P2 of P after successive reflection in 
their X-axis and Y-axis is the same as the single reflection 
of P in the origin.

I Example 96. Find the image of the point (-2,-7) 
under the transformations (x,y)-> (x-2y,-3x+y).

Sol. Let (xb yj be the image of the point (x, y) under the given 
transformation. Then

Xj = x-2y = (-2)-2(-7) = 12
Xj = 12 and yj = -3x + y = -3(-2)-7 = -l 
yi = -i

Hence, the image is (12, - 1).

I Example 97. The image of the point A(1,2) by the line 
mirror y = x is the point B and the image of B by the 
line mirror y = 0 is the point (a, p). Find a and p.

Sol. Let (xh yj be the image of the point (1,2) about the line y = x.

Then Xj = 2, yj = 1 ...(i)

-y

^2)

J------------

(a,P)
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= (3 + 4i)
i

Hence, new coordinates are -

Use of Image or Reflection-y=*

'5n/4
P(4.1)

0
>XX'+

■Y'

2 Cfl

z

R'i.e.

=>

and y2*2R'

C =

To make problems simpler and easier use Image or 
reflection.

Types of problems : (i) If vertex of a A ABC and 
equations of perpendicular bisectors of AB and AC are 
given, then B and C are the images or reflections of A 
about the perpendicular bisectors of AB and AC 
(where M and N are the mid-points of AB and AC).

If 
when 

then

J_ _7_
72 72

*i = l
yi = 4

Coordinates of Q is (1, 4).
Given that Q move 2 units along the positive direction of 
X-axis.

v ZROR' = -
4

I Example 99. The base of a triangle passes through a 
fixed point (/,g) and its sides are respectively bisected 
at right angles by the lines y + x = 0 and y - 9x = 0. 
Determine the locus of its vertex.

Sol. Let A = (a, p) the image of A (a, P) about y + x = 0 is B, 
then B = (- P, -a) and if image of A (a, P) about y - 9x = 0 
isC (x2,y2), then

x2 ~ _ y? ~ P _ ~2(P ~ 9a)
-9 1 1 + 81
9p —40a , 40p + 9a

=-------------and y2 =-------------
41 41

9p - 40a 40P+9a>l
41 ’ 41 J

fl*r------- <\ (1,4)0

5\ /X

/ — J I I
= (3 + 4z) | cos — + z sin — I

H-K

Aliter (Use of complex number):
Let Q be the reflection of P(4,1) about the line y = x, then 
Q = (L 4)
v Q move 2 units along the +ve direction of X-axis, if new 
point is ,R then R = (3, 4).

R(3,4)=R(Z1)
Zl=(3 + 4i)

R'(x,y)=R'(z2)

z2 = zieat/1

Coordinates of R is (xt + 2, yj
or R (3,4)
If OR makes an angle 0, then

tan 0 = -
3
4 3

sin 0 = - and cos 0 = -
5 5

After rotation of let new position of R is R' and

OR = OR' = -J32 + 42 = 5

OR' makes an angle (n / 4 + 0) with X-axis.
1 1 It \ 1

Coordinates of R' OR' cos — + 0 , OR' sin — + 0I U

■Y 
■■^"-^fl(3,4)

I OR' | 4= cos 0 —7= sin 0 j,
I Ji )

OR' sin I -L cos 0 + -4= sin0 I1 
lV2 Ji ))

) I.5V2 5V2.

I Example 98. The point (4,1) undergoes the following 
three transformations successively:

(i) Reflection about the line y = x .
(ii) Translation through a distance 2 units along the 

positive direction of X-axis.
(iii) Rotation through an angle n/4 about the origin in 

the anticlockwise direction.
Then, find the coordinates of the final position.
Sol. Let Q (xb yj be the reflection of P about the line y = x.

Then

R'
I V5V2 5V2.

n
4

n

1
Ji’ Ji)

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


132 Textbook of Coordinate Geometry

i.e.yc
jA(a.P)

C,X' >x T7)

•B (10,5)
=(f.g)D

X'*B Y 0

Hence, B, D, C are collinear, then

-a
= 0

•(0

(ii)

then

E

=>

CB

(x -10)

=>

-2then

1

2

I
I

C/27

B/21
"b/2

i.e.
and

F = (a,p)
B = (2a-3,2[3 +1)

F(13/2,2)
---------»-X

/ oI ii

i

h = l,k = 7
L = (1,7)

V F be the mid-point of AB.

fy

I Example 100. Find the equations of the sides of the 
triangle having (3, -1) as a vertex, x - 4y +10 = 0 and 
6x + 10y - 59 = 0 being the equations of an angle 
bisector and a median respectively drawn from 
different vertices.

So/. Let BE be the angle bisector and CF be the median. Given 
equations of BE and CF are x - 4y + 10 = 0 and 
6x + lOy - 59 = 0 respectively.
Since, image of A with respect to BE lie on BC . If image of 
A is L(h, k).

h-3
1

or
V CA is the family of lines of CB and CF 
then (2x + 9y - 65) + X (6x + lOy - 59) = 0 
it pass through A (3, -1)
then (6-9 -65) +X (18-10-59) = 0

X = - -
3

From Eq. (iii), we get equation of AC is 
18x + 13y-41=0

Let
then
v B lie on BE, then

(2a - 3) - 4 (2p + 1) + 10 = 0
2a-8p+3 = 0

F lie on CF, then
6a + 10p-59=0

Solving Eqs. (i) and (ii), we get
13 n „a = —,B = 2
2

12 )
and B = (10,5)
Equation of AB is

k + 1 _ - 2(3 +4 + 10) _ 
-4 ” l2+(—4)2

(x-3)
—-3 
2

y + l = |(x-3)

or 6x - 7y - 25 = 0
Equation of BC is

F/> 
/ n;

W-4

=>

Hence, locus of vertex is
4(x2 + y2) + (4g +5_f) x+(4/ -5g)y = 0

(ii) The images or reflections of vertex A of a A ABC 
about the angular bisectors of angles B and C lie on 
the side BC. (By congruence) Aj and A2 are the 
images of A about the angle bisectors BE and CF 
respectively, where M and N are the mid-points of 
AAj and AA2.

A

/1 '

2 + 1 
y+ 1 =-------

13 ,

' %

\ I

A(3-1)

Y

-P -al

f g 1
9p-40a 40P + 9a 1

41 41
4 (a2 +P2) + (4g + 5_f)a+(4/-5g)p =0

e 7-5 y-5 =-------
1-10

2 
y-5 = --(x-10)

2x +9y-65 = 0
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.0
,8

or

(x-1)

=> Let

then

“Y B

X'* *X0

<Q’ (3,-2) p (*i.yi)r X'+ >x0

r

I

This line meets X-axis at R 
point.

Remark
By triangle inequality
Difference of two sides of a triangle < Third side
i.e. \PA- PB\ = pB| (maximum value)

I

I 
I

I
I
I

\J
A

^8'

(3 ’ o) ’s re4u^re^

PA + PB = PA + PB' 
PA + PB = PA' + PB

Remark
By triangle in equality
Sum of two sides of a triangle > Third side 
i.e.|PA + PB\ = |PA + PB'\ = | /W'| (minimum value).

(b) Maximization : Let A and B are two given points on 
the same side of ax + by + c = 0. Suppose we want to 
determine a point P on ax + by + c = 0 such that 
| PA - PB | is maximum, then find the equation of line 
AB wherever it intersects ax + by + c - 0 is the 
required point.

z,|Q (3.2)

r!
■

(iii) Optimization (Minimization or Maximization)
(a) Minimization : Let A and B are two given points on 

the same side of ax + by + c = 0. Suppose we want to 
determine a point P on ax + by + c = 0 such that 
PA + PB is minimum. Then find the image of A or B 
about the line ax + by + c = 0 (say A! or B') then join 
B' with A or A' with B wherever it intersects 
ax + by + c = 0 is the required point.

I 
I

I

I

I

I Example 102. Find a point P on the line
3x + 2y+ 10 = 0 such that |PA - PB| is maximum where 
A is (4, 2) and B is (2, 4).

Sol. Let, L (x,y) = 3x + 2y + 10

L (4,2) = 12+ 4 + 10 = 26
and L (2, 4) = 6 + 8 + 10 = 24
.*. A and B lie on the same side of the line

3x + 2y + 10 = 0
Equation of line AB is

y-2 = +^(x-4)
2-4

or x + y - 6 = 0 ...(ii)
This line Eq. (ii) meets Eq. (i) at P = (- 22,28) which is the 
required point.
Aliter

I Example 101. Find a point R on the X-axis such that 
PR+RQ is the minimum, when P = (1,1) and Q = (3,2).

Sol. Since P and Q lie on the same side of X-axis.
The image of Q (3,2) about X-axis is Q' (3, - 2) then the 
equation of line PQ' is

-2-1 
y-l =-------

3-1
3x + 2y - 5 = 0

y
P be (xb yj and Z.APB = 9

(FA)2+(PB)2-(AB)2 
cos u =-------------------------

2PA ■ PB
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since

£1=>
y-2 =

8

(i)

,(ii)

Exercise for Session 5

(d)H,-i)

(d)(-34)

= 0are

(b)(-2,-2)

(b)3x-4y+ 25=0
(d)4x-3y + 25=0

(b) Q- (c) Q-- (d)fftJ
\ a

=> 
Maximum value of | PA - PB| is 2^2 

when, 0 = 0.

cos 0^1 
(PA)2 +(PB)2 -(AB)2 

2PA ■ PB
(PA - PB)2 <, (AB)2 
|PA-PB|<|AB| 
\PA-PB\<2yf2

2. If the foot of the perpendicular from the origin to a straight line is at the point (3, -4). Then the equation of the 
line is
(a) 3x - 4y = 25
(c) 4x + 3y - 25 = 0

Q
3. The coordinates of the foot of the perpendicular from (a, 0) on the line y = mx + — are

m

1. The coordinates of the foot of the perpendicular from (2,3) to the line 3x + 4y - 6 = 0 are

I 25 25
(cjf-””)

I 25 25/

5. The image of the point (3, 8) in the line x + 3y = 7 is

(a) (1,4) (b)(4,1) (c)(-1-4)

6. The image of the point (4, -3) with respect to the line y = x is

(a)H,-3) (b)(3^4) (c)H,3)

7. The coordinates of the image of the origin 0 with respect to the straight line x 

(a)f-|-5I 2 2 
(c)(1,1) (d)(-1,-1)

8. If (-2,6) is the image of the point (4, 2) with respect to the line L = 0, then L a
(a)6x-4y-7 = 0 (b)2x-3y-5=0
(c)3x-2y+5=0 (d) 3x - 2y + 10= 0

(b)p<-lr
125 25

(d)f—
A 25 25 J

i.e. P lies on the line AB as well as on the given line. 
Equation of AB is p \

(a) [ft--]
\ a)

4. If the equation of the locus of a point equidistant from the points (a1,b1)and(a2,b2) is 
(a! -a2) x + (bi -b2) y + c -0, then the value ofc is
(a) aj2 - a2 + b2 - bj (b) J (a2 + b2 - a2 - b2

(c) 2 (a,2 + a| + b2 + b2) (d) (aj + bf - af - bl)

4-2.
n(X’4)

=> y-2= - x + 4
=> x + y = 6
and given line

3x + 2y + 10 = 0
Solving Eqs. (i) and (ii), we get P (- 22,28).
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(b)(a) (a + b,a + b)

(d)(0,-3)

(d)(Q 0)

(c)f-6xnA 5 5 J

9. The image of P (a, b) on the line y = - x is Q and the image of Q on the line y = x is R. Then the mid-point of 
PR is

13. The image of a point P(2,3) in the line mirror y = x is the point Q and the image of Q in the line mirror y = 0 is 
the point R(x, y). Find the coordinates of R.

J14. The equations of perpendicular bisector of the sides AB and >4C of a A ABC are x - y + 5 = 0 and x + 2y = 0 
respectively. If the point A is (1,-2), find the equation of line BC.

15. In a A ABC, the equation of the perpendicular bisector of >4C is 3x - 2y + 8 = 0. If the coordinates of the point -4 
and B are (1, -1) and (3,1) respectively, find the equation of the line BC and the centre of the circumcircle of 
&ABC.

16. Is there a real value of X for which the image of the point (X, X -1) by the line mirror 3x + y = 6X is the point 
(X2 + 1 X)? If so find X.

I 5 5

12. Consider the points >4 (3,4) and £3(7,13). If P is a point on the line y = x such that PA + PB is minimum, then the 
coordinates of P are 

(a) p2,L2
I 7 7

(b) fl?,—
I 7 7

(c)fl1,l1I 7 7

a + b b +
2 ' 2 J

(c)(a-b,b-a) (d)(Q0)

10. The nearest point on the line 3x - 4y = 25 from the origin is

(a) (3 4) (b)(3-4) (c)(3 5) (d) (-3 5)

11. Consider the points A (0,1) and S (2,0), P be a point on the line 4x + 3y + 9 = 0. The coordinates of P such that
| PA -PB | is maximum are

(a)f-—
I 5 5
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Session 6

Reflection of Light

/ R

^60.0)

x

Point of incidence

P

/ X

=>

=t>

=>

Equation of reflected ray y +1 = — (x - 1)

  

Reflection of Light, Refraction of Light, Conditions of 
Collinearity if Three Given Points be in Cyclic Order

/////////////////////////////////////////////
Reflecting surface

D is the incident ray and PR is the reflected ray. A 
perpendicular drawn to the surface, at the point of 
incidence P is called the normal. Hence PN is the normal. 
The angle between the incident ray and the normal 
(ZIPN) is called the angle of incidence which is 
represented by Z i
i.e. ZIPN = Zi = Angle of incidence and the angle 
between the reflected ray and the normal (ZIPR) is called 
the angle of reflection which is represented by Z r.
i.e. ZIPR = Zr = Angle of reflection.

Laws of Reflection:
(i) The incident ray, normal and the reflected ray to a 

surface at the point of incidence all lie in the same 
plane.

(ii) The angle of incidence = angle of reflection
i.e. Z i = Z r

I Example 103. A ray of light is sent along the line 
x - 2y - 3 = 0. Upon reaching the line 3x - 2y - 5 = 0, 
the ray is reflected from it. Find the equation of the 
line containing the reflected ray.

Sol. To get coordinates of point P, we solve the given equation 
of lines together as

x - 2y - 3 = 0

Normal ;/v

3x - 2y - 5 = 0 
x = l,y = -l 

Coordinates of Pare (1, - 1).

R 
A'l

0
x

7 
3m + 2 
3 - 2m
12m+ 8 =-21 +14m

2m = 29
29 m = —
2

When a ray of light falls on a smooth polished surface 
(Mirror) separating two media, a part of it is reflected back 
into the first medium.

s 
o 

-£> o>

=> 2y + 2 = 29x -29
=> 29x-2y-31=0.
Aliter (Image method): Take A (3, 0) be any point on IP 
and if A' (a, 0) be the image of A about the mirror line 
3x - 2y - 5 = 0, then

(X-3  p -0  -2(9-Q-S)
3 -2 9 + 4

WP(1-1)1

f 1_

2

1 + -l 2
7
4

Let slope of reflected ray be m.
Since, slope of line mirror is 3/2.

Slope of PN = - 213 and
slope of IP = 112, line PN is equally inclined to IP and PR, 
then

I£ 
“5

\ILV/

29
2
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Refraction of Light

(x-l)y +1 =
Angle of incidence

Angle of refraction

i.e.

y 71(3,10)
i.e.

P
t

,^>S(7,2)
>XX'*

r

and

*XX'*
0

my + 2 =

tan 15°=

or

i

Boundary

■Deviation

!
■

■

i

I Example 105. A ray of light is sent along the line 
x - 6y = 8. After refracting across the line x + y = 1 it 
enters the opposite side after turning by 15° away from 
the line x+y = 1. Find the equation of the line along 
which the refracted ray travels.

So/. The point of intersection of x - 6y - 8 and x + y = 1 is 
A — (2, - 1). Let the required ray have the slope = m, then 

■y

i

i

= —4
a = - 5, p = 6

A' = (- 5,6)

Medium 1

Medium 2

Y-7
2

■ Y

1 m —
6

1 + —
6

When a ray of light falls on the boundary separating the 
two transparent media, there is a change in direction of 
ray. This phenomenon is called refraction.

&
%

ralll
/ X*

A ----
(2-1)\ ‘

. R 16 
and P = — 

13
15 

.*. a = —
13
(15 16^

A = —, —
V13 13y

Equation of A'P is the equation of the reflected ray then 
its equation is,

“+1
13

— “1
.13

29
y + 1 = —(x-l) or 29x-2y-31 = 0

2

A

I Example 104. A light beam, emanating from the point 
(3,10) reflects from the straight line 2x+y - 6 = 0 and, 
then passes through the point {7, 2). Find the 
equations of the incident and reflected beams.

Sol. Let images of A and B about the line 2x + y - 6 = 0 are 
A' (a, P) and B'(y, 8) respectively.
Then, «z3 ^.-2(6^0-  ̂

2 1 2+1

v 
(-5,6)A'<'

Laws of Refraction
(i) The incident ray, normal and the refracted ray to the 

surface separating the two transparent media all lie in 
the same plane.

(ii) The ratio of sine of angle of incidence t the sine of 
the angle of refraction is constant for the two given 
media. The constant is called the refractive index of 
medium 2 with respect to medium 1.

sin i 
1U2= — smr

i.e.
Equation of incident ray AB' is

12^(x + l) or 3x-y + l = 0
3 + 1

and equation of reflected ray A'B is 

y-6 = -—-(x + 5)
7+5

y-6=-l(x + 5)

x + 3y -13 = 0

8-2  - 2(14 + 2-6) 
1 22 + I2

y = - 1,8 = - 2 
B' = (-!,- 2).

(—1,—2)S'
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•••(>)

then,

(say)

then a + b + c =---- ,ab + bc + ca =—or

and

/ 3tan a =
and arei-

/

2
+ n = 0

tan P =
=>1-

therefore the slope of the refracted ray =

and abc =

or

(0

Conditions of Collinearity if 
Three given points are in 
Cyclic Order

_ 83 - 37^3 
~ 3773 -57

n
7

//(t) + mg(t) +n =0 
t = a, b, c

I Example 107. If tbt2 and h are distinct, the points 
(f!,2ot, + at?), (t2,2at2 + at2) and (t3,2at5 + ot33) are 
collinear, then prove that t, +t2 + t3 = 0.

Sol. Let the three given points lie on the line lx + my + n - 0, 
where I, m and n are constants. Then,

I (t) + m (2at + at3) + n= 0

=$ (am) t3 + (2am + l)t + n=Q
for t = tj, t2, t3

i.e., tj, t2, t3 are the roots of Eq. (i), then
t] + t2 + t3 =0

6m - 1
m + 6

3775-9 
131-3775

70 - 3775
13

where I, m and n are constants. 
tz -3^ 

f-b
It3 + mt2 + nt-(3m + n) = 0 

fort = a, b,c 
i.e. a, b, c are the roots of

It3 + mt2 +nt -3m-n=0

3m „— = 0 
I

The equation of the refracted ray is
, (70 — 3775), 

y +1 = ------------ - (x - 2)
13

13y + 13 = (70 - 37 73) x -140 + 7475
(70 - 3745) x - 13y - 153 + 7475 = 0

70 - 3775 
m ------------

13
37 75 - 70 

m - ------------
61

Let the angle between x + y = 1 and the line through
. x ■>_ , , 70-3775, .

A(2, -1) with the slope---- —---- be a, then

Let the three given points
A = (f(a),g(a)),B=(f(b),g(b)) 

and C = (f(c), g(c)) lie on the line 

Zx + my + n = 0, where I, m and n are constants.

6m -1 „ r- i- n------- = 2 - V3 or V3 - 2
m + 6

cJ C2-?
VC-1' C-1,

then a + d + c =---- , ao + oc + ca = —
I I

3m +
I )

Now, abc -(be + ca + ab) + 3(a +b + c)
 (3m + n

I

Hence, abc - (be + ca + ab) + 3 (a + b + c) = 0

70-3775 
13

70 - 37 45 
13________

70 - 37751 
13

 83 - 3745 
~ 37 45 -57

and if angle between x + y = 1 and the line through 
/ \ 1 « » 3775 — 70. n ,

A (2, -1) with the slope---- —---- be p, then

37 75 — 70  
61

37 75 — 70^

< 61 J 
37 45-9 

131-37^

Here tan a> tan p,.*.a> p

C
A

Then 
where, 
i.e. a, b, c are the roots of the Eq. (i). 
In this case Eq. (i) must be cubic in t.

At3 +Bt2 +Ct + D=Q

B . .
A’

, D 
abc =-----

A
which are the required conditions.

I Example 106. If the points
( a3 o2-3W b3 b2-3' 

’ b^i' b-1
collinear for three distinct values a,b,c and different 
from 1, then show that
abc - (be + ca+ ab)+ 3 (a+b + c) = 0.

Sol. Let the three given points lie on the line 
lx + my + n = 0, 
f t3Then, I ----- + m
It -11
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Exercise for Session 6

2.

I

I

I

(V3
9. Let P(sin 0, cos 0), where 0 < 0 < 2n be a point and let OAB be a triangle with vertices (0,0), — ,0 and 0, — .

1. A ray of light passing through the point (1, 2) is reflected on the X-axis at a point P and passes through the 
point (5, 3). The abscissae of the point P is 
(a) 3 (b)^

Find 0 if P lies inside the A OAB.

10. Find all values of 0 for which the point (sin2 0, sin 0) lies inside the square formed by the line xy = 0 and 

4xy -2x-2y + 1 = 0.

11. Determine whether the point (-3,2) lies inside or outside the triangle whose sides are given by the equations 
x + y -4 =0,3x-7y + 8 =0,4x - y -31=0.

72. A ray of light is sent along the line x - 2y + 5 = 0, upon reaching the line 3x - 2y + 7 = 0, the ray is reflected 
from it. Find the equation of the line containing the reflected ray.

<d>T4
(O^ 

5

The equation of the line segment AB is y = x. If A and B lie on the same side of the line mirror 2x -y = 1, then 
the image of AB has the equation
(a) x + y = 2 (b) 8x + y = 9 (c) 7x - y = 6 (d) None of these

3. A ray of light travelling along the line x + y = 1 is incident on the X-axis and after refraction it enters the other 
side of the X-axis by turning n /6 away from the X-axis. The equation of the line along which the refracted ray 
travels is
(a)x+(2-73jy = 1 (b)x (2+V3)+y = 2+V3
(c)(2-V3)x + y= 1 (d)x+(2+73)y = (2+V3)

4. All the points lying inside the triangle formed by the points (0,4), (2,5) and (6,2) satisfy

(a)3x+2y+8>0 (b)2x + y-10£0
(c) 2x - 3y - 11> 0 (d)-2x + y-3>0

5. Let O be the origin and let A(1,0), B(0,1) be two points. If P(x, y) is a point such that xy > 0 and x + y < 1 then

(a) P lies either inside in AOAB or in third quadrant (b) P cannot be inside in AOAB
(c) P lies inside the AOAB (d) None of these

6. A ray of light coming along the line 3x + 4y - 5 = 0 gets reflected from the line ax + by -1 = 0 and goes along 
the line 5x -12y -10 = 0 then 
(a)a = Jl,b = 112

115 15
64 h 8 

115 115

7. Two sides of a triangle have the joint equation x2 -2xy -3y2 + 8y -4=0. The third side, which is variable, 
always passes through the point (-5,-1). Find the range of values of the slope of the third side, so that the origin 
is an interior point of the triangle.

8. Determine the range of values of 0 e [0, 2tc] for which (cos 0, sin 0) lies inside the triangle formed by the lines 
x + y-2=0, x -y -1 = 0and6x + 2y-VlO =0.

(b)a = -—,b= —
115 115

(d)a = -— ,b= —
115 115

3
2

□
2
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Shortcuts and Important Results to Remember

cfi D<0

<0

N. P

y(y2-y3)+x(x2-x3)=
X

A
B c

P,

B c

y(y3-yi)+x(x3-xi)=

2X
y(yi -y2)+*(*i -*2)=and +

:V(a2 + df)! I ;-/(a3 + ^)lX X 

respectively. Where 0 is the circumcentre of A ABC.

a2 ^2

a3 ^3

a3 ^3

b\
a, b, 
a2 bg

L

|Ci-C2||di-d2| 

l^-mal

1. Area of parallelogram formed by the lines
a,x + by + Ci = 0, a2x + t^y + d, =0, aix + biy+c2 =0 and 
a2x + b2y+d2 = Ois

|C! -c21|CG -d2|
3i b|

a2 t>2

2. Area of parallelogram formed by the lines
y = m,x + c1t y = m2x + db y = m,x + c2 and y = m2x + d2 
is

6. If A — (xb y,), B = (x2, y2)and C = (x3. y3)are the vertices of 
a A ABC then the equations of medians AD, BE and CFare 

y(x2 + x3-2x1)-x(y2 + y3-2y1) 
= yi(x2 + x3)-x1(y2 + y3); 

y(x3 + x1-2x2)-x(y3 + y1-2y2) 

= y2(x3 + x1)-x2 (ys + yO 
and y (x, + x2 -2x3)- x (y, + y2 -2y3) = y3 (x, + x2) 
- *3 (yi + y2) respectively.

(x, - x2) (Xj - x3) + (y, - y2) (y, - y3) > 0 
Similarly, for Z B

(x2 - x3)(x2 - xj + (y2 - y3)(y2 - y0 > 0 or 
and for Z C

(x3 - xd (x3 - x2) + (y3 - y0 (y3 - y2) > 0

x
/ 2 c.

- x2
2

2 2 Xy2-ys |.
2 '

Where, G is the centroid of A ABC.
7. If A = (x1( y-t), B = (x2, y2)and C s (x3, y3) are the vertices of 

a A ABC then the equations of the altitudes AL, BM and 
CN are

y (y2 - ys) + X (x2 - x3) = ft (y2 - y3) + X! (x2 - x3);
y (y3 - yi)+ X (x3 - x,)=y2 (y3 - y0 + x2 (x3 - x,)

A

3. If A = (x1( y,), B s (x2, y2)and C s (x3, y3) are the vertices of 
a A ABC, then angle A is acute or obtuse according as 

or <0

2 2X 
y3 - yi

2

and y - y2) + x (x, - x2) = y3 - x2) + x3 (x, - x2) 
respectively. Where O is the orthocentre of A ABC.

8. If sides of a triangle ABC are represented by 
BC :a]X + b^y+ c} = 0, 
CA: a2x + b^y + c2 = 0

and AB: a3x + brf + c3 = 0
then |Bq:|CA|:|AB|

=7(ai2 ^i2) 1

(2 2Xg - xf
2

or

4. If the origin lies in the acute angle or obtuse angle 
between the lines

a1x + b1y + c1 = 0
and a2x + t^y + c2 = 0
according as (a^ + blb2)cic2 <0 or > 0.

5. If A = (xb yi), B = (x2, y2)and C s (x3, y3) are the vertices of 
a A ABC then the equations of the right bisectors 
(perpendicular bisectors) of the sides BC, CA and AB are

( 2 2xg - xg
2

/
( 2 2\

yi - Y21
2 J
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or

= x

(say)

(d)(-2,0)

y=1
A/

>X
X'* 0

x=-2|

r
=>

Hence,

and

(X + l)2x+Xy-2X2-2 = 0

JEE Type Solved Examples:
Single Option Correct Type Questions
■ This section contains 10 multiple choice examples. Each 

example has four choices (a), (b), (c) and (d) out of which 
ONLY ONE is correct.

> 
-Zl

I

4

4 3= -=> a =—
1 5

PA
QB

R = 0I 5 ,

• Ex. 2 The linefk + 1)2x + Xy - 2X2 -2=0 passes 

through a point regardless of the value X. Which of the 
following is the line with slope 2 passing through the point?

(a) y = 2x - 8 (b) y = 2x - 5
(c) y = 2x - 4 (d) y = 2x + 8

So/. (a)

=>
It is clear from figure, 

As (1,1) 
also a > 0 for I quadrant, 

a e(0,1)

(X2 + 2X + l)x + Xy - 2X2 - 2 = 0 

or (X2 + l)(x - 2) + X(2x + y) = 0

:. For fixed point
x - 2 = 0 and 2x + y = 0 

Fixed point is (2, - 4)
:. Equation of required line is y + 4 = 2(x - 2) 
or y=2x-8

Again, B lies on x = 2
B=(2,2 + a)

=> Equation of AD is
y -1 = - [x - (1 - a)] ory=2-x-a

7 Dliesonx = -2
D = (-2,4 - a)
C=(h, k)

AAPR - ABQR
AR  PA a + 3
RB~QB 0-a

• Ex. 1A rectangle ABCD has its side AB parallel to y 

and vertices A, B and D lie ony =1, x = 2 and x = -2 
respectively, then locus of vertex C is

(a) x = 5 (b) x - y = 5
(c)y = 5 (d)x+y = 5

Sol. (c) Since AB is parallel to y = x.

.'. Equation of AB is y = x + a
7 A lies on y = 1
:. A=(l-a, 1)

>X
!x=2

A 
(-3.0)

(c)f-|,°

y = x2

x + y = 2, we get 
x2 + x - 2 = 0

(x + 2)(x -1) = 0
x = -2,l

• Ex. 4 If the point P (a, a2) lies inside the triangle formed 
by the lines x = 0, y = 0 and x + y = 2, then exhaustive range 
of‘a’ is

(a) (0,1) (b)(lV2)

(c)(Vz-n) (d)(V2-i2)
Sol. (a) Since the point P(a, a2) lies on y = x2

Solving,

and

• Ex. 3 A man starts from the point P (-3,4) and reaches 
point Q(0,1) touching X-axis at R such that PR + RQ is 
minimum, then the point R is

(a)g.o) (b)[-|,oj
Sol. (b) Let A = (a, 0)

For PR + PQ to be minimum it should be the path of light and 
thus we have

Let
7 Diagonals of rectangle bisects to each other 

h+l-a=2-2 =$ a = l + h 
k+l=2 + a + 4-a

=> k = 5
/. Locus of C is y = 5

P(-3.4)

\ Q(0,1)

e\Xe_____
R B 

(a, 0) (0, 0)

K • 'y=xX. I z,„Xib /
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8(0, b)

P(a,0)

(■:ab > Cj

= 0

= 0
A >2a0

x=1

4'

fii'2
0

0.0) x+y=1

Equation y = 0

(b) AP for all m
(d) HP for all m

\45°
45°/x

(b) 2a0 
(d)8ap

(b) x - y = 1
(d) None of these

A(a?0)

=>

•:a is real

x = 7,y=-5
P=(7,-5)

• Ex. 7 If a ray travelling the line x = 1 gets reflected the 

line x + y =1, then the equation of the line along which the 
reflected ray travels is 

(a)y = 0 
(c) x = 0

Sol. (a) Reflected ray is X-axis.
y

X(o.i)

D>0 
4A2 - 40 (2Aa) £ 0 or 

:. Least value of A is 2a0.

• Ex. 9 The coordinates of the point P on the line 
2x + 3y +1 = 0, such that | PA - PB | is maximum, 
where A is (2, 0) and B is (0, 2) is

(a)(5,-3) (b)(7,-5)
(c)(9,-7) (d)(H-9)

So/. (b)|PA-PB|<|AB|

Maximum value of | PA - PB| is | AB |, which is possible only 
when P, A, B are collinear
if P(x, y), then equation AB is

±+'=1 
2 2
x + y =2

2A 
vb= — 

a j

• Ex. 8 Through the point P(a, p), when ap > 0, the straight
x y

line -4- — =1 is drawn so as to form with
a b

coordinate axes a triangle of area A. Ifab > 0, then the least 
value of A is

(a)aP
(c) 4ap

Sol. (b) Given line is
x y .- + - = 1 
a b

.‘. A s (a, 0), B = (0, b)

Y

• Ex. 5 If 5a + 4b + 20c = t, then the value oft for which the 

line ax + by + c- l= 0 always passes through a fixed point is
(a) 0 (b) 20
(c) 30 (d) None of these

Sol. (b) Equation of line + 1=0 has two independent
c -1 c -1

parameters. It can pass through a fixed point if it contains 
only one independent parameter. Now there must be one 

relation between —— and —— independent of a, b and c so 
c-1 c-1

V Area of(AAOB) = A
^|ab| = A => ab = 2A

Since, the line (i) passes through the point P(a, 0). 
a P . a a0 , 
a b a 2A 
a20-2aA + 2Aa = 0

, 2a c 
or b =------ ,

a, b, c are in HP for all m.

=>
Now solving Eq. (i) 
and 2x + 3y + 1 = 0
Then, we get,

that —— can be expressed in terms of —— and straight line 
c-1 c-1

contains only one independent parameter. Now that given
, . , .5a 4b t - 20c

relation can be expressed as----- +------ =--------- .
c-1 c-1 c-1

RHS is independent of c if t = 20.

1
1

c 2c 1

or a(b - 2c) - 0 + l(2bc - be) = 0

, which is independent of m.

• Ex. 6 If the straight lines, ax + amy +1=0, 

bx + (m + 1)by +1=0 andcx + (m + 2)cy +1 = 0, m 0 are 
concurrent, then a, b, c are in

(a) AP only for m = 1
(c) GP for all m 

Sol. (d) The three lines are concurrent if 
a am 1 
b m +1 1 s
c (m + 2)c 1

Applying C2 -+ C2 - mCj, then 
a 0 
b b

X'*------
Y

http://www.142
http://www.142
http://www.jeebooks.in


Chap 02 The Straight Lines 143

or

(say)
Let

8(0, b)

8(2, 1)
X'- 00)

X'* 0P

Y

(i)

or
(ii)

...(i)

,(iii)

...(iv)
i It intersects the altitude

Hence,
[from Eq. (i)]

j
!

■ This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct.

A (0, 0) 
+y,

3 3
2* 4.

OAOA' =OBOff 
(a)-(-a') =(b)(-b') 

aa' = bb'

JEE Type Solved Examples:
More than One Correct Option Type Questions

Sol. (b, c)
‘.■A, B, A', S' are concyclic then, 

y

or
The equation of altitude through A' is 

y-0 = 5(x + «')

. J9 3 to 7.7 \4 4

. (n oa/') /A LzX 
Orthocentre is 0, — or (0, b ) 

\ b J

• Ex. 11 The vertices of a square inscribed in the triangle 
with vertices A(0,0), B(2,1) and C(3,0), given that two of its 
vertices are on the side AC, are 

(3 3 
<b)?7

A a(l'

x = 0 at y = —

(b)(0,6')

(d)[o,—
\ a

The line of this family which is farthest from (4, -3) is the line 
through (1,1) and perpendicular to the line joining (1,1) and 
(4,-3)
:. The required line is

3 
y-i = Hx-i)

4
3x - 4y + 1 = 0

x y
* Ex. 12 Line — + — = 1 cuts the coordinate axes at A(a, 0) 

a b
x y 

andB(0,b) and the line — + 1- = -l atA'(-a',0) and 
a b

B'(Q,-b'). If the points A, B, A', B' are concyclic, then the 
orthocentre of the triangle ABA' is

(a) (0,0)
. . ( -aa'
(c) 0, —-

\ b

Now equation of AB is
x - 2y = 0

and equation of BC is
x+y-3=0

v S lies on AB, then
a - 2X = 0

and R lies on BC, then
a + X + X—3 = 0 or a + 2X—3 = 0 

3 3
From Eqs. (iii) and (iv), we get a = -, 1 = - 

2 4

p.g.o), Q.go)

U 2J 12 4J

• Ex. 10 Equation of the straight line which belongs to the 
system of straight lines a(2x + y - 3) + b (3x + 2y - 5) = 0 
and is farthest from the point (4, -3) is

(a)4x + 11y - 15 = 0 (b)3x-4y + 1 = 0
(c) 7x + y - 8 = 0 (d) None of these

Sol. (b) The system of straight lines
a(2x + y - 3) + b(3x + 2y - 5) = 0) passes through the point 
of intersection of the lines 2x + y - 3 = 0 and 3x + 2y - 5 = 0 
i.e. (1, 1)

wg.°)
Sol. (a, b, c, d)

Let PQRS be a square inscribed in AABC and
PQ = QR = RS=SP = X

P = (fl, 0),
Q = (a + X, X), R = (a + X, X) and S s (a, X)

K

—---- *-XA(a, 0)

C(3,0)>X
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y=73x
y

the origin and angle between them is tan
B

C

2 D

2 A

X'+ *x0

Therefore,

or

6(5,4)

*X

or

[given]
or

or

(b)(-1 - V3,-1-5/3) 

(d)(V3 - X -73 -1)

7
9

7 
9

(b)(4 + V3,3 - 5/3) 

(d)(3 + 5/3, 4 - 5/3)

r
Coordinates of A and C are (f3,1) and (1, 5/3) in I quadrant and 
in IH quadrant are (~f3, -1) and (-1, - 5/3)

Hence, coordinates of B are (5/3 + 1,5/3 + 1) and
(->/3-l,->/3-l)

160°/ 
L>W 
A(3, 2)

• Ex. 15A and Bare two fixed points whose coordinates 
are (3, 2) and (5, 4) respectively. The coordinates of a point P, 
ifABP is an equilateral triangle are

(a) (4 -5/3,3 + 5/3)

(c)(3 - 5/3,4 + 5/3)

Sol. (a, b)

or

If P below AB, then coordinates of P are 
(3 + 25/2 cosl5°, 2 - 2V2sinl5°) 

[(3 + 5/3 + 1,2-(V3-1)] 

(4 + ^3,3-5/3)

■y=r73

9
of the slope ofv = 0 and u = 0 is —, then their equations are

• Ex. 13 Two straight lines u=0 andv =0 passes through

j. If the ratio

(a) y = 3x and 3y = 2x
(b) 2y = 3x and 3y - x
(c) y + 3x = 0 and 3y + 2x = 0
(d) 2y + 3x = 0 and 3y + x = 0

Sol. (a, b, c, d)
9m

Let the slope of u = 0 be m, then the slope of v = 0 is —

9m m------
2
9m1 + mx —
2

-7m
2 +9m2

9m2 + 9m + 2 = 0 or 9m2 - 9m + 2 = 0
2 1 2 1m = --,--or m = -, -
3 3 3 3

Therefore, the equation of lines are
(i) 2x + 3y = 0 and 3x + y = 0
(ii) x + 3y = 0 and 3x + 2y = 0
(iii) 2x = 3y and 3x = y
(iv) x = 3y and 3x = 2y

AB = AP = BP =25/2

Coordinates of P are (3 + 2-J2 cosl05°, 2 + 25/2sinl05°)

P• Ex. 14 Two sides of a rhombus OABC (lying entirely in 
the first or third quadrant) of are equal to 2 sq units are 

y = -yr, y = 5/3X. Then the possible coordinates of B is/are 
5/3

(O being the origin)
(a) (1 + 5/3, l + 5/I)

(c)(3 +5/3,3+ 5/3)

Sol. (a, b)
Here, Z.COA =30°
Let OA = AB = BC = CO = x
•; Area of rhombus OABC

= 2 x - x x X x sin30°
2

-^-2
2

x = 2

9m
2
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19. A point P is taken on ‘L’ such that — = — + —,

(0, 2) C 8(3, 2)

X'* *x0 A(3, 0)

or

Let
\D (2,1)7=1(1.1)8/

X'+ >X0/

Y'
—(i)=> n =E = (1, 1) and £) = (2,1)

1
OB’

■ This section contains 2 solved paragraphs based upon 
each of the paragraph 3 multiple choice questions have 
to be answered. Each of these question has four choices 
(a), (b), (c) and (d) out of which ONLY ONE is correct.

JEE Type Solved Examples: 
Paragraph Based Questions

and
A lies on

(b)(y-x)> =50

(d) (y - x)2 = 200

(b)3x + 3y + 40 = 0
(d)3x - 3y + 40 = 0

Paragraph II
(Q. Nos. 19 to 21)

A variable straight line 1 ’ is drawn through 0(0,0) to meet 
this lines L,: y - x -10 = 0 and L2 :y - x - 20=0 at the 
points A and B respectively.

Paragraph I
(Q. Nos. 16 tol 8)

Letd(P, OA) < min- {d(P, AB), d(P, BC),d(P, OC)}, where d 
denotes the distance from the point to the corresponding the 
line and R be the region consisting of all those points P inside 
the rectangle OABC such that O = (0,0), A = (3,0), B = (3,2) 
and C = (0,2). LetM be the peak of region R.

16. Length of the perpendicular from M to OA is
(a) 4 (b) 3 (c)2 (d)1

17. If X be the perimeter of region R, then X is 

(a)4-

18. If A be the area of region R, then A is
(a) 2 (b)4 (c)6 (d)8

Sol. Let P=(x,y)

v d(P, OA) £ min • {d(P, AB), d(P, BC), d(P, OC)|
Yk

'/K
A

then the locus of P is
(a) 3x + 3y - 40 - 0
(c)3x-3y - 40 = 0

20. A point P is taken on ‘L’ such that (OP)2 = OA ■ OB, 

then the locus of P is 
(a)(y-x)2 =25 

(c)(y - x)2 = 100

Y'
=> |y|<min{|3-x|,|2-y|,|x|}
As the rectangle OABC lies in I quadrant, 

y <min -[3-x, 2-y.x]
We draw the graph of 

y=3-x,y=2-y, y = x 
x + y =3,y = l,y = x

\ 
\\?

16. (d) v M lie on y = 1

Length of 1 from Af to OA is 1.
17. (c) X = Perimeter of region R

= OA + AD + DE + EO 
= 3 + 5/2 + 1 + y/2 

= 4 + 2^2

18. (a) A = Area of region R

= ~(OA + ED) x 1

= -(3 + 1) = 2 
2

2 (b)4 + V2 (c) 4 + 2V2 (d) 10

1
+ (O6)2

(b)(y — x)2 =64

(d)(y - x)2 = 100

21. A point P is taken on T such that

—= ——:- + —, then locus of P is 
(OP)2 (OA)2 '

(a)(y-x)!=32

(c)(y- x>2 =80

Sol. Let the equation of line ‘L’ through origin is 
x-0 y-0 
------- = -------=r 
cos0 sin0

P =(rcos9, rsinO)
OA = q and OB = r2

A s(rt cos0, qsinO)
B = (r2cos0, r2sin0)

Lj:y-x-10 = 0
;■] sin0 - 5 cos0 -10 = 0

10
sin0 - cos0

2

OP

1

OA
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or 2 =

[vP s(rcos, rsinG}2or

[from Eqs. (i) and (ii)

21. (c)v
X' 0

r

.(ii)r2 =

19. (d) v

[from Eqs. (i) and (ii)]

>XX'- 0

JEE Type Solved Examples:
Single Integer Answer Type Questions

5
4

<3

• Ex. 22 P(x, y) is called a natural point ifx, yeN. The 
total number of points lying inside the quadrilateral formed 
by the lines 2x + y = 2, x=Q, y = 0 and x + y =5 is 
Sol. (6) First, we construct the graph of the given quadrilateral.

• Ex. 23 The distance of the point (x,y) from the origin is 
defined asd = max- {| x|, | y|}. Then the distance of the 
common point for the family of lines
x(1 + X) + Xy + 2 + X = 0 (X being parameter) from the 
origin is
Sol. (2) Given family of lines is

x(l + X) + Xy 4- 2 + X = 0
=> (x + 2) + X(x + y + 1) = 0
for common point or fixed point

x + 2 = 0
and x + y + 1 =0 
or x = -2, y = 1
:. Common point is (-2,1) 
or d = max{|-2|, |1|}

= max{2,1} = 2

rsinO - rcos0
20

4 
y=0

It is clear from the graph that there are six points lying inside 
the quadrilateral.

2 
x=0

1

or

Locus of P is (y - x)2 = 80

■ This section contains 2 examples. The answer to each example is a single digit integer, ranging from 0 to 9 
(both inclusive).

=> B lies on : y - x - 20 = 0

2 1
r n r2 

sin0 - cos0
20

1 = - + —

r2sin0 - r2 cos0 - 20 = 0 
20

sin0 - cos0
2 1 1— = — + — =>

OP OA OB
2 sin0 - cos0- =--------------+
r 10

1
(OA)2

1 1
= "2 +"2

n r2
1  (sin0 - cos0)2 + (sin0 - cos0)2
r2 " 100 400
400 = 4(rsin0 - rcos0)2 + (rsin0 - rcos0)2

2 3

rsin0 - rcos0 ---------- 4- 
10

_y~x |y~x
10 20

:. Locus of P is 3x - 3y + 40 = 0
20. (d) v (OP)2 = OA • OB

=> r2=rx-r2
, 10 20=> r =--------------------------- ——

(sin0 - cos0) (sin0 - cos0)

or (rsin0 - rcos0)2 = 200

;. Locus of P is (y - x)2 = 200
11 [ 1

(OP)2 " (OA)2 (OB)2

r2
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3

4

6

9

(A) A =ca
(B) (q)

= 3(p-l)D =
(C) (r)

ca
(D) (s)

=>

ca =>

# 0 and a, b, c are not all simultaneously equal.=>A = c
c a

=>

Column II
(p) Lines are sides of a triangle

JEE Type Solved Examples: 
Matching Type Questions

1
2

a 
b

• Ex. 25 The equation of the sides of a triangle are
x + 2y +1=0,2x + y + 2=0 andpx + qy +1=0 and area of 
triangle is A.

Lines are different and 
concurrent
Number of pair (x, y) satisfying 
the equations are infinite
Lines are identical

■ This section contains 2 examples. Examples 24 and 25 
has four statements (A, B, C and D) given in Column I 
and four statements (p, q, r and s) in Column H. Any 
given statement in Column I can have correct matching 
with one or more statements) given in Column H. Column I

(A) |p = 2, q = 3, then 8 A is divisible by
(B) Ip = 3, q =2, then 8 A is divisible by

(C) |p = 3, q = 4, then 10 A is divisible by

(D) Ip = 4, q = 3, then 20A is divisible by

Lines are sides of a triangle.
(D)Ifa + b + c = 0 and a2 + b2 + c2 = ab + be + ca

=$■ A = 0 and a = b = c
Equations are satisfied for any (x, y).

Sol. (A) -»(r, 1); (B) -> (,); (C) -> (p); (D) -»(r)
(A) if a + b + c#0anda2 + b2 + c2 = ab + be + ca

or -{(a - b)2 + (b - c)2 + (c - a)2} = 0 
2

or a-b = Q, b-c = Q,c-a = 0
or a = b = c=>Allthe lines an identical
and number of pair (x, y) are infinite.
(B) If a + b + c = Oanda2 + b2 + c2 *ab + be + ca

=5 a + b + c = 0, but a, b, c are not simultaneously equal. 
Hence, lines are different and concurrent.
(C) If a + b + c # 0 and a2 + b2 + c2 * ab + be +

a b c 
b

2| Q C2 C31
2 1
1 2

P 9 1
and Cb C2, C3 are co-factors of third column, then 

Q — 2q — p,C2 =2p — q, C3 = —3

2|2?-Pl|2p-«I
(A) for p = 2, q=3

A = -
8

8A=3
(B) for p = 3, q = 2

4.’
2

8A = 12
(C) forp = 3, q = 4

A = —
10

10A=6
(D) forp = 4, q=3

A = "
20

20A=27

• Ex. 24 Consider the following linear equations x and y 

ox+by + c = 0 
bx + cy + o = 0 
cx + oy+ 5=0

Column I 
a + b + c * 0 and 
a2 + b2 + c2 = ab+be + 
a + b + c = 0 and
a2 + b2 + c2 * ab + be 4- ca 
a + b + c # 0 and
a2 + b2 + c2 *ab+ be + 
a + b + c = 0 and
a2 + b2 + c2 = ab + be + ca

Column II

EL 
(q) _ 

kL_ 
(s) I

Sol. (A) -> (py, (B) -» (p, q, ry (C) -+ (p, r); (D) -> (p, s)
D2 .
—------, where
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= 7

Length of ± from P to

and Length of .Lfrom P to L,

A (36,15)B (-20,15)

L2=0

X'*
0 (0, 0)

Y

Also,

;. Distance between Lj and L3 =

and

JEE Type Solved Examples:
Statement I and II Type Questions
■ Directions (Ex. Nos. 26 and 27) are Assertion-Reason 

type examples. Each of these examples contains two 
statements.
Statement I (Assertion) and Statement II (Reason)
Each of these examples also has four alternative choices. 
Only one of which is the correct answer. You have to select 
the correct choice as given below.
(a) Statement I is true, statement II is true; statement II 

is a correct explanation for statement I.
(b) Statement I is true, statement II is true; statement II 

is not a correct explanation for statement I.
(c) Statement I is true, statement II is false.
(d) Statement I is false, statement II is true.

Lj, Li are parallel.

Distance between L? and L4 = 12
5

=> P inside the triangle.
Hence, both statements are true and statement II is notcorreci 
explanation of statement I.

• Ex. 27
Statement I: Incentre of the triangle formed by the lines 
whose sides are 3x + 4y = 0; 5x - 12y = 0 and y -15 = 0 is the 
point P whose coordinates are (1, 8).
Statement II: Point P equidistant from the three lines 
forming the triangle.

L; = 0

1 
1 1

.16 9.

.*. Distance between Li and Lj = Distance between and L4. 
Quadrilateral formed by Lj, Lj, Lj, L4 is a rhombus.

Hence, statement I is true and statement II is false.

= - X 56 X15 = Area of AAQ: 
2

1-3=0□

/p

12 = — and
5

1___
1 1'— -I----

.9 16.

3

Area of AOPA = - x OA X 7 
2

= - x 39 x 7 = A, 
2

Area of AOPB = - X OB x 7
2

= - X 25 X 7 = A, 
2

Area of AAPB = - x AB x 7
2

= - X 56 X 7 = A3 
2

7
A, + A2 + A3 = —(39 + 25 + 56)

2
_ 7X120

2

• Ex. 26 Consider the lines, L,: — + — = 1; L2: — +
3 4 4

Statement II is true

Sol. (b) Let Lj = 3x + 4y = 0,

L2=5x-12y=0 and L^y-15 = 0
3 + 32

Length of 1 from P to L, = —-—

J5~96|_7 
13

J8-15[ _?
1

L3:— + — = 2andLA: — + — = 23 3 4 4 3

Statement I: The quadrilateral formed by these four lines is a 
rhombus.
Statement II: If diagonals of a quadrilateral formed by any 
four lines are unequal and intersect at right angle, then it is a 
rhombus.

Sol. (c) 7 I,. Lj are parallel.
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Subjective Type Examples

and v = s,is given by = 0

(ii)
Now

and

Y

8(-3,3)

X'+ (v-r) = O0

(-1,-2)C

A(3,-5) = 0=>

r

D =

Thus, D =

2

Now, AD =

1
1
1

|-H°

• Ex. 29. Let the sides of a parallelogram be 
u = p,u = q,v = r andv = s where, u = lx + my + n and 
v = l' x + m'y 4- n'. Show that the equation of the diagonal 
through the point of intersection of u = p and v=r and u = q 

u v 1

P r 1 
q s 1

Sol. Equation of the line through point of intersection D of lines 
u - p = 0 and v - r = 0 is

(u - p) 4-1 (v - r) = 0 ...(i)
it is also passing through u = q and v = s, then Eq. (i) becomes 

(q - p) 4- X (s - r) = 0

(s -r)

-5+l
3.

(196 196 14>/2 .
— + — =------units.

9 9 3

\
( 5
I 3

Let AD be the bisector of Z BAC, then 
BD_AB_2 
DC~ AC~ 1

Thus D divides BC internally in the ratio 2 :1
'2 (- 1)4-1 (-3) 2 (-2) 4-1(3)' 

24-1 ’ 24-1 >

3 J

= a2

• Ex. 30. The vertices B and C of a triangle ABC lie on the 
lines 3y = 4x and y =0 respectively and the side BC passes 

(2 2^
through the point - . IfABOC is a rhombus, 0 being 

<3 3 J
the origin, find the equation of the line BC and the 
coordinates of A.
Sol. Let the side of the rhombus be a

OB = BA = AC = CO = a

Co-ordinates of A is a 4- x., —- 
I 3 )

(OB)2 = (BA)2 = (AC)2 = (CO)2 = a2 (OB)2

■ In this section, there are 15 subjective solved examples.

• Ex. 28. If x-coordinates of two points B and C are the 
roots of equation x2 4- 4x 4-3=0 and their y-coordinates are 
the roots of equation x2 - x - 6 = 0. If x-coordinate of B is 
less than x-coordinate of C and y-coordinate of B is greater 
than the y-coordinate of C and coordinates of a third point 
A be (3, - 5). Find the length of the bisector of the interior 
angle at A.
Sol. •: x2 4- 4x 4- 3 = 0 => x = -1, - 3

and x2-x-6 = 0=> x = -2,3

Also given that x and y-coordinates of B are respectively less 
than and greater than the corresponding coordinates of C.

B = (— 3,3) and C = (— 1, — 2) 
AB = 7(3 4- 3)2 4-(- 5 - 3)2 = 10 

AC = 7(3 4- 1)2 4- (- 5 4- 2)2 = 5 

AB 2 
AC~ 1

n _________u P________ qs M u = q a

From Eqs. (i) and (ii), we get

(s-r)

=> u(s - r) - p(s - r) - v(q - p) + r (q - p) = Q

=> u(r — s) - v(p - q) 4- ps -qr = 0
u v

P r 
q s

s+- 
. 3

196
9
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y+2 2

(0,b)B P(a,b)

Q
>XX'+Y A(a,0)0

y,

= -l=>

X'* .(ii)0
r

Equation of BC

■(iii)

••■(I) Xi =

it is passing through Now,

[from Eq. (i)]

=>

(O.b)B P(a,b)

Q=>
+ XX'+ 0 A(a,0)

+ Y'

In A PQA,

Now, in AQAM,

and(0
=>

or 

and

2
3

AB=c
ZBAO = B

OA = c cos0 and OB = c sin0
OB = PA = c sin0

Yf

8xt 4X] 
3 ’ 3

= c
,2 MA 

c sin2 0

MA =csin20 cos0

v PQ1AB
Slope of PQ x Slope of AB = -1 

b-yi 
a-xi

5X)
=> a = —

3

5xjx------
3 .

AB = c 
■ja2 + b2 

a2 + b2 =c‘ 

letQ=(Xj,yi)

=>
9

”------ a-------- ►C(a.O)

(2 2> ,
- L then 

k3 3j
4 | 10X1
3 3

„ _ 10X1
3 

3
X’ ~5

Hence, coordinates are

• Ex. 31 The ends AB of a straight line segment of constant 
length c slide upon the fixed rectangular axes OX and OY 
respectively. If the rectangle OAPB be completed, then show 
that the locus of the foot of perpendicular drawn from P to 
ABisx2,3+y2,3=c2'3.

Sol. Let A = (a, 0), B = (0, b) then P = (a, b)

Since

f 2 4
C = (1, 0), A = -, - 

<5 5

CEfeo|, A = 
k 3 J

B = | xb — I, O = (0, 0)
\ 3 7

i 3 4 iB = -, — I, Os(0,0) 
15 5j

From Eq. (i), equation of BC is 
y = -2x + 2 
2x + y =2

. QA QA sin0 = — = ——
PA c sin0

QA = c sin2 0
QM QM sin0 = --- ----
QA csin20

QM = csin30

a MACOS0 =------
QA

^-0 
y - 0 = -3 — 

5xj 
Xi -

= c2/3

= C2/3

+ y2/3

xf3 + y^ =

x^ + !^t = a 
9

b-0
0-a 

axi - byi =a2 -b2

Equation of AB is — + = 1

But Q lies on AB then — + — = 1 
a b

=> bX] + ayt = ab
From Eqs. (ii) and (iii), we get

i.3 o _ b
Xx~^2Tb2’y}'7Tb2

(a2 + fr2)
(a2 + h2)2'3

= (a2 + b2fi

Hence, required locus is x2/3

Aliter:
Since,
Let

5X)
3

n 10xi y = -2x+---- -
3

http://www.150
http://www.150
http://www.jeebooks.in


Chap 02 The Straight Lines 151

+ +

(given)But

<3
and

X'* >xo
Y'

= 0

(i)+ b=> a

-(ii)

(x-a cos a)y - a sin a = -=>

=>

=>

=>
=>

1 2
2 3

I K = - cot — 4- a
14

Pi + p24-p34-6 
6

then
Hence, coordinates of A are (2,7), (3,9), (- 7,-11) and 
(-6.-9).

• Ex. 32 A square lies above the X-axis and has one vertex 
at the origin. The side passing through the origin makes an 
angle a (0 < a < 71 / 4) with the positive direction of the 
X-axis. Prove that the equation of its diagonals are 

y (cos a - sin a) = x (sin a + cos a) 
y (sin a + cos a) + x (cos a - sin a)=a 

where, is the length of each side of the square. 
Sol. Here, OA = AB = BC = CO = a

If coordinates of Q be (x1( yj 
then X] = OM = OA - MA = c cos 0 - c sin2 0 cos0

X] = c cos3 0 ...(i)

and y! = MQ = c sin30 ...(ii)

From Eqs. (i) and (ii), 
xf3 + y2'3 
x2/3 4-y2/3

• Ex. 33 In a&ABC,A = (a,p), B =(1,2),C =(2,3) and 

point A lies on the line y = 2x + 3, where a, p e I. If the area 
of A ABC be such that [A] = 2, where [. ] denotes the greatest 
integer function, find all possible coordinates of A.
Sol. v (a, P) lies on y = 2x + 3

then P = 2a + 3
Thus ,the coordinates of A are (a, 2a + 3) 

a 2a + 3 
1 2

• Ex. 34 Find the values of non-negative real numbers 
Xb X2 A3,p1,p.2>!13 such that the algebraic sum of the 
perpendiculars drawn from points
(Xb4),(X2,5),(X3,-3),(2,p.(),(3,|12) anc/(7,p,3) on a 
variable line passing through (2,1) is zero.
Sol. Let the equation of the variable line be ax + by 4- c = 0. It is 

given that
(aXx + 4b + c) (aX2 + 5b + c) 

7(a2 + b2) + yj(a2 + b2~)

n I . I n I y cos — + a = x sin — + a U J \4 J
=> y (cos a-sin a) = x (cos a + sin a)
Hence, equation of diagonal OB is

x (cos a + sin a) + y (sin a - cos a) = 0
Coordinates of A are (a cos a, a sin a)
Diagonal AC is perpendicular to the diagonal OB,

Slope of AC =-------- -------
slope of OB

1 
= -- --------7----------- :

I 7t tan — + a 
\4

Hence, equation of diagonal AC is

y - a sin a = - cot — + a I (x - a cos a) 
\ 4 J 

cos a - sin a 
cos a + sin a

y (cos a + sin a) - a sin a cos a - a sin2a

= - x (cos a - sin a) + a cosza - a sin a cos a 

x (cos a -sin a) + y (cos a + sin a) = a

4-y2'3 = 0^

- J. -2/3 eir.2 O - z-273= c cos U 4- c sin U = c

=> xfJ 4- yfJ = c213

Hence, locus of Q is x2/3

/a2 + b!)

(aX3 - 3b 4- c) (2a + tyi, + c)
+ ^(a2 + b2) + -J(a2 + b2)

(3a 4- fep2 4- c) (7a 4- fcp3 4- c)
+ J(a2 + b2) + yl(a2 + b2)

=s a (A.j 4- X2 4- X3 4- 12) + b (p3 + p2 4- p3 4- 6) 4- 6c = 0 
Xj + X2 + X3 + 12

6
But the line passes through (2,1), therefore

2a + b + c = 0
From Eqs. (i) and (ii), we get

Xt 4-X2 4-X3 4- 12 = 2 and p, 4- p2 4- p3 4- 6 = x 
6 6

=> Xj 4- X2 4- X3 = 0 and p, 4- p2 4- p3 = 0
=> XI = X2 = X3 and Pj =p2 =p3 [ v X(, pi > 0 for all i ]

X,=X2 = X3=a (say)
and p1=p2=p3=p (say)
where a > 0 and P > 0.

2 3
a 2a 4- 3

= |2a-2a-34-3-44-4a4-6-3a|
A = ||a 4-2|

[A]= i|a4-2| -2

2 <la + 2l 
2

4 <|a 4- 2| <6
4<a4-2<6or-6<a4-2<-4
2<a<4or-8<a<-6 
a =2,3,-7,-6 
P =7,9,-11,-9

i K i
Equation of OB is y - 0 = tan — 4- a (x - 0) 

\ 4 )
n
4
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=>

= 1=>

p

(h.k)

and
XX'* Q0

y

B =>^c

-(ii)=>

To minimise, — = 0
-1=>

=>
=>

=>

(\‘h>O,k>ty

1^ = 0

•••(ii)

„.(iii)

(i)

(cos02 + A. cos03) 
(sin02 + 1 sin03)

4
1
2

I

~~D~~ 
*•1=0

• Ex. 36 Let (h, k) be a fixed point, where h>G,k>Q.

A straight line passing through this point cuts the positive 
direction of the co-ordinate axes at the points P and Q. Find 
the minimum area of the triangle 0PQ,0 being the origin. 
Sol. Equation of any line passing through the fixed point (h, k) 

and having slope m can be taken as 
y - k = m (x - h)

PQ = QR = RP = r

ZPQL^Q
ZXQ/? = 0 + 6O°
PL = a and RN = 1 unit

h3
= — > 0 

k

h nr v y -h k- h or x---- = n-----
m m

d2A
dm2

£
\ L2=0

• Ex. 37 The distance between two parallel lines is unity. 4 
point P lies between the lines at a distance a from one of 
them. Find the length of a side of an eqi lateral triangle PQJL 
vertex Q of which lies on one of the parallel lines and vertex 
R lies on the other line.
Sol. Let

and
then
Given

OQ = h - — and OP = k - mh 
m

m = - klh

^3=0/

A(m) = hk~ — 
2

y
(. k m\h----
\ m,

y k --------= x
m m

x

PI 
\ ni.

x

PI
\ m,

Y

+ -L = 1 
(k-mh)

Since, ADI BC
:. Slope of BC x slope of AD = -1 

COS0. --------- x 
sin0|

cos0( cos02 + X cos03 cos0j
= - sin01 sin02 - X sin03 sin0j 

cos (0! - 02) + A, cos (03 - 0]) = 0
_ cos (0! - 02) 

cos(03 -0])

Area of triangle OPQ = OQ. OP = -. ( h - — ] (k - mh) 
2 \ mJ 

k2} 
2hk-mh2- — 

m)

kf 
2m

Now from Eq. (i), 
cos(0, - 02) 
cos (03 -0))

L2 cos (03 - 0j) = Lj cos (0] - 02)
Similarly, we can obtain equation of altitude BE as

Lj cos (0] - 02) = £j cos (02 - 03) 
From Eqs. (ii) and (iii), we get

L) cos(02 -03) = L2 cos(03 — 8j) = Zzj cos(0j -02)

• Ex. 35 The three sides of a triangle are
Lr = xcos0r +y sin 0r - pr =0, where r- 1,2,3. Show that 
the orthocentre is given by

cos (6 2 -83) = *-2 cos(03 = L3 cos(0] -62) •
Sol. The given lines are

L, = x cos0] + y sin0] - pj = 0
Lq = x cos02 + y sin02 - p2 = 0
Lj = x cos03 + y sin03 - p3 = 0

Now, equation of AD is £2 + XLj = 0 ...(i)
=> (x cos02 + y sin02 - p2) + X (x cos03 + y sin03 - p3) = 0 
=» x(cos02 + X cos03) + y (sin02 + X sin03) -(p2 + Xp3) = 0

4 _ (cos02 + X cos03) Slope of AD = -  ----- 2-— -------
(sin02 + X sin03)

r COS0.
Slope of BC=---------

sin0I

A

k k ..
Hence for m = —, A (m) is minimum . Put m = — in Eq. (ii), 

h h
we get minimum area.

hlc hlc
Minimum area of AOPQ = hk+ — + — =2hk

1
2

1
2

k2
2m2 
2k2 
2m3

dA
dm

n h2 A2 n k
0----- + —- =0 m = ± -

2 2m2 h
d2A
dm2

http://www.152
http://www.152
http://www.jeebooks.in


Chap 02 The Straight Lines IE

Now, let slope of AB is m
Y

YR(r,Q+6Qa)

*XX' (0.0) Q X'
0

AWf)Y'

InAPQL

—(0
and in AQRN,

=>

=> or

[from Eq. (i)]= 1=> r

or

=>

(say)= 2 = 771)

(say)

a
r

=>
or

^(r.O) 
L

[ m, - m2 I _ i
+ m^m2) I

( 2 —(—1) )
U + 2( — 1) J '

3 (1 - m) = m + 1
1m = -
2

m — I
1 + mm2 )

( m-(-l)
+ m(-l)

-2(1 - 2-2)
1 + 1

•/ OA and AB are equally inclined to normal of x — y + 1 = 
then,

or Xj = 4, yi = -1

i.e. A' = (4, - 1)
v BC is parallel to OA
then equation of BC = equation of A' C is 

y-Xi =2(x-xt) 
y + l=2(x-4) 
2x — y - 9 = 0

sin 0 = — = 
QP

a = r sin9

i.e.
Aliter:
If image of A (1,2) with respect to line mirror x - y = 2 be 
A^Xj.yJ, then

-i _y,-2
1 -1

2)=1“t

• Ex. 38 A ray of light travelling along the line OA 
(0 being origin) is reflected by the line mirror x - y +1 = 0, 
is the point of incidence being A (1,2) the reflected ray, 
travelling along AB is again reflected by the line mirror 
x -y = 2, the point of incidence being B. If this reflected ray 
moves along BC.find the equation of the line BC.

Sol. Since, slope of OA = y—

and slope of normal tox-y + l= 0is 
-1 =

'60°

I N

.‘. Equation of AB is
y-2 = l(x-l)

or x - 2y + 3 = 0
Now, solving x - 2y + 3 = 0 
and x - y = 2
then, we get x = 7, y = 5 
Le. B = (7,5)
v BC is parallel to OA 
/. Equation of BC is

y-5 = m1(x-7) 
y—5=2(x —7) 
2x-y - 9 = 0

rsin(9 + 60°) = —= -
QR r

sin (9 + 60°) = 1
(sin9 cos 60° + cos9 sin60°) = 1 

"1 V3
r - sin9 + — cos9 = 1

1,2 2
r r-

1 a -x- + —x
2 r 2\

; + ^2-a2) = 1
2 2

2 2

-(r2 -a2) = 1 + — -a 
4 4
3r2 — 3a2 = 4 + a2 — 4a

3r2 = 4 (a2 - a + 1)

r = -J(a2 - a + 1)
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(-b.kJS QIW

S'P(-h,a)
X'+ >X

Y

2

=>

= -lm x

=>B 12 A

V2

>X
2V2-V2,2

C;

C D12

or

and
Given,

2V2 <-(x-y)-(x +y) <4j2 
2>/2 £ - 2x < 4>/2

d(P, Q) = |x - 0| + |y - 0| = |x| + |y| = x + y 
d (P, A) = |x-3| + |y-2|
d (P, Q) = d (P, A)

x + y=|x-3| + |y-2|

\V2

• Ex. 40 A rectangle PQRS has its side PQ parallel to the 
line y = mx and vertices P, Q and S on the lines y = a, x = b 
and x = -b respectively. Find the locus of the vertex R. 
Sol. PQ is parallel to y = mx

Equation of PQ is y = mx + X 
v Diagonals bisect to each other

Y +
R(h,k)

Z’ZZ^//

• Ex. 41. For points P = (xy,y}) andQ = (x2,y2) of the 

coordinate plane, a new distance d(P,Q) is defined by 
d (P, Q) = | x, - x2| + |y, -y2|. Let 0 = (0,0) and A = (3,2). 
Prove that the set of the points in the first quadrant which 
are equidistant (with respect to the new distance) from Oan< 
A consists of the union of a line segment of finite length and 
an infinite ray. Sketch this set in a labelled diagram. 
Sol. Let P (x, y) be any point in the first quadrant, we have

x > 0, y > 0

x-coordinate of P is -h.
Suppose y-coordinate of Q and S are Xi and X2 respectively, 
v Eq. (i) pass through P (- h, a) 
then a = - mh + X

X = a + mh
=> y = mx + a + mh
Q also lie on it, then

Xj = mb + a + mh
Q = (b, mb + a + mh)

Also, slope of PQ x slope of QR = — 1 
(k -(mb + a + mh)) 

(h~~b)

mk - m2b - am- m2h = -h + b 
=> (m2 -1) h - mk + b (m2 + 1) + am = 0

Locus of Pis
(m2 -1) x-my + b (m2 + 1) + am = 0

or
Combining all cases, we get 

xe[-2ji,-ji]v[ji,2ji) 
and y e [- 2V2, - V2] w [Ji, 2ji} 
Hence, area of the required region 

= (4V2)2 -(2V2)2 
= 32 - 8 = 24 sq units.

A

• Ex. 39 Consider two lines = x - y = 0 andL2 = x + y = 0 

and a moving point P (x, y). Let d (P, L;), / = 1,2 represents the 
distance of the point ‘P’from Lj. If point ‘P’ moves in certain

2
region ‘R’ in such a way E d (P, L,-) g [2,4]. 

i = 1

Find the area of region ‘R’.
2

Sol. v Given E d(P, Lt) g [2, 4]
1 = 1

2
2 £ E d (P, Lt) < 4 

<=i

2<d(P,Z1) + d(P,L2)<4 
2S15s>l+li±yiS4 

Ji Ji
2ji<\x-y\ + \x + y\^4ji

Case I: Ifx-y>0, x + y>0 
then 2ji £(x-y) +(x + y) < 4ji 
=> 2ji <2x < 4ji or Ji < x < 2ji
Case II: Ifx-y>0, x + y<0
then 2ji <(x - y)-(x + y)<,4ji
=> 2ji<-2y<4ji
or - Ji > y - 2 Ji or - 2 Ji < y <
Case III: Ifx-y<0, x + y>0
then 2ji<. - (x - y) + (x + y) < 4ji
=> 2ji<2y <4ji orji<y ^2ji
Case IV: Ifx-y<0, x + y<0 
then

Yy

- Ji > x > - 2ji 
-2ji ^x^-Ji
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or

= n. r2. r3

(Impossible)

then(Impossible) n =

r2 =

and
and r3 =

Y

3

2

1

n>xX' 0 31 2

r
The labelled diagram is given in adjoining figure.

• Ex. 42. A line through the variable point A(k + 1,2k) 

meets the lines!x + y -16 = 0,5x— y - 8=0,x-5y+8=0 
at B, C, D respectively, prove that AC, AB, AD are in HP.
Sol. Given lines are

lx + y -16 = 0 . ,.(i)
5x-y-8 = 0 „.(ii)
x - 5y + 8 = 0 ...(iii)

Let the equation of line passing through A (k + 1,2k) making 
an angle 0 with the + ve direction of X-axis, be 
x-(k+l) y-2k
-------- - — - . n = ri. r2. r3 (if AB = rlt AC = r2,AD = r3, 

cos 0

x+y

Case I: 0 < x < 3, 0 £ y < 2 
then Eq. (i) becomes

x+y=3-x+2-y
or x + y = 5/2
Case II: 0 $ x <3, y £ 2
then Eq. (i) becomes

x+y=3—x+y-2
1x = -
2

Case III: x 3, 0 <y <2
then Eq. (i) becomes

x+y=x-3+2-y
1

y='~2

Case IV: x S 3, y > 2
x + y=x-3+y-2

=> 0 = —5
Combining all cases, then

x + y= 5/2;0^x<3, 0<y<2 
x = |; 0 £ x <3,y >2

sin0
B = [(fc + 1) + r, cos 0,2k + q sin 0] 
C 2 [(Jk + 1) + r2 cos 0,2k + r2 sin 0] 
D s [(fc + 1) + r3 cos 0,2k + r3 sin 0] 

Points B, C, D satisfying Eqs. (i), (ii) and (iii) respectively 
9(1—fc)

7 cos 0 + sin 0 
3(1-fc)

5 cos 0 - sin 0 
9(1 ~fc)

5 sin 0 - cos 0

1 _ (5 cos 0 - sin 0) (5 sin 0 - cos 0)
3 (1 - k) 9 (1 - k)

_ 15 cos 0 - 3 sin 0 + 5 sin 0 - cos 0 
" 9(1-k)

_ 14 cos 0 + 2 sin 0 2 
9(1-fc) 

Hence r2, rb r3 are in HP 
i.e. AC, AB, AD are in HP.

1 — + — 
r2 r3
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g The Straight Lines Exercise 1:
Single Option Correct Type Questions

the line x cos a + y sin a +

2

,2

(b) parallelogram
(d) None of these

8. If the distance of any point (x, y) from the origin is 

defined as d(x, y) = max {| x |, | y |}, d(x, y) = a non-zero 
constant, then the locus is
(a) a circle (b) a straight line
(c) a square (d) a triangle

9. If pj, p2> P3 be the perpendiculars from the points 
(m2,2m), (mm', m + m') and (m'2, 2m') respectively on

sin2 a n 
-------- = 0, then pi,p2,p3 
cos a

(c) a2 + p2 = b2 + q2

nJ 1 1 1(b) — + — = — + —r ' '2 12 J2 2a o p q
... 1 1 1 1(d) — + —— = — + — 

a p b q

(b) ay - bx + 2b = 0
(d) None of these

2 2 1 2m
2. If---- - +----- +------ = —, then orthocentre of the

1!9! 3!7! 5!5! n!
triangle having sides x-y + l= 0,x + y + 3 = 0 and 
2x + 5y - 2 = 0 is
(a) (2m - 2n, m - n) (b) (2m - 2n, n - m)
(c) (2m - n, m + n) (d) (2m - n, m - n)

3. If/(x + y) = /(x)/(y)V x,ye £and/(l) = 2, then area 
enclosed by 3] x | + 2| y | < 8 is

(a) /(4) sq units (b) - /(6) sq units
2

(c) "/(6) sq units (d) | f(5) sq units

4. The graph of the function
y = cos x cos(x + 2) - cos2 (x +1) is
(a) a straight line passing through (0, - sin21) with slope 2
(b) a straight line passing through (0, 0)
(c) a parabola with vertex (1, - sin21) . .
(d) a straight line passing through the point —, - sin21 are

parallel to the X-axis. ' 2 '

5. A line passing through the point (2, 2) and the axes 
enclose an area X. The intercepts on the axes made by 
the line are given by the two roots of
(a) x2-2| X |x +1 X | = 0 (b) x2 +1 X |x + 2| X | = 0 .
(c) x2 -1 X | x + 2| X | = 0 (d) None of these

6. The set of value of ‘b’ for which the origin and the point 
(1,1) lie on the same side of the straight line
a2x + aby +1=0VaE R, b>0are 
(a)be(2,4) (b) he (0,2)
(c) b 6 [0,2] (d) None of these

7. Line L has intercepts a and b on the co-ordinates axes, 
when the axes are rotated through a given angle; 
keeping the origin fixed, the same line has intercepts p 
and q, then

(a) a2 + b2 = p2 + q

are in
(a) AP (b) GP
(c) HP (d) None of these

10. ABCD is a square whose vertices A, B, C and D are (0,0), 
(2, 0), (2, 2) and (0, 2) respectively. This square is rotated 
in the xy plane with an angle of 30° in anti-clockwise 
direction about an axis passing through the vertex A the 
equation of the diagonal BD of this rotated square is — 
. If £ is the centre of the square, the equation of the 
circumcircle of the triangle ABE is
(a) 73x + (1 - yfr)y = 73, x2 + y2 = 4
(b) (1 + 73)x -(1 - 72 )y = 2, x2 + y2 = 9
(c) (2 - -Js)x + y =2(73 -1), x2 + y2 -x73 -y = 0
(d) None of the above

11. The point (4,1) undergoes the following three successive 
transformations
(i) reflection about the line y = x -1.
(ii) translation through a distance 1 unit along the positive 

direction of X-axis.
(iii) rotation through an angle — about the origin in the 

anti-clockwise direction 4
Then, the coordinates of the final point are

(a) (4.3) (b)g,^
(c) (0,3-72) (d) (3, 4)

12. If the square ABCD, where A(0,0\B(2,0\ C(2,2) and 

D(0,2) undergoes the following three transformations 
successively
(i)/i(x,y)-4(y,x)
(H)/2(x,y)^(x + 3y,y)

\ U

then the final figure is a
(a) square
(c) rhombus

■ This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c), (d) out of which 
ONLY ONE is correct.

1. The straight line y = x - 2 rotates about a point where it 
cuts X-axis and becomes perpendicular on the straight 
line ax + by + c = 0, then its equation is 
(a) ax + by + 2a = 0 
(c) ax + by + 2b = 0

„ 2 2. 1
5!5!
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(3.4)

(8.2)(O.y)

(x,0)0

(b)4^ (c)4^ (d)5^

15. If A

(b) [-«, it]

(d) None of these

(d) 3 or 15

(b)3 (c)5 (d)7

i 
i

20. Suppose that a ray of light leaves the point (3, 4), reflects 
off the Y-axis towards the X-axis, reflects off the X-axis, 
and finally arrives at the point (8, 2). The value of x is

<b)(H

112 1(a) 4; (b)4; (C)4; (d)5^
2 3 3 3

21. m,n are two integers with 0< n < m. A is the point (m, n) 
on the cartessian plane. B is the reflection of A in the 
line y = x. C is the reflection of B in the Y-axis, D is the 
reflection of C in the X-axis and E is the reflection of D 
in the Y-axis. The area of the pentagon ABODE is
(a) 2m(m + n) (b) m(m + 3n)
(c) m(2m + 3n) (d) 2m(m + 3n)

22. A straight line L with negative slope passes through the 
point (8, 2) and cuts the positive coordinates axes at 
points P and Q. As L varies, the absolute minimum value 
of OP + OQ is (0 is origin)
(a) 10 (b) 18 (c) 16 (d) 12

23. Drawn from origin are two mutually perpendicular lines 
forming an isosceles triangle together with the straight 
line 2x + y = a, then the area of this triangle is

2 2a (2(a) — sq units (b) — sq units

a2(c) — sq units

24. The number of integral values of m for which the 
x-coordinate of the point of intersection of the lines 
3x + 4y = 9 and y = mx +1 is also an integer is
(a) 2 (b)0 (c)4 (d)l

25. A ray of light coming from the point (1, 2) is reflected at 
a point A on the X-axis and then passes through the 
point (5, 3). The coordinates of the point A are

(c) (-7, 0) (d) None of these

26. Consider the family of lines
5x + 3y — 2 + X(3x - y - 4) = 0 and
x - y + 1 + p(2x - y - 2) = 0. Equation of straight line 
that belong to both families is ax + by - 7 = 0, then 
a + bis 
(a)l

(c) 0 (d) None of these
16. The line x + y = 1 meets X-axis at A and Y-axis at B, P is 

the mid-point of AB. Px is the foot of the perpendicular 
from P to OA; Mx is that of Pj from OP; P2 is that of 
from OA; M2 is that of P2 from OP; P3 is that of M2 
from OA and so on. If Pn denotes the nth foot of the 
perpendicular on OA form Mn _ b then OPn is equal to

(a) 7-2n 2
(c) 2" — 1 (d)2n+3

17. The line x = c cuts the triangle with comers (0, 0); (1,1) 
and (9,1) into two regions. For the area of the two 
regions to be the same, then c must be equal to

(a) | (b)3

<4
18. If the straight lines x + 2y = 9,3x - 5y = 5 and ax + by = 1 

are concurrent, then the straight line 5x + 2y = 1, passes 
through the point
(a)(a,-b) (b)(-a,b)
(c)(a,b) (d)(-a,-b)

19. The ends of the base of the isosceles triangle are at (2,0) 
and (0,1) and the equation of one side is x = 2, then the 
orthocentre of the triangle is

-(W
(C)

13. The line x + y = a meets the axes of x and y at A and B 
respectively. A triangle AMN is inscribed in the triangle 
OAB, O being the origin, with right angle at N, M and N 
lie respectively on OB and AB. If the area of the triangle 

AMN is of the area of the triangle OAB, then is

equal to 
(a)l (b)2 (c) 3 (d)4

14. If P(l, 0), Q(-1,0) and R(2,0) are three given points, then 
the locus of point S satisfying the relation
(SQ)2 + (SR)2 = 2(SP)2 is
(a) a straight line parallel to X-axis
(b) a circle through the origin
(c) a circle with centre at the origin
(d) a straight line parallel to Y-axis

sina „ cosa-iland^LlXae [-n,7t]are two
V 3 ^2

points on the same side of the line 3x - 2y +1 = 0, then a 
belongs to the interval 
. . ( 3nl (n(a) | -it,-----u | —, n

4
3ic
4 .
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X' >xo

r

(d)(17, 0)

g The Straight Lines Exercise 2:
More than One Correct Option Type Questions

(a)(0,a)

30. In the adjacent figure combined equation of the incident 
and refracted ray is

Y.

37. If the line ax + by + c =0,bx 4- cy 4- a = 0 and
ex + ay + b = 0 are concurrent (a + b + c # 0) then 
(a) a3 + b3 + c3 - 3abc = 0 (b) a = b 
(c)a=b = c (d)az + b2 +

38. A(l, 3) and C(7,5) are two opposite vertices of a square. 
The equation of a side through A is
(a) x + 2y - 7 = 0 (b) x - 2y 4- 5 = 0
(c) 2x + y - 5 = 0 (d) 2x - y + 1 = 0

(b)(Xo
\ 4

—Jia a
2 ’ 2

27. In AABC equation of the right bisectors of the sides AB 
and AC are x 4- y = 0 and x - y = 0 respectively. If
A = (5,7), then equation of side BC is 
(a)7y=5x (b)5x = y
(c)5y=7x (d)5y = x

28. Two particles start from the point (2, -1), one moving 2 
units along the line x + y = 1 and the other 5 units along 
the line x - 2y = 4. If the particles move towards 
increasing y, then their new positions are
(a) (2 -Ji, Ji- \)-,(2ji + 2, Ji -1)
(b) (2 J2 + 2, Ji - 1);(272, Ji + 1)
(c) (2 + Ji, Ji + 1); (2-^2 + 2, Ji + 1)
(d) (2 - Ji, Ji - 1); (V2 - 1,2 Ji + 2)

29. Let P be (5,3) and a point R on y = x and Q on the X-axis 
be such that PQ + QR + RP is minimum, then the 
coordinates of Q are

(c)(p°

34. If the lines x - 2y - 6 = 0,3x 4- y - 4 = 0 and 
lx + 4y 4- X2 = 0 are concurrent, then
(a) X=2 (b)X=-3 (c) X = 4 (d)X=-4

35. Equation of a straight line passing through the point of 
intersection ofx-y + l = 0 and 3x + y - 5 = 0 are 
perpendicular to one of them is
(a)x + y + 3 = 0 (b) x 4- y - 3 = 0
(c) x - 3y - 5 = 0 (d) x - 3y + 5 = 0

36. If one vertex of an equilateral triangle of side a lies at the 
origin and the other lies on the line x - Jiy = 0, the 
coordinates of the third vertex are

(b)[4£’?'l(c)(°'-‘i) (d>

(-3 3 (a) — ,- 
k 2 2.

, \(7 13>1 (c) k’t\2 2)

^(2.0)

; \30°

I

(a) (x - 2)2 + y2 + -j=(x - 2)y = 0

(b) (x-2)2 + y2-A(x_2)y = 0

(c) (x-2)2 4-y2 4--^=(x - 2) = 0

(d) (x-2)24-y2-~(x-2) = 0

■ The section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c), and (d) out of 
which MORE THAN ONE may be correct.

X V31. The point of intersection of the lines -4-^ = 1 and

c2 - be - ca - ab = 0

— + - = 1 lies on 
b a
(a) x-y = 0
(b) (x + y )(a + b) = 2ab
(c) (lx 4- my )(a + b)= (I + m)ab
(d) (lx - my)(a + b)= (I - m)ab

32. The equations (b - c)x + (c - a)y 4- a - b = 0 and
(b3 -c3)x4-(c3 -a3)y4-a3 -b3 = 0 will represent the 
same line, if
(a) b = c (b) c = a
(c) a = b (d) a 4- b 4- c = 0

33. The area of a triangle is 5. Two of its vertices are (2,1) 
and (3, -2). The third vertex lies on y = x 4- 3. The 
coordinates of the third vertex cannot be

(3 -3^
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(d) p = sina

3.5

>X >X0 3

aY

3.5

(d)
1/2

X *X0 1/2 3.5 0 2.5

!
j

(b)(a, 0) 
(d)(a + b, b)

■ The section contains 5 Paragraphs based upon each of 
the paragraphs 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), (b), 
(c), and (d) out of which ONLY ONE is correct.

Paragraph I
(Q.Nos. 46 to 48)

For points P = (xi,yi) and Q = (x2, y2) °f coordinate
plane, a new distance d(P,Q) is defined by
d(P,Q)=\x} -x2|+|y, -y2|
Let 0 = (0,0) A s (1,2) B = (2,3) and C = (4,3) are four 
fixed points on x-y plane.

46. Let Rix, y\ such that R is equidistant from the point 0
and A with respect to new distance and if 0< x < 1 and 
0 < y < 2, then R lie on a line segment whose equation is 
(a) x + y = 3 (b) x + 2y = 3
(c) 2x + y = 3 (d) 2x + 2y = 3

47. Let S(x, y\ such that S is equidistant from points 0 and B 
with respect to new distance and if x > 2 and 0 < y < 3, 
then locus of S is

-3_y+5 
sin0

2.5
(c)

39. If6a2 — 3b2

x

g The Straight Lines Exercise 3:
w Paragraph Based Questions

3 
(a)

(a) a line segment of finite length
(b) a line of infinite length
(c) a ray of finite length
(d) a ray of infinite length

48. Let T(x, y), such that T is equidistant from point 0 and C 
with respect to new distance and if T lie in first quadrant, 
then T consists of the union of a line segment of finite 
length and an infinite ray whose labelled diagram is

Y Y

x-3 y + 5 ------ = ------ and
cosa sina

(a)a = -—

(c) y = cosa

Va=0

- c2 + 7ab -ac + 4bc = Q, then the family of 
lines ax + by + c - 0 is concurrent at
(a) (-2,-3) (b) (3, -1)
(c)(2»3) (d) (—3,1)

40. Consider the straight lines x + 2y + 4 = 0 and 
4x + 2y -1 = 0. The line 6x + 6y + 7 = 0 is
(a) bisector of the angle including origin
(b) bisector of acute angle
(c) bisector of obtuse angle
(d) None of the above

41. Two roads are represented by the equations y - x = 6
and x + y = 8. An inspection bungalow has to be so 
constructed that it is at a distance of 100 from each of 
the roads. Possible location of the bungalow is given by 
(a) (100 fi + 1,7) (b) (1 -100-72,7)
(c) (1,7 4- 100V2) (d) (1,7 - 100V2)

42. If (a, b) be an end of a diagonal of a square and the other 
diagonal has the equation x - y = a, then another vertex 
of the square can be 
(a) (a - b, a) 
(c)(0,-a)

(b)
1/2
*0

43. Consider the equation y-yi = m(x-Xj).Ifm and Xj 
are fixed and different lines are drawn for different 
values of yt, then
(a) the lines will pass through a fixed point
(b) there will be a set of parallel lines
(c) all the lines intersect the line x = xt
(d) all the lines will be parallel to the line y = xt

44. Let L] = ax + by + afb=Qand L2 = bx-
be two straight lines. The equations of the bisectors of 
the angle formed by the foci whose equations are
X1L1 - k2L2 = 0and + 12L2 = 0, and X2 being 
non-zero real numbers, are given by 
(8)^ = 0 (b) L2 = 0
(c) kfi + X2L> = 0 (d) X2L1 - AqLz = 0

45. The equation of the bisectors of the angles between the
x-3 y + 5 , x-3 y + 5two intersecting lines------= ------ and-------= - -----are
cos0 sin0 cos 0 sin0 

-3 y+5 — = ----- , then
Y

(b) P = -sina
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's=o

S'=0

(d)

(a) (b) (d)

(c)-4 (d)

26
5

J?

x" = 4y in the line x + y = a is
(b) (y - a)2 = 4(a - x)
(d) (y - a)2 = 4(a + x)

<■>#

How to find the image or reflection of a curve?
P I

54. Equation of AB is
(a) 3x + 7y =24
(b) 3x + 7y+ 24 = 0
(c) 13x + 7y + 8 = 0
(d) 13x-7y+ 8 = 0

Paragraph IV
(Q. Nos. 55 to 57)

Let S' = 0 be the image or reflection of the curve S = 0 about 
line mirror L=Q. Suppose P be any point on the curve S = 0 
and Q be the image or reflection about the line mirror L = Q 
then Q will lie on S' = Q

....... h.... a:0.//////////////////
■M

(17 3
(b)

1 10 10.
9 _5^
2* 2>

Paragraph III 
(Q. Nos. 52 to 54)

( 2 -2A
A (1,3) ant/Cl --, — I are the vertices of a triangle ABC and

the equation of the angle bisector of ZABC is x + y=2

52. Equation of BC is
(a) 7x + 3y - 4 = 0 (b) 7x + 3y + 4 = 0
(c) 7x - 3y + 4 = 0 (d) 7x - 3y - 4 = 0

53. Coordinates of vertex B are
<3 17(a) —. —110 10
, J 5 9)

V 2 2)

4?-

Paragraph II
(Q. Nos. 49 to 51)

In a triangle ABC, if the equation of sides AB, BC andCA are 
2r-y + 4 = Qx- 2y- 1 = 0 and x + 3y - 3 = 0 respectively.

49. Tangent of internal angle A is equal to
(a)-7 (b) —3
(c)i (d)7

50. The equation of external bisector of angle B is
(a) x - y -1 = 0 (b) x - y + 1 = 0
(c) x + y - 5 = 0 (d) x + y + 5 = 0

51. The image of point B w.r.t the side CA is
, J 3 26(a —. —

I 5 5 .
, J3 26(c) -----

\5 5

Q \

Let the given curve be S : f(x, y) = Oand line mirror 
L\ax + by + c=0 We take a point P on the given curve in 
parametric form. Suppose Q be the image or reflection ofpoint 
P about line mirror L= Q which again contains the same 
parameter. Let Q = ($(t), \|/(r)), where t is parameter. Now let 
x = ty(t)and y=y(t)
Eliminating t, we get the equation of the reflected curve S'.

55. The image of the line 3x - y = 2 in the line y = x-1 is
(a) x + 3y - 2 (b) 3x + y = 2
(c)x-3y=2 (d)x + y = 2

56. The image of the circle x2 + y2 = 4 in the line x + y = 2 
is
(a) x2 + y2-2x-2y = 0 (b) x2 + y2 - 4x-4y + 6 = 0
(c) x2+y2-2x-2y+ 2 = 0 (d) x2 + y2 - 4x- 4y + 4 = 0

57. The image of the parabola x2 
(a)(x-a)z = 4(a-y) 
(c)(x - a)2 = 4(a + y)

Paragraph V
(Q. Nos. 58 to 60)

In a AABC, the equation of the side BC is 2x - y = 3 and its 
circumcentre and orhtocentre are (2, 4) and (1,2) respectively.

58. Circumradius of AABC is

59. sin B sinC =
9 9 9 9(a) - (b) -4= (c) 4= (d) 4=

2^61 4-^61 V61 5-761

60. The distance of orthocentre from vertex A is
1 A Q 9(a) 4 (b)4 (c)4 (d)AV5 V5 V5 V5

'51
5
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72. Match the Columns

Column I Column II

2

3

4

5

(q)

i

■ The section contains 10 questions. The answer to eaeh 
question is a single digit integer, ranging from 0 to 9 
(both inclusive).

61 The number of possible straight lines passing through 
(2, 3) and forming a triangle with the coordinate axes, 
whose area is 12 sq units, is

62. The portion of the line ax + 3y - 1 = 0, intercepted 
between the lines ax 4- y 4-1 = 0 and x + 3y = 0 subtend a 
right angle at origin, then the value of | a | is

63. Let ABC be a triangle and A = (1,2), y = x be the 
perpendicular bisector of AB and x - 2y + 1 = 0 be the 
angle bisector of ZC. If the equation of BC is given by 
ax + by - 5 = 0, then the value of a - 2b is

64. A lattice point in a plane is a point for which both 
coordinates are integers. If n be the number of lattice 
points inside the triangle whose sides are x = 0, y = 0 and 
9x4- 223y = 2007, then tens place digit in n is

65. The number of triangles that the four lines y = x 4- 3, 
y = 2x 4- 3, y = 3x + 2 and y + x = 3 form is

(P) 
i I

66. In a plane there are two families of lines : y = x 4- n,
y = -x + n, where n e {0,1,2,3,4}. The number of squares 
of the diagonal of length 2 formed by these lines is

67. Given A(0,0) and B(x, y) with x e (0,1) and y > 0. Let the 
slope of line AB be m,. Point C lies on line x = 1 such 
that the slope of BC is equal to m2, where 0< m2 < mx. 
If the area of triangle ABC can be expressed as
(m, - m2 )/(x) and the largest possible value of /(x) is

X, then the value of — is
X

68. If (X, X + 1) is an interior point of A ABC, where A = (0,3), 
B = (-2,0) and C = (6,1), then the number of integral 
values of X is

69. For all real values of a and b, lines
(2a 4- b)x 4- (a + 3b)y + (b - 3a) = 0 and Xx 4- 2y 4- 6 = 0 and 
Xx 4- 2y 4- 6 = 0 are concurrent, then the value of | X| is

70. If from point (4, 4) perpendiculars to the straight lines 
3x 4- 4y 4- 5 = 0 and y = mx 4- 7 meet at Q and R and area 
of triangle PQR is maximum, then the value of 3m is

(A) Lines x - 2y - 6 = 0,3x + y - 4 = 0 and 
Xx + 4y + A.2 = 0 are concurrent, then the 
value of | X] is

(B) The variable straight lines
3x(a + 1) + 4y(a - 1) - 3(a -1) = 0 for 
different value of "d passes through a fixed
point (p,q) if X = p -q, then the value of 4 | X|

If the line x + y- l- — = 0 passing through 
2

the intersectionofx-y + 1 = 0and 
3x + y- 5 = 0, is perpendicular to one of 
them, then the value of | A + 1| is

(D) If the line y- x -1 + X = 0 is equidistant from (s) 
the points (1,-2) and (3,4), then the value of 
|X|is

g The Straight Lines Exercise 5: 
Matching Type Questions 
Ww— >w»~i - _ j .. x_-'r s ■■ meinrm . J .

■ The section contains 5 questions. Questions 1, 2 and 3 
have four statement (A, B, C and D) given in Column I 
and four statements (p, q, r and s) in Column II and 
questions 74 and 75 have three statements (A, B and C) 
given in Column I and five statements (p, q, r, s and t) in 
Column II. Any given statement in Column I can have 
correct matching with one or more statement (s) given in 
Column II.

71. Let Llt L2, L3 be three straight lines a plane and n be the 
number of circles touching all the lines.

g The Straight Lines Exercise 4:
3 Single Integer Answer Type Questions

Column I j Column II
--------------------------------------------------------------------------------------- 1 ,

(A) The lines are concurrent, then n + 1 is a (p) natural number
-----  -------------------------------------------- _1---- 1------------------------

(B) The lines are parallel, then2n + 3 is a | (q) prime number
■ I— ■ - —----------------r ■ r — —

(C) 'Two lines are parallel, then n + 2 is a (r) composite number

(D) The lines are neither concurrent nor j (s) perfect number
'parallel, then n + 2 is a *
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4

Column IIColumn I i

(P) 4

5 (P)

6

7
(q)

74. Match the following

o

1

(s)
2

It,

it is (0,0).

■ Directions (Q. Nos 76 to 83) are Assertion-Reason type 
questions. Each of these question contains two statements. 
Statement I (Assertion) and
Statement II (Reason)
Each of these questions has four alternative choices, only 
one of which is the correct answer.
You have to select the correct choice.
(a) Statement I is true, statement II is true; statement II 

is a correct explanation for statement I
(b) Statement I is true, statement II is true; statement II 

is not a correct explanation for statement I
(c) Statement I is true, statement II is false
(d) Statement I is false, statement II is true

76. Statement I The lines x(a + 2b) + y(a + 3b) = a + b are 
concurrent at the point (2, -1)
Statement II The lines x + y -1 = 0 and 2x + 3y -1 = 0 
intersect at the point (2, -1)

77. Statement I The points (3,2) and (1,4) lie on opposite 
side of the line 3x - 2y -1 = 0
Statement II The algebraic perpendicular distance 
from the given point to the line have opposite sign.

73. Consider the triangle formed by the lines y + 3x + 2 = 0, 
3y - 2x - 5 = 0 and 4y + x - 14 = 0

(X.p)lieson 
x2 -16y -16

(X.p) lies on 
x2-y2 = 64

Statement II | PA - PB | < | AB|

80. Statement I The incentre of a triangle formed by the 
line x cos^~^ + y sin^^ = 

xcos^ + ysin^

, f 137tA . (1371^1
= it and x cosl-y I + ysinl-y I =

Statement II Any point equidistant from the given 
three non-concurrent straight lines in the plane is the 
incentre of the triangle.

(t) (X,p)lieson 
x2-y2 = 16

(p)

t

Column II
■---------------------------------------- 1

(X,p)liesonx = 3y

Column I

(A) ! The area bounded by the curve
•max.{|x|,|y} = ljs_______________

(B) If the point (a, a) lies between the lines 
■ | x + y| = 6, then [| a| ] is (where [. ]
denotes the greatest integer function)

(C) i Number of integral values of b for which j (r)
the origin and the point (1,1) lie on the 

; same side of the st. line a2x + aby + 1 = 0, 
for all ae R~ {0} is

3
—

75. Match the following

78. Statement I If sum of algebraic distances from points 
A(l, 2), B(2,3), C(6,1) is zero on the line ax + by + c = 0, 
then 2a + 3b + c = 0
Statement II The centroid of the triangle is (3,2)

79. Statement I Let A = (0,1) and B = (2,0) and P be a point 
on the line 4x + 3y + 9 = 0, then the co-ordinates of P

( 12 17^
such that | PA - PB | is maximum is----- , — L

x 5 5 J

(A) . If (0, X) lies inside the triangle, then
i integral values are less than 13 X]

(B) If (1, X) lies inside the triangle, then
' integral values are less than 13 X|

(C) If (X, 2) lies inside the triangle, then
i integral values of |6 X| are

(D) ' If (X, 7 / 2) lies inside the triangle, then
i integral value of |6Xj are

(r) j (X,p) lies on
I x2 + y2 - 6x-6y = 0

Column I

(A) i If the distance of any point (x, y) 
i from origin is defined as
• d(x,y) = 2|x| + 3|yj. If perimeter 
j and area of figure bounded by
I d(x,y) = 6 are X unit andp sq units 

respectively, then

(B) If the vertices of a triangle are (6, 0), 
(0,6) and (6,6). If distance between 
circumcentre and orthocentre and 
distance between circumcentre and 
centroid are X unit and JX unit 
respectively, then

(C) ' The ends of the hypotenuse of a
■ right angled triangle are (6,0) and 
I (0, 6). If the third vertex is (X,|i), 

then
J .

Column II

g The Straight Lines Exercise 6:
u Statement I and II Type Questions

r^r
1L—1L— 
F(r)l E
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x
(sin2B) + (sin 2C) = 0

The Straight Lines Exercise 7:
Subjective Type Questions

1
1
1

82. Statement I The internal angle bisector of angle C of a 
triangle ABC with sides AB, AC and BC as y - 0, 
3x + 2y = 0, and 2x + 3y + 6 = 0, respectively, is 
5x + 5y + 6 = 0.

81. Statement I Reflection of the point (5, 1) in the line 
x + y = 0 is (-1,-5).
Statement II Reflection of a point P(a, P) in the line

lies onax + by + c - 0 is Q (a', 0'), if 
the line.

Statement II The image of point A with respect to 
5x + 5y + 6 = 0 lies on the side BC of the triangle.

83. Statement I If the point (2a - 5, a2) is on the same side of 
the line x + y- 3 = 0as that of the origin, then a e (2,4). 
Statement II The point (xj, yj) and (x2, y2) lie on the 
same or opposite sides of the line ax + by + c = 0, as 
axj + by} +c and ax2 + by2 + c have the same or 
opposite signs.

..,An respectively.

= c (constant). Show that line passes through

a + a' 0 + 0' 
2 ’ 2

pass through a fixed point for all 0. What are the 
coordinates of this fixed point and its reflection in the 
line x + y = V2 ? Prove that all lines through reflection 
point can be represented by equation

(2 cos 0 + 3 sin 0) x + (3 cos 0 - 5 sin 0) y 
= (V2 -1) (5 cos 0 - 2 sin 0)

90. P is any point on the line x - a = 0. If A is the point (a, 0) 
and PQ, the bisector of the angle OPA, meets the X-axis 
in Q. Prove that the locus of the foot of the 
perpendicular from Q on OP is
(x-a)2 (x2 + y2) = a2y2.

91. Having given the bases and the sum of the areas of a 
number of triangles is constant, which have a common 
vertex. Show that the locus of this vertex is a straight 
line.

92. A (3,0) and B (6,0) are two fixed points and U (a, P) is a 
variable point on the plane. AU and BU meet the y-axis 
at C and D respectively and AD meets OU at V. Prove 
that CV passes through (2, 0) for any position of U in the 
plane.

93. A variable line is drawn through O to cut two fixed 
straight lines Lx and L2 in R and S. A point P is chosen 
on the variable line such that ™ + n =— + —. Show

OP OR OS
that the locus of P is a straight line passing through the 
point of intersection of Lj and L2.

94. A line through A (- 5, - 4) meets the lines
x + 3y + 2 = 0,2x + y + 4= 0 and x-y-5 = 0atthe 
points B, C and D respectively, if 

pp pppq2 VabJ <acJ I ad J
find the equation of the line.

y
*1 7i
*3 yz

■ In this section, there are 15 subjective questions.
84. If A(x1,yI), B(x2,y2)andC(x3,y3)are the vertices 

of a triangle, then show that the equation of the line 
joining A and the circumcentre is given by

x y 1 

*1 7i 1 
X2 72 1

85. Find the coordinates of the point at unit distance from 
the lines
3x - 4y +1 = 0,8x + 6y +1 = 0.

86. A variable line makes intercepts on the coordinate axes, 
the sum of whose squares is constant and equal to k2. 
Show that the locus of the foot of the perpendicular 
from the origin to this line is
(x2+72)2 (x~z + y~2) = k2.

87. A variable line intersects n lines
7 = mx, (m = 1,2,3,..., n) in the points
■An A2, A3,..

n 1
If Z —

p = i OAp
a fixed point. Find the coordinates of this fixed point 
(O being origin).

88. Given n straight lines and a fixed point O. A straight line 
is drawn through O meeting these lines in the' points 
RuR2,R3,...., Rn and a point R is taken on it such that

_n__ £ 1
OR r = i ORr

Prove that the locus of R is a straight line.

89. Prove that all lines represented by the equation
(2 cos 0 + 3 sin 0) x + (3 cos 0 - 5 sin 0) y

= 5 cos 0 - 2 sin 0
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g The Straight Lines Exercise 8:
Questions Asked in Previous 13 Year's Exams

(b) (3, ~)

(C) Lt, L2, Lj form a triangle, if (r)

k = 5

(c)-2

96. Find the equation of straight lines passing through point 
(2,3) and having an intercept of length 2 units between 
the straight lines 2x + y = 3,2x + y = 5.

Column I

(A) Lj, Lz, L3are concurrent, if

(B) 1 one of Li,L2, L3 is parallel to at 
least one of the other two, if

(P)

(q)

95. Two fixed straight lines X-axis and y = mx are cut by a 

variable line in the points A(a,0) and B(b, mb) 
respectively. P and Q are the feet of the perpendiculars 
drawn from A and B upon the lines y = mx and X-axis. 
Show that, if AB passes through a fixed point (h, k), then 
PQ will also pass through a fixed point. Find the fixed 
point.

97. Let 0 (0,0), A (2,0) and B11, | be the vertices of a
\ V3j 

triangle. Let R be the region consisting of all those 

points P inside AOAB which satisfy 

d (P, OA) < min {d (P, OB), d (P, AB)}

where d denotes the distance from the point to the 
corresponding line. Sketch the region R and find its area.

98. Two triangles ABC and PQR are such that the 

perpendiculars from A to QR, B to RP and C to PQ are 
concurrent. Show that the perpendicular from P to BC,Q 
to CA and R to AB are also concurrent.

[IIT-JEE 2008, 6M]

105. The perpendicular bisector of the line segment joining 
P (1, 4) and Q (k, 3) has y-intercept -4. Then a possible 
value of k is [AIEEE 2008,3M]
(a)l (b) 2 (c)-2 (d) —4

(D) L1,L2,L] do not form a triangle, if (s)

104. Consider the lines given by
Li :x + 3y - 5 = 0

L2 :3x-fcy-l = 0
L3 :5x + 2y —12 = 0

Match the statements/Expressions in Column I with the 
statements/Expressions in Column II

, 5k=-
6

(a) Statement I is true, statement II is true; statement II is not 
a correct explanation for statement I

(b) Statement I is true, statement II is true; statement II is not 
a correct explanation for statement I

(c) Statement I is true, statement II is false
(d) Statement I is false, statement II is true

103. Let P = (-1,0), Q = (0,0) and R = (3,3^3) be three point.
The equation of the bisector of the angle PQR is

[AIEEE 2007, 3M]

(b) x + >/3y = 0

■ This section contains questions asked in IIT-JEE, AIEEE, 
JEE Main & JEE Advanced from year 2005 to 2017.

99. The line parallel to the X-axis and passing through the 
intersection of the lines ax + 2by + 3b = 0 and
bx - 2ay - 3a = 0, where (a, b) / (0,0) is [AIEEE 2005, 3M]

3
(a) below the X-axis at a distance of - from it

2
(b) below the X-axis at a distance of - from it

3
3

(c) above the X-axis at a distance of - from it

2
(d) above the X-axis at a distance of - from it

3

100. A straight line through the point A(3, 4) is such that its
intercept between the axes is bisected at A. Its equation 
is [AIEEE 2006, 4.5M]
(a) x + y = 7 (b) 3x — 4y + 7 = 0
(c) 4x + 3y = 24 (d) 3x + 4y - 25

101. If (a, a2) falls inside the angle made by the lines y = —,
2

x > 0 and y = 3x, x > 0, then a belong to [AIEEE 2006, 6M]

(c)

v3 (d)z + yy = o

k 2J

102. Lines L} : y - x = 0 and L2 • 2x + y = 0 intersect the line 
£3 : y + 2 = 0 at P and Q respectively. The bisector of the 
acute angle between Lx and L2 intersects L3at R.

[IIT-JEE 2007, 3M]
Statement I The ratio PR: RQ equals 2-^2: because 

Statement II In any triangle, bisector of an angle 
divides the triangle into two similar triangles.

(a)yx + y = 0

(c) 73 x + y = 0

Column II

fc = -9

, 6k = --
5
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[AIEEE 2010, 4M]

(a)
7
3

111. A ray of light along x + ^3y = 45 gets reflected upon 
reaching X-axis, the equation of the reflected ray is

[JEE Main 2013,4M]
5

(a) V17

(c)7n

<4-7-
(d)(-3,-S)

(a) y = x + 45 (b) 45y = x-\
(c) y = 45x - 45 (d) 45y = x -1

112. Fora> b>c>0, the distance between (1,1) and the 
point of intersection of the lines ax + by + c = 0 and 
bx + ay + c = 0 is less than 2^2. Then

[JEE Advanced 2013, 3M]
(a) a + b - c > 0 (b) a - b + c < 0
(c)a-b + c > 0 (d) a + b - c < 0

113. Let PS be the median of the triangle with vertices P(2,2\
0(6, -1) and R(7,3). The equation of the line passing 
through (1, -1) and parallel to PS is [JEE Main 2014,4M] 
(a)4x + 7y + 3 = 0 (b)2x-9y-11 = 0
(c) 4x-ly -11 = 0 (d)2x + 9y+ 7 = 0

114. Let a, b, c and d be non-zero numbers. If the point of 
intersection of the lines 4ox + 2ay + c = 0 and
5bx + 2by + d = 0 lies in the fourth quadrant and is 
equidistant from the two axes, then [JEE Main 2014,4M] 
(a)3bc-2ad = 0 (b)3bc + 2ad = 0
(c) 2bc - 3ad = 0 (d) 2bc + 3ad - 0

115. For a point Pin the plane, let d](P)andd2(P)be the 
distance of the point P from the lines x - y = 0 and 
x + y = 0 respectively. The area of the region R 
consisting of all points P lying in the first quadrant of 
the plane and satisfying 2 < d} (P) + d 2 (P) < 4, is

[JEE Advanced 2014, 3M]

115. The number of points, having both co-ordinates as 
integers, that lie in the interior of the triangle with 
vertices (0, 0), (0, 41) and (41, 0) is

[JEE Advanced 2015, 4M]
(a) 820 (b) 780 (c) 901 (d) 861

117. Two sides of a rhombus are along the lines, x - y +1 = 0 
and 7x - y - 5 = 0. If its diagonals intersect at (-1,-2\ 
then which one of the following is a vertex of this 
rhombus? [JEE Main 2016,4M]

1 
3* 3j 

(c)(-3,-9)

105. The lines p(p2 + l)x - y + q - 0 and
(p2 +l)2x + (p2 + l)y + 2q = 0 are perpendicular to a 
common line for [AIEEE 2009,4M]
(a) exactly one values of p
(b) exactly two values of p
(c) more than two values of p
(d) no value of p

X V107. The line L given by — + - = 1 passes through the point 
5 b

(13, 32). The line K is parallel to L and has the equation
X V- + - = !. Then the distance between L and K is 
c 3

108. A straight line L through the point (3, -2) is inclined at 
an angle 60° to the line V3x + y = 1. If L also intersects 
the X-axis, then the equation of L is [IIT-JEE 2011, 3M] 
(a)y + V3x + 2-3>/3 = 0 (b)y - V3x + 2 + 3^3 = 0 
(c)^y-X + 3 + 2V3 = 0 (d)73y + x-3+ 2^3=0

109. The lines Lt:y-x=0and L2 : 2x + y = 0intersect the 
line L3:y + 2 = 0atP and Q respectively. The bisector of 
the acute angle between and L2 intersects L3 at R.

[AIEEE 2011, 4M]
Statement I: The ratio PR: RQ equals 245: V5

Statement II: In any triangle, bisector of an angle 
divides the triangle into two similar triangles.
(a) Statement I is true, statement II is true; statement II is not 

a correct explanation for statement I.
(b) Statement I is true, statement II is false.
(c) Statement I is false, statement II is true.
(d) Statement I is true, statement II is true; statement II is a 

correct explanation for statement I

110. If the line 2x + y = k passes through the point which 
divides the line segment joining the points (1,1) and
(2, 4) in the ratio 3 : 2, then k equals [AIEEE 2012,4M]

29
(a)y (b)5

(C)6 (d)y
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Answers
5. (a)4. (a)

9.06314. PQ =

17.X + y- 11 = 0 io.ee

18.

and11.

94. 2x+ 3y+ 22 = 087.
15. lOx- 10j-3 = 0

95.

15. 4x - >< + 6 = 0,1 — 16- (2)

l.(c)
6.(c)

Exercise for Session 2
1. (b) 2. (c) 3. (a)

9. (d)
2.(c)

7. (c.d) 8. (d)

2. (a) 
7.(d) 

12. (c)

2.(d)
8. (a)

3. (b)
8. (d)

4.(d)
9. (d)

106. (a)
113. (d)

107. (c)
114. (a)

42. (b,d)
48. (a)
54. (a)
60. (b)
66.(9)

49. (a)
55. (c)
61.(3)
67. (8)

50. (d)
56. (d)
62. (6)
68. (2)

76. (a)
82. (b)

77. (a)
83. (d)

47. (d)
53. (c)
59. (a)
65. (3)

2. (a)
8. (b)

14. (d)
20. (b)
26. (b)

4. (d)
10. (c)
16. (b)
22. (b)
28. (a)

6. (b)
12. (b)
18. (c)
24. (a)
30. (a)

kj 
n ■ z

11. Outside

2. (b)
7. (c)

12. y=9 
132

1273 + 5
16. 83x- 35>» + 92 = 0

1 77
.16’ 32

/
96. 3x+ 4y- 18 = Oandx-2 = 0

2nn, 2nit + —
6

Exercise for Session 3
1. (c) 2. (b) 3. (c)
7. (a) 8. (c) 9. (a)

5. (c)
11. (c)
17. (b)
23. (c)
29. (b)
33. (a,c) 34. (a,d)
39. (a,b) 40. (a,b)

3. (b) 4. (d) 5. (c)
8. (c) 9. (d) 10. (b)

13. (3, - 2) 14.14x + 23 y - 40 = 0
4 14
5’5

41. (a,b,c,d)
46. (d)
52. (b)
58. (a)
64.(8)
70.(4)

108. (b) 109. (b) 110. (c) 111. (b) 
115.(6) 116. (b) 117. (a)

o,2L
12

5n n 
"12’I 

u | ^2/nn + 2/nn^|

12. 29x-2^+ 33 = 0

_J_ 73
14’28

12.1 0, — | and (0, 0) 13.x+2y-6 = 0
I 2J

14. 3x=19

4. (a) 5. (d)
10.(a,b) 11. (c)

4. (d) 5. (b)
9. (a.d) 10. (c)

13. (2 + 273, 4) and (2 - 2 73,0)

15.4V2 units

79. (d) 80. (c) 81. (b)

5 10 H 2,11, 5 10J 
n n±y , p

c

8.6e(o, — -tan
\ 6

Exercise for Session 6
2. (c) 3. (a,b)
_ ( 1 n7. m e -1, -

I 5J

Exercise for Session 1
l.(c)
6. (d)

11. (d)

Exercise for Session 5
i.(d)
6. (d)

U. (b)

Chapter Exercises 
l.(b) 
7. (b) 

13. (c) 
19. (b) 
25. (a) 
31. (a,b,c,d)2. (b) 3. (c) 4. (a) 5. (d) 6. (a)

8. (c) 9. (a) 10. (a,b) 11. (c) 12. (c)
13. 2a + b2 + b = 0 16. (i) y= 3 (ii) x = 4, (iii) 3x+ 4y= 24

-5 -5)
3 ’ 3 J

Exercise for Session 4
l.(c) 2. (d) 3. (b) 4. (b) 5. (c) 6. (b)
7. (c) 8. (a) 9. x= 7andx+ 43 y = 7 + 923

10. x (4V3 + 3) + }(4 - 343) = 11 - 243 and
4 /T 

y(4+ 3V3)-x(4V3-3) = 11+ 273;^.

4. (c) 5. (b) 6. (d)
10. (d) 11. (b) 12. (d)

13. The two points are on the opposite side of the given line.
15. 3x - 4y = 0 and 3x - 4y - 10 = 0
17. 7x + y-31 = 0 18. 2x + 2y+72 = 0

3.(c)
9. (b)

15. (a)
21. (b)
27. (a)
32. (a,b,c,d)

35. (b.d) 36. (a,b,c,d) 37. (a,c,d) 38. (a,d)
43. (a,b,c) 44. (a,b) 45. (a,b,c)

51. (a)
57. (b)
63. (5) 
69.(2)

71. (A) -> (p); (B) -> (p,q); (C) -> (p.r) (D) -> (p,r,s)
72. (A) -> (p,r); (B) -> (q); (C) -> (q.s) (D) -> (p)
73. (A) (p.q); (B) -> (p, q,r,s); (C) -> (p,q,r,s); (D) ->(p,q,r,s)
74. (A)-> (t); (B)-> (p,q,r); (C)-> (s)
75. (A)-» (q,s); (B)-> (p,t); (C)-»(r)
78. (d) 79. (d) 80. (c)

85. 15 10 J k
+y 2

/TiVd + p2) 
c

h + mk mh-k\
1+m2 ’ 1 + m2 )

97. (2-73)sq units. 99. (a) 100. (c) 101. (c) 102. (c) 103.(c)
103. (c) 104. (A)-> (s); (B) -> (p.q); (C) -> (r); (D) -> (p,q,s) 
105.(a) 
H2.(a)
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Solutions
4. We have,

=>

-(ii)=>

(0,0)

(i) X'* >x0 (a, 0)A
Y

v Area of AAOB = -ab = | X| (given)

(0, 4)

6. >o
(0,-4)

> 0; V a e Ror

or

i.e.

(-8/3, 0)
X'^--------

(8/3, 0)
--------*X

2x10!
3!7!

=>
- 22. •:— + 

1!9!
2m 
n?

Z 
n! 

2X10! --------- 1" 
1!9!

1(8 ,1 64 = 4 X- - X 4 = —2U 
f(x + y) = /(x)/(y) 

y

v
Z(2) = /(l)/(l)=22
f(3) = /(l + 2)=/(l)/(2) = 23

2^ 
3

...........1. rl

ab = 2| X| 
from Eq. (ii), a + b = | X| 
Hence, required equation is

x2 - (a + b)x + ab = 0 

or x2 -1 X| x + 2| X| = 0

Value of (a2x + aby + 1) at (1,1) 
Value of (a2x + aby + 1) at (0, 0) 

a2 + ab + 1 
---------------: _____  

1
a2 + ab + 1 > 0; V a e R

D<0 
b2 — 4<0 

—2 < b < 2 but b > 0 
0<b<2 

b e (0,2)

/(n)=2n

. 26 f(6)
Area = — = —sq units

10! 1 + —) — 
5!5!J 

^-(2,0C,+2MCJ+,0CJ) = ^ 
10! n!

y - cosxcos(x + 2) - cos2(x + 1)

y = ^{2cosxcos(x + 2) -2cos2(x + 1)}

= |{cos(2x + 2) + cos2 -1 - cos(2x + 2)}

= ^(cos2 -1)

= -(l -2sin2l -1) 
2

= -sin2l

which is a straight line passing through (X, — sin21); V X e R 
and parallel to the X-axis.

5. Let line — + — = 1 
a b

Its passes through (2, 2), then 
2 2 -+ - = 1 
a b 

2(a + b) = ab
Y. 

■ »

8

1. Equation of line passing through (2, 0) and perpendicular to 
ax + by + c = 0 
Then, required equation is 

L 

y — 0 = —(x —2) 
a 

ay = bx- 2b 
ay -bx + 2b = Q 

2 1 _2m
3!7! 5!5! ”

J_ 
10!

1 
10!

1
— {,0C1 + ,0C3 + 10C5 + 10C7 + 10C9) = — 
10! n!

±(2)“-=^ 
10! n!
m = 9 and n = 10

Hence, x - y + 1 = 0 and x + y + 3 = 0 are perpendicular to 
each other, then orthocentre is the point of intersection which 
is (-2,-1)

-2 = 2m - 2n and -1 = m - n 
Point is (2m - 2n, m - n).

3. /. Required area
64
3
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Slope of BD = 3-2

y
C

2
D

....
...(i)i.e. 2 2

>X(0,0) A
...(ii)

-(iv)and

y

FT

if

45°
and if

0

p2 = mm'cos a + (m + m')sina +

and

(iii) /3(x, y) —> L then

Q - 
(2. 3)

•••(ii)

Now, 

and 

i.e.

.fl/ 
7(3,3]

,45°/
(1.0)

After translation through a distance 1 unit along the positive 
direction of X-axis at the point whose coordinate are R = (3, 3).

71After rotation through are angle — about the origin in the 4
anticlockwise direction, then R goes to/?' such that

OR = OB' = 372
.■.The coordinates of the final point are (0,3^2).

12. v A = (0, 0); B = (2, 0); C s (2, 2); D = (0, 2)
(i) /i(x, y) -»(y, x), then

A s (0, 0); B s (0, 2); C = (2, 2), D s (2, 0)
(ii) f2(x, y) -> (x 4- 3y, y), then

A = (0, 0); B = (6,2); C = (8,2), D s (2, 0) 
( x-y x + y 
I 2 ’ 2
A = (0, 0); B = (2, 4); C = (3,5), D = (1,1) 

AB = DC = 275, AD = BC = 72

AC = 734, BD = 710

AC * BD
Final figure is a parallelogram.

/rio’" 
kz 
7\30°

P2 = Pl p3
Hence, pXi p2. P? are in GP.

10. Side of the square = 2 unit
Coordinates of B, C and D are (^3,1), (73 -1,73 +1) and 
(-1, 73) respectively.

sin2 a 
cosa 

 |(mcosa + sina)| |m' cosa + sina| 
|cosa|

(m'cosa + sina)2
|cosa|

73-1 (73 - 1)(T3 -1) 
-1-73 -2

2
. ,2 „ , . sin ap3 =|m cosa + 2msina +-------

cosa

.’. Equation of BD is
y-l=(73-2)(x-73)

=> (2-73)x + y =2(^-1)

and equation of the circumcircle of the triangle ABE 
(Apply diametric form as AB is diameter)

(x - 0)(x - 73) + (y - 0)(y -1) = 0

=> x2 + y2 - xy/3 - y = 0

11. If (a, p) be the image of (4,1) w.r.t y = x -1, then (a, P) = (2,3), 
say point Q

P 
(4,1)

--------- >-X

7. Equation of L is y = 1 and let the axis be rotated through 

an angle 0 and let (X, Y) be the new coordinates of any point 
P(x, y) in the plane, then
x = X cosO — y sin0, y = X sin0 + Y cos0, the equation of the 
line with reference to original coordinates is

* + *=i 
a b
X cos0 - Ysin0 X sin8 + Y cos0-------------------+ = 1 

a-------------b
and with reference to new coordinates is

p <?
Comparing Eqs. (i) and (ii), we get 

cos0 sinB 1 -------+------ = - 
a bp 

sin0----cos6 1-------+------ = - 
a b-q

Squaring and adding Eqs. (iii) and (iv), we get 
1 _1_ = _1_ 1 

ai + b2~p2 + q2

8. d(x,y) = max{|x|,|y|}

but d(x, y) = a
From Eqs. (i) and (ii), we get

a = max{|x|,|y|} 
|x| >|y|, then a =|x| 
x = ±a 
|y|>|x|, thena=|y| 
y =± a

Therefore locus represents a straight line. 
n  , 2 „ . sin2a.
9. P] =|m cosa + 2msina +------- 1

cosa 
 (mcosa + sina)2 

|cosa|
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Then, coordinate of N are

8(0, a)

M
i >Xo| A(a, 0)

P3P2 Pi0

We have,

{vy = x}1
=3

Also,
=>

=>

=>

15.
1

>0

>xji and

f

X-l 
X + l

y

\ 8(0.1)

i

It 1
—, It ■ 
4 J

N 
\x+y=a

1-X
X + 1

1 
=----2n-l

1
2""*l2

---- r = x-
1 + X

1 1 = —a, , = —a. ■»22 " 2 23

M = (c, 1) and N = ^c,

M2/4

an=^a„_!

v Slope of AB = -1
y

Equation of OP is y = x 

Then,

_1_
2"

17. Let 0 = (0, 0), A = (1,1) and B s (9,1)

Area of AOAB = - x 8 x 1 = 4 
2

It is clear that 1 < c<9

11 t * AN ,73. Let — = X 
BN

It is clear from the figure
( -3na e -it,-----
V 4

16. Equation of AB is x + y = 1, then coordinates of A and B are
(1, 0) and (0,1) respectively.

:. Coordinates of P are | - ]
\2 2/

PP, is perpendicular to OA

1 2 _ 2-a2_,=2a2

P
\\

\ *

8 2

:. X = 3 or X = -
3

For X = -, then M lies outside the segment OB and hence the

Ctn-l

' a aX ' 
^1 + X 1 + X,

-y -3n/4 
A ’ L •

OP,=PP,=|

(OAfn_,)2 =(OP„)2+(PnMB_,)2

= W)!
=2a2 (say)

(OP..,)2 = (OM,.1)2 + (P..,M,-,)2

= 2aJ + |aJ.,

0Pn=an=^a„_1

1 .Mr 3 1-■AN-MN =---- a-a
2

flX>/2 ay/2
2 1 + X 1 + X

a2X
(1 + X)2

P ' 1 ’ ■■■ ’ ' - •'

3 
required value of X = 3.

14. Let S = (x, y), given (SQ)2 + (SR)2 = 2(SP)2

=> (x + l)2 + y2 + (x- 2)2 + y2 = 2[(x -12) + y2]

=> 2x2 + 2y2-2x + 5 =2(x2 + y2-2x+1)
3

2x + 3 = 0 => x = —
2

A straight line parallel to /-axis.
Value of(3x - 2y + 1) at A > 
Value of (3x - 2y + 1) at B 

. (sina - 3) - (cosa - 2) + 1 
(3-2+1)

=> sina - cosa > 0 => sina > cosa
y

0 « K'
4 2

/. Slope of MN = 1
:. Equation on MN is

aX a |
y-------- = x--------=> x-y =a

1 + X 1 + X

So, the coordinates of M are ^0,a

3
Therefore, area of AAMN = - area of AOAB

8
3 1
8 2
3 1 ---- aa
8 2
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Y

=>A(1, 1)

A. >X0

.4.(given)

=t> ...(k

or

21. y=x4
(-n, m) C B (n, m)

iA (m, n)= 0
a

X'* 0

D (-n, -m) E
=> r

c
(2. X)

D

0
So,

(mid-point of AB)

(i)Equation of CD is

—(ii)

or 
but

B 
(0.1)

(a, D 
-B

y=l

x - c
M

A (2, 0) 
x=2

or 4x - xy = 3y
and slope of BC = - slope of CD 

fo-yk 
x-oj

22 + (X -1)2 = X2 

4 = X2-(X -1)2 

= (2X-1)(1)

x=’ 
2

2-0
8-x

Q-y 
x-0

20. Let A s (3, 4), B = (0, y), C s (x, 0), D = (8,2)

Slope of AB = - Slope of BC 

y-4 
0-3

or 2x + xy = 8y
adding Eqs. (i) and (ii), we get 

6x = lly 
from Eqs. (ii) and (iii), we get 

13 J x =— = 4- 
3 3

-x(9-c)x[l--l=2
2 I 9j

2
10 + 2 ----- x 8(-m) £ 18

y(-m)

So, absolute minimum value of OP + OQ = 18
23. Let the two perpendiculars through the origin intersect 

2x + y = a at A and B so that the triangle CAB is isosceles.
OM = length of perpendicular from O to

AB, OM =
V5

n 32x - y = -
2

and Eq. (i) of line ± to AC and pass through B is y = 1 
from Eqs. (i) and (ii), we get 
Orthocentre = 1 j

2
OP + OQ = 8--+2-8m 

m
2

= 10 +------+ 8(-m) >
(-m)

2 -9
-5 -5
b -1

v Equation, of AB is + y = 1, D =

Equation of CD is 2x - y = p. 
v CD pass through D, thus 

n 1 32-- =porp = - 
2 2

or 5a + 2b = 1
which is three of the line 5x + 2y = 1 passes through (a, b).

19. -:BC = AC

Area of AB MN = 2
1 ._
2 '
(9-c)2=36

9 - c = ± 6 => c = 3 or 15 
1 <c<9 
c=3

18. The three lines are concurrent if 
1 
3

Area of rectangle BCDE = (2n)(2m)
= 4mn

and area of AABE = ^x2mx(m-n)

= m(m - n)
Area of pentagon = 4mn + m(m - n)

= m(m + 3n)
22. The equation of the line L, be y - 2 = m(x - 8), m < 0

( 2 A
coordinates of P and Q are P 8-----, 0 and Q(0,2 - 8m).

\ mJ
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A (5, 7).M

>x0

Also,

B C=>

(say)

and (say)
or

or

(say)...(i)

y.
J k

=>

=>

>x0

P"(5.-3)

y + 3= F"5)3-5

oror

(’•’ Q on T-axis)

5x - 2y - 7 = 0
a =5, b = -2=>a + b =3

3 —3a + 10-2a = 0
13 a = —
5

27. v B is the reflection of A(5,7) w.r.t the line x + y = 0

B=(-7,-5)
and C is the reflection of A(5,7) w.r.t the line x - y - 0

V
Equation of P' P" is

P'O. 51

■P(5, 3)

\2x+y=a

AM = MB=0M
2aAB = -7=
>15

I 13 IThus, the coordinate of A is —, 0 15 )
26. Lines 5x + 3y - 2 + X(3x - y - 4) = 0 are concurrent at (1, -1)

and lines
x - y + 1 + |i(2x - y -2) = 0 are concurrent at (3,4).
Thus equation of line common to both family is

4+1.
------ (x ~ 1)
3-1

a C=(7,5)
5 + 5A Equation of BC is y + 5 = -—-(x + 7) or 7y = 5x

4x + y = 17

.ok4 .

28. Let P = (2,-1)

P(2, -1) goes 2 units along x + y = 1 upto A and 5 units along 
x - 2y = 4 upto B.
Now, slope ofx + y= -lis-l = tan0

0 = 135°

slope x-2y = 4is- = tanO

. x 1 x 2sin 9 = cos <p = -j=

The coordinates of A
i.e. (2 + 2cosl35°, — 1 + 2sinl35°)
or (2 - 72, 72 - 1)

The coordinates of B
i.e. (2 + 5cos<|>, -1 + 5sin0) or (2 + 2^5, 75 - 1)

29. Ps(5,3)

Let P' and P" be the images of P w.r.t y = x and y = 0 (X-axis) 
respectively, then P' = (3,5) and P" = (5, -3)
v PQ+ QR+ RP is minimum
A P', R, Q, P" are collinear.

Area of AOAB = -• AB OM 
2
1 2a a a2

—---- ■ -7= = — sq units
2 75 75 5

24. Solving given equations, we get
5x =--------

3 + 4m

x is an integer, if 3 + 4m = 1, -1, 5, -5
-2 -4 2 -8 m = —, —, -, —
4 4 4 4

1 . 1 n 
m = --, -1, -, -2

2 2
Hence, m has two integral values.

25. Let the coordinates of A be (a, 0). Then the slope of the 
reflected ray is

3-0 ------= tan0 
5-a

Then the slope of the incident ray
2 — 0 

= —- = tan(7C-0)
1 - a

From Eqs. (i) and (ii), we get
tan0 + tan(w - 0) = 0

3 2------+-------= 0 
5-a 1-a

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


172 Textbook of Coordinate Geometry

or

or

or

60°[(x-2) +

a
A,i.e.

>XX'*

this point P satisfies alternates (a), (b), (c)P a;
fl!

i.e. andand

b c
= 0c

c a

| = |2x-2|=5 (given)

2x-2 = ±5=>x = —

Thus, the coordinates of the third vertex are — or

-6

34. = 0

=>

-3 7
2 ’ 2

aj3
2’2/

1
2

1
3
1

37. Since, ax + by + 

concurrent

"B'

Y'

60°J> 
a

=>
or

x + 3
1

-2

=>
or

a 
b

a 

b

A/ 
p-|3y=0

A.2 + 2A.-8 = 0

(X + 4)(A.-2) = 0
X= —4,2

60°/
/30°
X30°

X2

\

c = 0, bx + cy + a = Q and ex + ay + b - 0 are

If third vertex in IV quadrant or in II quadrant, then its 
coordinates are(acos30°, -asin30°) and (-a cos30°, asin30°) 

aV3 a 
2 ’ 2

-3 3 |
2 '2/

-2
1
4

38. V E S (4, 4)

zc=7 + 5i,zE = 4 + 4i 
Now, (in ABEC)

35. Equation of any line through the point of intersection of the 
given lines is (3x + y - 5) + X(x - y + 1) = 0.
Since this line is perpendicular to one of the given lines

3+1 1------ = -1 or -
X-1 3

=> A, = -1 or -5, therefore the required straight line is 
x+y-3=0

or x - 3y + 5 = 0
36. If B lies on Y-axis, then coordinates of B are (0, a) or (0, - a)

Y.

ab ab j 
a + b ’ a + b)'

and (d).
32. The two lines will be identical if their exists some real number 

k such that 
b3-c3=*(b-c),c3

30. Equation of incident ray is
y - 0 = tan(90° + 60°)(x - 2)

y=--^(x-2)

or (x - 2) + yy/3 = 0

and equation of refracted ray is
y - 0 = - tan60°(x - 2) 

y = ->/3(x-2)

(x - 2) + -^ = 0

Combined equation is
yj3]((x-2) + -^J = 0

(x - 2)2 + y2 + ~^(x - 2)y = 0

31. Point of intersection of — + — = 1 and — + — = 1 is
a b ba

^{(a-fc)2+(& —c)2+ (c-a)z} = 0

As a, b, c are real numbers
b-c = 0,c-a = Q,a-b = 0 

a = b = c

or
33. As the third vertex lies on the line y = x + 3, its coordinates 

are of the form (x, x + 3). The area of the triangle with vertices 
(2,1), (3, -2) and (x, x + 3) is given by

x x + 3 1
2 1 1
3 -2 1

Zfl...?£ = e‘2 = i
ZC ~ZE

zB - 4-4i=i(7 + 5i-4-4i)
zB =3 + 7i

=> 3abc - a3 - b3 - c3 = 0

=> - (a + b + c)(a2 + b2 + c2 - ab - be - ca) = 0 

a + b + c * 0
a2 + b2 + c2 - ab - be - ca = 0

-a3 = k(c -a) and a3 — b3 = k(a - b) 

b-c = Q or b2 + c2 + be = k
2 2 1c - a = 0 or c + a + ca=k

a -b = 0 or a2 + b2 + ab =k

a = b or b-c or c = a
b2 + c2 + be = c2 + a2 + ca

b = corc = a
a = b or a + b + c = 0

1 30Vx, 
\3gX_ 
1/60° 
A"

7 13
2 2
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B s (3,7), then D = (5,1)

HI)B

A(a,b)

O=> a =

C

D

If

Then,

= ±100

and

y

(0. 8)

with X-axis, theny-x=6

X' other bisector makes an angle 90° + with X-axis.0(-6.0)

r

and

Hence,

C = (2a + b - a, b - b)
C = (a + b, 0)
B = 2

b
2

z =a
B s(a, 0)
D = (a + b, b)

BO ‘ =---- e
AO

ib
2

=>

or
=>
or
Hence (3, -1) or (-2, -3) lies on the line ax + by + c = 0, 

40. x + 2y + 4 = 0 and 4x + 2y -1 = 0

x + 2y + 4 = 0
-4x - 2y + 1 = 0

(l)(-4) + (2)(-2) = — 8 < 0

then,
Hence, other vertices are (a + b, 0), (a, 0) and (a + b, b).

43. (y - y0 - m(x - xt) = 0 is family of lines

y-y, =0,X-X1 =0
Then, y = yi and x = xt

44. Given lines Lj = 0 and Lj = 0 are perpendicular and given 
bisectors are X^ - X^ = 0 and X^ + X2L2 = 0 
.‘.bisectors are perpendicular to each other.
Hence, bisectors of - X2L2 = 0 and X^ + X^ = 0 are 
L, = 0 and = 0.

45. One bisector makes an angle

=> 
and 
Here,
.‘.Bisector of the angle including the acute angle bisectors and 
origin is

After solving, we get
Xj = 1 ± 100^/2,1

y, = 7,7 ± 100V2

(1 + 100V2,7), (1 - 100n/2, 7),

(1,7 +100a/2), (1,7-100^2)

42. Equation of the other diagonal is x + y = X which pass 
through (a, b), then

a + b = X
.‘. Equation of other diagonal is

x + y = a + b
i.e. then centre of the square is the point of intersection of

L. ( b b} L
x-y = a and x + y = a + b is I a + —, - I, then vertex

39. Given,
6a2 - 3b2 - c2 + Tab - ac + 4bc = 0

=> 6a2 + (7b - c)a - (3b2 - 4bc + c2) = 0

~(7b - c) ± $b - c)2 + 24 (3b2 - 4bc + c2)

12
12a + 7b-c = ±(llb-5c)

12a - 4b + 4c = 0
12a + 18b-6c = 0

3a - b + c = 0
-2a - 3b + c = 0

b ibA --- + — =
2 2 J

£
;2=i (vBO = AO)

e 4- <t>
2

0 + 4>
2

xi + yi -8
■J2

^A±^ = ±ioo
V2

Equation of AB is
7-3y - 3 = -—-(x -1) or 2x - y + 1 = 0

and equation of AD is
1-3y - 3 = -—-(x -1) or x + 2y - 7 = 0

( b 12 -a + - + —
I 2 2 J

( b ib
(a + ib) - a + - + -

V 2 2.
( b ib

z - a + - + —
I 2 2

kz(0,6)
)Q\+y=8

x + 2y + 4 _ (~4x - 2y + 1) 
~ 2^5

=> 6x + 6y + 7 = 0
41. Let position of bunglow is P(xb yj, then PM = 100 and

PN = 100

— (8. 0) \
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48. \'OT = cr

(3.-5)

(0
sin

and
(impossib!sincos

...(ii) (impossib’-sin cos

But given bisector are

and[from Eq. (i)]...(iii)and

[from Eq. (ii)]P = -sin = -sina

3-and = cosay = cos

46. -:OR = AR
>X0 1/2 3.5

and

A,

X'+infinte ray

>X
0

and

T
1

=>
=>

|x-0| + |y - 0| = |x-l| + |y-2| 
|x| + |y|=|x-l| + |y-2| 
0 < x < 1 and 0 < y < 2 
x + y = -(x-l)-(y-2) 
2x + 2y = 3

=> M + |y!=l*-2| + |y-3|
x > 2 and 0 < y < 3 
x+y=x-2+3-y 
2y =1

1

47. OS = BS

=> |x-0| + |y-0|=|x-2| + |y-3| 
y

So/. (Q. Nos. 49 to 51)
AB: 2x - y + 4 = 0, 
BC:x-2y-l =0 
CA : x + 3y - 3 = 0

mAB=mi =2 
1 

mec = m2 = -

1 
^="h=--

mt > m2 > mj

=> |x - 0[ + |y — 0| = |x - 4| + |y-3|
x > 0, y £ 0

=> x + y =|x - 4| + |y-3|
Case I: If 0 x 4 and 0 < y £ 3

x + y=4-x+3-y
7

x+y=2

Case II: If 0 < x £ 4 and y > 3
x + y = 4-x + y-3

1
x = -

2
Case III: If xS 4 and 0 < y 3

x+y =x-4 + 3-y
y =-1/2

Case IV : If x> 4 and y > 3
x+y = x-4 + y-3

=> 0 = -7
Combining all cases, we get

7
x + y = ~, V 0 < x < 4 and 0 < y < 3

x = ^, V0<x<4andy >3

y

Equations of bisectors are 
x-3 
(e + cl/ 

cos ------
k 2 ; 

x-3 
(n e + 4> 
U 2 
x-3 

e + ‘ 
2 ) 

x-3 
cosa 

e + 0 a = —- 
2

y + 5
fe + 0^ 
j-------------

k 2 )

it 0 + <|>
2 2

y + 5
0 + <jA

2 )

= y + 5 
sina

x-3 _ y + 5

P Y
<0 + 0
I 2
0+0^

2 J
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or

[from Eq. (i)]Le.

(x-1)
'5

or

or

= 2t -1

(i)
(v B lies on x + y = 2)

•••(H)

Now,

=>

or
(i)

or

or

(i) •(H)

5
2.

54. As (1,3) and B s

56. Any point on
parameter.
If(x, y) be image of the point(2cos0,2sin0), in the line 
x + y = 2, then

x-2cos0
1

or

and

From Eqs. (i) and (ii), we get
x + 1 = 3(y +1)
x-3y =2

the circle x2 + y2 = 4 is (2cos0,2sin0),0 being

or
=> 
and

From Eqs. (i) and (ii),
(x-2)2 + (y-2)2 = 4 

x2 + y2 - 4x - 4y + 4 = 0

52. Equation of BC is
-|-(2-X) 

y_(2-l) = -J_-------- (X-X)

—I

_ y - 2sin0
1

-2(2cos0 + 2sin0 -2)
1 + 1

x -2cos0 =y -2sin0
= -2cos0 -2sin0 + 2 

x-2cos0 =-2cos0 -2sin0 + 2 
x-2 = -2sin0

y -2sin0 = -2cos0 -2sin0 + 2 
y -2 = -2cos0

1 + m2m3
12-5X+]
2 + 5X
j 12 ~5^

2 + 5X
14

-10 + 10X

14X =-10 + 10X

2

2 9
5__ 2
2 5---+ — 
5 2

or 7x + 3y + 4 = 0
53. Coordinates of vertex B are (X, 2 - X)

5 9^1
2 2J
5 9^1
2’2)

Equation of AB is
’-3

2 
or 3x + 7y = 24

55. Any point on the line 3x - y = 2 is (t, 3t - 2), t being parameter. 
If (x, y) be image of the point (t, 3t - 2) in the line y = x -1 or 
x - y -1 = 0, then

x-t_y-(3t-2)
1 ~ -1

2(t - 3t + 2 -1) 
1 + 1

x-t _y-3t + 2
1 ” -1 

x-t = 2t-l
x+l=3t
y-3t + 2 = -2t+l

Sol. (Q. Nos. 52 to 54)
Let B = (X, 2 — X)

Slope of line AB = mj =

5X —12 
and Slope of line BC = m2 =---------

5X — 2
12-5X 

~ 2 + 5X

Let slope of bisector (x + y=2)=m3 = -l 
m3 - m( _ m2 - m3 

1 + m3rr\ 
1 1 + X

1 -X
1 1 + X

1-X
-2

-2X

49. v ZA is obtuse
nv. - rru 

tanA = —------—
1 + m3mi 

-1-2

3
50. For external bisector of B

AB:2x-y + 4 = 0 
BC:-x + 2y + 1 = 0 
(2)(-l) + (-l)(2) = -4<0 

External bisector of B is
f2x - y + 4^ (-x + 2y + 1)
I V5 J ~ 

or x + y + 5 = 0
51. Let (a, P) be the image of B(-3, -2) w.r.t. the line 

x + 3y - 3 = 0, then
a + 3 _ p + 2 -2(-3-6-3)

1 " 3 I+9
a + 3 P + 2 12

1 “ 3 ~ 5

3 JO 26 a = — and P = —
5 5

. d f 3 26A. . Required image is I--, — I,

2
5 '

-1-1
5
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.2

= 3x

60. AO = 2RcosAor

-(i) [from Eq. (i)]
and

(ii)

or

or

Here,

E

=>E
O’

1(3-2m) = ±12orA

CB M 2x-y=3D

...(i)

[from Eq. (i)]

and

or
[from Eq. (i)] ...(ii)

m J 
(2m-3)2 = ±24m

OX 
'' A

v Slope of 00' = Slope of (2x - y = 3)
3 

and OD = O'M = -i=
V5

+--- ----- = 1
(3 - 2m)

= 2x4
V5

59. ‘:OD =2R cos BcosC
3 

2RcosBcosC = -;=
V5

= RcosA

Let R be the circumradius
O'M = R cos A 

n , 3
XCOSA =~r= 

V5
58. R = AO' = J(AO)2 + (OO')2

= ^(2RcosA)2 + 5

2 
+ 5

m
•/ The area of AOAB = 12

- x OA x OB =12 
2 
lf2m-3 
2

=>
From Eqs. (i) and (ii) we get

(y -aj2 = 4t2 = - 4(x - a)

or (y - a)2 = 4(a - x)

Sol. (Q. Nos. 58 to 60)
Given orthocentre 0 = (1,2)
and circumcentre

O'=(2, 4)
A

=> cosA =2cosBcosC
=> - cos(B + C) = 2cosBcosC (vA + B + C = x)
=> -(cosBcosC-sinBsinC) =2cosBcosC
or sinBsinC = 3cosBcosC

3
2R^5

9
~ 2^6?

57. Any point on the parabola x2 = 4y is (2t, t2), t being parameter. 

If (x, y) be image of the point (2t, t2) in the x+ y = a, then 

x-2t y-t2 
--------+ ------  

1 1
_ -2(2t + t2 -a) 

1 + 1

= -2t-t2 + a

x— 2t =-2t ~ t2 + a 

x-a=-t2

y -t2 = —2t — t2 + a 

y-a = -2t

a
Slope of OA is mQX = — 

2
Slope of OB is m^ = - |

Moa ^rnoB=~l
a 1 —x — = -l
2 3

a = -6
1*1=6

k m )
2m -3 __ „ „OA =--------or OB = 3 - 2m

or

Taking positive sign, we get 4m2 - 36m + 9 = 0

Here D > 0, This is a quadratic in m which given two value of 
m, and taking negative sign, we get (2m + 3)2 = 0.

-3
This gives one line of m as —.

2
Hence, three straight lines are possible.

62. Point of intersection of ax + 3y -1 = 0 and ax + y + l= 0is 
f 2A —, 1 and point of intersection of ax + 3y -1 = 0 and 
k a )

x + 3y = 0isB —,-------—
Va -1 3(a - 1) J

6 = ——
V5

61. The equation of straight line through (2, 3) with slope m is 
y - 3 = m(x - 2) 
mx - y = 2m - 3 

x y
2m-3
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or
2

(x-2)y-l =

(•.* Eq. of BC is ax + by - 5 = 0)

(v slope of AB = mj)or

= 198

X
J k

(■:y = m,x)
(0, 9) 8

[v Wj > m2 and x € (0,1)]

Hence,

and -l<0

/(x),

(given)

•P(X, X+1)

X'+ 0

r

or
Here,

8 
(-2.0)

=>
or

C (6.1)
----- *X

2 
J. 
O

63. Here, B is the image of A w.r.t line y = x

B = (2,1) and C is the image of A w.r.t line x - 2y +1 = 0 if 
C = (a, P), then 

a -1
1

r8
68. Equation of AB is 3x - 2y + 6 = 0

y-
A (0. 3)

(223, 0)

-2(1 - 4 4-1) 
1 4- 4

, . O 2
a = - and P = -

5 5

=- = x 
8

Hence, the total number of points
Jt, [*2007 - 223y"

. \?,L——J
= 198 4- 173 4- 148 4- 123 4- 99 4- 74 4-49 4-24 = 888 

Hence, tens place digit is 8.
65. A rough sketch of the lines is given.

There are three triangle namely ABC, BCD and ABD

c - m,x
1-x

0^(1 - x) = c - m,x 
c =(fflj - mj)x4-

Now, the area of AABC is -lex - y|
2

0 => x = - 
2

4j

66. Let a be the length of side of square
a2 4- a1 = 22 => a = -Ji

Le. distance between parallel lines is -J2
Now, let two lines of family y = x + naiey = x+n, and 
y = x 4- n2, where

Hi, e {0,1,2,3, 4}
l»i - nd =

■Ji
or |ni — n2| = 2
=> {nb n2} are {0,2}, {1,3} and {2, 4}
Hence, both the family have three such pairs. So, the number 
of squares possible is 3 x 3 = 9.

67. Let the coordinate of C be (1, c), then
c-y

m2=------
1-x

= -((m, - m^x 4- rr^x — m,xl 
2
1 , 

= "(mi - mjXx - x )

/(x) = l(x-x2)

^>=l(1-2x) 
dx 2

d2f{x) 
dx2

For maximum of
df(x) 

dx

P-2 
-2 

9
5

„ 2\C = -, -
\5 5J

=> Equation of BC is 
2 --15__ J
--2'1
.5 J

3x-y-5 = 0 
a=3,b = -l 
a - 2b = 5

64. On the line y = 1, the number of lattice points is 
2007 -223"

9
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71. (A)

>0

or

(0or

(B)
>0

-(ii)

(C)>0

or

...(iii)or

(D)

= 0

or

or

Q 3x+4y+5=0

and

m = -

Hence, 3m = 4

4 
3

In this case two circle which are touching all three lines 
n = 2=^n + 2 = 4

In this case no circle
n = 0=>n + l= l

In this case no circle
n = 0 => 2n + 3 = 3

/

Since, line y = mx + 7 rotates about (0,7), if PR' is 
perpendicular to the line than PR’ is maximum value of PR. 

f 4 - 0
4-7

L2

-. . ... (n3)
Fixed pomt is I0,- I,

Equation of BC is x - 8y + 2 = 0, 
Equation of CA is x + 3y - 9 = 0 
Eet Ps(X,X + l) 
*.• B and P lie on one side of AC, then

X + 3(X + 1) — 9
-2 + 0-9

4X — 6 <0

X<- 
2

and C and P lie on one side of AB, then 
3X-2(X + l) + 6 

18-2 + 6

or X + 4 > 0
or X> —4
Finally, A and P lie on one side of BC, then 

X — 8(X + 1) + 2 
0-24 + 2

-7X-6<0

X >-- 
7

From Eqs. (i), (ii) and (iii), we get
6 . 3— <X <-
7 2

Integral values of X are 0 and 1.
Hence, number of integral values of X is 2.

69. Lines

In this case four circle which are touching all three lines 
.'. n = 4=>n + 2 = 6

72. (A) The given lines an concurrent. So,
1 -2 -6
3 1 -4
X 4 X2

X2 + 2X-8 = 0

X=2,-4
|X|=2,4

(0. 7)tf > (B) Given family is
3x(a + 1) + 4y(a -1) - 3(a -1) = 0 

or a(3x + 4y - 3) + (3x - 4y + 3) = 0
for fixed point=

3x + 4y - 3 = 0
3x - 4y + 3 = 0

3x = 0,y =-
4

(2a + b)x + (a + 3b)y + b - 3a = 0
or a(2x + y - 3) + b(x + 3y + 1) = 0
are concurrent at the point of intersection of lines 
2x + y - 3 = 0 and x + 3y + 1 = 0 which is (2, -1).
Now, line Xx + 2y + 6 = 0 must pass through (2,-1), therefore, 

2X-2 + 6orX = -2
|X|=2

70. Since, PQ is of fixed length.

Area of &PQR = || PQ| | PP|sin6

This will be maximum, if sin9 = 1 and RP is maximum.

J>|P(4,4) 
<01
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Here

=>
n

or
and

or

73.

x=1

(0, 7/2)

D
(0,5/3)B

x+ >xo

0

r

and (put x = 1 in 4y + x -14 = 0)

and (put y = 2 in 3y - 2x - 5 = 0)

3 
1
2

>X 
x=1

* 
\* 
-Ao

X+- 
x=-1

A Required area = 2 x 2 - 4 sq units
(B) The line y = x cuts the lines | x + y| = 6
i.e. x + y = ± 6
at x = ± 3, y = ± 3
or (-3,-3) and (3, 3)
then -3 < a < 3

0£|a|<3
[|a|] = 0,1,2

(C) Since (0, 0) and (1,1) lie on the same side.
So, a2 + ab + 1 > 0

••• Coefficient of a2 is > 0

A D < 0
b2 - 4 < 0 or -2 < b < 2

=> b = -1,0,1
A Number of values of b is 3.

AY

c"- 
y=2

8
3
13
4

- <X 
3
|31|=9

(C)7BS(-1,1)
The point on the line y = 2, whose x-coordinate lies between

(put y=2iny + 3x + 2 = 0)

-11 
6

"Il A---- < X < 0 
6

or -ll<6X<0
Integral value of 6X are 

-10, -9, -8, -7, -6, -3, -2, -1 
|6X| = 10, 9, 8, 7, 6, 5, 4, 3, 2,1

74. (A)vmax.{|xj,|y|} = l

If |x| = 1 and if|y| = 1 
then x = ± 1 and y = ± 1

7
(put y = - in 4y + x - 14 = 0) 

2
7

(put y = - in y + 3x + 2 = 0)
2

<— or8<3X <9.75 
4

(A) The points on the line x = 0, whose y-coordinate lies
, 5 7
between - and - inside the triangle ABC.

3 2
5 7
- < X < - or 5 < 3X < 105
3 2
|3X| =6, 7,8, 9,10

(B) vC = (2,3)
The points on the line x = 1, whose y-coordinate lies between

(put x = 1 in 3y - 2x - 5 = 0)

„ 3p = 0, <7 = -
4

4|X| = 4|p — q| =3
(C) The point of intersection ofx-y + l = 0 and 
3x + y - 5 = 0 is (1, 2). It lies on the line

x + y-1- — =0
2
X1 + 2-1-----=0
2

| X| = 4 or X = - 4, 4
X + l=—3,5 or |X + 1|=3,5

(D) The mid-point of(l, -2) and (3,4) will satisfy
y-x-1 + X = 0
1-2-1 + X = 0
X=2 or |X| =2

-4 . 1
A — < X < - or -8 < 6X < 3

3 2
Integral values of 6X are

-7, -6, -5, -4, -3, -2, -1, 0,1, 2
|6X| = 7, 6, 5, 4, 3, 2,1, 0

(D)vAs(-2, 4)
7

The points on the line y = -, whose x-coordinates lies between
7
2
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(given)

C(X.p)
Y

(0, 6) B

« *X0 A(6. 0)
53

-1

r

and area,

76. vthen

B (6. 6) 
T(0, 6) C (say)

>X0 A (6. 0)

7(q2+*2)

and

Also, centroid of AABC is
■

r 
I

(sap

i.e. (3, 2)
Statement II is true.

=> 
then

8(0, 2)

1+2+6 2+3+1
3 ’ 3

X2 ----- p =1 
16
X2 -p2 =64

.. ^>^3 
D(0. -2)

=>
or
:. Statement I is false.

(C) .’. Slope of AC x slope of BC = -1
Y

X = C!C = 7(0-3)2 + (6-3)2 
= =3^2

p = CG = -J(4-3)2 + (4-3)2 

= y/l + l = y/2

X2 -p2 = 16 and X =3p 

Hence, locus of (X, p) are 
x2 -y2 = 16andx = 3y

75. (A) v d(x, y) = 2| x| + 3|y| = 6

M=1 
3 2

and

Hence, locus of (X, p) are 
x2 - 16y = 16

and x2-y2=64

(B) It is clear that orthocentre is (6, 6)
O' = (6,6),

Circumcentre is C = (3,3) and centroid is G = (4, 4)
Y

.’.Perimeter, X = 4-713

p =4x-x3x2 = 12
2

>-X
(3. 0)

f x f =tx-6j lx-oj
p2 - 6p = - X2 + 6X

or X2 + p2-6X-6p = 0 

Hence, locus of(X, p) is
x2 + y2 — 6x — 6y = 0

x(a + 2b) + y(a + 3b) = a + b

a(x + y - 1) + b(2x + 3y -1) = 0
x + y - 1 = 0 and 2x + 3y - 1 = 0 

point of intersection is (2, -1)
Hence, both statement are true and statement II is correct 
explanation for statement I.

77. Algebraic perpendicular from (3, 2) to the line
„ « . A. 9-4 + 1. 63x - 2y + 1 = 0 is i.e. -== = ft 1 7(9^4) 713 ”

and algebraic perpendicular distance from (1, 4) to the line 
3x - 2y + 1 = 0 is 

3-8 + 1

6 -4 -24 „
P\P2 = -7= X -7= =----- <0713 713 13

Hence, both statements are true and statement II is a correct 
explanation for statement I.

78. Sum of algebraic distances from points A(l, 2), B(2,3), C(6,1) to 
the line ax + by + c = 0 is zero (given), then

a + 2b + c + (2a + 3b + c) (6a + b + c)
7(a2 + b2) + yj(a2 + b2) + yfa2 + b2)
9a + 6b + 3c = 0

3a + 2b + c = 0

(-3.0)

. -4
I.e. —;— = Of 

713
. -4

13
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79. Equation of AB is

or

we get, P =

(i)

L, = xcos - 71 = 0,
From Eqs. (i) and (ii).

L? = xcos - n = 0 and

- 7t = 0

R

(*2-y2)fi V

X

= 0

sin 2B + sin 2C

x
or13

= 0

x
or

x
+ = 0

x X

(sin 2B) + (sin 2C) = 0or

Let (x, y) be any point on AD, then equation of AD is

1
1
1

1
1

/[ I

Coordinates of D are
x2 sin2B + x3 sin 2C y2 sin 2B + y3 sin 2C 

sin2B + sin2C ’ sin2B + sin2C

Also, (2a — 5, a2) and (0, 0) on the same side of x + y - 3 = 0, 
then

1
1

sin2B + sin2C

x + 2y - 2 = 0
4x + 3y + 9 = 0,

24 17>
5 ’ 5 J

Hence, Statement I is false and Statement II is obviously true.
80. Statement II is false as the point satisfying such a property can

be the excentre of the triangle.

Let

y
*1 71

*3 y3

and P = (0, 0)
Length 1 from P to Lj = Length of ± from P to L? = Length of ± 
from P to L, = it and P lies inside the triangle.
.‘.P(0, 0) is incentre of triangle.
Hence, statement I is true and statement II is false.

81. vMid-point of (5,1) and(-l, -5) i.e. (2, -2) lies on x + y = 0 
and (slope of x + y - 0) x (slope of line joining (5,1)

and (-1,-5)) = (-l) x —
—6 

Statement I is true.
Statement II is also true.
Hence, both statements are true but statement II is not correct 
explanation of statement I.

82. Equation of AC and BC are 3x + 2y = 0 and 2x + 3y + 6 = 0 

v(3)(2) + (2)(3) = 12 > 0
/.Internal angle bisector of C is

f3y + 2x + 3y + 6^
I V13 \

or 5x + 5y + 6 = 0
=> Statement I is true.
Also, the image of A about the angle bisectors of angle B and C 
lie on the side BC. (by congruence).
/. Statement II is true.
Both statements are true and statement II is not correct 
explanation of statement I.

83. •/ Points (xb yi) and (x2, y2) lie on the same or opposite sides of 
the line

/>■ ?\

L-2CV‘-2S''' 
n e<yyt-e

D

y -1 = —^(x -0) => x + 2y - 2 = 0

|PA-PB|<|AB|
=>| PA - PBf to be maximum, then A, B and P must be 
collinear.
Solving
and

. ( 13kLj = xcos ----
k 9

ax + by + c - 0, as
ax, + by, + c
—------------ > 0 or < 0
ax2 + by2 + c

Statement II is true.

y
7i

x2 sin2B + x3 sin2C y2 sin2B + y3 sin2C

y 1
7i 1

x3sin2C y3sin2C sin2C

I
I 
1

7 1
*1 7i 1 

x2sin2B y2sin2^ sin2B

2a -5 + a2 -3 ------------------> 0 
0+0-3

a2 + 2a - 8 < 0

(a + 4)(a - 2) < 0
a G (—4,2)

=> Statement I is false
Hence, statement I is false and statement II is true.

84. InAOBD,  -----—----- = —
sin(K-2C) sin 9

In AODC, ------—-----=------ - -----
sin(K-2B) sin(n-0)

BD _ sin 2C
DC sin 2 B

7
*i 7i

x2sin2B +x3sin2C y2sin2B + y3sin2C 1 
sin 2B + sin2C

7
*1 71

-<2 72
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or
1 and

sin a =

-(■*)and cos a =

or

= k

or

y

X'« >xB

P

90°-a
*XX'*

0 -W

i.e. Given,

[from Eq. (l)J=> = c

Equation of AB is

=> a = c
(0or

+ b± ± = 1or a
V(x2+y2)

x
/\ 7

a3
y

or 
then

10

13
10

=>
or

2 _ 
5’

...(ii)
...(iii)
...(iv)

4 // 
A

-1 fo, -1Wj I 2A 5 W

A

= fc2

AP =

OAp

+ J± i 
I
/

(x2 + y2)2

Tr
(AB)2 (cos2a + sin2a) = k2 

AB=k
OA=k cos a and OB = k sin a 

x y

6

/ n± sI p=l
Z

p=>

85. Let (xb y}) be the coordinates of a point at unit distance from 
each of the given lines.

|3xt - 4yt 4-1| _ i and |8x,+6y, + 1| = [ 
jl2 + 42 ^S2 + 62

3X] - 4yj + 1 = ± 5 and 8xj + 6y] + 1 = ± 10
3x, - 4y, - 4 = 0
3Xj - 4yi + 6 = 0
8x, + 6yj -9 = 0
8x, + 6y! + 11 = 0
(l)n(3)
x, / 60 = y] / - 5 = 1 / 50,
, \ (6 
(xi.yi) = l-.

(l)n(4)
x1/-20=y1/-65 = l/50, 

, J 2

P .

i-f
c

(2)n(3) 
x1/0 = y1/75 = l/50,r.(x1,y1)=(0,3/2) 
(2)n(4)

/ 8 3 
x1/-80 = y1/15 = l/50,.’.(Xi,y1) = l-

Hence, the required four points have the coordinates

\5’ 10

86. LetZOAB=a

OA = AB cos a and OB = AB sin a
(OA)2 + (OB)2=fc2

Ay

’Y

_ 7(i + p2)
|a + bp\

n 1 £ — = c 
p=i OAp

£ l° + fcpl 
'=,7(i+p2)

X
+--- -----= 1

k cos a fc sin a

x y , -------+------- = k
cos a sin a

Let P be the foot of perpendicular from O on AB.

Equation of OP is y = x tan (90° - a) 
y 

cot a = — 
x

X

/x2 + y2)

y
>l(x2 + y2)

Substituting the values of sin a and cos a from Eq. (i) in (i) 
then we get the required locus of P 

__ 4—+__ , y 
y / 7(x +y2) x 17(x2 + y2)

=» (x2 + y2) 7(x2 + y2) = kxy

Squaring both sides, we get
(x2 + y2)2 (x2 + y2) = k2x2y2 

f 2 2 \x y----- + -L— 
22----- 22^xy xy )

or (x2 + y2)2(x‘2 + y"2) = fc2

87. Let the equation of variable line be 
ax + by = 1. Then the coordinates of Ap will be

1 P "I 
a + bp’ a + bp)

// 
A
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then [from Eq. (iv)]/ 2
1

C
/

...(ii)

—(i)Y
y = mx

ft
y = ”w+cn

Then

R

y = /r^x+q
X' +

0

r

1 =
2

ORr =

...(Hi)

Let

.(iv) P(a,ma)

x-a=Q

[from Eq. (iii)]=> X'^ >x
Q A(a.O)

then

(i)or

where a

n+ z 
r = 1

= i
Cr.

n
± z

pal

n
E 

r = l

0
'T

n

+ W)

n
+ Xi2)

m cr 
m-m,.

m-m,.
Cr

Solving Eqs. (i) and (ii), we get 
/ 0,. mcr
jn - m, m-m.

= Cr
m-m,

^=(^i.Xi)

Cr 

m-nir

1

+ m2)

7o+m‘

fl2
\y = mgx+ca

y = m^+c2

y = mx
k = mh

k m = -
h

and coordinates of P s (a, ma)

x

88. Let the equation of given n lines be 
y = mr x + c,., 
r = 1,2,3 ,n

>2)

-+ — '
. Cr)

1

7(1 + m2)
= -7—1----- (ma + b)

So, line always passes through a fixed point whose coordinates 
are

Xiyi = m*! =3 m = —
*i

where
Let equation of line through origin O is 

y = mx

n- n v 1Given, — = 2. -----
OR r = i ORr 

n
= L 

r = l

and b
r = 1

Xi ,— a + b 
Xi 

Hl)
=> n = ayt + bx}
Hence, locus of point R is bx + ay = n.

89. First equation can be expressed as
(2x + 3y - 5) cos 0 + (3x - 5y + 2) sin 0 = 0

=> (2x + 3y - 5) + (3x - 5y + 2) tan 0 = 0
It is clear that these lines will pass through the point of 
intersection of the lines

2x + 3y - 5 = 01
3x - 5y + 2 = 0]

for all values of0.
Solving the system of Eq. (i), we get (1,1).
Hence, the fixed point is P (1,1). Let Q (a, 0) be the reflection of 
P (1,1) in the line x + y = ^2.

a-l_P-l_-2(l-Fl-V2)^ 2
1 1 12 + 12

a = V2-l, p = V2-l
Le. Q = (-72 — 1, -V2 — 1)
If the required family of lines is

(2 cos 0 + 3 sin 0) x + (3 cos 0 - 5 sin 0) y = X
in order that each member of the family pass through Q, we 
have

X = (V2 - 1) (2 cos 0 + 3 sin 0 + 3 cos 0 - 5 sin 0)

X = (J2 -1) (5 cos 0 - 2 sin 0)

Hence, equation of required family is
(2 cos 0 + 3 sin 0) x + (3 cos 0 - 5 sin 0) y 

= (V2 -1) (5 cos 0 - 2 sin 0).

90. Let R (h, k) be the foot of perpendicular from Q on OP.

Let equation of OP be
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Similarly, the coordinates of C are 0,

and

...coy = l
then

From Eq. (i), (i0

-.y

Hence, coordinates of V are

(x-0)y -

=> y-

y =

E -. lr. (± (h cos ar + k sin ar - pr)) = C'

1-2

y = c /-1

X' + >x

(x-a)

+Y

C

D

X' *X0 8(6.0)(2.0) A(3.0)
+ n (a cos 6 + b sin 6)Y

x1 --
2.

I

 =
3-a

3p 
3-a

Then coordinates of R, S and P are :
R (r, cos 6, rt sin 0), S (r2 cos 0, r2 sin 0), P (r3 cos 0, r3 sin 0) 

R lies on £, and S lies on L?.
Let
and

ok ,, ,2 (, ak— = , (h -a)+k-----
h V k h .

3P 
3-a

7

" 1E - lr• |h cos ar + k sin ar - pr|= C'
• = i 2

V PQ is the bisector of OP A
ZAPQ = ZRPQ 
ZPAQ = ZQRP= 90° 

PA = PR 

 
| ma| = -J(h - a)2 + (k - ma)2

7

i " 1+ k E ± - lr. sin ar 
U = 1 2

n 1= E±|ir.pr + c' 
r = l 2

=> Ah + Bk = -C
Required locus is

Ax + By + C = 0 
where A, B, C are constants.

92. The equation of BU is 

6 -a

So that the coordinates of D are I 0, —6- -
I 6 -a

ak 
h 

a\k\ = \(h-a)\^h2 + k2)

Hence, required locus is
(x - a)2 (x2 + y2) = a2y2

91. Let the coordinates of the vertex be (h, k) and equations of the 
bases be

x cos ar + y sin ar - pr = 0 where r = 1,2,3 n 
and their lengths be respectively lt, l2,13 ..... ln.
v Length of perpendicular from (h, k) on
x cos ar + y sin ar - pr = 0 is

|/i cos ar + k sin ar - pr| 
y(cos2a + sin2 a)

i.e. |h cos ar + k sin ar - pr|
Given, sum of areas of all triangles = constant 
then

Then, the equation of CV is 
6P

6 + a

6 + a
3p _ -9ap y 

3-a 6a (3-a)

3P
(3-a)

which pass through the point (2,0) for all values of (a, p).
93. Let the equation of the variable line through 'O be 

x = y 
cos 0 sin 0

and let OR = rb OS = r2 and OP = r3

Now, the equation of AD is
x [ (6-a) 
3 6£

and the equation of OU is
px = ay

Solving Eqs. (i) and (ii), we get 
6a 6P x =-------, y = ——

6 + a 6 + a
' 6a 6P ' 
k6 + a’ 6 + a j

L[=y -c = 0
L2sax+ by -1 = 0

Tj sin 0 = c and ar2 cos 0 + br2 sin 0 = 1 
c , 1

r. =-----  and r2 =--------------------
sin 0 a cos 0 + b sin 0

From the given condition 
m + n m n -------- = — + — 

^3-------------- r2
m + n  m sin 0 

h c

£ 1
/=i2 ’ ’ ’

( n 1
h\ E ± - L cos a.
lr = l 2
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Let P = (a, P)
Y

m + n =

B(b,mb)P,

R(h.k)

X' + >x
0 (b,0)Q A(a,O)

=>

Lq + XL, - 0

0 =,2’

P =i.e.

...(iv) y-0 =

-(ii)=>

=> =>

Similarly,

and

22

.2

Hence, fixed point is

i

then,

A =(i)

■

-.(i)
••(ii)

-0
— (x-h)
-b

a , , ,— k-am+ mh-k = 0 
b

where, X = — 
nc.

where, X = -
b,

a a =------ :
1 + m
/

fl 2
- (y -mx) + am-(1 + m ) y = 0 
b

Adding Eqs. (i) and (ii), then
fl- (y - mx + k) + (mh - k - (1 + m 
b
(mh - k - (1 + m2) y)+X(y-mx+fc) = 0

am
1 + m2 

a
1 + m2

Hence, locus of P is a point of intersection of Lj and Lj.
94. The given lines are

x + 3y + 2 = 0 ...(i)
2x + y + 4 = 0 ...(ii)

x - y - 5 = 0 ...(iii)
Equation of the line passing through A (- 5, - 4) and making 
an angle 0 with the positive direction of X-axis is

= r (AB, AC, AD) 
cos 0 sin 0

Points (- 5 + AB cos 0, - 4 + AB sin 0), 
(- 5 + AC cos 0, - 4 + AC sin 0) and 
(- 5 + AD cos 0, - 4 + AD sin 0) lie on Eqs. (i), (ii) and (iii) 
respectively.

(- 5 + AB cos 0) + 3 (- 4 + AB sin 0) + 2 = 0 
AB (cos 0 + 3 sin 0) = 15

— = cos 0 + 3 sin 0 
AB

= 2 cos 0 + sin 0 
AC

— = cos 0 - sin 0 
AD

From given condition

f is y t f io y r 6
IabJ +UJ IadJ

we get (cos 0 + 3 sin 0)2 + (2 cos 0 + sin 0)2 = (cos 0 - sin 0) 

=> 4 cos20 + 9sin20 + 12 sin 0 cos0 = 0

(2 cos 0 + 3 sin 0)2 = 0 
n 2 

tan 0 = — 
3

Hence the equation of the line from Eq. (iv) is 
2

y + 4 = --(x + 5) => 2x + 3y + 22 = 0

95. v A, R and B are collinear
k - 0 _ mb - 0 
h-a b-a

a
kl + m2

Equation of PQ is

>2)y) = 0

h + mk
X =----------T

(1 + m2)

Let the coordinates of P be (h, k), then 
h = r3 cos 0, k = r3 sin 0

From Eq. (i), m + n = — - S*n - + n (ar3 cos 0 + br3 sin 0) 
c

m+ n = — + n (ah + bk) 
c

my
Locus of P is n (ax + by) + — = (m + n)

c

n (ax + by -1) + — (y - c) = 0
c

(ax + by -1) + — (y - c) = 0
nc

Hence PQ pass through a fixed point 
For fixed point

mh - k - (1 + m2) y=0,y-mx+k = 0 
mh-k 

y---------T’(l + m!)
/, , , , Xh + mk mh-k 
k 1 + m2 ’ 1 + m2 /

96. Given lines are parallel and distance between them < 2 
Given lines are

2x + y = 3 
and 2x + y = 5
Equation of any line through Eqs. (ii) and (iii) is 

y-3 = m(x-2)
or y = mx - 2m + 3 ...(iii)
Let line (iii) cut lines (i) and (ii) at A and B respectively.
Solving Eqs. (i) and (iii), we get 

2m 6-m] 
m + 2 m + 2 J

v Pbe the foot of perpendicular from A on y = mx, then 
a - a _p - 0 _ - (0 - ma) 
-m 1 (1 + m2)

am
1 + m2

\ 
am

1 + m2;
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(slope of2x + y = 5)

(x-2)y-3 =

4 (x-2)=>

(x-2)y-3 ==>

=>

i.e.

and

Y
or

x
2

C 2 = -l+
D P(2,3)

A + 2 tan

0 -2 tan -3 = 0=>>2.a

Br
2x+y=3 = - 1 or 3tan

or

andMB=7(AB)z-(AM)2 =

then

I

AM
tana =-----

MB
1
2

4
J5

e 
2

3
4

e
.2

i.e.
and

2 
<2 
e'
2,

e
2

.(v)
(w)

and solving Eqs. (ii) and (iii), we get 
2m+ 2 m + 6^ 
m + 2 ’ m + 2 J

---------- »-X
2x+y=5

-I
2J

f-Y I2J 

e 
2

/
2 tan

y-3 =
^(“2) I 7

tan0 =««

According to question AB = 2
=> (AB)2 = 4

2

i.e.
Aliter I:
v 2x + y = 3 cuts K-axis at (0,3) and line 2x + y = 5 cuts 
Y-axis at (0,5)

Required lines are 
y-3

M
3—

4-1
5

= -1 - tan2l

tan2

1 + tan2

=> I 2
^m + 2

=> 1 + m2 = m2 + 4m + 4 ...(iv)

Case I: When m is finite (line is not perpendicular to X-axis) 
then from Eq. (iv).

1 = 4m + 4 
3 m = —
4

Case II: When m is infinite (line is perpendicular to X-axis) 
then from Eq. (iv),

1 4 4
—+1 = 1 + - + — 
m m m

0 + 1 = 1 + 0 + 0
1 = 1 which is true

Hence m -+ °° acceptable.
Hence, equation of the required lines are

y-3 = -l{x-2)
4

f-2±-l___ 2,
IT (-1)

=>(lT(-l))(y-3) = f-2±lj(x-2)

= oo(x-2)
3 

y-3 = --(x-2)

x-2 = 0
3x + 4y - 18 = 0

2m 
m + 2

,2 ■ ■

2-2 tan2

3
x-2 = 0 and 2y-6 = --(x-2)

x-2 = 0 and 3x+4y-18 = 0

Aliter II: Any line through (2,3) is
x-2 y-3 
------= -------= r 
cos0 sinO

Suppose this line cuts 2x + y = 5 and 2x + y = 3 at D and C 
respectively but given DC = 2
then D = (2 + r cos0,3 + r sin0)
and C = (2 + (r + 2) cos0,3 + (r + 2) sin0)
V D and C lies on

2x + y = 5 and 2x + y = 3
then 2 (2 + r cosO) + (3 + r sin0) = 5
and 2 (2 + (r + 2) cos0) + (3 + (r + 2) sin0) =3 ... (
Subtracting Eq. (v) from Eq. (vi), then

4 cos0 + 2 sin0 = - 2
2 cos0 + sin0 = -1

1 - tan2

1 + tan2

Therefore intercept on y-axis is 2.
Also, AM - distance between parallel lines 

-l~5 + 3l _ 2

Z_i = x-2 =sx-2 = 0 
00

3x+4y = 18 and x-2 = 0

Also tan0 = - 2
Now, equation of required lines are 

y - 3 = tan (0 ± a) (x - 2) 

tan0 ± tana 
IT tan0 tana 

(-2)±1 
______2_ 

. ..fl
2
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55X.
X'* 0

y

100. y

A(3, 4)

0

= 4

(iv)

X

or

• P(a, a2)

...(vi)
0

and
...(vii)

-3
2

- <a <3 
2

a
=> ax + 2by + 3a —(bx - 2ay - 3a) = 0 

b
2a2 3a2

=> ax + 2by + 3b -ax + -j-y + — = 0

P(a. 0) vX --»X

3
So, it is - units below X-axis.

2

o 2 d
a -3a <0 and a — > 0

2

3b2 + 3a2 
b

97. If I be the incentre of AOAB.
If inradius =r
then ID = IE = IF = r

+y

If P at I,then
d (P, OA) = d {P, OB) = d (P, AB) = r 

But d {P.OA) < min{d (P, OB), d {P, AB)} 
which is possible only when P lies in the AOIA.

tanl5°=®='
OD 1

=> r={2-y/3)

Required area = --2• r = r = (2 - -73) sq units.
2

98. Let A = (xb yj, B = (x2, y2) and C = (x3, y3) are the vertices of 
a triangle ABC and P = (ab by), Q = (a2, b2) and R = (a3, b3) are 
the vertices of triangle PQR.
Equation of perpendicular from A to QR is

y -yi = - ———(x - xj 
{b2~b3y

or (a2 - a3) x + {b2 -b3)y- Xy (a2 - a3) - yy(b2 - b3) = 0 ...(i) 
Similarly, equations of perpendiculars from B to RP and C to 
PQ are respectively,

(a3 - a,) x + (b3 - bi) y - x2 (a3 -al)-yz{bi-bl) = Q ...(ii) 
and {ay - a2) x + {by - b2) y - x3 (at - a2) - y3 (b, - b2) = 0 ...(iii) 
Given that lines (i), (ii) and (iii) are concurrent, then adding, 
we get

(x2-x3) a, +(x3-x1)a2 + (x1-x2)a3 + (y2-y3)b1 + 
(y 3 — yi )^2 + (yi -y2)&3 = o

Now, equation of perpendicular from P to BC is

(Jz-Xs)
(x2-x3) x + (y2-y3)y-a,

(x2 - x3) - by(y2 - y3) = 0 ...(v) 
Similarly, equations of perpendiculars from Q to CA and R to 
AB are respectively,

(x3-Xi)x + (y3-yi)y-a2 
(x3-x1)-b2(y3-y1) = 0

(Xj -x2)x + (yj-y2)y-a3
(Xj -x2) -b3 (y, -y2) = 0

Adding Eqs. (v), (vi) and (vii), we get
LHS = 0 (identically) [ from Eq. (iv)]
Hence perpendiculars from P to BC, Q to CA and R to AB are 
concurrent.

99. The line passing through the intersection of lines 
ax + 2by + 3b = 0 and bx - 2ay - 3a = 0 is

ax + 2by + 3b + X(bx - 2ay - 3a) = 0
=>(a + bX)x + (2b - 2aX)y + 3b - 3Xa = 0
As this line is parallel to X-axis.

a + bk = 0 => X = - -
b

->X 
A(2,0)

v A is the mid-point of PQ, therefore 
a + 0 „ 0 + b 
------- =3, = 

2----------- 2
=> a = 6, b = 8

x y 
.•.Equation of line is — + — = 1

or 4x + 3y = 24
101. Clearly for point P,

3a
b

3a2 y| 2b + — + 3b + — = 0 I b J b
2a

I b J 
2b2 + 2a2>

= -3(a2 + b2)
y 2{b2 + a2)
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R
Q\ (1.-2)'p

=>
y

R (3,3x/3)
/. /-intercept = -M

X'+ X

r
mi = m2 => —Slope of equation QR

=>

=>

3

=>= 0=>fc = 5

(-2.-2*

2n
3

8
5

-5
-1
-12

/2n/3 
mo)

Xn/3 
0 (0, 0)

(C) Lines are not concurrent or not parallel, then 

k #5, k £ -9, fc

v AR is the bisector of ZPAQ, therefore R divides PQ in the 
same ratio as AP: AQ.
Thus PR : RQ = AP : AQ = 2yJi : 75

Statement I is true.
Statement II is clearly false.

103. Given : The coordinates of points P, Q, R are (-1, 0), (0, 0), 
(3,3^3) respectively.

TX2~yi _3^ 
x2 - Xi 3
r~ Ktan 8 = V3 => 8 = —

3

6
(D) The given lines do not form a triangle if they are 
concurrent or any two of them are parallel.

:. k = 5,k-—9,k = --
5

105. Slope of PQ = -—- = —— 
fc-l k-1

:. Slope of perpendicular bisector- of PQ = (k-1)
fk+1 7 AAlso mid-point of PQ ----- I
\ 2 2 J

A Equation of perpendicular bisector is

y--=(fc-l) I x-—— I 
Z \ Z z

3
Slope of line K = -- 

c
Line L is parallel to line K. 

b 3 ,
— = - => be = 15 
5 c

(13,32) is a point on L.
13 32 .*. — + — = 1 => — =
5 b

Equation of K : y - 4x = 3
=> 4x-y + 3 = 0
n. . ku, r av |52 -32 + 3|Distance between L and K =-----7=—1

V17
23

”717

P(P2 + 1)^ (p2 + i)2 
-1 p2 +1

(p2 + l)(p+l) = 0
=> p = -1
:.p can have exactly one value. 

_ h
107. Slope of line L = --

ZRQP = n-| = 

Let QM bisects the Z.PQR, 
2n :. Slope of the line QM = tan— =

Equation of line QM is (y - 0) = - 73(x - 0) 
=> y =--Bx => V3x + y = 0

104. (A) v 1^ Lq, Lj are concurrent, then 

1 3 
3 -k 
5 2

(B) slope of (1^) = slope of (L2)
1 3 .- = - k = -9
3 k

and slope of(L3) = slope offf^) 
5 3 ,6
2 k 5

%

A
(0. 0)

7
' 2
2y-7 = 2(it-l)x-(fcz-l)
2(fc-l)x-2y + (8-fc2) = 0

-2
8-k2 = -8 or k2 = 16 => k = ± 4

106. If the line p(p2 + l)x - y + q = 0

and (p2 + l)zx + (p2 + l)y + 2q = 0

are perpendicular to a common line, then these lines must be 
parallel to each other,

32
b

b--2Q => c = -- 
4
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Then '3

4

L

*X0

/ 8' (0. -1)

=>

112. The intersection point of two lines is

Distance between (1,1) and

P (-2, -2)
<2=>

R (-1, -2)

!O
P (2. 2)

L2

ft (7. 3)Q (6, -1) S .

S =So,

C =

a + b a + b
\

0^
(0.0)

111. Suppose B(0,1) be any point on given line and coordinate of A 
is (73, 0). So, equation of

2
2-1
. 13

60°/
W-2)

1> / 
//

/ A (3,0)

<2^2

Since, PS is the median, S is mid-point of QR

__2 
9

^-3

=>

v L intersects X-axis, 
.'. m = 73
/.Equation of L is y 4- 2 = 73(x - 3)
or -fix-y-(2 + 373) = 0

109.

:.C satisfies the equation 2x + y = k.
2 + 8 14 , . ,------+ — = fc=>/c=6

5 5

r
m 4- 73 = ± (y/3 — 3m)

4m = 0 or 2m = 2^3

m = Qorm = Jl

V3x+y=1 \

(0,1)

Now, slope of PS =
2- —

2
Since, required line is parallel to PS therefore slope of required 
line = slope of PS Now, eqn of line passing through (1,-1) and 
, . , 2.having slope — is

2y-(-l) = -£(X-l)

9y + 9 = - 2x + 2

=> 2x + 9y + 7 = 0

■)4?
/ g 14 A

Since Line 2x + y = k passes through Cl-, — I

a + b’ a + b;
\2

• <8

= y-o 
x-73

2 14- — 
k a +

1 + —— 
a + b

a + b - c > 0
113. Let P, Q, R, be the vertices of APQR

Li’.y - x = 0, L2'.2x + y = 0, Lj: y 4- 2 = 0
On solving the equation of lines Lj and L2, we get their point of 
intersection (0,0) i.e. origin O.
On solving the equation of lines I, and L3,
we get P=(-2,-2)
Similarly, we get Q = (-1, - 2)
We know that bisector of an angle of a triangle, divide the 
opposite side the triangle in the ratio of the sides including the 
angle [Angle Bisector Theorem of a Triangle]

PR _OP^_ 7(-2)2 + (~2)2 = 272 
/?Q“OQ“7(-l)2 + (-2)2 ’ 75

110. Let the joining points be A(l, 1) and B(2, 4).

Let point C divides line AB in the ratio 3 : 2. So, by section 
formula we have

3x24-2x1 3X4+2X1
3 4- 2 ’ 3 4-2

„ n t . -1 - 0 
Reflected ray is -—-j=

y/3y = x-^j3

108. Let the slope of line L be m.
m-h 73 _
1 - -J3m
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(41,41c(0. 41) 8

= 780
and d2(P)dx(P) =Then

117. x-y+1=0 C

<42<

If x > y, then

<.4 or Ji < x < 2ji

If x < y, then 8A x-y+X=0
< 4 or 72 < y < 2>/22<

Y

,'y=X
y=2f2

y=I2

>Xx=212x=120 as

Required area = (2^2)2 - (Ji)2 = 8 - 2 = 6 sq units

116. Total number of integral points inside the square OABC 
= 40 X 40 = 1600

Number of integral points on AC
= Number of integral points on OB
= 40 [namely (1,1), (2, 2)... (40, 40)]

(41,0)

_ x + y . 
Ji

o' //

Number of integral points inside the AOAC

 1600 - 40 
2

_O
(0,0)

1 
Sab - 10ab

y - x + x + y 
2

The required region is the shaded region in the figure given 
below.

ab 2ab

115. Let the point P be (x, y)

x-y 
Ji

For P lying in first quadrant x > 0, y > 0.
Also 2 £ d)(P) + d2(P) <, 4 

y + x+y 
i Ji

X —

Ji

Let other two sides of rhombus are
x-y + X = 0

and 7x-y + p = 0
then O is equidistant from AB and DC and from AD and BC

|-1 + 2 +11 = |-1 + 2 + X| => X = -3
and |-7 + 2-51 =|-7 + 2 +11| => jl = 15
/.Other two sides are

x-y-3 = 0
and 7x-y + 15 = 0
On solving the equation of sides pairwise, we get the vertices

3 3 J k 3 3 J

114. Given lines are
4nx + 2ay + c = 0 
5bx + 2by + d = 0

The point of intersection will be 
x ~y 

4ad - 5bc 
be - ad 

ab 
4ad -5bc

-2ab 2ab
v Point of intersection is in fourth quadrant so x is positive and 
y is negative.
Also distance from axes is same
So x = - y (v distance from X-axis is -y as y is negative) 

be-ad 5bc-4ad  , ---------=------------ => 3bc - 2ad = 0

x-y + x + y
t—Ji

2ad - 2bc
 2(ad - be) 

-2ab
5bc - 4ad 

y =

-7 -4
3 3
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Session 1

Introduction
Let the equation of two lines be

=>

x = 2y

= 0i

n-2 = 0

=0

Remark
In order to find the separate equations of two lines when their joint 
equation is given, first of all make RHS equal to zero and then 
resolve LHS into two linear factors or use Shri Dharacharya method. 
The two factors equated to zero will give the separate equations of 
lines.

Remark
In order to find the joint equation of two lines, make RHS of two 
lines equal to zero and then multiply the two equations.

Homogeneous Equation in 
Two Variables

i.e.

..(i)

(ii)

y 
xj

n~2x2 + .... + anxn =0

n 
/

+ a2

Introduction, Homogeneous Equation in 
Two Variables

Y 
+ ai

ao lx

y-2
+ ... + a„ =0a0

(x- 4y)(x-2y) = 0
x - 4y = 0 and x - 2y = 0

Aliter:
We have,

y = -x 
2 2y = -x

=> x‘ + y2 = 0
This process is wrong, since RHS of two equations are not 
equal to zero.

I Example 1 Find the joint equation of lines y = x and 
y = -x.

Sol. The given lines can be rewritten as
x - y = 0 and x + y = 0

Joint equation of lines is (x - y) (x + y) = 0
or x2 - y2 = 0
Wrong process : Since, the lines are 

y = x and
Then joint equation is

2

I Example 2 Find the separate equation of lines 
represented by the equation x2 -6xy+ 8y2 =0.

Sol. Separate equation of lines represented by the equation 
x2 - 6xy + 8y2 = 0

and ajX + fciy + C) =0
Hence, (ax +by + c) (ajX + b]y + Cj) =0 is called the joint 
equation of lines Eqs. (i) and (ii) and conversely, if joint 
equation of two lines be

(ax + by + c)(ajX + bjy + Cj) =0, 
then their separate equations will be

ax+by + c=0 and axx

this equation bemi,m2,m3,...,mn.
Then, the above equation will be identical with

fy V 
--- m2

{x

=> a0 (y-mj x)(y-m2 x)(y-m3 x)....(y-m„ x)=0

y ----- m3 ...
Ax /

x2

y
Above is an equation of nth degree in —. Let the roots of 

x

'y_

An equation of the form
aoy" +fliyn l x+a2y"“2 x2 + .... + anxn =0 ...(i) 

in which the sum of the powers of x and y in every term 
is the same (here n), is called a homogeneous equation 
(of degree n).
We will prove that Eq. (i) represents n straight lines 
passing through the origin.

aoyn +a1yn-1x + a2y

Dividing each term by x", we get

fy?"1
<x,

x = 3y ± y
x = 4y and

Hence, the lines are
x - 4y = 0 and x - 2y = 0.

xz — 6xy + 8y2 = 0

By Shri Dharacharya method, x = ±

x = 3y ± y V(9 - 8)

fy '--m
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a +2h + b

,(ii)b + a =0

Therefore, ...(i)Putting

and (ii)...(iii)
Given,

From Eq. (i),

.(iii)=“

and
and from Eq. (ii), m/nmi) = -

2

\h2 -ab) 2

[from Eq. (iii)]n

=>

-(iv)

and

+ 2h = 0.

then ...(i)

a 
b

a 
~b

y_
X

Y 
+ 2h

\2

= 0

pass through the origin, let their equations be 
y = rr^x and y =

then, (y - rr^x) and (y - m^x)
must be factors of ax2 + 2hxy + by2 = 0
then ax2 + 2hxy + by2 = b{y - m}x) (y-m2x')

[Making coefficient of y2 equal on both sides]
Now. comparing both sides, we get

2h = - b (m. + m2) and a = bm]m2
rr\ + m2 = -'^~ andm-tm2 =

y m — ~m 
x

bm2 +2hm + a=Q

..m_y . m - —
x

a 
m{m2 = -

then,

If/n, andm2 be two roots, then
coefficient of xy
coefficient of y2 

coefficient of x2 

coefficient of y2

i +m2)2 ~4mxm2}

y_
xy

-2h
b(l + n)

4nh2
b2(l + n)2

=> 4nh2 - ab(l + n)2
This is the required condition.
Corollary: If slope of one line is double of the other, then
put n = 2 in Eq. (iv), we have

8/i2 = 9ab.

2h
m} + m2 =-----1 2 b

I Example 3 Find the condition that the slope of one 
of the lines represented by ax2 +2hxy + by2 =0 should 
be n times the slope of the other.

Sol. Let the lines represented by

Hence, Eq. (i) represents n straight lines 
y -ml x =0,y -m2 x = 0, 
y-m3 x = 0,...,y-mn x =0 

all of which clearly pass through the origin. 
Corollary: Since, ax2 4- 2hxy + by2 =0 is a homogeneous 
equation of second degree, it represents two straight lines 
through origin, The given equation is 

ax2 +2hxy + by2 =0

Dividing by x2, we get

l^i-m2| = 7{(m
2

>1
Thus, y = mvx and y =m2x are two straight lines which 
are given by Eq. (i). Also, from Eq. (iii),

- 2h ± 2-J(h2 - ab) 
m =------------------------

2b
_ -h + ^h2 -ab) _y

by = {-h + 7(h2 — ab)}x

by = {-h-^h2-ab)}x

are two lines represented by Eq. (i).
(i) The lines are real and distinct, if h2 -ab> 0.

(ii) The lines are coincident, if h2 -ab=Q.
(iii) The lines are imaginary, if h2 - ab < 0.

Remarks
1. In further discussions, we will consider only real cases.
2. Two very useful identities When lines represented by

ax2 + 2hxy + by2 = 0

and y = m2x.

y 
xy 

y'
+ 2hxy + by2 =0 are y = mxx

2h m,+ m2 =-----
b

a m,m2 - - 
b

m2 - nm1
2hm, + nm, =-----
b

2h
b(l + n) 

a
’ b

2 a nm, = - 
b

I Example 4 If the slope of one of the lines 
represented by ox2 + 2hxy+by2 = 0 be the nth power 

1 1

of the other, prove that, (obn)n+1 +(o" b)n+1

Sol. Let m and mn be the slopes of the lines represented by 
ax2 + 2hxy + by2 = 0 

n 2h m + m =-----
b
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and mm

-(ii)m =

•(i)

3

and

Their product

A
X0

(n + D

be 
and

_1 2
(ab2)3 + (a2b)3 = — 2h

On cubing both sides, we get
i

"+1 = - 
b

a Un +1) 

bj 
i 
+ i

2 - m = —

y ______ 2______
am-hl 3(am2-2hlm + bl2)

Sol. Let the lines represented by 
ax2 + 2hxy + by2 = 0 
y = ”iiX 
y = m2x.

II /

n iin = - => m
b

I Example 7 Show that the centroid (x',y') of the 
triangle with sides ox2 + 2hxy + by2 = 0 and 
lx+my =1, is given by

X

bl-hm

then, ax

I Example 5 Find the product of the perpendiculars 
drawn from the point (xlf y-j) on the lines 
ax2 +2hxy + by2 =0.

Sol. Let the lines represented by ax2 4- 2hxy + by2 = 0 be 
y = mjX and y = m2 x.

- 2h , a
Therefore, mj + m2 =----- and m}m2 = -

b b
The lengths of the perpendiculars from (xb yj on these 
lines are

|yi ~ miyil |yi -rn2Xi|

71 4- m2 -Jl + m2
_ l?i - miXil y lyi - ^2X]| 

y 1 + m2 yl + m2 

_|(y1-m!x1)(y1-m2x1)| 
7(1 + ”iiZ)(l + ”12 )

_ |y? ~ (”ii + ”»2) x^i + ffiimzxfl 
71 4" m2 + m2 + m2 m2

lyi - (”»1 + ”12) X^! 4- ”11”12 x?| 
71 + (mi + m2)2 -2mtm2 + (mtm2)2 

i 2 2/i a 2.
|y, + — XlXj + - X, |

_ o o
IT Th2 2a a2'

+~br'T+b2>
_ fax2 4- 2hx1y1 + by2| 

" 7«fl-b)2 + 4/I2}

1 f 1 1 >
ab24-a2b + 3(ab2)3(a2b)3 (ab2)3 4-(a2b)3 =-8h

ab (a 4- b) 4- 3ab (- 2h) = - 8h3

(a + b) , 
h ab

then a'x2 + 2h'x — x | + b' | — x 
\ m J V

=> a'm2 -2h'm + b' =0 ...(ii)

On solving Eqs. (i) and (ii), by cross-multiplication rule Le.
m2 m Im2

b 2h a b
a' 
2 m 

2hb' + 2h' a 

(hb' 4- h' a) 
(h'b + a' h)’ 

On eliminating m, we obtain
4 (ha' + h'b)(h' a + hb') + (bb'~ aa' )2 = 0.

Substituting the value of m from Eq. (ii) in Eq. (i), then 
1 f n 

fo\n + l) faVn + lJ 
4- - =bj 

n 
,n +1

m
2h

-2h'

1
- 2h' b - 2a' h

__ (bb'-aa')m--------------------
2(a'h + h'b)

\4

G(xV)\

—y^rn/

I Example 6 Find the condition that one of the lines 
given by ax2 + 2hxy+by2 = 0 
may be perpendicular to one of the lines given by 
a' x2 +2h' xy+b' y2 =0.

Sol. Since, both pair are passing through origin, let y - mx be 
one of the lines represented by 

ax2 4- 2hxy 4- by2 = 0 

2 4- 2hx(mx) 4- b(mx)2 = 0 

=> bm2 4- 2hm 4- a = 0

then, y =----- x be one of the line represented by
m

a'x2 +2h'xy + b'y2 =0

•/ y = - — x is perpendicular to 
m

y = mxand passing through origin.
2

I =0

m
2h a

-2h' b' a'

m 
aa' - bb'

2h
b

n n 1

=> an + 1-bn + 1 4-an + ,-bn + 1 4-2h=0

Corollary: If slope of one line is square of the other, then 
put n=2, then

1
m
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Therefore, mx + m2 = -

and

and
X0

andthen, x' =

x

n2 (m2 - m,)

and y'

-(ii)

bl - hm
(i)

I Example 8 Show that the area of the triangle formed
...(ii)

is

therefore, m, + m2 = - and
and

/ 1
2

1
2 I2 + Im (m, + m2) + m2mxm2

1
2 I2 + Im (mx + m2) + m2ni|m2

2_______
am-hl 3(am2-2hlm + bl2)

_ 4a'

_2m a +----
b

7

l(mx + m2) + 2mm1m2
{I2 + Im (mi + m2) + m2niim2)}

/ x

4m1m2

- nmx i 
J + mm2 J\J + mm! J 

are (0,0),(xi,y1)and, 
(x2,y2),then area=-|x1y2 - x^j [| 

Ct

by the lines ox2 + 2hxy + by2 =0 and /x+my + n = 0 
n2J(h2-ab)

|(om2 -2hlm+bl2)|
Sol. Let equation of lines represented by

ax2 + 2hxy + by2 = 0 be y = n^xand y = m2x
2h a— and mxm2 =
b b

Coordinates of A and B are 
| - n - nmx ] 
(j + mm/ I + mmj 

respectively.
Then, required area

_ 1
” 2

3 I2

/
3 I2

n2^(h2 - ab) 

|(am2 -2hlm + bl2)\

-nm2
I + mm2/

2hl------+-----
b
2hlm-------- +

b

[ 21 + m(mx + zn2)
^3 {I2 + ml(mx + m2) + m2mx m2)}y
f \

2h 
b 

a mxm2 = -

Coordinates of A and B are
| 1 nt]
\J + mmx l + mmx) 

Since, centroid = (xz, y'), 
' 1----------- 4- 

l + mmx

( 4h2 

1_£_ 
2hlm 
~F

1 m2
I + mm2 I + mm2

2ma
b __

m2 a
~b

- n - nm2
I + mm2 I + mm2

I + mmx

n21
lz-

I Example 9 Show that the two straight lines 
x2 (tan2 6+cos2 0)-2xy tan0 + y2 sin2 0 = 0 
move with the axis of x angles such that the difference 
of their tangents is 2.

Sol. Given equation is
x2 (tan2 0 + cos2 0) - 2xy tan 0 + y2 sin2 0 = 0

and homogeneous equation of second degree 
ax2 + 2hxy + by2 = 0

On comparing Eqs. (i) and (ii), we get 
a = tan2 0 + cos2 0
Ii = - tan 0 

and t = sin20
Let separate lines of Eq. (ii) are

y = mxx
y = m2x

n2^(mx + m2)2 -

\
2
3 (am2 — 2hlm + bl2)
f „ m

+ —+ 0
I + mm2
3

_ 2 (am - hl)
~3 (am2 -2hlm +bl2)

From Eqs. (i) and (ii), we get 
_ y' _

X- n
I + mmx>

[ V if coordinates

/ x- n

21
b

2hml m2a
- --------- H----------

b b

(bl - hm)

_2_+o)
I + mm2
3
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■Jtan2 0 - sin2 0 (tan2 0 + cos2 0)

and

tan 0j - tan 02 ==>

Exercise for Session 1

where, 

therefore, mi + m2 = -

mi = tan and
2h -- =
b

1. The lines given by the equation (2y 2 + 3xy -2x2)(x + y -1) = 0form a triangle which is

(a) equilateral (b) isosceles
(c) right angled (d) obtuse angled

2. Area of the triangle formed by the lines y2-9xy + 18x2 =0 and y =9 is

(a) 27/4 (b) 0
(c)9/4 (d) 27

3. The equation 3x2 + 2bxy + 3y2 = 0 represents a pair of straight lines passing through the origin. The two lines 
are
(a) real and distinct, if h2 > 3 (b) real and distinct, ifb2 > 9

(c) real and coincident, if h2 = 3 (d) real and coincident, if h2 > 3

4. If one of the lines of the pair ax2 + 2bxy + by2 = 0 bisects the angle between positive directions of the axes, 
then a,b,h satisfy the relation
(a)a + b=2|b| (b)a + b=-2h
(c)a-b=2|b| (d) (a-b)2 = 4b2

5. If the slope of one of the lines given by a2 x2 + 2bxy + b 2 y2 = 0 be three times of the other, then h is equal to

(a)2V3ab (b)-2V3ab
2 2(cj-^ab (d)--^ab

v o Vo

6. Find the separate equations of two straight lines whose joint equation isab (x2 -y2) + (a2 -b2)xy =0.

7. Find the coordinates of the centroid of the triangle whose sides are 12x2 -20xy + 7y2 =0and2x -3y +4=0.

8. If the lines ax2 + 2hxy + by2 = 0 be two sides of a parallelogram and the line lx + my = 1 be one of its diagonal, 
show that the equation of the other diagonal is y (bl - hm) = x (am - hl).

9. Find the condition that one of the lines given by ax2 + 2hxy + by2 = 0 may coincide with one of the lines given 
by a' x2 + 2h'xy + b'y2 =0.

2
sin2 0

_ 2sin 0 ^se(,2 0 _ tan20- cos2 0) 
sin2 0
2sin0 17 TTT

= —r- VO “ cos 9 sin2 0 V
2

=-----sin0 = 2
sin0

m2 = tan 02
2 tan 0
sin2 0

tan2 0 + cos2 0 
sin2 0

am,- m2 = - 
b

m1 ~ m2 = V(?ni + m2)2 - 4m}m2

4 tan20 4 (tan20 + cos20)
sin40 sin20
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Angle between the Pair of Lines ax2 + 2hxy + by2

represented by i.e.

is given by 0 = tan 1 < =>

Proof Let y

a +b =0= 0

X' X
Y =>

(Remember)Then, tan 0 =

then
Remark

and0 = sin*

-2h
b

Session 2

Corollary 2 Pair of lines perpendicular to the lines 
represented by

2 Jh2 - ab 
y](a - b)2 + 4h2

2-Jfh2 -ab) 
|a + &|

■](mx + m2)2 - 4m1m2mi -m2
l + m1m2

I -4

Corollary 1 Condition for the lines to be perpendicular.
The lines are perpendicular if the angle between them is 
K

2

9 9=> x + pxy - y = 0 ,
where, p is any constant.

Remark
Pair of any two perpendicular lines through the origin, 
v Lines represented by ax2 + 2hxy + by2 = 0 

be perpendicular, then a+b = 0 orb = -a 
Hence, the equation becomes ax2 + 2hxy - ay2 = 0 

x2 +

Angle between the Pair of 
Lines ax2 +2hxy+by2
Theorem The angle 0 between the pair of lines 

ax2 + 2hxy + by2 =0

2^(h2-ab)

|a+b|

0 = tan 1

e=-
2

zx 71
cot 0= cot —

2
cot 0 = 0

\a + b\
2^(Ji2 -ab)

i.e. Coefficient of x2 + Coefficient of y2 =0

Hence, the lines represented by ax2 + 2/ixy + by2 =0 are 
perpendicular, iff a + b =0 i.e. coefficient of x2 + 
coefficient of y2 =0.

ax2 +2hxy + by2 =0 

and through origin.
Let lines represented by

ax2 + 2hxy + by2 =0 bey = mxx andy = m2x
2h

m> +m2 =-----1 2 b
a

m}m2 = -
D

= mxx andy =m2x be the lines represented by 
ax2 +2hxy + by2 =0.

I 2/i athen, mx +m2 =-----,mxm2 =-
b b

Since, 0 be the angle between the lines 
y=mxx and y-m2x.
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P>

tan 0

and

then, pair is

=2I

0)

(ii)

tan0

.(ii)

Remark
The parallel lines will be coincident only as both pass through a 
point.

2J

On comparing Eqs. (i) and (ii), we get 
a = sin2a-cos2p, h =sin0 cos 
& = sin2a-sin2p

Let the angle between the lines representing by Eq. (i) is 0.
_2ylh2~ab

|a + b|

_Jsin2p
— 4 —————

=>

Hence, the lines represented by ar2 + 2hxy + by2 =0 
are coincident, iff h2 = ab, then ax2 + 2hxy + by2 

is a perfect square.

0 =0(or it) 
tan0 =0° 

2^(h2 -ab)

|a + b| 

h2-ab=0

h2 -ab

I Example 10 Find the angle between the lines 
(x2 4-y2)sin2 a = (xcos p-y sin p)2.

So/. Given equation is
(x2 + y2) sin2 a = (x cos P - y sin P)2
x2 (sin2 a - cos2 p) + 2xy sin p cos p

+y2 (sin2 a - sin2 p) = 0 ...(i)
The homogeneous equation of second degree is 

ax2 + 2hxy + by2 - 0

0= tan"1

x2

x2

lines perpendiculars to y = m j x 
and y=m2x
and passing through origin are 

1 
y =------- x

mi

1 
y=------ x

m2

x | 
y +— 1 = 0 

m2)

cos2p -(sin2a - cos2P)(sin2a-sin2p) 
|sin2a-cos2p +sin2a-sin2P|

{sin2 P cos2 P - sin4 a + sin2 a sin2 P

+ sin2a cos2p -sin2p cos2p}
|(2 sin2a - 1)|

_ -Jsin2a(l - sin2a)
“ 4 "

|- cos 2a|
2 sin a cos a=-------------- = tan 2a
|- cos 2a|

0 = 2a

x 
y+ — 

m\)\

+ xy (mx + m2) +m!m2 y2 =0

2hxy a , ° b b

bx2 -2hxy +ay2 =0

Aid to memory For perpendicular pairs interchange the 
coefficients of x2 and y2and change the sign of xy.

Corollary 3 Condition for the lines to be coincident.
The lines are coincident, if the angle between them is
0° (or n)
i.e.

I Example 11 Show that the angle between the lines 
given by (o+2hm + bm2)x2 + 2{(b-o)m -(m2 -1)h} 
xy + (am2 -2hm+b)y2 = 0 is the same whatever be 
the value of m.

Sol. Given equation is
(a + 2hm + bm2)x2 + 2{(b- a)m - (m2 - l)h }xy +

(am2 -2hm + b)y2 =0
The homogeneous equation of second degree 

Ax2 + 2Hxy + By2 = 0
On comparing Eqs. (i) and (ii), we get

A = a + 2hm + bm2, H =(b- a)m - (m2 - l)/i, 
B = am2 - 2hm + b

Let the angle between the lines representing by Eq. (i) is 0.

|A + B|

\b -a)m- (m2 - l)/i}2 - (a + 2hm + bm2)

(am2 -2hm + b) 
|a + 2hm + bm2 + am2 - 2hm + b| 

_2yj(m2 + l)2 (h2 - ab) _ 2yl(h2 - ab)

|a + t|(m2 +1) |a +

2^(h2 - ab) 

l« + *l
which is independent of m. Hence, the angle between the 
lines representing by Eq. (i) is same for all values of m.

http://www.198
http://www.198
http://www.jeebooks.in


Chap 03 Pair of Straight Lines 199

-(ii)

xX' 15° y+(2-V3)x=0

P

,Q
r Then

Let ZPOQ = 0.

then, tan0

,2From Eq. (i),

and ...(iO
=>

From Eq. (ii), (iii)

If

then 3tan a = =>
3

[from Eq. (iii)]d + a = 0

Hence,

i.e.
and

3 - V3 I _ 
-1 + 73

J 
0*

+ \
+ \t\

o

60°

0 = 60°
x" + 4xy+ y2 =0

W +41*1+1=0
\x J \xJ

Z=-4±V(4 ~4> = -2±^ 
x 2
y = (-2±73)x 
OP:y + (2-73)x = 0 
OQ:y + (2 +73) x = 0

Slope of PQ = 1 and Slope of OP = - (2 - 73).

ZOPQ = a
l-C-2 + 73) =

1-2 + 73

a = 60°
Hence, ZOQP = 180° - (60° + 60°) = 60°
Hence, AOPQ is an equilateral triangle.

c rrij + m2 + m3 =----
d

b m1m2 + m2m3 + m3mx - - 
d

a mim2m3 = - —

Let the perpendicular lines be y = mrx and y = m2x, then 
7n1m2 = - 1 

a m,=-

On putting y = m3x in Eq. (i), we get 
ax3 + bm3x3 + cm3x3 +dm3x3 = 0 

dm] + cm3 + bm3 + a = 0 
/ \3 z \2 z x fa i f a . f a ) - +c - + b - w w w 

a2 + ac + bd + d2 = 0

_ 2x/[(2)2 - 1 1]

|1 + 1|

Aliter:
Let y = mjX, y = m2x and y = m3x be the lines represented 
by the equation

ax3 + bx2y + cxy2 + dy3 = 0.

ax3 + bx2y + cxy2 + dy3 =d(y- mxx)
(y- m2x)(y- m3x) ...(i)

On equating the coefficients of x3, x2y and xy2 on both 
sides, we get

I Example 13 Show that the condition that two of the 
three lines represented by ax5 + bx2y + cxy2 + dy3 = 0 
may be at right angles is a2 + ac + bd+d2 = 0.

Sol. The given equation being homogeneous of third degree 
represents three straight lines through the origin. Since, 
two of these lines are to be at right angles.
Let pair of these lines be (x2 + pxy - y2), p is constant and 
the other factor is (ax — dy).
Hence, ax3 + bx2y + cxy2 +dy3 = (x2 + pxy-y2)(ax - dy) 
Comparing the coefficients of similar terms, we get

b = ap - d ...(i)
c = - pd - a ...(ii)

Multiplying Eq. (i) by d and Eq. (ii) by a and adding, we get 
bd + ac = - d2 - a2

a2 + ac + bd + d2 =0

I Example 12 Show that the straight lines 
x2+4xy + y2 =0and the line x-y =4 form an 
equilateral triangle.

So/. Equation x2 + 4xy + yz = 0 ...(i)
is a homogeneous equation of second degree in x and y. 
Therefore, it represents two lines OP and OQ through the 
origin. 
Equation, x - y = 4 
represent the line PQ.

.Y
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Exercise for Session 2

(b) x2 - 2xy - 3y2 = 0

(d) xy = 0

1. The angle between the pair of straight lines y2 sin2 6 - xy sin2 0 + x2(cos2 0 -1) = 0 is

(a)i (b)£ (c)i

2. The angle between the lines given by the equation ay2 -(1+ A.2) xy - ax2 =0 is same as the angle between 
the lines
(a) 5x2 + 2xy - 3y2 = 0

(c)x2-y2 = 100

3. Which of the following pair of straight lines intersect at right angles ?
(a) 2x2 = y (x + 2y) (b) (x + y)2 = x (y + 3x)

(c) 2y (x + y) = xy (d)y = ?2x

4. If h2 =ab, then the lines represented by ax2 + 2hxy + by2 =0 are

(a) parallel (b) perpendicular
(c) coincident (d) None of these

5. Equation ax3 -9x2y - xy2 + 4y3 =0 represents three straight lines. If the two of the lines are perpendicular, 
then a is equal to
(a)-5 (b)5
(cM (d)4

6. Find the angle between the lines whose joint equation is 2x2 - 3xy + y2 = 0.

7. Show that the lines (1-cos 0 tana)y2 -(2 cos 9 + sin20 tana)xy + cos0(cos0 + tana)x2 =0 
include an angle a between them.

8. Find the angle between the lines represented by the equation x2 - 2pxy + y2 = 0.

9. Show that the lines x2 - 4xy + y2 = 0 and x + y = 1 form an equilateral triangle and find its area.

10. Prove that the triangle formed by the lines ax2 + 2bxy + by2 = 0 and lx + my = 1 is isosceles, 
ifh (I2 -n?2) = (a -b)m.
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Session 3

=0

= 0

b

[MO]

X

=> ...(i)and

ZNOX = 0, +

xy 
h

xy 
h

®2 ~Q]

2

—  -r , | I m—r - . ■iif-jiwti : - 4.1 UJ, _ I iii-.--.-~r-;.“

Bisectors of the Angle between the Lines 
Given by a Homogeneous Equation

/ 2 2 \ I 2/1 | ( Cl
(x > “T =2xy 1-T { b ) \ b

Aliter:
Let the equation ax2 + 2hxy + by2 =0 represent two lines
LXOMX and L2OM2 making angles 0j and 02 with the 
positive direction of X-axis.
If slopes of LXOMX and L2OM2 are m} and m2, then 

m^tan©! and m2=tan02 
2h a mx +m2 = -—,mxm2 = -

Let NONX and KOK{ are the required bisectors, 
®2 ~Qi 

2

01 +©2

2
71

Since, Z NOK — —
2

Proof Let the lines represented by ax 
bey-nijX = 0andy -m2x =0, then 

2h m, +m2 =____ __  —1 2 b b
Since, the bisectors of the angles between the lines are the 
locus of a point which is equidistant from the two given 
lines.

/ \
(y-mtx) (y-m2x)

7(1 + mi) 7(1 + m2) A7(1 + m?) V(1 + m2);
2 (y-m2x)2

(l-l-m2)

x2 -2m1xy)

-(l+m2)(y2 + m2x2 -2m2xy) =0

=> (m22-m2)y2-(m2-m?)x2

+2xy(m2 -mJ -2mlm2(:n2 -ml)xy=Q
=> (™2 + mx)(y2-x2

The pair of bisectors is
/ \
(y-mtx) +(y-m2x)

(y-mjx)

(1 + m?)
=> (1 + m2) (y2 +m2

2 2 x -y
a-b

, a
and mxm2 = — ) +2xy -2m1m2xy =0

[•.•mj -m2 *0]

2h 
‘:mx +m2 =-----1 2 b

a
mxm2 =-

Since Z NOLX = Z NOL2 =

_ + (y~rn2x) 
7(1+ ^2)

Bisectors of the Angle 
between the Lines Given by a 
Homogeneous Equation
Theorem The joint equation of the bisectors of the angles 
between the lines represented by the equation

2 2x -y
a-b

2 + 2hxy + by2 =0

ax2 +2hxy + by2 =0 is

Let P (/i, k) be a point on a bisector of the angle between 
the given lines. Then, PM = PN

\k — 771,^1 _ |fc-m2/i|
7(l + mi) 7(1+ m2)

(k-mxh) _+ (k-m2h)
^(1 + m2) 7(l+zn2)

Hence, the locus of a P (h, /c) is

(y-mix)
7(1+ m2)
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r Remark

The joint equation of the bisectors isN

LiK

X

Equation of bisectors arey = x tan
7

,(ii)= 0=>

and

(i)
y = - x cot=>

•••(**)
(iii)= 0=> then

/. Pair of bisectors

= 0y + x coty-x tan

2 2 =0-tan
7

7

=>

=>

/
2 2y - x + xy cot

Corollaries
1. If a = b, the bisectors are x2 -y2 =0

i.e. x-y=0, x+y=0
2. If h = 0, the bisectors are xy = 0

i.e. x = 0, y = 0

f l-7n1m2
+ m2

(1-a I
I -2h I b j

L2

71 7t
ZXOX = —+ ZN0X = —+

2 2

0) + ©2
2

Qi + 62

2

0j +02
2

0i +62
2__

Qi + ©2

2 J

y-x tan

61 +62
2

X'
My 
^m2

tan
\
/

(x2-y2)_xy
(a-fc) h

<7C 
y = x tan — +

9i +62

2

2_____
^tanfOj + 02)
/

I Example 15 Show that the line y = mx bisects the 
angle between the lines

ox2 -2hxy+by2 =0,
if h(1-m2)+m(a-b) = 0.

Sol. Equation of pair of bisectors of angles between lines
ax2 - 2hxy + by2 = 0 is

x2 -y2  xy 
a - b -h

=> -h(x2 -y2) = (a- b) xy -(*)
But y = mx is one of these lines, then it will satisfy 
it. Substituting y = mx in Eq. (i),

- h (x2 - m2x2)=(a - b)x-mx

Dividing by x2, h (1 - m2) + m (a - b) = 0

1 - tan2

x2 - y2 _ xy 
a-b h 

or hx2 - (a - b) xy - hy2 = 0
i.e. coefficient of x2 + coefficient of y2 = 0.
Hence, the bisectors of the angle between the lines are always 
perpendicular to each other.

x2-y2 =2xy

x2 -y2 =2xy

x2 -y2 =2xy

7

1-tanOj tan02 
tan©! + tan02 ,

x2-y2=xy

61 +02
2

x2 -y2 =xy

0i +62
2

©i +02 
2

<0! +0/
I 2 >
0i +02 "I

2

I Example 14 Find the equation of the bisectors of the 
angle between the lines represented by 
3x2 -5xy+ 4y2 =0.

Sol. Given equation is
3x2 - 5xy + 4y2 = 0

Comparing it with the equation 
ax2 + 2hxy + by2 = 0 

5 
a = 3, h = —,b = 4 

2
Hence, the equation of bisectors of the angle between the 
pair of the lines (i) is 

2 2x -y  xy 
3-4 ”-5/2 

x2 - y2  2xy 
-1 ” -5

5x2 - 2xy - 5y2 = 0

r ^Ky

http://www.202
http://www.202
http://www.jeebooks.in


Chap 03 Pair of Straight Lines 203

=

4 S'
2

is

[given]and
D

is yE
A

0

C

X' Xo

=>

Therefore, the required equation is

i.e.

Remark
By taking the bisectors of the angles between the pair of lines (ii), 
we will get the same result.

Tr
Z.COE - Z.COA = ZDOE - ZDOB

ZAOE= A BOE

= 9L 
h

..(ii)

and
=>

X'
FT

I Example 17 Prove that the angle between one of the

Q' r
which are also the bisectors of the second pair.
Let P'OP, Q'OQ, R' OR, S'OS be the lines of the Eqs. (i) and 
(ii) pairs respectively and A'OA and B'OB be their 
bisectors. We have,

ZBOA = ZSOA
£POA = ^QOA

ZROA -ZPOA = ZSOA - ZQOA 
ZROP-ZSOQ

Hence the result.

px2 + 2xy - py2 = 0.
2 2x - y
a - b

I Example 19 If the lines represented by 
x2 -2pxy -y2 =0 are rotated about the origin 
through an angle 0 , one in clockwise direction and the 
other in anti-clockwise direction, then find the 
equation of the bisectors of the angle between the 
lines in the new position.

Sol. Since, lines represented by x2 - 2pxy - y2 = 0
are perpendicular to each other. The bisectors of the angles 
between the lines in new position are same as the bisectors 
of the angles between their old positions, i.e.
OC, OD; OA, OB be the old and new pairs respectively and 
OE and OF be their bisectors, we have

ZCOE = ZDOE
ZCOA- Z DOB = 9

Y tB 
/ J 
I f 
I t

I t ]// 
'/A*

i -2g -i— = —= — => pq = -\
~P "2 P

y2 - y2 _ xv 
i-(-i)“^

- px2 - 2xy + py2 = 0 ...(iii)
Since, Eqs. (ii) and (iii) are identical, comparing Eqs. (ii) and 
(iii), we get

x2~y2 _xy
l-(-l) -p

I Example 16 If pairs of straight lines 
x2-2pxy-y2 =0 and x2 -2qxy-y2 =0 be such 
that each pair bisects the angle between the other 
pair, then prove that pq = -l

Sol. According to the question, the equation of the bisectors of 
the angle between the lines

x2 - 2pxy - y2 = 0 ...(i)
is x2 - 2qxy - y2 = 0 ...(ii)
:. The equation of bisectors of the angle between the lines 
(i) is

I Example 18 Show that the pair of lines given by 
o2x2 + 2h(a+b)xy + b2y2 =0 is equally inclined to the 
pair given by ox2 + 2hxy + by2 = 0.

Sol. Given pair of lines are
u2x2 + 2h(a + b)xy + b2y2 = 0

and ax2 + 2hxy + by2 = 0
Equation of bisectors of first pair is 

x2 - y2 _ xy 
a2 ~- V~ h(a + b)

lines given by ax2 + 2hxy + by2 =0 and one of the 
lines ax2 + 2hxy+by2 + X (x2 + y2 ) = 0 is equal to 
angle between other two lines of the system.

Sol. The equation of the bisectors of the angle between the lines 
ax2 + 2hxy + by2 = 0 ...(i)

2 2X -y _xy 
a - b h

and the equation of bisectors of the angle between the lines 
ax2 +2hxy + by2 + X(x2 +y2) = 0 ...(ii)

(a + X)x2 + 2hxy + (b + X)y2 = 0
2 2 2 2x - y _ xy * -y _

(a + X)- (b+X) h a-b h
Bisectors of angles between lines given by Eqs. (i) and

(ii) are the same. Hence the result.
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Exercise for Session 3

(b)(a)

(d)-(c)-

V5- 1
2

V5+ 1
2

1. If coordinate axes are the angle bisectors of the pair of lines ax2 + 2hxy + by2 = 0, then

(a)a = b (b)h = 0

(c)a2+b = 0 (d)a + bz = 0

• 2. If the line y = mx is one of the bisector of the lines x2 + 4xy - y2 = 0, then the value of m is

V5+ 1
2
V5-1>

2 J
3. If one of the lines of my2 + (1 - m2) xy - mx2 = 0 is a bisector of the angle between the lines xy = 0, then 

cos"1(m)is

(a) 0 (b) k/2

(c)n (d)3n/2

4. The bisectors of the angles between the lines (ax + by )2 = c (bx - ay )2, c > 0 are respectively parallel and 
perpendicular to the line

(a) bx - ay + p = 0 (b) ax + by + X = 0

(c) ax - by + v = 0 (d) bx + ay + x = 0

5. If the pairs of straight lines ax2 + 2hxy - ay2 = 0 and bx2 + 2gxy - by2 = 0 be such that each bisects the angles 
between the other, then prove that hg + ab = 0.

6. Prove that the lines 2x2 + 6xy + y2 = 0 are equally inclined to the lines 4x2 + 18xy + y2 = 0.

7. Show that the lines bisecting the angle between the bisectors of the angles between the lines 
ax2 + 2hxy + by2 = 0 are given by (a - b) (x2 - y2) + 4hxy = 0.

8. Prove that the bisectors of the angle between the lines ax2 + acxy + cy2 = 0 and

3 + - xz + xy + 3 + - y =0 are always the same.
< c1 i-i

9. The lines represented by x2 + 2Xxy + 2y2 =0and the lines represented by (1 + X)x2 -8xy + y2 =0are equally 
inclined, find the values of X.

1
a
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=0

(*i. yi)

+ f + c =0g

...(iii)

...(iv)

hf -bg' 
<ab~h\

Session 4 
General Equation of Second Degree, 
Important Theorems

Now, ax2 +2hxlyl + by2 + 2gxx +2fyx +c = Q
=> XjGzxj +hyx +g)+y1(hxl + byr + f)

+(g*i +fyi +c)=0
=> Xi -O+yj -0 + gXj +fyi +c=0

[from Eqs. (iii) and (iv)]
=> gx1+fyl+c=0 ...(vi)
On eliminating Xi,^ from Eqs. (iii), (iv) and (vi), we get 
the determinant

Remarks
1. Without using determinant On solving Eqs. (iii) and (iv), 

we get
_(hf-bg gh-af
[ad-h2 ab-h2;

and then substituting the values of x, and y, in Eqs. (vi). we 
obtain

General Equation of Second 
Degree
The equation ax 

is the general equation of second degree and represents a 
conics (pair of straight lines, circle, parabola, ellipse, 
hyperbola). It contains six constants a, b, c, f, g, h.
i.e. a= coefficient of x2, b= coefficient of y2,

c = constant term, g = half the coefficient of x, 
f = half the coefficient of y,
h = half the coefficient of xy.

Theorem The necessary and sufficient condition for 
ax2 +2hxy + by2 +2gx +2fy +c = 0

to represent a pair of straight lines is that

2 +2hxy + by2 +2gx +2fy + c=0

a h g
abc + 2fgh-af2 -bg2 -ch2 =0 or h b f =0. 

g f c
Proof Necessary condition.: Let the equation be

ax2 + 2hxy + by2 +2gx+2fy+c=Q ...(i)

represent a pair of lines. Assuming that these lines are not 
parallel, we suppose further that their point of intersection 
is (xi > Xi )• Shifting the origin at (Xj, yj) without rotating 
the coordinate axes, we have the Eq. (i) transforms to

a(X + x,)2+2h(X + x1)(y+y1) + i>(y+y1)2

+ 2g(X + x1) + 2/(l'+y,)+ c=0 ...(ii) 
Now this Eq. (ii) represents a pair of lines through the new 
origin and consequently, it is homogeneous in X and Y. 
Hence, the coefficients of X and Y and the constant term 
in Eq. (ii) must vanish separately.
i.e. coefficient of X = coefficient of Y = constant term =0
=> ax, +hyx + g = 0

hxx + by} +J = 0 
and ax2 4-2/ix1y1 + by2 + 2gX) +2fyx +c =0

'gh-af'
<ab~h\

=> abc + 2fgh- af2 - bg2 -ch2 = 0

2. By making ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 

homogeneous with the help of a new variable z, i.e. 
ax2 + 2hxy + by2 + 2gxz + 2fyz + cz2 = 0

Let f(x, y, z) a ax2 + 2hxy + by2 + 2gxz + 2fyz + cz2 = 0

— = 2ax + 2hy + 2gz = 0 
dx

— = 2hx + 2by + 2fz = 0 
8y

— = 2gx + 2fy + 2cz=Q 
dz

and finally putting z = 1, we obtain equations
ax + hy + g = 0, hx + by + f = 0, gx + fy + c = 0 

which are same as Eqs. (iii), (iv) and (vi), respectively.
3. If ab - h2 = 0, the lines given by Eq. (i) are parallel. In this 

case, the method followed in the above proof fails and we 
follow the following method.

a h g 
h b f 

g f c
abc + 2fgh - af2 - bg2 - ch2 = 0, 

as the required condition.
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(0

2

(iii)

I
we have =0xm m m

n n n

...(i

=0

2a
=0=>

A = =0

/2

7^- —=°

(i)

be 
then

211' 
ml' +m' I 
nl' + n'l

Im' + l'm 
2mm' 

nm' + n'm

I' 0 
m' 0 

0

.7 . . y.h xy + hgx + hfy + — =0
2

[•.’ Ar2 + Bx + C = 0 is a perfec 
square <=> B2 - 4 AC=l 

Hence, 4(gh - af)2 - 4(h2 - ab){g2 -ac)=0 

or abc + 2fgh - af2 - bg2 - ch2 =0 

Ths is called discriminant of the Eq. (i).
Case II If a = 0, b * 0, then writing Eq. (i) as a quadratic 
equation in y
i.e. by2 + 2y(hx + /) + 2gx + c = 0 

and proceeding above we get the condition 
2fgh-bg2 -ch2 =0

which is condition obtained by putting a = 0 in Eq. (ii). 
Case III If a = 0, b = 0 but h*0, then Eq. (i) becomes 

2hxy + 2gx + 2fy+c=Q

Multiplying by -
2

(hx+f)(hy + g)=fg-~-

Above equation represents two straight lines, if 
„ ch ,7fg- — ^Q => 2fgh-ch =0

which is condition obtained by putting a = 0, b = 0 in 
Eq- (ii).
Hence in each case, the condition that

ax2 + 2hxy + by2 + 2gx + 2fy + c = 0

represents two straight lines is
abc + 2fgh - af2 - bg2 - ch2 =0 

which is the required necessary condition.

Aliter I: (Proof)
Let the lines represented by

ax2 + 2hxy + by2 + 2gx + 2fy + c = 0
lx +my + n=0 and I'x +m'y + n' =0 
ax2 + 2hxy + by2 + 2gx +2fy + c

={lx +my + n)(l' x +m' y + n')

2h 2g 
2h 2b 2f 
2g 2f 2c 

a h g 
h b f 
g f c

A = abc + 2fgh - af2 - bg2 - ch2 = 0, 

which is the required necessary condition.

(ii) 
Comparing the coefficients of similar terms in both sides 
of Eq. (ii), we get

U' = a, mm' = b, nn' = c
• Im' + l'm =2h,ln' +1'n = 2g, > 
\mn' +m' n=2f

We now eliminate l,m, n,l',m' and n' from these equations, 
I' I 0 

0 
n 0
[v each determinant = 0] 

In' + l'n 
mn' +m'n

2nn'

Case I If a #= 0, then writing Eq. (i) as a quadratic 
equation in x, we get

ax2 + 2x (hy + g) + by2 + 2fy + c = 0

Solving, we have
-2(hy + g) ± 74(/iy + g)2 - 4a(by2 + 2fy+c) 

x =------------------------------------------------------
2a

- (hy + g) ± 7{(/i2 -ab)y2 + 2{gh-af)y+{g2 -ac) 
x - -------------------------------------------------------------

a
Eq. (i), will represent two straight lines, if LHS of Eq. (i), 
can be resolved into two linear factors, therefore the 
expression under the square root should be a perfect 
square.

Remark
Without using determinant
Now, (Im' + I'm) (In' + I'n) (mn' + m'n) = 2h-2g-2f
=> 2//' mm' nn' + II' (m2ri2 + m'2n2)

+ mm'(n2l'2 + n'2/2) + nn' (l2m'2 + l'2m2) = Bfgh

=> 2ll'mm'nn'+ II'{(mn' + m’n)2 - 2mm'nrf}
+ mm'{(nl' + n't)2 - 2nn'll'} + nn’ {(Im' + I'm)2 - 2H'mm'}

= 8fgh [from Eq. (iii)]
=> 2abc + a(Af2 -Abc) + b(Ag2 - Aca) + c(Ah2 -Aab) -8fgh 

abc + 2fgh- af2 - bg2 -ch2 =0, 

which is the required necessary condition.

Aliter II: (Proof)
Given equation is

ax2 +2hxy + by2 +2gx + 2fy + c = 0
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=0

0 = tan-1 <

<

X' *XR Q0

tan0 =

/

0 = tan l<

2h 
b

a
b

...(Hi)

...(iv)
...(V)

a
1 + - 

b

Important Theorems
Theorem 1 The angle between the lines represented 
by

2V(/i2 -ab) 
|a + b|

2y(/i2 -ab) 
\a + b\

2yj(h2 -ab) 
|a + b|

where, = tana,m2 =tanp
Then, ax2 + 2hxy + by2 + 2gx +2fy + c

= (y-m1x-c1)(y-m2x-c2)
Comparing coefficients of like powers, we obtain

2h a
m1 + m2 = -—,mxm2 =-

Now, if 0 be the acute angle between the lines 
y=m1x + c1 and y =m2x + c2, then

+ m2)2 - 4mim2
|l + mim2|

mi -m2
1 + m1m2

2

I -4

Corollary 1. The angle between the lines represented by 
ax2 + 2hxy + by2 + 2gx + 2fy + c=Q

is the same as the angle between the lines represented by 
ax2 +2hxy + by2 =0

ax2 +2hxy + by2 + 2gx +2fy + c =0 

is given by

Proof Let y=m1x + c1 
and y =m2x +c2 
be the lines represented by

ax2 +2hxy + by2 + 2gx+2jy + c=0 
+ y

a h g 
h b f 
g f c

! i.e. lines ax + hy + g=0, hx + by + f = Q, gx + fy + c = 0 
are concurrent.
Let the point of concurrency be (xY, y!).
Then, ax1+/iy1+g = 0

hxi +by^ +f = 0 
and gx i + fy} + c = 0
Now, shifting the origin at (xi, y j) without rotating the 
coordinate axes the equation
ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 reduces to

a(X + Xj )2 + 2h(X + Xj) (T + y t) + b

(Y + y,)2 +2g(X + X!) + 2/(Y + y1) + c = 0 
=> aX2 + 2hXY + bY2 + 2X (ax^ + hyi + g)

+ 2Y(hXi +byt + f) + x1(ax1 +hy{ + g)
+ yi(/ixj +byx +f)+(gx1 +fyr + c)=0 

=> aX2 + 2hXY + bY2 +0+04-0 + 0+0=0
[from Eqs. (iii), (iv) and (v)] 

Le. aX2 + 2hXY + bY2 =0

It is homogeneous equation of second degree. So, it 
represents a pair of straight lines through the new origin. 
Hence, the equation ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 
represents a pair of straight lines, if 

abc + 2fgh - af2 - bg2 - ch2 = 0.

Some useful identities If y = mlx + , y = m2x + c2 be 
lines represented by Eq. (i). Then, 
ax2 + 2hxy + by2 + 2gx + 2fy + c

-b(y -mjx -c1)(y-m2x-c2) 
2 2= b(y -(mj +m2)xy +m1m2x

+ (171^2 +m2c1)x -(q +c2)y+ CjC2) 
On equating coefficients, we get

2h a 2g
+m2 =-----,m1m2 = —,m1c2 +m2c1 = —,

b b b
2f c

Ci +c2 =—-.qc! =- 
b • b

These five relations are very useful to solve many problems.

Sufficient condition (Conversely)
Here, we have to show that the equation 
ax2 + 2hxy + by2 + 2gx + 2fy + c=Q represents a pair of 
straight lines.
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then

Also, x =

and

i.e.

and

i.e.

Similarly, y =

Hence, (x,y)or
7

Since, A =
be

be 
then

7

^f2-bc)(h2-ab)

(h2 -ab)

Corollary 2. The lines represented by
ax2 + 2/ixy + by2 + 2gx + 2fy + c = 0 

are perpendicular iff a + b = 0 and parallel iff h2 = ab. 

Theorem 2 The lines represented by
ax2 +2hxy + by2 + 2gx +2fy + c=Q 

will be coincident, if h2 - ab = 0, g2 - ac = 0 

and f2 -be-0.

Proof Let the lines represented by
ax2 + 2hxy + by2 + 2gx + 2fy + c = 0

lx + my + n=0 and l'x + m'y + n' =0
ax2 + 2/ixy + by2 + 2gx + 2fy + c

= (lx + my + n) (I' x +m'y + n') 
Comparing the coefficients of similar terms in both sides, 
we get

7
/

yh2 - ab ,

= 'bg-hf af-gh'

Ji2 - ab h2 - ab}

Remembering Method (For second point) 
a h g 
h b f 
g f c

( 7

ll'= a, mm' = b, nn' = c i
Im' + I'm =2h,ln' +1' n =2g >
mn' + m'n = 2f j

V Lines lx + my + n = 0 and I' x + m'y + n' =0 are 

coincident, then — - ~
I m n

Taking the ratios in pairs, then
Im' - I'm = 0,mn' -m'n=0,ln' -I'n=0

=> y(lm'+ I'm)2 - 4ll'mm'=0,

y](mn' +m' n)2 -4mm'nn =0

^(ln' +1' n)2 - 4ll' nn' =0

■J(4h2 -4ab) = 0, -J(4/2 - 4bc) = 0

■J(4g2 ~ 4ac) =0

h2 -ab=Q,f2 -bc=0,g2 -ac=Q

Theorem 3 The point of intersection of the lines 
represented by

ax2 +2hxy + by2 +2gx +2fy +c = 0 is

f2-bcy

^\h2-ab,

Proof Let the lines represented by
ax2 + 2hxy + by2 + 2gx +2fy + c=Q

lx + my + n = Q and l'x +m'y + n' =0

bg-hf af-gh^ 

h2 - ab h2 - ab;

ax2 + 2hxy + by2 + 2gx +2fy +c
= (lx +my + n)(l' x +m'y + n' 

Comparing the coefficients of similar terms in both sides 
then U'= a,mm'= b,nn'= c

Im' + l'm = 2h, In' + l'n = 2g, mn' + m'n-2f 
=> (Im' -l'm) = yj(lm' +1'm)2 -4U'mm' = 2^(h2 -ab 

=> (nl' -n l) = y](ln' +1'n)2 - 4ll' nn' = 2 ^(g2 -ac) 

and (mn' -m'n) = y](mn' +m'n)2 -4mm'nn'
= 2^(f2-be)

Now, solving lx + my + n = 0 and I' x 4- m' y + n' = 0
, x y 1then ---- -------— = —----- -— =---- -—-—

(mn -m n) (nl -n I) (Im -I m)

=> x - y
2^(f2 -be) 2yj(g2-ac)

(x,yJ |(A^l jfZZF
f2-bc'

^h2 — ab j

yjf2h2 -abf2 -bch2 +b(abc)

(h2 -ab)

yjf2h2 - abf2 - bch2 + b (af2 + bg2 + ch2 -2fgh 

(h2 -ab)

[v abc + 2fgh - af2 - bg2 - ch2 =i

(h2-ab) (h2-ab)

bg~hfX

\h2 - ab

( 2 A g -ca
Ji2 -ab>
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is
=>

Hence, point of intersection is

=hf-bgC13 -

=hg-afC23 --

and C33 -

Point of intersection is i.e.

or

=bc-f2,Cn -

...(vii)a
C22 -

g

and C33 -

Point of intersection are

i.e.

.2
or

7

£
’c

g
c

( 2 A 

x~ab>
Remark
If ax2 + 2hxy + by2 + 2gx + 2fy + c = 0
represents two straight lines, then the equation of lines through 
the origin and parallel to them is ax2 + 2hxy + by2 = 0.

a h
h b

23 >^33

Theorem 4 The pair of bisectors of the lines 
represented by

ax2 +2hxy + by2 + 2gx +2fy +c=0, 

(x-g)2-(x-p)2 (x-g)(y-p) 
(a-b) h

where (a, 0) be the point of intersection of the pair of 
straight lines represented by Eq. (i).
Proof Since (a, 0) be the point of intersection of the lines 
represented by

ax2 +2hxy + by2 +2gx+2fy + c =0 ...(i)

Shifting the origin at (a, 0) without rotating the coordinate 
axes, the Eq. (i) reduces to

a(X + a)2 +2/i(X + a)(y + 0)

+ b(r + 0)2 +2g(X+a)+2/(r + 0) + c=O 
[v x = X + a and y =Y + 0] 

=» (aX2 +2hXY + bY2)+2X(aa + h$ + g)

+ 2Y(ha + b$ + f) 
+ ao.2 + 2/ia0 + b02 + 2ga+2/0+ c =0...(ii) 

This equation represents a pair of straight lines passing 
through the new origin. So, it must be homogeneous 
equation of second degree in X and Y.

ao. + h0 + g = 0 ...(iii)
ha + bft + f = 0 ....(iv)

andaa2 + 2/ia0 + b02 +2ga + 2/0 + c=O ...(v)

Now, from Eq. (ii), aX2 + 2hXY + bY2 = 0 ...(vi)

The equation of the bisectors of the angles between the 
lines given by Eq. (vi) is

X2 -Y 
a-b

= ab-h2

=ab-h2

= ac-g2

C13 
^33 

hf-bg hg-afy 
<ab-h2 ab-h2 >

" h 
[with reference to new origin] 

Replacing X by x - a and Y by y - 0 in Eq. (vii), then
(x-tt)2-(y-P)2 (x-q)(y-P)

(a-b) h

[with reference to old origin] 
which is the required equation of the bisectors of the 
angles between the lines given by Eq. (i).

taking first two rows (repeat first column)
^R^ a

'bg-hf af - gh' 

Ji2 -ab h2 -ab , 

OR
Cofactors of third column are C13, C: 

h b 

g f 
a h 

g f 
a h 
h b

ab-h2,hf - bg, gh - af 

h2 - ab, bg - hf, af - gh 
bg-hf af-gh 
h2 -ab’ h2 -ab

Remembering Mehod (For first point) 
Cofactors of leading diagonal are

Cu, C22, C33 
b f 
f c

'f2-be 
Ji2 -ab j

23

33 >

bg-hf af-hg 
h2 - ab h2 - ab
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0 = tan ”

...(i

—(i)
Since,

and

i.e.

Distance between them =

J?x-

i.e. 2

and 
are I

3x-y + 2 = 0 and 4x-2y + l = 0.
Second Method
Writing Eq. (i) as quadratic equation in x, we get 

12x2 + ( - lOy + ll)x + 2y2 - 5y + 2 = 0

-

- (- lOy + 11) A 7 (~10y 4-11)2 - 48 (2y2 - 5y + 2)

24 
24x = (lOy - 11) ± 7F4y2 + 20y + 25)

= (10y-ll)±(2y + 5)
24x = 12y -6, i.e. 4x-2y + l=0

I 24x = 8y-16, i.e. 3x - y + 2 = 0 
the required lines.

I - 2 X (13)z - 15 x(4)2=t

7
2" 2^5

2(3x - y + 2)|2x-y + -j = 0

or (3x - y + 2)(4x - 2y + 1) = 0.
The two straight lines represented by the given equation 

are

->(?) 
and h2 = (4)2 = 16 = 8 x 2 = ab
:. Given equation

8x2 + 8xy + 2y2 + 26x + 13y + 15 = 0 
represents two parallel straight lines.
Since, 8x2 + 8xy + 2y2 = 2(2x + y) 
factors of Eq. (i) can be taken as 

2(2x + y + /) (2x + y + m)
= 8x2 +8xy+ 2y2 + 2(2m + 2/)x + 2(m + l)y+ 2*n

5 Example 20 For what value of X does the 
equation 12x2 -1Oxy + 2y2 + 11x-5y + X=O 
represent a pair of straight lines? Find their equations 
and the angle between them.

Sol. Comparing the given equation with the equation 
ax2 + 2hxy + by2 + 2gx + 2fy + c = 0,

we gel a = 12, h = - 5, b = 2, g = — ,f = - - and c = X
2 2

If the given equation represents a pair of straight lines, then 
abc + 2fgh - af2 - bg2 - ch2 = 0

H 25X — X(-5)~12X —
2 4

- 2 X — - X X 25 = 0 
4

X = 2, also h2 - ab = 25 - 24 = 1> 0
The given equation will represent a pair of straight lines, 

if X = 2.
To find the two lines
First method
Substituting X = 2 in the given equation, we get 

12x2 - lO.ry + 2y2 + llx - 5y + 2 = 0 

12x2 - lOxy + 2y2 = 2 (3x - y) (2x - y)
factors of Eq. (i) can be taken as
2(3x-y+ /)(2x-y + m)

= 12x2 - lOxy + 2y2 + 2 (2/ + 3m)x + 2 (-Z - m)y+2lm

On comparing, 2l + 3m = —, I + m = -, Im = 1
2 2

Solving, we get I = 2, m = -.
2

Thus, the factors of Eq. (i) are

=> 12x2xX+2x

5—-
____ 2
^22 + 1

13Aliter: Here, A=8x2xl5 + 2x — X13X4
2

I Example 21 Prove that the equation 
8x2 + 8xy + 2y2 + 26x + 13y +15 = 0 represents a pair 
of parallel straight lines. Also, find the perpendicular 
distance between them.

Sol. Given equation is
8x2 + 8xy + 2yz + 26x + 13y + 15 = 0

Writing Eq. (i) as quadratic equation in x, we get
8x2 + 2x (4y + 13) + 2y2 + 13y + 15 = 0

 - 2 (4y + 13) ± ^4 (4y + 13)2 - 32 ( 2y2 + 13y + 15'

16_______________
 - (4y + 13) + 7(4y +13)2 - 8 (2y2 + 13y+15)

8
x_-(4y + 13)±7 

8
=> 8x = -4y-13 + 7, i.e. 4x + 2y + 3 = 0
and 8x = -4y-13-7, i.e. 2x + y + 5 = 0
i.e. the given Eq. (i) represents two straight lines

2x + y + 5 = 0
4x + 2y + 3 = 0
2x + y + ^ = 0

both lines are parallel.

To find the angle between the lines
If 0 be the angle between the lines, then

2Jh2 - ab tan0 = —-
|a + &|

 2^25 -24 1
|12 + 2| ~7
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Sol. Given

.0 =a =

X' x

-.(i)

i.e.

(ii)
+ 4 p2 >

i.e. 2

i.e.

7 
"2^

•02

= | -J(a-b)2+4h

I Example 23 If ax2 + 2hxy + by2 + 2gx+2fy + c = 0 
represents a pair of lines, prove that the area of the 
triangle formed by their bisectors and axis of x is 

2 ca-g 
ab-h2

, 15Im = —
2

(x - a)2 - (y - p)2  (x - a) (y - P)
a-b h

For X-axis, y = 0.
(x-a)2 ~P2  -p(x-a)

a - b h
or h(x-a)2+p(x-a)(a-b)-hp2 =0 ...(ii)
Eq. (ii) is a quadratic in (x - a) and let two values of xbe Xj 
and x2, so that its roots are

Xj - a and x2 - a

(Xi - a) + (x2 - a) = Sum of roots =

I Example 22 Find the combined equation of the 
straight lines passing through the point (1,1) and 
parallel to the lines represented by the equation 
x2 - 5xy + 4y2 + x + 2y - 2 = 0.

Sol. Given equation of lines is
x2 - 5xy + 4y2 + x + 2y - 2 = 0.

Since, x2 - 5xy + 4y2 = (x - 4y)(x - y)
Factors of Eq. (i) taken as (x - 4y + I) (x - y + m).
Now, equation of line through (1,1) and parallel to 

x - 4y + I = 0 is x - 4y + 1 = 0 
1-44-1=0 

1=3 
then line is x - 4y 4- 3 = 0
and equation of line through (1,1) and parallel to 

x - y 4- m = 0 is x - y 4-p. = 0
1- 1+p. =0 

|l=0
then line is x - y = 0
Hence, equation of lines Eqs. (ii) and (iii) is

(x - 4y + 3)(x - y) = 0
- 5xy + 4y2 + 3x - 3y = 0

13On comparing, we get I + m = — and
2

/. Area of AABC = - |BC| |AM| 
2

= j| x2-x,||P|

=1 £ +4ft2 xipi
2 h 

 - b)2 + 4/i2

MI
 7(a - b)2 + 4h2

I 2h | ab-h

J(a-b)2 + 4h2 
\ M

x2

-P(q-b) 
h

(Xj - Ct) (x2 - a) = Products of roots = - 02

••• |x2-xi| = |(x2-a)-(xj-a)|
= -][(x2 - a) + (*i - a)]2 - 4 (x2 - a) (xt - a)

P2 (a -b)2
h2

ca ~ g2
2

(f2 - be
y(h2-ab

" A(a.P)zL
O S(X|,0) M C(x2,0)

y

Hence, equation of the bisectors of the lines given by Eq. (i)
is

Remark
For comparing coefficients write equation in form

2x-..+

2x"" + y' '+"''m
coefficient o/ xis 2m + 2/, cofficient of yis/ + m and coefficients 
of constant term is/m.
i.e. I + m = —, Im - —

2 2

ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 ...(i)
The point of intersection of the lines given by Eq. (i) are 

7”2 \g -ca 
(h2-ab)

Distance between them
|/ - + m)2 - 4lm

V(22 +12)
169 60

__ V 4 2
V5
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Exercise for Session 4

(b) 12.-1

(d)4V3

5
2

!

(a)H)
3. If the equation 12x2 + 7xy - py2 - 18x + qy + 6 = 0 represents two perpendicular lines, then the value of p arx 

q are 

(a) 12,1

I 2 2 <d)H’

(c)12,^ (d) 12,
2 2

4. If the angle between the two lines represented by2x2 + 5xy + 3y2 + 7y + 4 = 0 is tan~1(m), then m is equal to

(a) -J (b)J (c) -2 (0)2
5 5 5 5

5. The equation of second degree x2 + 2f2xy + 2y2 + 4x + 472 y + 1 = 0 represents a pair of straight lines, the
distance between them is
(a) 2 (b) 273 <c) 4

6. Find the area of the parallelogram formed by the lines
2x2 + 5xy + 3y2 =0and 2x2 + 5xy + 3y2 + 3x + 4y + 1 = 0.

7. Find the locus of the incentre of the triangle formed by
xy-4x-4y + 16 = 0 and x + y=a (a >4,a #472 and a is the parameter).

8. If the equation 2/ixy + 2gx + 2fy + c = 0 represents two straight lines, then show that they form a rectangle of
fol

area with the coordinate axes.
h2

9. Find the area of the triangle formed by the lines represented by ax2 +2f?xy + by2 + 2gx + 2fy + c = 0 and axis 
of x.

10. Find the equations of the straight lines passing through the point (1,1) and parallel to the lines represented by
the equation x2 - 5xy + 4y2 + x + 2y -2 = 0.

1. If Xx2 + 10xy + 3y2 - 15x -21y + 18 =0 represents a pair of straight lines. Then, the value of X is

(a)-3 (b)3 (c)4 (d) - 4

2. The point of intersection of the straight lines given by the equation 3y2 - 8xy - 3x2 - 29x + 3y -18 = 0 is

http://www.212
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Session 5

and

[treating y as constant]

and
constant]and

For point of intersection — = 0 and — = 0,

Solving them
—(i)

(*»y) = Here, (a, 0)

where,

Since, A =
and

To Find the Point of Intersection of Lines 
Represented by ax2 * 2hxy+by2 + 2gx+ 2fy + c = Q 
with the Help of Partial Differentiation, Removal 
of First Degree Terms, Equation of the Lines 
Joining the Origin to the Points of Intersection 
of a Given Line and a Given Curve

[treating x as

point (x, y) = (a, 0).
Remembering Method (without use of partial derivatives) 

a h g 
h b f 
g f c

Removal of First Degree Terms
Let point of intersection of lines represented by 

ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 
is (a, 0).

To Find the Point of Intersection 
of Lines Represented by 
ax2+ 2hxy + by2 +2gx 
+2fy + c = Q
Let ty(x,y) = ax2 +2hxy + by2 + 2gx +2fy + c =0 

90 
-L=2ax+ 2hy + 2g 
dx
90
— = 2hx + 2by + 2f 
dy

" - - _A _J _Adx~2 ~~ dy

we obtain ax + hy + g = 0 and hx + by + f = 0
x _ y _ 1

fh-bg gh-af ab-h2

bg-fh af-gh'

Ji2-ab’h2-ab>

Working rule In practice, therefore, the general equation of
second degree 0=0, represents a pair of straight lines, we

, 90 90
solve its partial derivatives — = 0, — = 0 for their intersecting

dx dy

_[bg- fh af-gh
^/i2 - ab h2 - ab,

For removal of first degree terms, shift the origin to 
(a, 0).
i.e. Replacing x by (X + a) and y be(K + 0) in Eq. (i).
Aliter : Direct equation after removal of first degree 
terms is
aX2 + 2hXY + bY2 + (ga +/0 + c)=0

a=b-^Jh
h2 - ab

P h2-ab

from first two rows
a h g => ax +hy+g=0
h b f => hx + by + f = 0 and then solve.

I Example 24 Find the point of intersection of lines 
represented by 2x2 -Ixy -hy1 - x + 22y -10 = 0.

So/. Let 0 = 2x2-7xy-4y2-x + 22y-10 = 0
90— = 4x —7y-l=0 9x y
9<t> y- = -7x-8y+ 22 = 0

then, the point of intersection is (x, y) = (2,1).
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Taking

=>
(i)

and -, Y =X =

---- = 1 =>

where,

and

+ 2fy
7

4-C
/

-1

and

I

X'[v here a = ft] 0

.(iiii.e. = 1

!
I

Equation of the Lines Joining 
the Origin to the Points of 
Intersection of a Given Line 
and a Given Curve

3n
2

3 K

4

••(i)

(ii)l

From the equation of the line Eq. (ii), find the value of ‘I’ 
in terms of x and y, 

lx + my
-n

y /2

^=1

3 we can also take 0 = —
4

i.e. 12X2+7XY-12Y2 =0
Aliter: 
Here,

yr /2 

b2

Removed equation is
aX2 + 2hXY + by2 + (g a + f£> + c) = 0

12X2 + 7XY -12Y2 + 0 = 0

12X2 +7XY -12Y2 =0.

Theorem The combined equation of the straight lines 
joining the origin to the points of intersection of a second 
degree curve

ax2 +2hxy + by2 + 2gx +2fy + c =0

and a straight line lx + my + n = 0 is :
Qx+my^

-n

0 = - 
4

ZX 1 • A 1cos0 = -t=, sin 9 = -7= 
V2 V2

Now, if (X', Y') be the coordinates of the point when the 
7Caxes are rotated through 0 = —, we have 
4

X'-Y' y_X' + Y'
Ji ’ Ji

\

flx +my
-n

a = 1 and P = -1
17 . 31g =----- ,f =------ , c = —7S 2 J 2

ga + /P + c = - — xl- — x-1-7=0
2 2

\
Proof The equation of the curve (PAQ) is 

ax2 +2hxy + by2 + 2gx +2fy + c=0 

and the equation of the line PQ be

I Example 26 Transform the equation x2 + 4xy + y2 
y/2 X'2

-2x+2y + 4 = 0 into the form —------- — =1.

So/. To remove the first degree terms, we shift the origin to the 
point (a, P).

Then,

'lx

-n J
\2

=0

then Eq. (i) becomes
Y/2 X/2 .

6 2
a2 = 2 and b2 = 6.

ax2 + 2hxy + by2 + 2gx

a = bg-fh = lx(—l)-lx2 = 
h2 - ab 4-lxl

= af-gh = lxl-(-l)x(2) = 1 
h2-ab 4-lxl

then, the transformed equation is
X2 + 4XY + Y2 + (ga + yp + c ) = 0

=> X2 + 4XY+Y2 + (—1 x (—1) + 1 x 1 + 4) = 0 
X2 +4XY +Y2+6 = 0

Now, to remove the XY term from Eq. (i), we rotate the axes 
through an angle 0 given by 

cot 20 = -—— = 0 
2h 

cot20 =0

20 = — or 
2

0 = — or 
4

I Example 25 Find the new equation of curve 
12x2 + 7xy — 12y2 — 17x — 31y -7 = 0 after removing 
the first degree terms.

So/. Let 0 = 12x2 + 7xy — 12y2 — 17x - 31y-7 =0
d<b-^ = 24x + 7y-17=0 
ox
dd>— s7x-24y-31=0 
oy

Their point of intersection is (x, y) = (1, -1)
Here, a = 1, p = - 1
Shift the origin to (1, - 1) then replacing x = X + 1 and 
y = Y - 1 in Eq. (i) the required equation is 
12(X +1)2 + 7(X + 1) (Y - 1) - 12(Y - I)2 - 17(X +1)

-31(Y-l)-7=0
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tan 0

or
0 = tan

4-c

[replacing 1 by

2

0 = tan

2
2

(iii)

and line y = 3x 4- 2 =s>

4-8y
a2l2+b2m2 = n2.

Sol. The given curve is (i)

•■■(ii)

=>

=> -n

...(iii) =>

(iii)

•••(i)
•••(ii)

and line

2

I =o

y-3x
2

y2 =0

2
= 0 ...(iv)

=>

This is the equation of lines joining the origin to the points 
of intersection of Eqs. (i) and (ii).
Comparing Eq. (iii) with ax2 4- 2hxy + by2 = 0

a = 7,h = -l,b = -l

n2x

\2

\ 7
Hence, the equation of pairs of straight lines passing 
through the origin and the points of intersection of a 
curve and a line is obtained by making the curve 
homogeneous with the help of the line.

I Example 27 Prove that the angle between the lines 
joining the origin to the points of intersection of the 
straight line y = 3x4-2 with the curve 

x2 + 2xy + 3y2+4x + 8y-1l = Ois tan

x2 y2  (lx + my 
~2 + 7T ~ ' a b 
2 22n y 

\ 
^--l2 

>

2 | y - mx r --------
\ c

=> x2(c2 - a2m2 ) 4- 2ma2 xy + y2(c2 - a2) = 0
The lines given by Eq. (iii), are at right angles, then 
coefficient of x2 4- coefficient of y2 = 0 

=> c2 - a2m2 + c2 - a2 =0
2c2=a2(l + m2) 

which is the required condition.

I Example 29 Prove that the pair of lines joining the 
x2 y2 

origin to the intersection of the curve — + p- = 1 by 

the line lx+my + n = 0 are coincident, if a

x2

x2 + y2 = a? (l)2

2 2x y — 4-<- = l 
a2 b2

lx 4- my 4- n = 0
lx 4- my = - n
lx 4- my  J

—n
Making Eq. (i) homogeneous with the help of Eq. (ii), then 

2

If 0 is the acute angle between pair of lines of Eq. (iii), then 
 2^/(1 4-7)  2^8  4^2  2V2 

I7-1I 6 ” 6 "3
 2^h2 - ab

I a 4-
2vr
.3 >

- - l2x2 4- m2y2 4- 2lmxy

2 >
- 2lmxy 4- — - m2

y - 3x j
2 J

1 2 ,
x2 4- 2xy 4- 3y2 4- 2xy - 6x2 4- 4y2 - 12xy

-y(y-3x)!=0
4

- 5x2 - 8xy 4- 7y2 - — (y2 - 6xy 4- 9x2) = 0
4

- 20x2 - 32xy 4- 28y2 - lly2 4- 66xy - 99 x2 = 0
119x2 -34xy-17y2 =0

7x2 -2xy-y2 =0

I Example 28 Find the condition that the pair of 
straight lines joining the origin to the intersections of 
the liney = mx + c and the circle x2 + y2 = a2 may be 

• at right angles.
Sol. The equations of the line and the circle are

y = mx 4- c
and x2 + y2 = a2
The pair of straight lines joining the origin to the 
intersections of Eqs. (i) and (ii), is obtained by making 
homogeneous Eq. (ii) with the help of Eq. (i).

y - mx .•/ y = mx 4- c => -------- = 1
c

=> x2 4-y2 = a

ax2 4- 2hxy 4- by2 4- (2gx 4- 2fy)

2J2)
“J

Sol. Equation of curve is x2 4- 2xy 4-3y2 4-4x4-8y-11 = 0 ,..(i)

^ = 1 ...(B)
2

Making Eq. (i) homogeneous with the help of Eq. (ii), then

x2 4- 2xy 4- 3y2 4- 4x|

Now, the Eq. (i) can be written as 
or ax2 4- 2hxy + by2 + (2gx 4- 2fy)(1) 4- c( 1)2 = 0 

lx +my 
< ~n 
lx +my 

< ~n 
lx+my.  ----------from Eq. (m)] 

-n
Hence, the Eq. (iv) is homogeneous equation of second 
degree. Above Eq. (iv) on simplification will be of the form 
Ax2 +2Hxy 4- By2 =0 and will represent the required 
straight lines. If 0 be the angle between them, then 

^(H2 -AB) 

|a+b|
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then

and

2

Exercise for Session 5

(b)0

(d)20

1. If the straight lines joining origin to the points of intersection of the line x + y = 1 with the curve
x2 + y2 + x - 2y - m = 0 are perpendicular to each other, then the value of m should be 

(a)-J (b)0 (c)J (d)1
2 2

2. The pair of straight lines joining the origin to the common points of x2 + y2 =4 and y = 3x + c are 
perpendicular, if c2 is equal to
(a) —1 (b)6 (c)13

3. Mixed term xy is to be removed from the general equation of second degree 
ax2 + 2hxy + by2 + 2gx + 2fy + c = 0, one should rotate the axes through an angle 0, then tan20 is equal to

(0)^^ (d)7^
2h (s + b) 2h (a-b)

4. The lines joining the origin to the points of intersection of 2x2 + 3xy - 4x + 1 = 0 and 3x + y = 1 are given by

(a) x2 - y2 - 5xy = 0 (b) x2 - y2 + 5xy = 0 (c) x2 + y2 - 5xy = 0 (d) x2 + y2 + 5xy = 0

5. The equation of the line joining the origin to the point of intersection of the lines 2x2 + xy - y2 + 5x - y + 2=0 is

(a) x + y = 0 (b) x - y = 0 (c) x - 2y = 0 (d) 2x + y = 0

6. Find the equation of the lines joining the origin to the points of intersection of 3x - 2y = 1 with 
3x2 + 5xy - 3y2 + 2x + 3y = 0 and show that they are at right angles.

7. If the straight line joining the origin and the points of intersection ofy =mx + land x2 + y2 = 1be perpendicular 
to each other, then find the value of m.

8. Prove that the straight lines joining the origin to the points of intersection of the straight line kx + hy =2hk with 
the curve (x -h)2 + (y-k)2 =c2 are at right angles, if h2 + k2 =c2.

9. Show that for all values of X, the lines joining the origin to the points common to x 
and fx - gy = X are at right angles.

10. Find the equations of the straight lines joining the origin to the points of intersection of x2 + y2 - 4x -2y=0 
and x2 + y2 -2x -4y = 4.

I Example 30 Show that the straight lines joining the 
origin to the points of intersection of curves

ox2 + 2hxy + by2 + 2gx = 0 
and o'x2 + 2h'xy + b'y2 +2g'x = 0 
are at right angles, if g'(o+b ) = g(a'+b').

Sol. The two curves meet in two points and the required lines 
joining the origin to these points will be obtained by making 
one equation homogeneous with the help of the other.

ax2 + 2hxy + by2 + 2gx = 0 ...fi)
a'x2 +2h'xy + b'y2 + 2g'x =0 ...(ii)

Multiplying Eq. (i) by g' and Eq. (ii) by g and subtracting, 
we get (ag' - a g)x2 + (2hg' - 2h'g)xy + (bg' - b'g)y2 = 0 
If the lines are at right angles, then coefficient of 
x2 + coefficient ofy2 =0
=> ag'-a'g + bg'-b'g = Q

(a + b)g' =(a' + b')g.

7
n2m

n2l2
+ b2

,2i2

2 + 2hxy -y2 + gx + fy=0

(2 
/2_2 _ n j2 
i m — —— i

_4
>2_2 _ n 
/ m — —■ ■— • 

_2t2 a b
4 2 2n _ n m 

2h2 ~2a b a
n2 =b2m2 +a2l 

a2l2 + b2m2 = n2

This is of the form Ax2 + 2Hxy + By2 = 0,

A=^--l2,H = -lm 
a2 
n2 2 B = — - m2 
b2

The lines given by Eq. (iii) will be coincident, if
H2 ~ AB = 0 H2 = AB

2 n

I*2
2 l2n2 ,2 2 ------- — + lm 

b2
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(ii) the distance between them =2

5 If the equation ax2 + 2hxy + by2 + 2gx + 2fy+c = 0 
represents a pair of parallel lines, then 
(i) h2 =ab, bg2 = af2.

Shortcuts and Important Results to Remember
1 If slope of one of the lines represented by 

ax2+2hxy + by2 =Q should be n times the slope of the 
other, then 4nh2 = ab(1 + n)2.

2 If the slope of one of the lines represented by 
ax2+2hxy + by2 - 0 be the nth power of the other, then 
(abn)1/n+1 + (anb)1/n+1+2h = 0

3 If two of the three lines represented by 
ax3 + bx2y + cxy2 +dy3 = 0 may be at right angles, then 
a2 + ac + bd+d2 =0

4 If pairs of straight lines x2 + 2m]xy - y2 = 0 and 
x2+2m2xy-y2 = 0 be such that each pair bisects the 
angle between the other pair, then m]m2 = -1

(g2-ac)
a(a+b)

6 If ax2+ 2hxy+by2+ 2gx+2fy+c =0and
ax2 + 2hxy + by2 -2gx -2fy+c = 0 each represent a pair
of lines, then the area of the parallelogram enclosed by 

2|c|them is , 1 .
J(h2-ab)
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2

y - fix and y ==>

=>

or

.2

x -y

or

a
-1

JEE Type Solved Examples:
Single Option Correct Type Questions
■ This section contains 6 multiple choice examples. Each 

example has four choices (a), (b), (c) and (d) out of which 
ONLY ONE is correct.

and

• Ex. 4 If the pair of linesax2 -2xy + by2 =0 and

bx2 - 2xy +ay2 = 0 be such that each pair bisects the angle 

between the other pair, then\a - b \ equals to
(a) 1 (b)2
(c) 3 (d)4

Sol. (b) According to the example, the equation of the bisectors of 
the angle between the lines

ax2 - 2xy + by2 = 0 ...(i)

is bx2 - 2xy + ay2 = 0 ..(ii)

/.The equation of bisectors of the angle between the lines 
Eq. (i) is

(fix - y)(x - fiy) = 0

1 
—r=X 
fl

=> y = x tan 60° and y = x tan 30°
After rotation, the separate equations are

y = x tan 90° and y = x tan 60°
=> x = 0 and y = x-x/3

Hence, the combined equation in the new position is 
x(fix - y) = 0

fix2 -xy = Q.

b -2
1 “ a-b

(a - b)b = - 2 
(a - b)a = 2 
(u-Z>)2=4 

| a — b | = 2

• Ex. 1 If the pairs of lines x2 + 2xy + Xy2 =0 and 

Xx2 +2xy +y2 =0 have exactly one line in common, then 

the joint equation of the other two lines is given by
(a)3x2 +8xy-3y2 =0 (b)3x2 + 10xy+ 3y2 =0

(c) x2 + 2xy -3y2 = 0 (d) 3x2 + 2xy -y2 = 0

Sol. (b) Let y = mx, be a line common to the given pairs of lines, 
then

=> x2

• Ex. 2 The combined equation of the Lines Li and l2 is 
2x2 +6xy + y2 =0 and that of the lines m} andm2 is 

4x2 +18xy + y2 =0. If the angle between l} andm2 is a, 

then the angle between l2 and will be
11 It

(a) — a (b) —+ a (c)a (d)2a 
2 4

Sol. (c) The combined equation of the bisectors of the angles 
between the lines of the first pair is 

x2 - y2 xy 2 2 1------ — = — => x -y =-xy 
2-13 3

and the combined equation of the bisectors of the angles 
between the lines of the second pair is

2 2 1x -y xy 2 2 I------ — - — => x - y = - xy 
4-l 9 3

It is clear that the two pairs are equally inclined to each 
other.
Hence, the angle between l2 and mx is a.

• Ex. 3 The pair of lines fix

Tt 
rotated about the origin by — in the anti-clockwise sense.

6
The equation of the pair in the new position is

(a) x2 - fixy = 0 (b)y2 -fixy = 0

(c) fix2 - xy = 0 (d) fiy2 -xy = 0

Sol. (c) The given equation of pair of straight lines can be written 
as

Xm2 + 2m +l =0and m2 + 2m + X = 0
m2 _ m _ 1

2(X - 1) " (1 - X2) ' 2(X-1)

m2 = 1 and m = - - (X +1) 
2

(X+l)2 = 4 => X+l = 2,-2
X = 1 or - 3

But for X = 1, the two pairs have both the lines common.
So, X = - 3 and the slope m of the line common to both the 
pairs is 1. Now,

x2 +2xy + Xy2 = x2 +2xy - 3y2 = (x - y)(x + 3y) 

and Xx2 + 2xy + y2 = - 3xz +2xy +y2 = - (x - y) (3x + y) 

Hence, the joint equation of other two lines is
(x + 3y) (3x + y) = 0 or 3x2 + lOxy +3y2 = 0.

x2 -y2 _ xy
a-b -1

=> x2 + (a - b)xy - y2 = 0 ...(iii)

Since, Eqs. (ii) and (iii) are identical, comparing Eqs. (ii) and 
(iii), we get

2 =0 are
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2 2

2 ,2

...(i)

(ii)or or

...(iii)

,(iv)

2 or X = ± 10 0

(d)7

tan 0! =Now,

'3i.e.

■ This section contains 3 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct.

JEE Type Solved Examples:
More than One Correct Option Type Questions

or 
and

..(i)

(ii)

m3 - wij

1 + m3m1

•••(i)

••(ii)

-o 
c J
-f2 =2c

I I + mf3 ---+-------- -- 
m 

7ft. 
m

(b)£2-/2

(d)g2

• Ex. 8 The lines (lx + my)2 - 3(mx -ly)2 =0 and

lx + my + n = Oform
(a) an isosceles triangle (b) a right angled triangle
(c) an equilateral triangle (d) None of these

Sol. (a,c) (lx + my)2 - 3(mx -ly)2 = 0

=> (I2 -3m2)x2 + Smlxy +(m2 -3l2)y2 = 0

=> {(/ + m^3)x + (m - lf3)y} {(I -f3m)x + (m +f3l)y} = 0 

Let slope of (I + mf3)x +(m - lf3)y = Obe m{ and slope of 
(I - m^3)x + (m + 1^3)y = 0 be m2 and slope of 
lx + my + n = Ois m3.

y/3(l2 4- m2) 
(I2 + m2)

0! =60°

• Ex. 6 The lines joining the origin to the points of 
intersection of x2 + y2 + 2gx + c = 0 and 

x2 + y2 +2fy - c = 0 are at right angles, if

• Ex. 7 The lines joining the origin to the point of 
intersection of3x2 + mxy -4x +1 = 0 and2x+ y -1=0 are 

at right angles. Which of the following is/are possible value 
ofm?

(a)-4 (b) 3 (c)4
Sol. (a,b,c,d) Given line is 2x + y = 1

and curve is 3x2 + mxy - 4x + 1 = 0

Homogenising Eq. (ii) with the help of Eq. (i), then 
3x2 + mxy - 4x(2x + y) + (2x + y)2 = 0 

or - x2 + mxy + y2 = 0

the lines are at right angles as a + b = 0, when h2 > ab

— + l>0 
4

which is true for all m e R.

m-1^3 
I + mf3 
m - lj3

(a)g* +f=c

(c) g2 ~f2 = 2c
Sol. (c) Given,

x + y +2gx + c =0 

and x2 + y2+2fy - c =0

On subtracting Eq. (ii) from Eq. (i), we get 
2gx-2fy+2c =0 

fy~gx 
c

On adding Eqs. (i) and (ii), we get
2(x2 + y2 + gx + fy) = 0 

or x2 + y2 + gx + fy = 0

Homogenising Eq. (iv) with the help of Eq. (iii), then 

x2 + y2 +(gx + fy) fy-g*} 
c )

.•.The lines will be at right angles, when

1-— + 1 + — =0
< c J I

=> g2

= c 
2=c2

• Ex. 5 The equation of line which is parallel to the line 
common to the pair of lines given by 3x2 + xy - 4y2 =0 and 
6x2 +11xy +4y2 =0 and at a distance of 2 units from it is

(a) 3x - 4y = - 10 (b) x - y = 2
(c) 3x + 4y = 10 (d) 2x +y = - 2

Sol. (c) We have, 3x2 + xy -4y2 = 0
(x-y)(3x + 4y) = 0 
6x2 +llxy + 4y2 =0 

(2x + y) (3x + 4y) = 0
Equation of line common to Eqs. (i) and (ii) is 

3x + 4y = 0
Equation of any line parallel to Eq. (iii) is

3x + 4y = X
Since, its distance from Eq. (iii) is 2, we have 

R-°l _ 
■jiy+4z)

Hence, required lines are 3x + 4y = ± 10.
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Similarly, tan 02 =
+ a = 0

...(■)

[from Eq. (i)]=>

10. (d) For A = 0,

Hence,

Here,

■ This section contains one solved paragraph based upon 
each paragraph 2 multiple choice questions have to be 
answered. Each of these questions has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct.

JEE Type Solved Examples: 
Paragraph Based Questions

(b)-8
(d) 27

y_
X

(b)6x2 + x - 12 = 0
(d)6x2 -x-12 = 0

[•/ for X = 0, it will give an 
equation of first degree] 

[vX=6]

~ £— v 3
1 + m2mx

=> 02 =60°
Hence, an equilateral triangle is formed which is also an 
isosceles one.

are the roots of the equation 
2

I -6

• Ex. 9 If the equation ax2 - 6xy +y2 +bx + cy + d =0 

represents a pair of lines whose slopes are m and m2 , then 
the value(s) of a is/are

(a)-27
(c)8

9 X X2
0 + 2 X - X - 4 X---- 0-0 + 12X —■ = 0

4

3 4 „ n- - +- x - 2 = 0 
2

6x2 + x-12 = 0

Sol. (a,c) v m and m2

lx, 
9 9.’. m + m = 6 and m ■ m = a

Now, (m + m2 )3 = (6)3

=> m3 + m6 +3m ■ m2 (m + m2) = 216 
a + a2 + 3a(6) = 216 

a2 + 19a-216 = 0 
(a + 27)(a-8) = 0

a = -27,8

Paragraph 
(Q. Nos. 10 tol 1)

Consider the equation of a pair of straight lines as 
Xry-8x+9y-12 = 0

10. The value of X is
(a) 0 (b) 2
(c)4 (d) 6

11. The point of intersection of lines is (a, 0), then the 
equation whose roots area,(3, is
(a)4x2 + x-8=0 

(c) 4x2 -x - 8 = 0
Sol. Given equation is, 

Xxy-8x+9y-12 = 0
a = 0, b = 0, c = - 12, 
r 9 t X/=-,£ = - 4 and h = —

2 2

11. (b) Let f(x,y) = 6xy - 8x + 9y -12

:. ^- = 6y - 8 and — = 6x + 9
dx dy

df
For point of intersection — = 0 and — = 0, we get 

dx dy
3 4

x = - -, y = -
2 3

3 j n 4 
a = — and p = —

2 3
Hence, required equation is

x2

9...........X
2 2

3X2 - 18X = 0

X = 0,6
X = 6
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+ 4c

=>
Hence,

2 (

and

3

• Ex. 14 Match the following
63

other, then

(B) (q)

(r)

(s)

common, then is a

2h 
b

JEE Type Solved Examples: 
Matching Type Questions
■ This section contains one solved example. This example 

has four statements (A, B, C and D) is Column I and four 
statements (p, q, r and s) in Column II. Any given 
statements in Column I can have correct matching with 
one or more statement(s) given in Column II.

■ This section contains 2 examples. The answer to each 
example is a single digit integer, ranging from 0 to 9 
(both inclusive).

Even prime 
number

Perfect 
number

Composite 
number

• Ex. 13 If one of the lines given by 6x2 -xy + 4cy2 =0 i 

3x + 4y = 0, then the value of | c | is
Sol. (3) v 3x + 4y = 0 is one of the lines given by

6x2 -xy + 4cy2 = 0, then

2h
T

3x
4

Column II
(p) Odd prime 

number

2

I =0

From Eq. (i), (m + m

Sol. (A) ->(q, s); (B) -> (p); (C) -> (r); (D) -> (q)
(A) Let m and m2 be the slopes of the lines represented by 

ax2 + 2hxy + by2 = 0, then

JEE Type Solved Examples:
Single Integer Answer Type Questions

o L 3

=---- — [from Eqs. (i) and (ii

• Ex. 12 If the sum of the slopes of the lines given by 
x2 - 2cxy -7y2 =0 is four times their product, then the 
value ofc is
Sol. (2) Given, m, + = 4m1m2

2h a , — = 4- => h = -2a 
b b

-c = -2X1 => c =2

Column I
(A) If the slope of one of the lines represented by 

ax2 +2hxy + by2 = 0 is the square of the 
a + b 8h2 . -------+ — is a 

h ab
The product of perpendiculars drawn from 
the point (1,2) to the pair of lines 
x2 + 4xy + y2 = 0 is X units, then [X] is a 
(where [•] denotes the greatest integer 
function).

(C) Distance between two lines represented by 
the line pairx2 - 4xy + 4y2 + x-2y-6 = 0 
is X unit, then [X] is a (where [•] denotes the 
greatest integer function).

(D) If the pairs atx2 + 2/^xy + by2 = 0 and 
a2x2 + 2h2xy + by2 = 0 have one line

(q^ -a2^)2

(&A - b2hi) (a2\ - a^)

8h3 
b3

2 2/i
m + m =-----

b
a
~b

6x2 - x

a + b 8h2
------+-----= 6 

h ab
(B) Let y = mpc and y = m2x lines represented by 

xz + 4xy +y2 = 0, then + m2 = - 4, m1m2= 1. Then 
product of perpendiculars drawn from the point (1,2)

| (2 - mt)(2 - m2) |

7(1 + m12)7(l + mh
| 4 - 2(mi + m2) + mxm2 |

71 + (mt + m2)2 -2zn1m2 + (mxm2)2

14+8+11 13
= . 1 1 = — units

+ 16 — 2 + 1) 4

v X = “
4

[X] = 3

=> mJ + m6 + 3m • m2(m + m2) = -

„ —.2 m ■ m

a a2 3a=> - +—+ —
b b2 b

3x3x |
4 J

3 9c6 + - + — = 0; .'. c = -3
4 4

|c| = 3

8h

2 z , 8h3ab + a - bah =------
b
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2

X

=>y/5 unit

Hence,

Subjective Type Examples

I

JEE Type Solved Examples: 
Statement I and II Type Questions

01 

a2

■ Directions (Ex. Nos. 15-16) Each of these examples contains 
two statements.
Statement I (Assertion) and
Statement II (Reason)
Each of these examples also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice, as given below :
(a) Statement I is true, Statement II is true and Statement II is a 

correct explanation for Statement I
(b) Statement I is true, Statement II is true and Statement II is 

not a correct explanation for Statement I
(c) Statement I is true, Statement II is false
(d) Statement I is false, Statement II is true

Ex. 15 Statement I The combined equation ofly, l2 is

3x + 6xy + 2y =0 and that ofm}, m2 is
5x2 +18xy + 2y2 =0. If angle between m2 isB, then angle

between l2, isQ.
Statement 11 If the pairs of lines If 2 =0, mym2 =0 are 
equally inclinded that angle between ly and m2 = angle 
between l2 andmy.

X=V5
[X] = [Vs] = 2

and the diagonal 5x + 2y = 1 does not pass through origin, ! 
hence it is AC.
On solving, x - 2y = 0 and 5x + 2y = 1, we get

16 12 J
and solving 2x - y = 0 and 5x + 2y = 1, we get

19 9 J

2hy
2h2

by 2hy 
b2 2h2

Sol. (a) The pair of bisectors of 3x2 + 6xy +2y2 = 0 is 
2 _ 2

——— = —, i.e. 3x2 - xy - 3y2 = 0 and pair of bisectors of

(D) Let y = mx be the common line, then 
bym2 + 2/^m + fl] = 0 and b2m2 + 2h2m + a2 = 0.

al b}
^2 h2

4(^2 ~ b2hi)(a2hi — afi2) — (0^2 ~ 02^1)

(fljt2 - a2b})2
(b^ - b2hy)(a2hi - aM

JI
5x2 + 18xy + 2y2 = 0 is

■ In this section, there are 10 subjective solved examples.

• Ex. 17 If the lines represented by 2x2 - 5xy + 2y2 =0 be 

the two sides of a parallelogram and the line 5x + 2y = 1 be 
one of its diagonal. Find the equation of the other diagonal, 
and area of the parallelogram.
Sol. Given pair of lines, 2x2 - 5xy + 2y2 = 0

i.e. (x-2y)(2x-y) = 0
x~2y = 0 and 2x-y = 0

x2 - y2 _ xy 
5-2 " 9

i.e. 3x2 - xy -3y2 = 0 are coincides.
.". Angle between llt m2 is same as angle between l2, n\.

Both statements are true and Statement D is a correct 
explanation for Statement I.

Ex. 16 Statement I The equation
2x2 - 3xy - 2y2 + 5x - 5y +3 =0 represents a pair of 

perpendicular straight lines.

Statement II A pair of lines given by 
ax2 + 2hxy + by2 +2gx + 2fy + c = 0 are perpendicular if 

a+b=Q.
Sol. (d) Here, A * 0, h2 >ab and a + b = 0

.*. 2x2 - 3xy -2y2 + 5x ~5y + 3 = 0 
represents a rectangular hyperbola.
.'. Statement I is false and Statement II is true.

(C) Given, line pair is x2 - 4xy + 4y2 + x - 2y - 6 = 0

=> (x - 2y)2 + (x - 2y) - 6 = 0
=> (x - 2y + 3)(x - 2y - 2) = 0
.*. Lines are x - 2y + 3 = 0 and x - 2y - 2 = 0

. , I 3 - (- 2) IHence, distance between lines =1—. =
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B

X' X0 ,2 2

Then, H =

i.e. H =

—(i)
y

...(ii)

Third pair

X X0

i.e.

(i)

= 0
and

[from Eq. (i)]

.(iii)

xy = 0u +

y- y-

i
9 J'2^12

•••(ii)
...(iii)

cX2 
=> (abc + 2fgh - af2 - bg2 -ch2) + X(fg - ch)---- — = 0

1 2—+ - 
! 9

and

Their combined equation is
{y - xtan(0i - 45° )}{y - xtan(02 - 45°)} = 0 

m2 - 1 .—-----x =0
l + m2 J

5 111
36’72J

Hence, the equation of other diagonal which passes through 
0 and H is

Y'
Since, diagonals of parallelogram bisect each other, if bisect 
atH.

If 1 1 
- - + - 
2l6 !

2h a1------+ -
b b

=> {(1 + mi)y ~ (mi “ 1)*} {(1 + m2)y - (m2 - l)x} = 0
=> (1 + mi)(l + m2 )y2 - xy{(l + mt)(m2 - 1)

+ (mi - 1) (1 + m2)}+(m1 -l)(m2 - l)x2 =0

=> (1 + + m2 + m}m2 )y2 - 2xy(mxm2 - 1)

+ {m1m2 - (nij + m2) + 1} x2 = 0

(a + 2h + b)x2 - 2(a - b)xy + (a-2h + b)y2 = 0

• Ex. 18 Prove that the equation
(a + 2h + b)x2 - 2(a - b)xy + (a - 2h + b) y2 =0 represents 

a pair of lines each inclined at an angle of 45° to one or 
other of the lines given by, ax2 + 2hxy + by2 =0.

Sol. Given equation is
ax2 + 2hxy + by2 = 0

Let the lines represented by Eq. (i) are 
y - mpc = 0 
y - m2 x = 0 

c 2h a
therefore, mx + m2=----- , m1m2 = -

b b
If rrij = tan0j and m2 = tan02, the equation of lines through 
the origin making 45° with the lines Eqs. (ii) and (iii) will be 

y-x tan(0j - 45°) = 0 
y - xtan(02 - 45°) = 0

Y
ax2 + 2hxy + by2 + 2gx + 2fy + c + Xxy = 0

ax2 + xy (2/i + A) + by2 + 2gx + 2fy + c = 0

If it represents a pair of lines, then

abc + 2/g| h + — j - af2 - bg2 -c\h + ^
I 2 J \ "

cX.2
=> 0 + A (fg - ch)-------= 0

4

? _ 4(Jg ~ ch) 
c

Hence, the equation of third pair from Eqs. (ii) and (iii) is 
4(/g ~ ch) 

c 
cu + 4(fg - ch) xy = 0

• Ex. 19 lfu = ax2+ 2hxy + by2 + 2gx + 2fy + c = 0 
represents a pair of straight lines, prove that the equation of 
the third pair of straight lines passing through the points 
where these meet the axes is cu + 4(fg - ch) xy = 0. 
Sol. u = ax2 + 2hxy + by2 + 2gx + 2fy + c = 0

V u represents a pair of straight line, then A = 0 
/. abc + 2fgh - af2 - bg2 - ch2 = 0

Combined equation of axes is xy = 0 
Now, the curve through the intersection of 
u = 0 and xy = 0 is

u + Xxy = 0

m, -1 
--------x
1 + mj J

“-0
-0 = 22-----(x_0)

A-o 
36
11 

y = —x
10

=> llx-10y = 0
Now, area of parallelogram = 2 x Area of A OAC

n 1 1 2 1 1 1= 2x--x-------x — = — sq units
2 6 9 9 12 36

(a 2h J) 2
J U b J

1
36

2j 

dl2

4
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2

(ii) the distance between them is 2

(0

Now,

D

B

A(Q,0)

[-l2=a]= 2

P1P2

I
I

...(ii)

-.(iii)
...(iv)

...(vi)

..(vii)

Hence, the equation of diagonal BD is $i - S2 = 0 

a(-2xp + p2) + 2h(-py - qx + pq) + b(-2qy + q2) = 0

-ap(2x -p)- hq(2x - p) - hp(2y -q)- bq(2y - q) = 0
[v 2hpq is written as hpq + hpq]

• Ex. 21 A parallelogram is formed by the lines 
ax2 + 2hxy + by2 =0 and the lines through (p, q) parallel to 

them. Show that the equation of the diagonal of the 
parallelogram which does not pass through origin is 
(2x - p)(ap + hq) + (2y - q) (hp + bq) = 0.
Show also that the area of the parallelogram is 

\(ap2 + 2hpq + bq2 )|/2yj(h2 -ab).

Sol. The combined equation of AB and AD is 
Sj s ax2 + 2hxy + by2 = 0

Now, equation of lines through (p, q) and parallel to Si a 0 
is S2 = a(x - p)2 + 2/i(x - p)(y - q ) + b(y - q)2 = 0

Clp.q)

Remark
In some books, the conditions for parallel lines are stated as 
h2 = ab and bg2 = af2

^(n + nJ2 - 4nn]

Hence, diagonal of BD is
(2x - p) (ap + hq) + (2y - q) (bq + hp) = 0

Area of parallelogram =
sin0

=> pip2 = product of perpendiculars from (p, q) on AB and 
AD whose combined equation is 
ar2 + 2/ixy + by2 = 0

_ \ap2 + 2hpq + bq2|
7{(a-b)2 +4h2}

Sol. Given equation is,
ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 ...I

Let the equation of the parallel lines represented 
by Eq. (i) be

lx + my + n = 0 and lx + my + ^ = 0.
Then, (lx + my + n)(lx + my + nJ

b ax2 + 2hxy + by2 + 2gx + 2fy + c

Equating the coefficients, we get 
l2=a 

m2 = b

• Ex. 20 If the equation ax2 + 2hxy + by2 + 2gx

+ 2fy + c = 0 represents a pair of parallel lines, prove that 
(i) h = -Jab and gjb = fja or(h = - -Jab and

nHj = c 

2lm = 2h
(n + nj/ = 2g

m(n + nJ = 2f
Eq. (i) From Eq. (v) 
=> h = Im = ± -Jab

h = Jab or h = - Jab

abc + 2fgh - af2 - bg2 - ch2 = 0

=}abc + 2fgjab - af2 - bg2 - c-ab = Q

[substituting the value of h = Jab]

=> -(fJa-gJb)2=0 => fja=gjb

Thus, the given equation represents a pair of lines.
Also, if h = - Jab , then gjb — - fja

(ii) The distance between parallel lines

_ ln~nil
# + m2)

If 4g2
= ——. — [from Eqs. (vi), (ii) and (iii)]V(a + £»)

g -ac
fta + b).

( 2 \
g -AC 

^(a+b),

we show that by an example that these conditions are not 
sufficient because

h2 = ab => h = ± fab

and bg2 = af2 =* gfb = ±ffa

=> h = fab,g fb = ffa or (h- -Jab, gfb ~~fja)
Consider, for example, 4x2 + 4xy + y2 + 4x - 2y + 5 = 0

Here, a=4, h = 2, b = 1,ff=2,f = -1, c = 5 and
h-fab,gfb = -ffa

But abc + 2fgh -af2 - bg2 - ch2

= 4 x 1 x 5 + 2 x (-1)x2 x2-4 x (-1)2 -1 x (2)2-5x(2)2

= 20-8-4 -4-20 = -16 #0
Hence, the Eq. (i) does not represent a pair of lines at all.
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tan 6

sinG =

Let its roots be ml m2.

N

From Eq. (i),

9 r 'M
X' dXo

Let

Coordinates of centre are O' =

a (a — c) + d (b — d) =
Let

...(i)
2

..(ii)sin 6

2

Ty, -

P = (xlt yj

Sol. Given equation is
a(x4 + y4) - 4bxy(x2 - y2} 

Eq. (i) is a homogeneous equation • 
since it represents two pairs at rigt 
coefficients of x2 and y2should be 

Let a(x4 + y4) - 4bxy(x2 - y2) + 

= (ax2 + pjo 

where, p and q are constants.
On comparing similar powers, we 

p + aq = — 4b 
—2a + pq = 6c

k 
2 ,

k 
r

Radius r = O' N = OM = OO'

ZMON =0
ZMO'N =20

*i yi 
2 ’ 2

On squaring both sides, we get
(xf + y2)(h2 -ab)-k2 {(a 

Hence, locus of P ( Xj» yi) is
(x2 + y2) (h2 — ab) = k2 {(a -

 On dividing each by a, we get
—a2 + ca — bd 4- d2 =

• Ex. 23 Show that if two of the tin 
+ dy3 =0(a i^O) make complementar) 

anti-clockwise sense, then a (a — c 
Sol. The given equation can be written a 

dm3 + cm2 + bm + a = 0, wl

• Ex. 24 Show that the equation 
a(x4 + y4) — 4bxy (x2 — y2)+6cx2j 

pairs of lines at right angles and that

am, m2 rrij - ------
d

If = tana, then m2 = tan(90° —
['/ two line

• Ex. 22 A point moves so that the distance between the 
feet of perpendiculars drawn from it to the linesax2 + 2hxy 
+ by2 =0 is a constant 2k. Show that the equation of its 

locus is (x2 + y2)(h2 — ab) = k2 {(a - b)2 + 4h2}.

Sol. v ^ONP = Z OMP = —
2

O, M, P, N are concyclic with diameter OP.
Y

' i \* 
f I

yO/Z

r

m2 = cota 
am3 =-----
d

Since, m3 is root of the above cubic

— a3 + ca2 — abd + ad2 -

ANO'L = Z MO' L = 0 
and given MN = 2k, thenNL = LM = k 
Now, in &NO'L,

■ NL sinu = -------  
O'N

ax2 + 2hxy + by2 =0 is tanG

 2^(h2 - ab)

|(a + fr)| 
2y[(h2 - ab)

yj(a - b)2 + 4h2

. d \ap2 + 2hpq + bq2\Required area = . . J—l
2y](h2 - ab)

____ 2k 

7cx? +

2
But angle between the lines represented by 

 2y/(h2 - ab) 

|a + b| 

= 2yl(h2 - ab) 
y/(a~b)2+4h2

From Eqs. (i) and (ii), we get 
2y/(h2 - ab)

J(a - b)2 + 4h2
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...(iv)

=>

■(■)

(ii)

■(iii)and

•••(iv)

be

•(v)(i)

.(vi)and

3

(vii)=>

and +

•(viii)

2h'
T

or
From Eqs. (ii) and (iv),

be 
and

J(-aba'b') 
bb'

= Ar3-J(a2 + b2 - 2ac + c2 - 2bd + d2)

Hence, locus of P is
(ay3 + by2x + cyx2 + dx3) = k3^{(a - c)2 +(b- d)2}

a'b 
J-aba'b'

= -J-aa'bb' 
2

k3

and the lines represented by
a'x2 + 2h'xy + b' y2 =0

1 y =----- x
mi

2£ 
b'

a'- — m2 = —1 b'

= -J-aba'b'
2

• Ex. 25 Show that the locus of a point such that the 
product of the perpendiculars let fall from it on three lines 
represented by ay3 + by2 x + cyx2 + dx3 =0 is 

constant = k3, is

ay3 +by2x + cyx2 +dx3 =k3^(a-c)2 +(b-d)2.

Sol. Let the three represented lines are 
y = m}x, y = m2x and y = m3x 

ay3 + by2x + cyx2 + dx3 = a(y - mpr) (y - m2x) (y - m3x) 

On comparing similar powers on both sides 
b ml + m2 + m3 = — 
a 

c m1m2 + m2m3 + m3m} = — 
a 
d mpn2m3 = — 
a

. Let the point P(xb yj), from given condition 
(yi-mpq) (y, - m2Xi) (y,- m3Xi) _ 
7(i+mi) 7(i+ m2) 7(i+ms)

=> -(cy3 + byj1 Xi + cypc] + dx]) 
a

• Ex. 26 If one of the lines given by the equation 
ax2 + 2hxy + by2 =0 coincides with one of the lines given 

by a' x2 + 2h' xy +b' y2 =0 and the other lines represented 

by them be perpendicular, then . 
ha'b' h'ab 1 r.------7777V

---------=--------= -J(-aa bb ) 
b'-a' b-a 2y

Sol. Let the two lines represented by 
ax2 + 2hxy + by2 = 0

y = THjX

y = m2x 
2h ml + m2= ——

a mxm2 = -

= ak3

J-aba'b' 2h 
+ bb' ~ b 

ha'b' 
b'-a'

J-aba'b' 
bb' ’

b-a 2

From Eqs. (vii) and (viii), we get 
ha'b' _ h'ab 
b'-a' b-a

Again, given two pairs coincide, then

a
p = aq

= ak3

and y = m2x

' b2 2c c2 2d
a2 a a a

= fc37(l + mi2)(l + m2)(l + m3)

[•/ ay3 + by2x + cyx2 + dx 

= a(y - mtx) (y - m2x)(y - m3x)] 
=> (oy? + byfxi + cyixf + dx] )

= ak3^(l + Im] + + m]m2m3)

'{1 + (Em])2 - 2Xm1m2 + (Xm^)2

- 2m1m2m3Emi + (mim2m3)2}

2b
9 =-----a

and p = -2b
Substituting the values of p and q in Eq. (iii), we get 

o 4^2
-2a +----- = 6c

a
-a2 + 2b2 = 3ac

2b2 =a2 + 3ac

1-----+ m2 = - 
mi

(1
km. 

From Eqs. (iii) and (vi), we get
2 aa'

-m* = w __
- - ..... , ^-aba'b’)From Eqs. (ui), we get m^ = - - ------------

a'b
Substituting these values of m} and m2 in Eqs. (ii) and (v), 
we get

J-aba'b' 
a'b
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H Pair of Straight Lines Exercise 1:
Single Option Correct Type Questions

g Pair of Straight Lines Exercise 2:
More than One Option Correct Type Questions

■ This section contains 6 multiple choice questions. Each 
questions has four choices (a), (b), (c), (d) out of which 
MORE THAN ONE may be correct.

13. The equation of image of pair of lines y = | x -11 in 
Y-axis is 
(a) y = | x+ 11 
(c) x2 - y2 + 2x + 1 = 0

(b)y =| x-11 +3 
(d) x2 -y2 + 2x -1 = 0

14. The equation ax 
straight lines, if
(a) a + b = 0
(b) c = 0
(c) a + c = 0
(d) c(a + b) = 0

(b)a + 2
(d)-

a

(a)V5 (b)2V5
(c)3>/5 (d) 4a/5

8. The four straight lines given by the equations
12x2 + 7xy-l2y2 = 0and
12x2 +7xy - 12y2 - x +7y -1 = 0 lie along the sides of a
(a) square (b) rhombus
(c) rectangle (d) parallelogram

9. Distance between the parallel lines
4x2 + 20xy+25y2 + 2x+5y-12 = 0is

3 5
<29 <29

7 9(c)4=
<29 <29

■ This section contains 12 multiple choice questions. 
Each question has four choices (a), (b), (c), (d) out of which 
ONLY ONE is correct.

1. If the sum of the slopes of the lines given by
4x2 +2"kxy ~7y2 = 0 is equal to the product of the 
slopes, then X is equal to
(a)-4 (b) — 2 (c)2 (d) 4

2. The equation 3ax2 + 9xy+(a2 -2)y2 = 0 represents two 
perpendicular straight lines for
(a) only one value of a (b) for all values of a
(c) for only two values of a (d) for no value of a

3. The image of the pair of lines represented by
ax2 + 2/ixy + by2 = 0 by the line mirror y = 0 is 
(a) ax2 -2hxy -by2 = 0 (b) bx2 -2hxy + ay2= 0
(c) bx2+2hxy+ay2 = 0 (d) ax2 - 2hxy + by2 = 0

4. Number of points lying on the line 7 x + 4y +2 = 0 which
is equidistant from the lines 15x2 +56xy + 48y2 =0is 
(a)0 (b) 1
(c)2 (d) 4

5. Orthocentre of the triangle formed by the lines 
xy - 3x - 5y +15 = 0 and 3x + 5y = 15 is
(a) (-5,-3) (b) (5,3)
(c)(-3, -5) (d) (3,5)

6. Two of the straight lines given by
3x3 +3x2y - 3xy2 + dy3 = 0 are at right angles, if d 
equal to
(a)-4 (b) — 3
(c)-2 (d)-l

7. Two lines are given by (x - 2y)2 4- X(x - 2y) = 0. The 
value of | X | so that the distance between them is 3, is

10. The point of intersection of the two lines given by 
2x2 -5xy+2y2 +3x+3y + l=0is
(a) (-2,2) (b) (—3,3)
(c)(3,3) (d)(2,2)

11. Ifa,p>0 anda<pand
ax2 + 4yxy + Py2 + 4p(x + y +1) - 0 represents a pair 
of straight lines, then
(a) a < p P (b) p £ a
(c) p > a (d) p £ a or p £ P

12. If the equation of the pair of straight lines passing 
through the point (1,1), one making an angle 0 with the 
positive direction of the X-axis and the other making the 
same angle with the positive direction of the Y-axis, is 
x2 -(a+2)xy + y2 +a(x + y - 1) = Q, a*-2, then the 
value of sin 20 is 
(a) a - 2 
(c)^—

(a + 2)

2 +by2 +cx + cy = 0represent a pair of
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2

2

,2

(a) 14
(c) 54

(b)3
(d) 5

(c) ax2 + 2hxy +by2 = 0
(d) None of the above

23. If fj +1(x, y) = 0 represents the equation of a pair of 
perpendicular lines, then/3(x, y) = 0 is same as
(a) /j(x,y)=0
(b) f2(x,y) = 0
(c) hx2 - (a - b)xy - hy2 = 0
(d) None of the above

5
24. The value of £ •

n = 2

(d)i

Paragraph II 
(Q. Nos. 22 to 24)

Let f (x, y) = ax2 + 2hxy + by1 = Oand let fi+i (x, y)= 0 

denote the equation of the bisectors of f (x, y) = Ofor all 
f= 1,2,3,...

22. f3(x,y) = Uis
(a) hx2 -(a - b)xy -hy2 = 0
(b) (a -b)x2 +4hxy -(a-b)y2= 0

■ This section contains 3 paragraphs based upon each of 
the paragraph, 3 multiple choice questions have to be 
answered. Each of these question has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct.

Paragraph I
(Q. Nos. 19 to 21)

Consider the equation of a pair of straight lines as
c2 -3xy + Xy2 + 3x-5y+2=0

19. The value of X is
(a) 1 (b) 2
(c) 3 (d) 4

20. The point of intersection of lines is (a, p), then the value 
of a2 +p2 is
(a) 2 (b) 5
(c) 10 (d) 17

21. The angle between the lines is 0, then the value of cos 20 
is

17. Two pair of straight lines have the equations 
y2 + xy-12x2 =0 and ax2 + 2hxy + by2 =0. 
One line will be common among them, if
(a) a = - 3(26 + 3b) (b) a = 8(6 - 2b)
(c) a = 2(6 + h) (d) a = - 3(6 + 6)

18. The combined equation of three sides of a triangle is 
(x2 -y2)(2x + 3y-6) = 0. If(- 2, a) is an interior and 
(6,1) is an exterior point of the triangle, then
, 10 ... „ 10(a) 2 < a < — (b) - 2 < a < —

3 3
9(c)-l<6<^ (d) — 1 < 6 < 1

g Pair of Straight Lines Exercise 3:
Paragraph Based Questions

15. If x2 + ay2 + 2|3y = a2 represents a pair of 
perpendicular straight lines, then
(a) a = 1, p = a
(b) a = 1, p= - a
(c) a = -l,P=-a
(d) a = - 1, P = a

16. If the pair of lines ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 
intersect on Y-axis, then
(a) /2=6c
(b) abc = 2fgh
(c) bg2 * ch2
(d) 2fgh = bg2 + ch

fn+2(x,y) .
----------------- IS
fn (x,y)

(b)4
(d)6

Paragraph III
(Q. Nos. 25 to 27)

Consider a pair of perpendicular straight lines
2x2 + 3xy + by2 - 1 lx + 13y + c = 0

25. The value of c is
(a)-2 (b) 2
(c)-3 (d) 3

26. The value of | b + 2c | is
(a) 4 (b) 6
(c) 8 (d) 10

27. If point of intersection of lines is C and points of 
intersection of the lines with the X-axis are A and B, if 
distance between the orthocentre and the circumcentre 
of AABC is X, then [X] is (where [. ] denotes the greatest 
integer function 
(a) 2 
(c)4
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| Pair of Straight Lines Exercise 4:
Single Integer Answer Type Questions

3

5

6

■ This section contains one question. This question has four statements (A,B,C and D) given in Column I and four 
statements (p, q, r and s) in Column II. Any given statements in Column I can have correct matching with one or more 
statement(s) given in Column II.

33. Match the following

• This section contains 5 questions. The answer to each 
question is a single digit integer, ranging from 0 to 9 
(both inclusive).

28. Equation Xx3 -10x2y- xy2 + 4y3 = 0represented 
three straight lines, out of these three, two lines makes 
equal angle with y = x and X > 0, then the value of X is

29. Area enclosed by curves y2 -5xy + 6x2 + 3x - y = 0and 
y2 -5xy +6x2 + 2x-y = 0is X sq units, then the value 
ofX is

Column II

2(P) 
!

(r)

g Pair of Straight Lines Exercise 5:
Matching Type Questions

30. The lines represented by x2 + 2Xxy + 2y2 = 0 and (X + 1) 
x2 - 8xy + y2 = 0 are equally inclined, then the value of
| X | is

31. If the lines joining the origin to the intersection of the 
line y = nx + 2and the curve x2 + y2 = 1 are at right 
angles, then the value of n2 is

32. If area of the triangle formed by the line x + y = 3 and 
the angle bisectors of the pair of straight lines
x2 - y2 + 2y = 1 is X sq units, then the value of X is

Column I

(A) The pair of lines joining the origin to the 
points of intersection of the curve

; 9x2 + Iby2 = 144 by the line 2x + 2y + X = Oare coincident, then | X | is divisible by

(B) If the straight lines joining the origin to the points of intersection of the straight line 4x + 3y = 24 (q) 
and the curve (x - 3)2 + (y- 4)2 = X2, are at right angles, then | X| is divisible by

(C) The two line pairs y2 - 4y + 3 = Oandx2 + 4^y + 4y2 - 5x -lOy + 4 = 0 enclose a 4 sided 
convex polygon, if area of polygon is X sq units, then X is divisible by

(D) If the pairs of lines 3x2 - 2pxy - Sy2 = 0 and 5x2 - 2qxy- Sy2 = 0 are such that each pair bisects (s) ;
' the angle between the other pair. If X = | pq |, then X is divisible by ■
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area is

■ Directions (Q. Nos. 34-37) are Assertion-Reason type 
questions. Each of these questions contains two 
statements:
Statement I (Assertion) and Statement II (Reason)
Each of these questions also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below :
(a) Statement I is true, Statement 11 is true; Statement II is a 

correct explanation for Statement I
(b) Statement I is true, Statement II is true; Statement II is not a 

correct explanation for Statement I
(c) Statement I is true, Statement II is false
(d) Statement I is false, Statement II is true

34. Statement I The four straight lines given by
6x2 + 5xy-6y2 = 0and6x2 +5xy-6y2 -x+5y-l = 0 
are the sides of a square.
Statement II The lines represented by general equation 
of second degree ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 
are perpendicular if a + b = 0.

§ Pair of Straight Lines Exercise 7:
Subjective Type Questions

g Pair of Straight Lines Exercise 6: 
Statement I and II Types Questions

35. Statement I Two of the straight lines represented by 
dx3 + cx2y + bxy2 + ay3 =0 will be at right angles if 
d2 +bd + bc + a2 =0.

Statement II Product of the slopes of two perpendicular 
lines is -1.

36. Statement I If OtfJ = — 1, then the pair of straight lines 
x2 -2axy-y2 = 0andy2 + 2flxy - x2 =0 are the angle 
bisector of each other.
Statement II Pair of angle bisector lines of the pair of 
linesax2 +2hxy + by2 = 0is h(x2 -y2) = (a-b)xy.

37. Statement I If a + b = - 2h, then one line of the pair of 
lines ax2 +2hxy + by2 =0 bisects the angle between 
coordinate axes in positive quadrant.
Statement II If ax + y(2h + a) = 0 is a factor of 
ax2 4- 2hxy + by2 -0, then b +2h + a = 0.

■ In this section, there are 7 subjective questions.

38. Prove that the straight lines represented by
o o o 190

(y-mx) =a (1 + m ) and (y-nx) =a
form a rhombus.

39. Prove that the equation m(x3 -3xy2) + y3 -3x2y = 0 
represents three straight lines equally inclined to each 
other.

40. Show that the straight lines
(A2 -3B2)x2 + 8ABxy + (B2 -3A2)y2 =0form with
the line Ax + By + C = 0an equilateral triangle whose 

C2
73(A2 + B2)

41. Find the equations of the diagonals of the parallelogram 
formed by the lines L2 -aL = 0 and L'2 — aL' = 0, where 
L = xcosO + ysinO — p and L' = x cos O' + ysinO' — p'.

42. If ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 and
ax2 + 2hxy + by2 - 2gx - 2fy + c = 0 each represents a 
pair of lines, then prove that the area of the

2l c I 
parallelogram enclosed by them is 1 1 =.

^h2-ab)

43. Prove that lines ax2 + 2hxy + by2 + 2gx + 2fy + c =0 
are equidistant from the origin, if
f4 - g4 = c(bf2 ~ag2}. Also, find the product of 
their distances from the origin.

44. Prove that if two of the lines represented by 
ax4 +bx3y + cx2y2 +dxy3 +ay4 =0 
bisects the angle between the other two, then 
c + 6a = 0 and b + d = 0.
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(b)-2

(d) 2

Answers
5- (c, d)

9. ± 24. (b)

41.

43.

10. ? - 5.vy + 4? + 3x - 3y = 0

2. (c, d) 
n
3 J

5.(b)
11. (d)

4. (c)

8. sec-1 (± p)

4.(b)

9.

21. (d)
27. (c)

23. (a) 
29.(1)

6. (b) 
12.(C)

3. (d)
7. ± 1

Exercise for Session 5
1.(0 2.(d)
6.9? + lOxy-9? = 0

[AIEEE 2005, 3M]
(b) 3? + 10afc + 3? = 0
(d) 3a2-lQab + 3b2 = 0

Exercise for Session 1
l.(c) 2. (a) 3.(b)
6. bx + ay = 0, ax - by = 0

5- (a) 
|g2 ~ acl 

|a| yjh2 - ab

Exercise for Session 2
1. (b) 2. (c, d) 3. (a)
6. tan'1

Exercise for Session 4 
l.(b) 2. (d) 3. (a, d)

6.1 sq unit 7. x - y = 0

5. (b,0
9. -43 sq units

6

Chapter Exercises 
l.(b) 2.(0 3. (d)
7. (c) 8. (a) 9. (c)

§ Pair of Straight Lines Exercise 8:
Question Asked in Previous 13 Years Exams

w4
(c)l

4-(b)
7. V 

\3 3
9. (ab' - a'b)2 = 4 (ah' - ah) (h'b - hb')

Exercise for Session 3
1. (b) 2. (a, c) 3. (a, 0

4.(a) 5. (b)
10.? - xv- 2? = 0

■ This section contains questions asked in IIT-JEE, AIEEE, 
JEE Main & JEE Advanced from year 2005 to 2017.

45. If the pair of lines ax2 + %a + b)xy + by2 = 0 lie long 

diameters of a circle and divide the circle into four 
sectors such that the area of one of the sector is thrice 
the area of the another sector, then 
(a)3az + 2ab + 3b2 = 0 
(c)3a2-2ab + 3b2 = 0

4. (c)
10. (c)
16. (a. d) 17. (a. b) IS. (a. d)
22. (b) 23. (a) 24. (b)
28.(7) 29.(1) 30.(2)

2. (c)
8. (a)

13. (a. c) 14. (a, b, d) 15. (c, d)
20. (c)
26. (b)
32. (2)

46. If one of the lines of my2 +(1 -m2)xy-mx2 = 0 is a 

bisector of the angle between the lines xy = 0, then m is 
[AIEEE 2007, 3M]

19. (b)
25. (a)
31.(7)
33. (A) -> (p. r); (B) -» (r): (C) —> (p. q. s); (D) -> (q. r)
34. (b) 35. (b) 36. (a) 37. (b)

j .r(cos0- cos0') + y (sinO- sin0')-p+ p - 0
[andx(cos0 + cos0')+ y(sin0 + sin0')- p- p - a = 0

Id
J(a-b)2 + 4h2

45. (a) 46. (c)

m2 )xy - mx2
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7. vSolutions (given)

3=>

8.
=>

...(U)=> a =

or

=>
5X+ 123X +

^29

=>

33

y=3
C (5,3)

x=5

=>

=>

=>
[va<P]and

4 
-7

X 
A(5,0)0

(x-5)(y-3) = 0 
x = 5 and y = 3 

Hence, orthocentre is (5, 3).
6. 3x3 + 3x2y - 3xy2 + dy3 = (x2 + pxy - y2)(3x - dy) 

On comparing coefficients of x2y and xy2, we get 

3p-d =3 
-3-pd = -3

p = 0, d = -3

-7X -2
4

7*
5. Given lines are xy - 3x - 5y + 15 = 0 

Y 
(0.3) B

. “2X
7. v m, + m2 = mtm2 => —— =

X = -2
2. For perpendicular lines

3a + (a2 - 2) = 0

-3 ±7(9+ 8) -3 ±717 
6 6

3. For mirror image with respect to y = 0 replace y by - y, then 
image of the pair of lines ax2 +2hxy + by2 = 0 is

ax2 + 2/ix(- y) + b(- y )2 = 0 

ax2 -2hxy + by2 = 0 

15x2 +56xy + 48y2 = 0 

=> (3x+ 4y)(5x + 12y) = 0 
Equation of lines represented by Eq. (i) are 
3x + 4y = 0 and 5x + 12y = 0

Let any point on 7x + 4y + 2 = 0 is X,

- I - 4X-2 | = — [-16X-6| 
5 13

|2X+11 _ | 8X + 3 | 
5 ” 13

13(2X +1) = ± 5 (8X + 3)

x= 1 14

According to questions, 
-7X-2 

4 
5

■(>)

f-7X-2
I 4 
13

(x - 2y)2 + X(x - 2y) = 0 

=> (x - 2y) (x - 2y + X) = 0
:. Lines are x-2y = 0andx-2y + X = 0 
Distance between lines = 3

U-Q| , 
7(1 + 4)

|X|=375

12x2 + 7xy - 12y2 = 0

(3x+ 4y)(4x-3y) = 0
Lines represented by Eq. (i) are

3x + 4y = 0 and 4x - 3y = 0 
and 12x2 + 7xy -12y2 - x + 7y -1 = 0 

=> (3x + 4y -1) (4x -3y + 1) = 0
Lines represented by Eq. (ii) are 

3x + 4y -1 =0 and 4x - 3y + 1 = 0 
Distance between parallel lines 3x + 4y = 0 and 

3x + 4y -1 = 0 is \

And distance between parallel lines 4x - 3y = 0 and 

4x - 3y + 1 = 0 is -.

Hence, all sides along a square.
9. Given,

4x2 + 20xy + 25y2 + 2x + 5y - 12 = 0

(2x + 5y)2 + (2x + 5y) -12 = 0 

=> (2x + 5y + 4) (2x + 5y -3) = 0
Lines represented by Eq. (i) are

2x + 5y + 4 = 0 and 2x + 5y - 3 = 0
I 4 - (- 3) I 7 

Hence, distance between parallel lines = ■—■,------ -  = —^=.
74 + 25

10. Let /(x, y) h 2x2 - 5xy + 2y2 + 3x + 3y + 1 = 0

= 4x -5y + 3 and— = -5x + 4y + 3 
ax dy

For point of intersection — = 0 and — = 0 
ox dy

=> 4x - 5y +3 = 0 and - 5x + 4y + 3 - 0, we get 
x = 3,y =3

Point of intersection is (3,3).
11. ax2 + 4y xy + 0yz + 4p(x + y + 1) = 0 

represents a pair of straight lines.
A = 0

=> 4aPp + Ibp2^ - 4p2a- 4p^ - 16y2p = 0

=> (16p)y2 - 16p2y + 4p(pa + pp - aP) = 0

B2 - 4AC > 0

(1 bp2)2- 4 • (16p) • 4p (pa + pP - aP) > 0 

p2(p2-pa-pP + aP)>0 

(p-a)(p-P)£0
p < aorp>P
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y

or

or r

(v(b, 1) is exterior point]

(0

=3

19. A = 0or

■(*)

[vX=2]

...(i)

X

7

.2

Intersection of x = -2 withy = -xand2x + 3y -6 = Ogives 
the range of values of a.

„ 10.-. 2 <a <—

1
3

« 10.-. 2 <a <—
3

and intersection of y = 1 with y = x and 2x + 3y - 6 = 0 given 
the range of values of b

-1<b<\

'hf-bg gh-af]. - - d hv

8

Vi

^ab-h2’ ab-h2

For Y-axis put x = 0
hf = bg, f2 = be and h2 # ab

Also, A = 0
abc + 2fgh - af2 - bg2 - ch2 = 0

For f2 = be, 2fgh = bg2 + ch

17. Let y = mx be the common line, then m2 + m -12 = 0 and 
bm2 + 2hm + a = 0, then from first equation m = -4,3 
Substitute m = -4 in second equation, then a =8(h- 2b) and 
substitute m = 3 in second equation, then a = - 3(2h + 3b).

19. The separate equations of the sides are x + y = 0, x - y = 0 and

* + '=1.
3 2

y=|-x-l| or y=|x+l| 
and on squaring both sides, then 

y2 - x2 + 2x + 1 

=> x2 - y2 + 2x + 1 = 0

14. Given equation is
ax2 + by2 + ex + cy = 0 

Eq. (i) represents a pair of straight lines.
A = 0 

c2 c20 + 2-0-flX-----bx —= 0
4 4

c2(a + b) = 0 

c = 0ora + & = 0

72-k]
i2 - ab ]’

C..y=i 
■ —►x

x=-2

J

_..9 3 
4

9X 9--------= 0
4 2

15. Given, equation is
x2 + ay2 + 2Py - a2 = 0

Equation (i) represents a pair of perpendicular straight lines 
:. A =0 and coefficient of x2 + coefficient ofy2 = 0 

=> - a2a - p2 = 0 and 1 + a = 0

. a = -1 and P = ± a
15. Given pair of lines is

ax2 + 2hxy + by2 + 2gx +2fy + c = 0

v Point of intersection of lines represented by (i) is
7 2 :g -ac
jf-ab

sin 20 = —^—
(a + 2)

13. For image w.r.t, K-axis replace x by - x, then required image 
oflines is

12. Equation of first line is y -1 = tan 0(x -1)

Equation of second line is y -1 = cot 0(x -1) 
So, their joint equation is

[(y -1) - tan 9(x - l)]((y -1) -cot 0(x -1)] = 0 
=>(y “ I)2 - (x -1) (y -1) (tan 0 + cot 0) +(x -1)2 = 0 

x2 -(tan 0 + cot 0)xy + y2 +(tan 0

+ cot 0 - 2) (x + y -1) = 0 
On comparing with the given equation, we get

tan 0 + cot 0 = a + 2

-------------=a + 2
sin 0 cos 0

lxXx2+2x--x-x---lx— -Xx--2x-=0 
2 2 2 4 4

45 25 2X +----------
4 4

SO/. (Q. Nos. 19 to 21)
Given equation is x2 - 3xy + Xy2 + 3x - 5y + 2 = 0

Here, a = l, b = X,c = 2, 
- 5 3 3f = —, g = - and h = —.

2 2 2

_ l-tan20 
cos 20 =------- -—

1 + tan2 0

k 1 «=> -- + - = o
4 2

X = 2
20. Let /(x, y) = x2 - 3xy + 2y2 + 3x - 5y + 2

df df--=2x-3y + 3, ~ = ~3x + 4y-5 
dx dy

df df
For point of intersection = 0 and = 0, we get 

dx dy

x = -3,y = -l
.*. a = -3andp=-l
.*. The value of a2 + p2 is 10.

,____ 2 If--2^
21«7. tan o =-------------- =--------------=

(a + b) 1+2

1-1
___ 9
l + l"5

9

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


234 Textbook of Coordinate Geometry

A(xb0)(x2,0)Bz

(ii)

Circumcentre of AABC => M

and orthocentre is

2
Required distance =

A = 20.94 = 457

+ A=0

Now,

4)

...(ii)

...(iii)

From Eq. (i), ...(iv)

=>

[vX>C]

=>

11
4

10
4

Solutions (Q. Nos. 22 to 24)
22. v fx(x, y) a ax2 + 2hxy + by2 = 0 

bisectors of fx(x, y) is f2(x, y)

Also, intersection on X-axis put y = 0.
Xc

5
= ^1=1 + 1 + 14-1 = 4

n = 2

1 19 
.5* 5 .

.. I11 A M a —, 0
I 4 ,

„ <1 19> C= -,—
15 5;

o-”
5 .

-ex—=0
4

Hence,
29. ':y2 -5xy + 6x2 + 3x-y = 0 

(3x-y)(2x-y + 1) = 0
and y2-5xy+ 6x2+2x-y = 0 
=> (3x-y + l)(2x-y) = 0

1 
5

18377 _ 
400

[A] = [457] = 4
28. Given, 4y3 - xy2 - 10x2y + Ax3 = 0

-

Let y - mx, then 
4m3 - m2 -10m + A = 0

and let m^, m2, m3 be the slopes of three lines, then 
m, + m2 +m3 =^

10 
mj/T^ + m^ + 7713m, =------

4 
A 

01,77127713 =--

Since, two lines are equally inclined with y = x, so let 012013 = 1

From Eq. (iii), m, = - —
4 

A + 1 
m2 + 013=--------

and from Eq. (ii), 1 + = ”

16 - A2 - A = - 40 
A2 + A-56 = 0

(A + 8)(A-7) = 0 
A = -8,7 
A=7

x* - y2 _ xy 
a - b h

hx2 - (a- b)xy - hy2 = 0
/2(x, y) s hx2 - (a - b)xy - hy2 = 0 

Now, equation of bisectors of (ii) is 
2 2x -y xy 

h-(-h) (a-b)
2 

x2-y2_ 2xy 
2h (a - b)

=> (a -b)x2 + 4hxy -(a - b)y2 = 0
^(x. y) s (a - b)x2 + 4/ixy - (a - b)y2 = 0

23. y2(x, y) - bx2 - 2hxy + ay2- 0
and y3(x, y) a ax2 + 2/ixy + by2 = 0 
is same as /,(x, y) = 0

24. For all n > 2
y, + 2(x,y) = /n(x,y) 
fn + 2(x. y) _ 
/n(x,y)

yi fn + 2(X> y) 
„ = 2 /n(X,y)

Sol. (Q. Nos. 25 to 27)
For perpendicular straight lines, then 
coefficient of x2 + coefficient of y2 = 0 
=> 2 + b = 0

b = -2
25. 2x2 + 3xy -2y2 - llx + 13y +c = 0 

represents a pair of straight lines, then we have
o « n 13 11 3 „ 169 „ 1212 x -2 x c + 2 x - x-- X--2X — +2 x —2 2 2 4 4

429 169 121 9c „-4c------- +----- = 04 2 2 4
c = -2=>

26. | b + 2c| = | -2 - 41 =6
27. Now, pair of lines is 2x2 + 3xy -2y2 - llx + 13y - 2 = 0

Let f(x, y) a2x2 + 3xy -2y2 - llx+ 13y -2 = 0

= 4x + 3y -11 and = 3x - 4y + 13

df
For point of intersection, — = 0 and - 0 

dx oy
4x + 3y -11 = 0and3x- 4y +13 = 0

Cs

/ M \

2x2-llx + 2 = 0 => x,+ x2 = y

2

.2
Equation of bisectors of (i) is
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2x-y+1 =0
(i)1

...(ii)

A 2

.‘.Required Area = = 1 sq unit

or

...(i)(B) Given,

and

•••(ii)

•••(*)

•••(ii)

4

3 Required area = 6 sq units

12.1)1

Xo

i.e. => pq = — 15
X=2

X
4 

'x

•••(*)

•••(ii)

i.e.
or

X = 1
30. Given pairs are

i.e.

4x+3y
24

So, area between x = 0, y = 1 and x + y = 3 is given by 
|x2x2 = 2sq units

—yC
/o
/ '!
/ +If
B

2

I =0

D 
o / y

2x-y=0

(1-o)O-Q)
3 -1
2 -1

9x2 + 16y2 = 144

x2 + y2 = y - nx 1 
2 J

Y -1 x2 - nxy +^ - l)y2 = 0 

or (n2 - 4)x2 -4 nxy -3y2 = 0 

The lines will be at right angles, when 
(n2 -4)+(-3) = 0 => n2=7 

32. 7 x2 - y2 + 2y = 1

=>

33. (A) -+ (p, r); (B) -> (r); (C) -+ (p, q, s); (D) -> (q, r) 
... 2x + 2y
(A) Given ----- —— =

Ar

and 9x2 + 16y2 = 144

Homogenising Eq. (ii) with Eq. (i), we get

2x+2y 
-X

=> (9X2 - 576)x2 - 1152xy + (16X2 - 576)y2 = 0 
The lines are coincident, then

(- 576)2 = (9X2 - 576) (16X2 - 576) 

144X* -576X2(25) = 0

X2 = 100
|X| = 10 

4x + 3y
24

(x-3)2+(y - 4)2 = X2

x2 + y2 -(6x + 8y) + 25 - X2 = 0

X = 6
(D) Equation of the bisectors of3x2 -2pxy - 3y2 = 0 is

XV 2 2/x= =» px + 6xy -py = 0
x2-y2 
3-(-3) -p

Which is same as 5x2 - 2qxy - 5y2 = 0

P=_6_=Z£ 
5 -2q -5

X = |Ml = |-15| = 15

xz=(y2-2y+ l) = (y-l)2 

x = ±(y -1)
x - y + 1 = 0 and x + y -1 = 0 

Bisectors are y = 1 and x = 0

or
Homogenising Eq. (ii) with Eq. (i), we get 

x2 + y2 -(6x + 8y) -4x + +(25 - X2) I
24 '

=> 16(25 - X2)x2 + 9(25 - X2)y2 +(- 600 - 24X2)xy = 0 

The lines will be at right angles, when
16(25 - X2) + 9(25 - X2) = 0 

625 - 25X2 = 0

X2=25

|X|=5

(C) The lines pairs are (y -1) (y - 3) = 0 i.e. y = 1 and y = 3 
the other line pair is x2 + 4xy + 4y2 -5x - lOy + 4 = 0 

(x + 2y - 4) (x + 2y -1) = 0
x + 2y - 4 - 0 and x + 2y -1 = 0 
n, y°3 ,c o 

a'- Fl------
(3-l)(4-l)_ 

1 2 
0 1

x2 + 2Xxy + 2y2 = 0

and (X + l)x2 - 8xy + y2 = 0

7 Equations of angle bisectors of (i) and (ii) are equal
2 2 2 2

——— = — and ———— = — must be same 
1-2 X (X+l)-l -4

— = => X2 = 4 => X = ± 2
-1 X

|X|=2

37. Given, -—— = 1 
2

and x2 + y2 = 1

Homogenising Eq. (ii) with Eq. (i), we get
/
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0arelt :2x +3y = 0,

Lines ...a
are 2and y - mx =

and from

2.’. Lines .(liij

2and

2(i) = |2a|

and b = -ap -d => p = ...(n)

-(i) 3

1

X

Y

- tan 30

=>

1
!

i
p

X'*-

c + a 
~d~ 
-b-d

a

\St/3

2n/3s-/<H

2

34. v Lines represented by6x2 + 5xy -6y2 -
l2 : 3x -2y = 0
and lines represented by

6x2 + 5xy - 6y2 - x + 5y - 1 = 0

Z3: 2x + 3y - 1 = 0
/< : 3x - 2y + 1 = 0

v Z1lZ2,/2JL/3>/3l/4and/41/p
Also, /b l2 intersect at (0, 0) and (0, 0) is equidistant from /3 and
/4. These lines form sides of square.

Statement I is true.
Statement II is true but Statement II is not a correct 
explanation for Statement I.

35. dx3 + cx2y + bxy2 + ay3 = (x2 + pxy - y2)(dx - ay)

On comparing, we get

c--a + pd => p = m2\

< 2n/3

'3'

x2 -2axy -y2 = Ois 

-a

38. From (y - mx)2

m(l -3tan20) + tan30 -3tan0 =0

3tan0 - tan30 
m =------------- ------

1 - 3tan20

2 m

Y
,2'

I 
I

<^7t/3 

<n/3\

.(iv)

Since, lines (i) and (ii) are parallel, the distance between 
lines (i) and (ii) is  

|a-Jl + m2 + ai/l + 

•Jl + rn2
Similarly, (iii) and (iv) are parallel lines and the distance 
between them = |2a|. Therefore, distance between parallel 
lines are same.
Hence, lines (i), (ii), (iii) and (iv) form a rhombus.

39. Dividing by x3, the given equation can be written as
/

m 1-

y 
writing — = tan 0, we have

x

= a2(l + m2)

y - mx = ± a-J(l + m2) 

y - mx- ay/l + 

-a-Jl + m
(y - nx)2 = a2 (1 + n2)

y - nx = ± a-J(l + n2) 

y - nx - a-Jl + n 

y - nx = -ay]l + n

Let m = tan <|>, 
then tan30 = tan<|>

30 = 0, 0 + it, <|> + 2it
_ 0 <|) it 0 271

3, 3 3 3 3
Thus, the given equation represents three lines through the 

origin and they are inclined at angles + — with

the X-axis. Clearly, they are equally inclined to each other.

From Eq. (i) and Eq. (ii), 
c + a -b-d 
~d~ a 

=> d2 + bd + ac + a2 = 0

Statement I is true.
Hence, both statements are true but Statement II is not correct 
explanation for Statement I.

36. Pair of bisectors between the lines

x2-y2

l-(-l)
=> ax2 + 2xy - ay2 = 0

Comparing it with y2 + 20xy - x2 = 0, then
 a  1  X

=> ap = -1
Hence, both statements are true and Statement II is correct 
explanation for Statement I.

37. Put 2h = - (a + b) in ax2 + 2hxy + by2 = 0

=> ax2 - (a + b)xy + by2 = 0

=> (x - y) (ax - by) = 0
=> One of the line bisects the angle between coordinate axes 
in positive quadrant.
Also, put b = - 2h - a in ax - by, we have 

ax- by = ax -(- 2h - a)y
= ax+ (2h + a)y

Hence, ax + (2h + a)y is a factor of
ax2 + 2hyx + by2 = 0

Both statements are true but Statement II is not correct 
explanation for Statement I.
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= tan

2

Length of 1 from O on AB = p = OM
tan 9

P =
3

9 = 60°

B
2|C|OA =60°

P
,260°

CL=a
D

L'=a

L'=0
B

L=0
=> where,

x

(i)
then,

= tan
1-

Eq. (i) can be written as
/ \2

.-(i)
...(H)

+ 8ABI — I + (A2 - 3B2) = 0
I xj

|o + o + c| 
7(A2 +B2) 

, |c| 
yj(A2 + B2)

V3 = — x
4

41. Lines of parallelogram are
L = 0,L = a
L' = 0, L' = a

o

-4AB + J16A

A
L = xcos0 + ysin0 - p

L' = xcosQ' + ysin0' - p'
Equation of the line AC, through the point of intersection of 
L =0andL' = 0is

L + XL' — 0
It also passes through

L = a and L' = a,
a + Xa = 0

X = -l
Hence, diagonal of AC is L - L' = 0
i.e. x (cos0 - cos0') + y(sin0 - sin0') - p + p' = 0 
Equation of the line BD through point of intersection of 
L = Oand L' = a is

L + X(L' — a) = 0

-3A2 + 45 A2B - 3AB2 + 45 B3 
-45a3 + A2B-45AB2 + B3

= tan’*(V3) = 60P

then remaining third angle is 180° - (60° + 60°) = 60°.
The AAOB is equilateral.

In A OAB,

V3 2 v3 ■/. Area of the equilateral triangle = —(side) = —(OA)' 
4 4

4|C|2  C2
3x(A2 + B2) 45(A2 + B2)

B2-3A2

and in A 0AM,

sin 60° = 
OA

OA=^
43

40. Given pair of lines is
(A2 -3B2)x2 + 8ABxy + (B2 -3A2)y2 =0

Given line is Ax + By + C = 0
Comparing Eq. (i) with ax2 + 2hxy + by2 = 0

a = A2 - 3B2, h = 4AB, b = B2 - 3A

If 9 be the acute angle between the lines represented by 
Eq. (i), then 

 
 2^(h2 - ab)  2yjl6A2B2 - (A2 - 3B2)(B2 -3A2) 

|a + &| " |(A2-3B2+ B2-3A2)|

 2y[(3A4 4- 3B4 + 6A2B2)  ^3(A2 + B2)  
|-2(A2+B2)| ~ (A2 + B2)

%
X^ 
,, x_

%

(B2 -3A2)
Lx

Solving for y/x, we have
y  -8AB + 764A2B2 - 4(B2 - 3A2)(A2 - 3B2)

x 2(B2 -3A2)

2B2 -(A2B2-3B4 -3A4+9A2B2)
(B2 -3A2)

y  -4AB± V3(A2 + B2)
x (B2-3A2)

-4AB ± 43 (A2 + B2)
B2 -3A2

Taking the positive sign, slope of one of the lines
 5/3 (A2 + B2) - 4AB

B2 -3A2

and slope of the line Ax + By + C = 0is- AJB.
Acute angle between these lines

43(A2 +B2 )-4AB < A
B2 -3A2_______ B

A^V3(A2 + B2)-4ABl

B

=> y =

A 
----

'3
4
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tan 9

[from Eq. (i)sin0

Pi is

[from Eq. (i)

(7(a - b)2 + 4/i2)

(i)

4|c|
2-Jh2 - ab 

J(a-b)2 + 4h 2 
/

_ hi -(-H])|

y/j +mj

_ 2|c|
/h2-ab)

43. Given, equation
ax2 + 2hxy + by2 + 2gx + 2fy + c = 0

represents two lines
lx + my + n = 0 and lxx + + nx = 0

then, ar2 + 2hxy + by2 + 2gx + 2fy + c

= (lx + my + n) (l}x + my + nJ
Comparing the coefficients of similar terms, we get

/Zj = a, mmx = b, nnx = c
lm} + mlx = 2h, nJ + n/1 = 2g,nmx + ntm = 2f

-J..j

it also passes through L = a and L' = 0. 
a + X(0 - a) = 0

X = 1
Equation of diagonal BD is L + L'-a = 0
=> x(cos9 + cos0/) + y(sinO + sin 9') -p-p' -a = Q 

42. Let the first equation represents lines
(lx + my + n) (lxx + my + n,) = 0 

then the second equation represents lines 
(lx + my - n)(lxx + my - nx) = 0

On comparing coefficients, llx = a, mmx = b, nnx = c 
mnx + n^n = 2f, nlx + nJ = 2g, lmx + lx m~2h.

Let the angle between two non-parallel lines be 0, then 
_ 2y)(h2 - ab) 

|a + t| 

2yj(h2 - ab) 

yj(a - b)2 + 4h2

Area of parallelogram = 
sin0

where, px and p2 are distance between two parallel sides. 
_|n-(-n)| 
----- / ■-—and Pz

7/ + m2
|4nn,|

7(/2/]2 + lzm2 + m2l2 + m2m2)

4|nn,|
7{/2/2 + m2m2 + (lmx + lxm)2 - 4llxmmx}

4|c| _ 4|c|
Ja2 + b2 + 4h2 -2ab ^(a - b)2 + 4h2

Area = ^2-
sinO

+ m2) yj(lf + mf)

_ l»»il
■J(l2l2 + l2m2 + m2l2 + m2m2) 

W
7(/2/2 + l2m2 + m2l2 + m2m2)

_ _______ W _______ =
V(/2/2 + m2m2 + (lmx + mlx )2 — 2llimmJ)

|c|
7(a2 +b2 + 4h2 - 2ab) 

Id
y)(a -b)2 + 4h2

44. We know that bisectors are mutually perpendicular to each, 
other, then

ax4 + bx3y + cx2y2 + dxy3 + ay4 = 0 

represents two pairs of mutually perpendicular lines. 
Let ax4 + bx3y + cx2y2 + dxy3 + ay4

= (ax2 + pxy - ay2)(x2 + qxy -y 

where, p and q are constants.
Comparing the coefficients of similar terms, we get 

b = aq + p 
c = pq -2a 
d = - p - aq

Since, the lines lx + my + n = 0 and lxx + my + nx-Qaie 
equidistant from the origin, then 

hl I nil 
yjl2 + m2 ^l2 + m2

=> n2l2 + n2m2 = n2l2 + n2m2

=> n2l2 - n2l2 = n2m2 - n2m2

=> (nlx - nJ)(nlx + nJ) = (nxm - nmx)(nxm + nmO
On squaring both sides, we get
(nlx ~ nJ)Z (nh + nJ)2 = (nim ~ nmi )2(nim + nmj2

=> [(n/j + nJ)2 - 4/ZjnnJ [nZj + nJ]2

= [(^m + nmj2 - 4mmjnni] [rijm + nmj

(4g2 - 4ac)(4g2) = (4f2 - 4bc)(4f2)

[using the six relations
(g2 -ac)g2 =(f2 -bc)f2

f4-g*=c(bf2-ag2)

Also, product of distances from origin to the lines 
represented by

ax2 + 2hxy + by2 + 2gx + 2fy + c = 0

|n| InJ
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/

,2

(v)

.(vi)or 1

From Eqs. (v) and (vi),

0

Ze r

-(iv)
are given by the other,

r
9 / S/r

Again from Eq. (iv), 

c + 6a = 0
45. Let A be the area of small sector, then area of major sector is 3 A

On adding Eqs. (i) and (iii), we have 
b + d = 0

From Eq. (ii), pq - c + 2a
But given that bisectors of one pair 
i.e.

[•/ area of sector = - r20] 
2

A +3A + A+ 3A =nr2

A-^ 
8 

lr!e=5r! 
2 8

e=* 
4

Angle between lines represented by 

ax2 +2(a + b)xy + by2 = Ois—.
4

n 2J(a + b)2 - ab
=> tan —= —--------------

4 | a + b |
2-</(a + b)2 - ab

| a + b |
(a + b)2 = 4(a + b)2 - 4ab 

3a2 + 2ab +3b2 = 0
46. The equation of the bisectors of the lines xy = 0 are y = ± x.

Putting y=± xin 
my2 +(1 - m2)xy - mx2 = 0, we get 

± (1 - m2)x2 = 0 
mz = l

x2 ~ y2 _ xy 
a-(-a) {pl2) 

x2 -y2 _ £
4xy p 

is the same as the other pair.
x2 + qxy - y2 = 0 

2 • 2X -y _ g 
4xy 4

P 4
pq = - 4a 

-4a = c + 2a
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Session 1

Definition

f (x, y)
a

C (h, k)

=> x = a cos0, y = a sin0

P(*.y)

X' -x

Y'

AB = Chord, PQ = Diameter 
where, C is centre of the circle.

Definition, Equation of Circle in Different Forms, 
Locus of the Mid-point of the Chords of the Circle 
that Subtends an Angle of 20 at its Centre

fixed
point

Equation of Circle 
in Different FormsA circle is the locus of a point which moves in a plane, so 

that its distance from a fixed point in the plane is always 
constant.
The fixed point is called the centre of the circle and the 
constant distance is called its radius.

P
.(moving point)
1------ constant

distance

OR
The equation of the circle is meant the equation of the 
circumference.

OR
It is the set of all points lying on the circumference of the 
circle.
Chord and Diameter : The line joining any two points 
on the circumference is called a chord. If any chord 
passing through its centre is called its diameter.

a/
~i 

C (0,0) M

i.e. CP = constant distance = Radius
Equation of a Circle : The curve traced by the moving 
point is called its circumference, i.e. the equation of any 
circle is satisfied by co-ordinates of all points on its 
circumference.

C (centre)

1. Centre-radius form
Let a be the radius and C (h, k) be the centre of any circle.

If P (x, y) be any point on the circumference.
Then, CP = a => (CP)2 = a2
=> (x-h)2 +(y-k)2 =a2

This equation is known as the central form of the 
equation of a circle.

Remark
When, C(/?, A) = C(0,0), then equation of circle becomes 
x? + y2 = a2 which is known as standard form of the circle.

2. Parametric form
If the radius of a circle whose centre is at C (0,0) makes an 
angle 0 with the positive direction of X-axis, then 0 is 
called the parameter.

Let CP = a
CM = x, PM = y

Y

http://www.jeebooks.in
http://www.jeebooks.in


243Chap 04 Circle

= acos

or

...(i)or

(ii) and

and

,2

g~P
2

I Example 3. Find the equation of the circle whose 
centre is the point of intersection of the lines 
2x - 3y + 4 = 0 and 3x + 4y - 5 = 0 and passes through 
the origin.

9 + 25 + 56
16

710
4

a+ p 
~2~

a = ^(g2 +f2 -c)

Coordinates of the centre are (-g, - f) and 

Radius = ^/(g2 + f2 -c) (g2 + f2 > c)

ri = 1____________________

r2=7(-l)2+(-3)2+6 = 4

and r3 = 7(-2)2 + (-6)2 + 9 = 7 

Clearly, r2 - = 4 - 1 = 3 = r3 - r2 
Hence, rlt r2, r3 are in AP.

I Example 1. Find the centre and radius of the circle 
2x2+2y2=3x-5y+7

Sol. The given equation of circle is
2xz + 2y2 = 3x - 5y + 7

2 2 3 5 7 nx + y --x + -y - - = Q
2 2 2

Remarks
1. The parametric coordinates of any point on the circle

(x - h}2 + (y - A)2 = a2 are given by(/)+acos0.A + asin0) 
(0 <0<2n) and parametric equations of the circle
(x - h)2 + (y - A)2 = a2 are x = h+acos0, y = A + asinO.

2. Equation of the chord of the circle x2+ y2 = a2 joining 
(acosa,asina) and (acosP.asinP) is 
xcos(a+ft)+ ysin

radius of the circle
= ya2 + p2 - (constant term) 

[9 25 7= ,— + - + - = 
V16 16 2

I Example 2. Prove that the radii of the circles 
x2 +y2 =l,x2 +y2-2x-6y=6 and 
x2 +y2 -4x-12y=9 are in AP.

Sol. Given circles are x2 + y2 = 1 ...(i)
xz + y2 - 2x - 6y — 6 = 0 ...(ii)

and x2 + y2 - 4x - 12y -9=0 ...(iii)
Let rp r2 and r3 be the radii of the circles Eqs. (i), (ii) and (iii),
respectively. 
Then,

(ii) If g2 + f2 -c =0, then the radius of circle will be real. 
Hence in this case, circle is called a point circle.

(iii) If g2 + f2-c<0, then the radius of circle will be 
imaginary number. Hence in this case, circle is called a 
virtual circle or imaginary circle.

4. Concentric circle Two circles having the same centre 
C(h, k) but different radii ry and r2 respectively are called 
concentric circles. Thus, the circles (x - ti}2 + (y - A)2 = r2 
and (x - h)2 + (y - A)2 = r2,ry # r2 are concentric circles. 
Therefore, the equations of concentric circles differ only in 
constant terms.

General form The equation of the circle with centre 
(h,k) and radius a is (x -h)2 +(y -fc)2 =a2 

x2 +y2 -2hx-2ky +h2 +k2 -a2 =0 

which is of the form
x2 +y2 +2gx + 2fy + c=Q

This is known as the general equation of a circle 
comparing Eqs. (i) and (ii), we get 

h = - g,k = - f and

If centre is (a, p), then
1 a = - -
2

2l 2

Hence, (a cos0, a sin0) or ‘0’ are the parametric 
coordinates of the circle x2 + y2 = a2 and x = a cos 0 
and y = a sin0 are called parametric equations of the 
circle x2 + y2 = a2 with parameters a and 0. 
(0 <9 <2n).

Remarks
1. Rule for finding the centre and radius of a circle
(i) Make the coefficients of x2 and y2 equal to 1 and right 

hand side equal to zero.
(ii) Then, coordinates of centre will be(a,P),

1 1where, a=--(coefficient of x) and p = --(coefficient of y)
2 ______________  2

(iii) Radius = Ja2 + P2 - (constant term)

2. Conditions for a circle A general equation of second 
degree

ax2 + 2hxy + by2 + 2gx + 2fy + c=0 

in x, y represent a circle, if
(i) coefficient of x2 = coefficient of y

i.e. a=b
(ii) coefficient of xy is zero

i.e. h=0
3. Nature of the circle Radius of the circle

x2 + y2 + 2gx + 2fy + c=0 is J(g2 + f2-c}

Now. the following cases are possible :
(i) lfg2 + /2-c>0, then the radius of circle will be real. Hence 

in this case, real circle is possible.

3
4

5
4

i 3 -’. Centre of circle is (a, P) i.e. —, - —
14 4
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r =

2

,2

[from Eq. (i)or

...(i)

f = —, c = 0

From Eq. (i), 2

or

or

Sol. Given circle is

6)°

'CB

■(0

and

485
289

-(=
=
I

Sol. The point of intersection of the lines 2x - 3y + 4 = 0 and 

3x + 4y - 5 = 0 is

1 22 
17’17

“-o
17

or 

and

I
i aM

60°

1 22
17* 17

o = (~g,~f)
OA = OB = OC = <]g2 + f2 ~c

I Example 6. Find the area of an equilateral triangle 
inscribed in the circle

x2 +y2 +2gx+2jy+c=0.

4 + 49 +16-42+X = 0
X = -27

From Eq. (i), required circle is 
x2 +y2 -8x+6y-27 =0

— -0 
17

The equation of the circle becomes
2

I + |y-~I j_ 
k 17

or 17 (x2 + yz) + 2x — 44y = 0
Aliter: v Point of intersection of the lines 2x - 3y + 4 = 0

and 3x + 4y - 5 = 0 is

I Example 4. Find the equation of the circle 
concentric with the circle x2 + y2-8x + 6y-5 = 0 
and passing through the point (-2,-7).

Sol. The given equation of circle is 
x2 + y2 - 8x + 6y - 5 = 0

Therefore, the centre of the circle is at (4, -3). Since, the 
required circle is concentric with this circle, therefore, the 
centre of the required circle is also at (4, -3). Since, the 
point (-2,-7) lies on the circle, the distance of the centre 
from this point is the radius of the circle. Therefore, we get

r = 7(4 + 2)2 + (-3 + 7)2 = ^52
Hence, the equation of the circle becomes 

(x-4)2 +(y + 3)2 =52

or x2 + y2 - 8x + 6y - 27 = 0
Aliter : Equation of concentric circle is 

x2 + y2 - 8x + 6y + X = 0
which pass through (-2,-7), then

I Example 5. A circle has radius 3 units and its centre 
lies on the line y = x -1. Find the equation of the cird 
if it passes through (7, 3).

Sol. Let the centre of the circle be (ft, k). Since, the centre lies 
on y = x -1, we get

k = ft - 1 4
Since, the circle passes through the point (7,3), therefore 
the distance of the centre from this point is the radius r of 
the circle. We have,

r = 7(ft ~ 7)2 + (fc — 3)2
3 = 7(ft-7)2 +(ft-l-3)2
9 =(ft - 7)2 + (ft — 4)2 
ft2 - lift + 28 = 0

(ft —7)(ft —4) = 0 
ft = 7 and ft = 4

f 1 22
Therefore, the centre of the circle is at-----,—

I 17 17
Let required circle is

x2 + y2 + 2gx + 2fy + c = 0
1 22Here, - g =---- , - f = —, c = 0

17 17
[•.• Circle passes through origin]

2 2 2x 44x + y +--------- y = 0
17 17

17(x2+y2) + 2x-44y = 0

i 1 22 ITherefore, the centre of the circle is at----- , — .
V 17 17 J

Since, the origin lies on the circle, its distance from the 
centre of the circle is radius of the circle, therefore,

) V 289

or
or
For ft = 7, we get k = 6 from Eq. (i)
and for ft = 4, we get k = 3, from Eq. (i).
Hence, there are two circles which satisfy the given 
conditions. They are

(x-7)2+(y-6)2=9
x2 + y2 - 14x - 12y + 76 = 0

(x - 4)2 + (y - 3)2 = 9
x2 + y2 - 8x - 6y + 16 = 0

x2 + y2 + 2gx + 2fy + c = 0 _(i]
Let O be the centre and ABC be an equilateral triangle 
inscribed in the circle Eq. (i).

A

22
17
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=>

-(iii)

[from Eq. (iii)]

2 - c) sq units.

and

where, 0 < 9 < 2n.

,2

or

I Example 7. Find the parametric form of the equation 
of the circle

..(i)
(ii)

3 
4

•.•(iii)
-(iv)

£
— = -sin2

In ABOM, sin 60° = —
OB

V 2
Therefore, the parametric form of the equation of the given 
circle is

« CM cos© =-----
r

.2
— = -sin2 0

and 
or 
and 
Squaring and adding Eqs. (i) and (ii), then 

(x + 4)2 +(y+ 3)2 =52 

or (x + 4)2 + (y + 3)2 = 25 
(b) The given equations are

x = a cosa + b sina 
y = a sin a - b cosa

Squaring and adding Eqs. (iii) and (iv), then
x2 + y2 = (a cosa + bsina)2 + (a sina - b cosa) 

2 , 2 2.12x +y = a + b

£
2

Locus of the Mid-point of 
the Chords of the Circle that 
Subtends an Angle of 20 at 
its Centre

f [9 r~J- + -- l*4 4

I Example 8. If the parametric of form of a circle is 
given by
(a) x=-4+5cos0 and y=-3+5sin0
(b) x=ocosa+bsinaand y=osina-bcosa 

find its cartesian form.
Sol. (a) The given equations are 

x - - 4 + 5 cos0 
y = - 3 + 5 sin0 

(x + 4)= 5cos0 
(y + 3) = 5sin0

y+2

x2 +y2 +px + py=0.
Sol. Equation of the circle can be re-written in the form

2

Remembering Method :
First make coefficient of x2 = coefficient of y2 =1

and RHS of circle is zero, then = -sin2 0
(radius)2

I Example 9. Find the locus of mid-points of the 
chords of the circle 4x2+4y2 -12x+4y+1 = 0 that 

2ksubtend an angle of — at its centre.

X = - — + ~^= COS0 = — (-1 + 5/2 COS0)
2 V2 2

y = - — + ~ sin0 = — (-1 + V2 sin0)
2 V2 2

X

Sol. Here, 20 = — => 0 = - 
3 3

Equation of circle can be written as

x2 +y2 -3x + y + -j = 0

Required locus is 

x2 +y2 -3x + y +

ff
4,

x2 +y2 -3x + y + - = -—
4 16

16(x2+y2)-48x + 16y + 31 =0

6/
/e r

C (h, k)

V3BM = OB sin60° = (OB)— 
2

BC = 2BM = Ji (OB)

Ji ->
Area of A ABC = — (BC)2

4

= — 3 (OB)2
4

4

... . (x-h)2 +(y-k)2-r
:. Required locus is------------- ------------

r2

Let mid-point M(xx .y,) and centre, radius of circle are 
(h,k)t r respectively, then

V(x, -h)2 +(y, -k)2
r

A
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Exercise for Session 1

(d)5

2

(b) x2 + y2 - 4x + 6y + 87 = 0
(d) x2 + y2 + 4x + 6y + 87= 0

7. If x2 + y2 -2x + 2ay+ a + 3 = 0 represents a real circle with non-zero radius, then most appropriate is
(a)ae(-o3-1) (b)ae(-12)
(c)ae(2,~) (d)a e(-ooi-l)<J(2,~)

2. If the equation ax2 + (2-b)xy + 3y2-6bx + 30y + 6b =0 represents a circle, then a2 + b2 is
(a) 5 (b)13
(c) 25 (d) 41

3. The equation of the circle passing through (4,5) having the centre at (2,2) is
(a) x2 + y2 + 4x + 4y - 5 = 0 (b) x2 + y2 - 4x - 4y - 5 = 0
(c)x2 + y2 - 4x - 13= 0 (d) x2 + y2 -4x-4y + 5= 0

4. Equation of the diameter of the circle is given by x2 + y2 -12x +4y + 6 =0 is given by
(a) x + y = 0 (b) x + 3y = 0
(c) x = y (d) 3x + 2y = 0

5. If the lines 3x -4y + 4 =0 and 6x -8y -7 = 0 are tangents to a circle, then the diameter of the circle is
(a) 2 <b)3

(Of
6. Area of a circle in which a chord of length -J2 makes an angle — at the centre is

(a) -A (b)^
4 z

(c) 71 (d) 271

7. The lines 2x - 3y - 5 = 0 and 3x -4y = 7 are diameters of a circle of area 154 sq units, then the equation of the 
circle is:
(a) x2 + y2 + 2x - 2y - 62 = 0 (b) x2 + y2 + 2x - 2y - 47 = 0
(c) x2 + y2 - 2x + 2y - 62 = 0 (d) x2 + y2 - 2x + 2y - 47 = 0

8. If the lines 2x + 3y +1 = 0 and 3x -y -4 = 0 lie along diameters of a circle of circumference 10rc, then the 
equation of the circle is
(a) x2 + y2 - 2x + 2y - 23 = 0 (b) x2 + y2 - 2x - 2y - 23 = 0
(c) x2 + y2 + 2x + 2y- 23= 0 (d) x2 + y2 + 2x - 2y- 23 = 0

9. The triangle PQR is inscribed in the circle x2 + y2 = 25. If Q and R have coordinates (3, 4) and (-4,3) 
respectively, then Z.QPR is equal to

(a)£
(c)7 (d)?

10. If a circle is concentric with the circle x2 + y2 - 4x - 6y + 9 = 0 and passes through the point (-4, -5), then its 
equation is
(a) x2 + y2 + 4x + 6y - 87 = 0
(c) x2 + y2 - 4x - 6y - 87 = 0
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(d)

13. Find the centre and radius of the circle 5x2 + 5y2 + 4x - 8y = 16.

17. Prove that the locus of the centre of the circle-(x2 + y2) + x cos 6 + y sin0-4 = 0 isx2 + y2 =1

14. Prove that the centres of the circles x2 + y2 = 1,x2 + y2 + 6x -2y -1 = 0 and x2 + y2 -12 x +4y = 1are 
collinear.

11. Let AB be a chord of the circle x2 + y2 = r2 subtending a right angle at the centre. Then, the locus of the 
centroid of the &PAB as P moves on the circle is
(a) a parabola (b) a circle
(c) an ellipse (d) a pair of straight lines

12. Let PQ and RS be tangents extremities of the diameter PR of a circle of radius r. If PS and RQ intersect at a 
point X on the circumference of the circle, then 2r equals
(a) JPQ-RS (b)PQ + RS

2
~(PQ)2 + (RS)2

2

2 + y2 - 4x - 6y = 8 and being

(c) 2PQ.RS, 
PQ + RS

15. Find the equation of the circle whose centre is (t 2) and which passes through the point of intersection of 
3x + y = 14 and 2x + 5y =18.

16. Find the equation of the circle passing through the centre of the circle x 
concentric with the circle x2 + y2 - 2x - 8y = 5.

1 -
2

18. Find the equation of the following curves in cartesian form. If the curve is a circle, then find its centre and radius 

x = -1 + 2cos a, y =3 + 2sin a (0<a<2n)
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Session 2

Diametric Form of a Circle

X' X

y = 2
Now,

and

y=1

or

4'

Diametric Form of a Circle, Equation of Circle 
Passing Through Three Non-Collinear Points

[I Example 11. The sides of a square are
x = 2, x = 3, y = 1 and y = 2 . Find the equation of the 
circle drawn on the diagonals of the square as its 
diameter.

(3,2) 
\C

Remark
The diameteric form of a circle can also be written as

x2 + y2-x(x1 + x2)-y(y, + y2) + x}x2 + y,y2=0

x2 + y2 - x (sum of abscissae) -y (sum of ordinates)

+ product of abscissae + product of ordinates =0

y = 1 /8
(2.1)---------(3,1)

Then, A s (2,1), B = (3,1), C = (3,2) and D = (2,2)
Since, diagonals of squares are the diameters of the circle, 
then equation of circle is

(x - 2)(x - 3) + (y-l)(y - 2) = 0 
=> x2 + y2 - 5x - 3y + 8 = 0 (If AC as diameter).

CO 
ll 
X

Sol. Let ABCD be a square and equation of its sides AB, BC, CD 
and DA are y = 1, x = 3, y = 2, and x = 2, respectively.

(2.2)
DZ

oj 
II 
X

0
r

Sol. Given equations are
x2 + 2ax - b2 = 0

Sol. The centres of the given circles
x2 + y2 + 6x - 14y -1 = 0

and xz + y2 - 4x + lOy - 2 = 0 are (- 3,7) and (2, -5), 
respectively.
According to the question, the points (-3,7) and (2,-5) are 
the extremities of the diameter of required circle.
Hence, equation of circle is

(x + 3)(x - 2) + (y — 7)(y + 5) = 0
=> x2 + y2 + x - 2y - 41 = 0

I Example 12. The abscissae of two points A and Bare 
the roots of the equation x2 + 2ax - b2 = 0 and their 
ordinates are the roots of the equation 
x2 + 2px -q2 = 0. Find the equation and the radius of 
the circle with AB as diameter.

I Example 10. Find the equation of the circle the end 
points of whose diameter are the centres of the circles 
x2 + y2 + 6x-14y = 1 and x2 + y2 -4x + 10y =2.

Slope of AP = ——— 
X-Xt

Slope of BP = ^^- 
x-x2

fry

4^

Theorem : The equation of the circle on the line segment 
joining (x^yj) and (x2,y2) as diameter is

(x-x1)(x-x2)+(y-y1)(y-y2)=0.
Proof: Let A(xj,yj) and B(x2,y2) be the end points of 
a diameter and let P (x, y) be any point on the circle

Y

p jK-L.

—

Since, Z APB = 90°
.*. Slope of AP x Slope of BP = -1

(y-yj y (y-y2)
(x-Xj) (x-x2)

(x-x1)(x-x2)+(y-y1)(y-y2)=0
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i.e. = 0

3
and

=>

=> x

and
B

O'

D
C

(ii)

...(iii)

„.(iv)and ...(iii)

-(iv)

x

= 0

= 0
3

Equation of Circle Passing 
Through Three Non-Collinear 
Points

1
1
1
1

0
1

y-y3 
yi -y-i 
y2 -y-i

Remarks
1. Cyclic quadrilateral If all four vertices of a quadrilateral lie 

on a circle, then the quadrilateral is called a cyclic 
quadrilateral. The four vertices are said to be concyclic.

2. Concyclic points If A B, C.D are concyclic, then
OA-OD = OB-OC

where. O' be the centre of the circle.

Y + 8 = - 2p 
y5 = - g2

or
and
or
Subtracting Eq. (iii) from Eq. (iv), then

44 + 4g + 8/ = 0
Solving Eqs. (ii) and (v), we get

f = - 4 and g = - 3
Now, from Eq. (iii), 17-24-8 + c= 0
=> c =15
Hence, the equation of circle becomes 

x2 +y2 -6x-8y+ 15 = 0

"*4 I Example 14. Find the equation of the circle passing 
through the three non-collinear points (1,1),(2,-1) and 
(3,2).

Sol. Let the equation of circle be
x2 + y2 + 2gx + 2fy + c = 0 ,..(i)

Since, the three given points lie on circle Eq. (i), we get
1 + 1 +2g+ 2/ + c = 0

*1 

x2 

X3

Let the equation of circle be
x2 + y2 + 2gx + 2fy + c = 0 ...(i)

If three points (xt, y j), (x2, y 2), (x 3, y 3) lie on the circle 
Eq. (i), their coordinates must satisfy its equation. Hence, 
solving equations

and x2 + 2px - q2 = 0 ...(ii)
Let the roots of the Eq. (i) be a and 0 and those of Eq. (ii) be 
y and 8. Then,

a + 0 = -2a 
a 0 = - b2

Let A = (a, y) and B = (0,8).
Now, equation of circle whose diameter is AB will be

(x - a)(x - 0) + (y - y) (y - §) = 0 
x2 + y2 - (a + 0) x - (y + 8) y + a0 + = 0

2 + y2 + 2ax + 2py-b2 - q2 = 0 

radius = y(a2 + p2 + b2 + q2)

x - x3
Xi -x3 
x2 -x 

X3

x2 +y2-x2 -yl 
x2+y2~x23-y2 
x22+y22 -x23 ~y23

x21+y2l+2gxl+2fyi+c=0, 

xl +y22 +2^x2 +2fy2 +c=0> 

*3 +y2+2sx3 +2fy3 +c=0>

g, f, c are obtained from Eqs. (ii), (iii) and (iv). Then, to 
find the circle Eq. (i).
Aliter : Eliminate g, f, c from Eqs. (i), (ii), (iii) and (iv) 
with the help of determinant 

x2+y2 
2 . 2

*1 +?1 
2 , 2

x2 +y2 
2 2

x3+y3

I Example 13. Find the equation of the circle which 
passes through the points (4,1),(6,5) and has its centre 
on the line 4x + y = 16.

Sol. Let the equation of circle be
x2 + y2 + 2gx + 2fy + c = 0 ...(i)

Since, the centre of Eq. (i) i.e. (—g, - f) lies on 4x + y = 16 
then, - 4g - f = 16
or 4g + f + 16 = 0
Since, the points (4,1) and (6,5) lie on circle
x2 + y2 + 2gx + 2fy + c = 0, we get the equations

16 + 1 +8g+ 2/ + c=0
17 + 8g + 2f + c = 0

36 + 25 + 12g + lOf + c = 0
61 + 12g + 10/ + c = 0

x-x3
Xi -x3

x2 -X

y-y3 0

-y3 0 
y2 -y3 
y3

y
yi
y2
y3

which is the required equation of circle

Applying R{ -> Rt - R4, R2 —> R2 - R4 and R3 —> R3 

then, we get

x2+y2-x2-y3
*?+y?-*23-y23
x2+y2~x23-y23
4+y23

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


250 Textbook of Coordinate Geometry

,(ii) y

(iii) ,C(3,2)

E
(iv)

0 D
X'- ■X

0
y'

8(2,-1)

Slope of BC =

Equation of OD, y — =

= 0 =>
•0)

or

and
= 0

‘2>

x-1 0y-1

•••(ii)
2 1 1 1

= 0

3 -2 01

2
oc =0

= 0 2=>

...fl)

y 
i 
-i 
2

y
i
-i
2

1
1
1
1

..(v)
•(vi)

(1.1)
A <

x
1
2
3

5
x —

2

x-1 
1 
2

2g + 2f + c + 2 = 0
4 + 1 +4g-2/ +c=0

4g-2f + c + 5 = 0
9 + 4+6g+ 4/ + c = 0

6g + 4/ + c + 13 = 0

Equation of circle is
(x-5/2)2 +(y-l/2)2 =5/2 

x2 + y2 - 5x - y + 4 = 0

f 1Y [5 
+ 2 — = , -

2J V2

/. Circumcentre is | - | and radius
12 2J

Expand with respect to first now, then
(x2 + y2 - 2)(5) - (x -1)(25)+(y -1)(-5) = 0 

or x2 + y2-5x-y + 4 = 0

Aliter II The centre of the circumcircle is the point of 
intersection of the right bisectors of the sides of the triangle 
and the radius is the distance of the circumcentre from any 
of the vertices of the triangle.

and E = | 2, -
I 2

3--
2

I Example 15. Show that the four points 
(1,0), (2,-7), (8,1) and (9,-6) are concyclic.

Sol. Since, the given four points are concyclic, we are to show 
that they lie on a circle. Let the general equation of circle 
is

x2 +y2 -2

2g - 4/ + 3 = 0
and 2g + 6f + 8 = 0
Solving Eq. (v) and Eq. (vi), we get

f = - - and g = - -J 2 2

Now, from Eq. (ii), -5-l + c + 2 = 0
c = 4

Hence, from Eq. (i), equation of circle is
«-2 _ ,, j. a — nx +y -5x -y + 4 =0

Aliter I Equation of circle passing through three points 
(1,1), (2,-1) and (3,2) is 

x2 +y2 
I2 + 12 

22 + (-1)2 
32 +22 

x2 +y2 
2 
5 
13

or

or

or
Subtracting Eq. (ii) from Eq. (iii) and subtracting Eq. (iii) 
from Eq. (iv), then

11 2 1

Expand with respect to fourth column, then 
x2 +y2 - 2 x-1 y - 1 

3 1-2
11 2 1

Let D and E are the mid-points of BC and CA, then

<2 2J
2-(~l)__3
3-2

x y 1
1 1 1
2 -1 1
3 2 1

Applying J?, —> Rj - R2,R3 —» R3 - R2 and R4 —» R4 - R. 
then

x2 + y2 + 2gx + 2fy + c = 0

Slope of OD = -1

1 1
' 2 3

6y - 3 = - 2x + 5
2x + 6y - 8 = 0
x + 3y - 4 = 0

Slope of CA = -—- = - 
1-3 2

Slope of OE = - 2
Equation of OE, 

3 
y-- = -2(x-2)

=> 2y-3 = -4x + 8
=> 4x + 2y-ll = 0

Solving Eq. (i) and Eq. (ii), we get x = - and y = -
2 2
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...(ii)
•••(vi)

X*
0 A (1,0)

Y'

•■•(iii)

(iv)=>

Exercise for Session 2

or 
and

(9)2 + (-6)2 - 10 (9) + 6 (-6) + 9=0
Hence, the point C (9, - 6) lies on the circle, that is, the four 
points are concyclic.

Now, subtracting Eq. (ii) from Eq. (iii), we get 
52 + 2g - 14/ = 0

or 26 + g - If = 0
and subtracting Eq. (iii) from Eq. (iv), we get 

12+12g + 16/ = 0
=> 3 + 3g + 4/ = 0
Solving Eq. (v) and Eq. (vi), we get 

g = - 5 and f = 3
From Eq. (ii), 1 - 10 + c = 0 

c = 9
Therefore, equation of circle passing through these points is 

x2 + y2 - lOx + 6y + 9 = 0
Substituting the fourth point in the equation of this circle, 
we get

has three parameters, it is sufficient to obtain the equation 
of the circle passing through any three of these points. For 
concyclic, the fourth point should lie on this circle.
Let three points A (1,0), B (2, - 7) and D (8,1) lie on Eq. (i), 
then

l + 0 + 2g + 0 + c = 0 or 1 + 2g + c = 0
Y

4. A circle passes through the points (-t 3) and (5,11) and its radius is 5. Then, its centre is

(a) (-5 0) (b) (-5k 7)
(c)(2,7) (d)(5kO)

5. The radius of the circle, having centre at (2,1) whose one of the chord is a diameter of the circle 
x2 + y2 -2x -6y + 6 = 0 is

(a) 3 (b)2
(c)1 (d)V3

6. The centre of the circle inscribed in the square formed by the lines x2 -8x + 12 = 0 and y2 - 14y + 45 =0 is

(a) (4,7) (b)(7,4)
(c)(S(4) (d)(4,9)

(c)f«£
12 4.

C(9,-6) 
8(2,-7)

(2)2 +(-7)2 +2g (2) + 2/(-7) + c = 0
53 + 4g - 14/ + c = 0

(8)2 +(1)2 + 2g (8) + 2/(1) + c = 0
65 + 16g + 2/ + c = 0

D (8, 1) 
\——X

1. If the line x + 2Xy + 7 = 0 is a diameter of the circle x2 + y2 -6x + 2y = 0, then the value of X is

(a) 1 (b)3
(c) 5 (d) 7

2. If one end of a diameter of the circle 2x2 + 2y2 -4x -By + 2 = 0 is (-1 2), then the other end of the diameter is

(a) (21) (b)(3k2)
(c)(4.3) (d)(5k4)

3. If a circle passes through the points (0,0), (a, 0) and (0, b \ then centre of the circle is

(b)f—)
A2 2)

(d)f-,-1
A4 2)
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i

7. ABCD is a square whose side is a. The equation of the circle circumscribing the square, taking AB and AD as 
the axes of reference is
(a) x2 + y2 + ax + ay = 0 (b) x2 + y2 - ax + ay = 0
(c) x2 + y2 - ax - ay = 0 (d) x2 + y2 + ax - ay = 0

8. The locus of the centre of the circle for which one end of the diameter is (3, 3) while the other end lies on the
line x + y = 4 is
(a) x + y = 3 (b) x + y = 5
(c) x + y = 7 (d) x + y = 9

9. The equation of the circle which passes through (1, 0) and (0,1) and has its radius as small as possible is
(a)x2 + y2 + x+y = 0 (b) x2 + y2-x+y = 0
(c)x2 + y2 + x-y = 0 (d) x2 + y2-x-y = 0

10. If the points (2,0), (0,1), (4,5) and (0, c) are concyclic, then the value of c is
0)1 (b)-1
(c)^ (d)-^

3 3

11. The point on a circle nearest to the point P(2,1) is at a distance of 4 units and farthest point is (6, 5), then the 
centre of the circle is
(a) (3+ 72,2 + 42} (b) (2 + 42,3 + 42)
(c) (4+72,3+ 42} (d) (3+72,4+72)

12. The intercept on the line y = x by the circle x2 + y2 - 2x =0 is AB. Equation of the circle on AB as a diameter is
(a)x2 + y2-x-y = 0 (b)x2 + y2-x + y = 0
(c) x2 + y2 + x +y = 0 (d)x2 + y2 + x-y = 0

13. Find the equation of the circle, the end points of whose diameter are (2, -3) and (-2,4). Find the centre and 
radius.

14. If (4,1) be an extremity of a diameter of the circle x2 + y2 - 2x + 6y -15 = 0, find the coordinates of the other 
extremity of the diameter.

15. Find the equation of the circle drawn on the diagonal of the rectangle as its diameter whose sides are 
x =4, x = -2,y =5 and y = -2.

16. Find the equation of the circle which passes through the points (1,1), (2,2) and whose radius is 1.

17. Find the equation of the circle which passes through the points (3,4), (3, -6) and (t 2).

http://www.252
http://www.252
http://www.jeebooks.in


Session 3

„.(i)

(0,y2)D

Intercepts Made on the Axes by a Circle, Different 
Forms of the Equations of a Circle, Position of a Point 
with Respect to Circle, Maximum and Minimum 
Distance of a Point from the Circle

A^~- 
(*1-0)

Remarks
1. Intercepts are always positive.
2. If circle touches Z-axis, then | =0

c = g2
and if circle touches X-axis, then | CD| =0

c = /2

3. If circle touches both axes, then | =0 =| CD|
c=g2 = /2

Different Forms of the 
Equations of a Circle
(i) When the circle passes through the origin 

(0,0) and has intercepts 2a and 2[J on the 
X-axis and Y-axis, respectively 
Here, OA = 2a, OB = 2p
then, OM = a and ON = p
Centre of the circle is C(a, p) and radius

OC = 7(a2 +P2)

?i +y2 =-2/,yiy2 =c
II=1 y2 -yd=7(^2 +yi)2 -4y2yi

= 2^f2~c)

= c
*2 +X1)2 ~4X1X2

= 2yl(g2 -C)

and the circle intersects the Y-axis, when x = 0, then 
y2+2fy+c=0

Since, the circle intersects the Y-axis at C (0, y t) and 
D(o.y2) 
then,

(o.yOC- 
x'~

Y'

I Example 16. Find the equation of the circle whose 
diameter is the line joining the points (-4,3) and 
(12,-1). Find also the intercept made by it on Y-axis.

Sol. Equation of circle having (-4,3) and (12, -1) as the ends of 
a diameter is

(x + 4)(x - 12) + (y-3)(y + 1) = 0
=> x2 + y2 - 8x - 2y - 51 = 0
Comparing Eq. (i) with standard equation of circle 

x2 + y2 + 2gx + 2fy + c = 0
then, g = -4, / = -1, c = -51
.’. Intercept on Y-axis = 2 - c) = 2 ^(1 + 51) = 4-713.

t~x 
(x2.0)

The circle intersects the X-axis, when y = 0 
then x2 +2gx +c=0

Since, the circle intersects the X-axis at A (xj, 0) and 
B(x2,0)
then, xj + x2 = ~2g, xlx2

| AB | = |x2

Intercepts Made on the Axes 
by a Circle
Let the circle x2 + y2 +2gx +2fy + c =0

Length of intercepts on X-axis and Y-axis are
| AB | = |x2 - Xj | and) CD | = | y2 - ?! | respectively.

Y

http://www.jeebooks.in
http://www.jeebooks.in


254 Textbook of Coordinate Geometry

Y

B

Cfa,®

■X
0 A

Y

N

-X0 M

•X0 M

x2 +y2 -2ax -20y +a2 =0
.2

,2

•C(a,p;N a

X0 a

Xp

-xNa

C(a,P)
ip

C(a,pj

P

N j 

\P

p7
fl
MR 
\/

0 
0

Remark
If the circle x2 + y2 + 2gx + 2fy + c = 0 touches the X-axis, then 

\-g\=Jg2 + f2-c

or c = f2

(iv) When the circle touches both axes
Here, | OM | = | ON |
Since, length of tangents are equal from any point on 
circle.

Remark
If the circle x2 + y2 + 2gx + 2fy + c = 0 touches the X-axis, then

\-f\=Jg2 + f2-c or c=g2

(iii)When the circle touches Y-axis
Let (a, P) be the centre of the circle, then 

radius = | cc |
Y

then, equation of circle is
(x-a)2 + (y-p)2 = a2 + pz 

x2 + y2 - 2ax - 2^y = 0or

Remark
If a circle is passing through origin, then constant term is absent 
i.e. x2 + y2 + 2gx + 2fy = Q

(ii) When the circle touches X-axis
Let (a, p) be the centre of the circle, then radius =| (31

Equation of circle is
(x-a)2+(y-P)2=p2
Y

Equation of circle is
(x-a)2+(y-p)2=a2

=> x2+y2-2ax-2py+ p2 =0

Let centre is (a, a) also radius = a
Equation of circle is (x - a)2 + (y - a)2 =a2

=> x2+y2-2ax-2ay+a2 =0

___
« m

a „C (a, aj

: a t

Remarks
1. If the circle x2 + y2 + 2gx + 2fy + c = 0 touches both the axes, 

then \-g\=\-f\ = Jg2 + f2-c

c=g2 = f2 
g=f = ±Jc 

Equation of circle is
x2 + y2±2jcx±2jcy+c=0

=> (x± Vc)2 + (y± Vc)2 = c:
2. If a> 0, then centres for I, II, III and IV quadrants are 

(a,a),(-a,a),(-a,-a) and (a,-a), respectively. 
Then, equation of circles in these quadrants are

(x - a)2 + (y - a)2 = a2, (x + a)2 + (y - a)2 = a2, 
(x + a)2+(y + a)2 = a2and(x-a)2 + (y + a)2 = a2, 
respectively.

(v) When the circle touches X-axis and cut-off 
intercepts on Y-axis of length 2l
Let centre be (a, P)

Y
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(say)

a,-
■X

Q0

X0

In ACMQ,

(for I quadrant)

C(0,a)

*X0

Let centre be (a, p)
X

Remarks
Length of intercept on X-axis of the circle 

x2 + y2 + 2gx + 2fy + c=0 \s2k=2^(g2-c) 

k2=g2-c

Remark
v Length of intercepts on X-axis of the circle 

x2 + y2 + 2gx + 2fy + c = 0 is 2/ =2^(f2 -c) 

l2=f2-c

i.e.

and also circle touches X-axis
then, c=f2

k2=g2-f2 = {-g)2-(~f)2
Locus of centre is x2 - y2 = k2 (rectangular hyperbola)

(vii)When the circle cut-off intercepts on X-axis 
and Y-axis of lengths 2/ and 2k and not 
passing through origin

!~l 
k M k

C 
(a, 0)radius = a

CN = CQ=a

a2=p2+fc2

p = 7(a2-k2)
Equation of circle is

(x-a)2 + (y-/a2 -k2)2 =a2

i.e,

and also circle touches X-axis
then, c=g2

t2 = f2-g2 or /2 = (-/)2-(-g)2
Locus of centre is y2 - x2 = I2 (rectangular hyperbola)

(vi) When the circle touches Y-axis and cut-off 
intercept on X-axis of length 2 k
Let centre be (a, p)

y+

radius = p
CQ = CN=P

In ACMQ, p2 = Ct2 +12,a = -J(P2 - I2) (for I quadrant)

Equation of circle is

[x-7(P2-I2)]2 + (y-P)2 = P2

radius = CP = CQ = X
(CP)2 =(CQ)2 = X2

a2 + fc2 =p2 +l2 = X2
a = -^X2 -k2 and P = -^X2 - I2

Equation of circle is (for I quadrant)

(x - 7x2-fc2)2 +(y - ^X2-/2)2 = X2
(viii) When the circle passes through the origin 

and centre lies on X-axis
Let centre of circle be C (a, 0)

X

= a2 or

radius = a
Equation of circle is

(x-a)2 +(y-0)2 =a2 or x2+y2-2ax-Q

(ix) When the circle passes through origin and 
centre lies on Y-axis
Let centre of circle be C (0, a)

Y

a
N j........
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2

or

or

y

In APCAf,

5

-X3 M 3 0

or

and

or

(i)

or g
or

P 
Y'

C(5,4) 
4

I Example 19. Find the equation of the circle which 
touches the axes and whose centre lies on the line 
x - 2y = 3 .

Sol. Since, the circle touches both the axes, let the radius of the 
circle by a, then
Case I If centre (a, a) but given centre lies on 

x - 2y = 3 
a - 2a = 3 .

a = - 3
Centre = (-3,-3)

2^g2-0) = a 

g = ±a/2 
2^(f2-c) = b

From Eq. (i), the equation of circle can be written as 
x2 + y2 ± 2 y](c + 9) x ± 2 Vcy + c = 0

The circle touches the Y-axis
x=0

t 2-Jcy + c = 0

(y ± Vcj2 =0

2 V(/2-0) = &

f = ±b/2
Hence, the equation of circle from Eq. (i) becomes 

x2 + y2 ± ax ± by = 0

8 Example 18. Find the equation of the circle which 
passes through the origin and makes intercepts of 
length a and b on the X and Y axes, respectively.

Sol. Let the equation of the circle be
x2 + y2 + 2gx + 2fy 4- c = 0 ...(i)

Since, the circle passes through the origin, we get c = 0 and 
given the intercepts on X and Y axes are a and b 
then, 2-J(g2 - c)=a

CM = NO = 4

(PC)2 =(3)2 +(4)2

PC = 5 
radius of circle = 5

NC = 5 
Centre of circle is (5,4).

Yf

or
therefore,

and
Hence, there are 4 circles which satisfy the given 
conditions. They are

x2 + y2 ± lOx ± 8y + 16 = 0

radius = a
/. Equation of circle is 

(x-0)2 + (y-a)

x2 + y2 -2ay =0

y = + Vc
Since, the circle touches the Y-axis at a distance of 4 units 
from the origin, we have

y = + 4c = 4

c = 16
f = ± 4c = ± 4
g = ± 7C + 9 = ± + 9 = i 5

y2

I Example 17. Find the equation of the circle which 
touches the axis of y at a distance of 4 units from the 
origin and cuts the intercept of 6 units from the axis 
of x.

Sol. v

= a2

N “J 
T[ 
4

:. Equation of circle, if centre in I quadrant
(x - 5)2 + (y - 4)2 = 25

If centre in II, IH and IV quadrant, then equations are
(x + 5)2 + (y — 4)2 = 25,

(x + 5)2 + (y + 4)2 = 25

and (x - 5)2 + (y + 4)2 = 25
Hence, there are 4 circles which satisfy the given 
conditions. They are

(x ± 5)2 + (y ± 4)2 = 25

or x2 + y2 ± lOx ± 8y + 16 = 0
Aliter : Let the equation of the circle be

x2 + y2 + 2gx + 2fy + c = 0
Since, the circle touches the Y-axis

c = f2
or f = ±4c

Also given the circle makes an intercept of 6 units along 
X-axis. Therefore,

2^g2-c=6

2-c = 9

g = ±4(c+9)
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and

(-a, a) (a. a)

aX'- -X
a

(-a,-a) (a,-a)

...(i)
Y'

2

•••(ii)

or

or or

radius = | - 31 = 3 
y

Case II If centre =(a, -a) 
Since, centre lies on x - 2y = 3 

a + 2a - 3 
a = 1

/. Centre of circle is (1, -1) and radius = 111 = 1 
Hence, equation of circle will be 

(x-1)2 + (y + l)z = 1 

or x2 + y2 - 2x + 2y + 1 = 0
Aliter II: Let the equation of circle is 

x2 + y2 + 2gx + 2fy + c = 0 
centre = (-g, - f)

Since, centre (-g, - f) lies on x - 2y = 3 
or -g + 2f = 3
Since, circle touches both axes 

g2 = f2 = c or g = ± f 
if g = f, then from Eq. (ii), -f + 2f =3 
/. f = 3 and g = 3
but c = f2 = g2 = 9

Equation of circle from Eq. (i) is 
x2 + y2 + 6x + 6y + 9 = 0 

and if g = - f, then from Eq. (ii) 
/ + 2f=3 
f = 1 and g = - 1 

but c = g2 = f2 = 1
Equation of circle from Eq. (i) is 

x2 + y2 - 2x + 2y + 1 = 0

Aliter III: Since, centre of circle lies on x - 2y = 3, also 
since circle touches the axes, therefore, its centre will lie on 
the line y - x or y = - x
Case I When the centre lies on the line y = x 
but x - 2y = 3

x - 2x = 3 
x = - 3 = y

Hence, the centre = (-3, - 3) and radius = | - 31 = 3 
Therefore, the equation of circle in this case will be 

(x + 3)z + (y + 3)2 = 32 
or x2 + y2 + 6x + 6y + 9 = 0
Case II When the centre lies on the line y = - x 
but x - 2y = 3
or x + 2x = 3

x = 1 then y = - 1
Centre of circle (1, -1) and radius is 111 = 1 

Hence, equation of circle will be
(x - I)2 + (y + l)2 = 1 

x2 + y2 - 2x + 2y + 1 = 0

.‘.Equation of circle is
(x + 3)2 + (y + 3)2 = 3‘ 

and x2 + y2 + 6x + 6y + 9 = 0 
Case II If centre (-a, a) but centre lies on x - 2y = 3 

-a — 2a = 3
a = -1

then, centre = (1, -1) and radius = |-11 = 1 
Equation of circle is (x - I)2 + (y + I)2 = 1 

or x2 + y2 - 2x + 2y + 1 = 0 
Case III If the centre = (-a, - a) 
but centre lies on x - 2y = 3

- a + 2a - 3
a = 3

then centre (-3, - 3) and radius = 131 = 3 
Equation of circle is

(x+3)2 +(y + 3)z =32 

or x2 + y2 + 6x + 6y + 9 = 0 
Case IV If centre = (a, - a) but centre lies on x - 2y - 3 
or a + 2a = 3

a = 1
then centre = (1, -1) and radius = 1 

Equation of circle is
(x - I)2 + (y + I)2 = 1 

or x2 + y2 - 2x + 2y + 1 = 0 
Aliter I: Since, the circle touches both the axes, therefore 
its centre will be (a, ± a) and radius will be | a |, where a is 
positive or negative number.
Case I If centre = (a, a) 
Since, centre lies on x - 2y = 3 

a - 2a = 3
a = -3

Centre of circle is (-3, - 3) and radius = | - 31 = 3. 
Hence, equation of circle will be

(x + 3)2 + (y + 3)2 = 32

x2 + y2 + 6x + 6y + 9 = 0
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.-•B (6, 5)

■x

Since

or
or

N

■X

10n

or

Since, the circle touches the coordinates axes in first 
quadrant and the radius of circle be 5 units.

Centre of circle is (5,5)
Moving length of circle = circumference of the circle 

= 2nr = 2n (5) = 1071
Now, centre of circle in new position is (5 + 10?t, 5) and 
radius is 5 units, therefore, its equation will be 

(x-5-10n)2 +(y-5)2 = 52 

x2 + y2 -10 (1 + 2ti) x - lOy + IOOti2 + IOOti + 25 = 0

0(5+10 it, 5) 

< h,

Position of a Point with 
Respect to Circle
Theorem : A point(Xj,yi) lies outside, on or inside a 
circle

A = (2,2), B = (6,5)
AB = 7(2 - 6)z + (2 - 5)2

= 716 + 9=5

y*

I Example 22. Discuss the position of the points (1,2) 
and (6,0) with respect to the circle 

x2 +y2 -4x+2y-11=0.

Sol. Let S = x2 + y2 - 4x + 2y - 11 = 0 for the point (1,2)

= I2 + 2Z -4-1+2-2-11 =-6
Sj < 0

and for the point (6,0)
S2 = 62 +0-4-6 + 2-0-11

= 36-24 -11
= 36 - 35=1

S2 > 0
Hence, the point (1,2) lies inside the circle and the point 
(6,0) lies outside the circle.

I Example 23. The circle x2+y2 -6x-10y+X = 0 
does not touch or intersect the coordinate axes and 
the point (1, 4) is inside the circle. Find the range of 
values of X.

=>

where, $i =xj + yf + 2gx1 +2fyy +c.

I Example 20. A circle of radius 2 lies in the first 
quadrant and touches both the axes of coordinates. 
Find the equation of the circle with centre at (6,5) and 
touching the above circle externally.

Sol. Given, AC = 2 units
and

then

I Example 21. A circle of radius 5 units touches the 
coordinate axes in first quadrant. If the circle makes 
one complete roll on X-axis along the positive direction 
of X-axis, find its equation in the new position.

Sol. Let C be the centre of the circle in its initial position and 
D be its centre in the new position.

y

♦ y'

AC+ CB = AB
2 + CB = 5

CB = 3
Hence, equation of required circle with centre at (6,5) and 
radius 3 is . 2 , r-2 r+j

<0

CP>,~, or
(CP)2>,=, or <r2

(xi+g)2+(Xi+/)2 >,=» or 

x?+y?+2gXi+2^i+c>, =, or 

Sj >,=, or <0

M 
5 

r

)

X'^— 
0

(x-6)2 +(y-5)2 =32 

xz + y2 - 12x - lOy + 52 = 0

S = x2 +y2 +2gx +2fy + c=0 

according as Sj >, =, or < 0 
where, Sj = x2 + y2 +2gXj + 2fy} +c.

Proof: Let P (Xj, yx) be the given point and let C be the 
centre of the circle
Then, C = (-g,-/)

CP=V(x, +£)2 +(y, + f)2
If r be the radius of the circle, then 

/z 2 , r2 7 r = V(g +/ -c)

The point P lies outside, on or inside the circle according 
as
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L

-xX' o M

...(i)

or

-(ii)
Also,

...(ui)

-(i)

■2 - c) respectively

Sol. Let■2 - c) = CA = CBr =

B

'C (7. 5)

X- X0
'P

Maximum and Minimum 
Distance of a Point from 
the Circle

=5

=>

Remark
If point P inside or outside or on the circle and centre of circle at 
Cand radius r, then minimum distance of P from the circle 
=| CP - /-| and maximum distance of P from the circle = CP + r

Sol. Let S s x2 +y2-6x- lOy + X = 0
v Point (1,4) is inside the circle, then < 0

Y

I Example 24. Find the shortest and largest distance 
from the point (2,-7) to the circle

x2 +y2 -14x -lOy-151=0

S = x2 + y2 - 14x - lOy - 151 = 0
Sj=(2)2+(-7)2 -14 (2) - 10 (-7)-151 = -56 <0

y

A
Y

Case III If P on the circle
In this case Sj = 0
the minimum distance of P from the circle = 0
and the maximum distance of P from the circle

= PA = 2r

The minimum distance of P from circle = PA = CA - CP 
= r-CP

and the maximum distance of P from circle = PB
= CB + CP = r + CP

Case II If P outside the circle
In this case S1 > 0 the minimum distance of P from 
circle

= PA = CP - CA =CP - r
and the maximum distance of P from the circle

= PB = CP + CB = r + CP

Let any point P (xp yj) and circle
S = x2 +y2 + 2gx + 2fy+c=0

The centre and radius of the circle are

C(-g,-f) and 7(?
Case I If P inside the circle
In this caseS! <0

7

Y'
1 + 16-6- 40 + X<0

=> X<29
Centre and radius of the circle are (3, 5) and 7(34 - X), 
respectively.
V Circle does not touch or intersect the coordinate axes. 

5 > r and 3 > r
5 > 7(34 - X) and 3 > 7(34 - X) 

25 > 34-X and9 > 34 -X 
X > 9 and X > 25 
X>25

34 - X > 0 
X<34

From Eqs. (i), (ii) and (iii), we get 25 < X < 29
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A =

Exercise for Session 3

(d)8

(d)7

(b) |X|= 2y[5 (c) |X|=3V5 (d) |X|= 475

P (2, - 7) inside the circle 
radius of the circle, r = ^(-7)2 + (-5)z + 151 =15 

v Centre of circle C = (7,5)
CP = y(7 -2)2 +(5 + 7)2 = 13

Shortest distance = PA = r - CP = 15 - 13 = 2 
and Largest distance = PB = r + CP = 15 + 13 = 28

7. A circle passes through the points A(t 0) and 8(5,0) and touches the /-axis at 0(0, X). If ZACS is maximum, 
then 
(a) |X|=V5

6. The centre of the circle touching Y-axis at (0,3) and making an intercept of 2 units on positive X-axis is 
(a)(1Q73) (b)(73,10) (c) (Tw, 3) (d) (3, VlO)

I Example 25. Find the points on the circle 
x2 + y -2x+4y-20 = 0 which are farthest and 
nearest to the point (-5,6).

Sol. The given circle is S = x2 + y2 - 2x + 4y - 20 = 0
Let P = (-5,6)

(d) x2 + y2 = 4k2(b) x2 + y2 = 2k2 (c) x2 + y2 = 3k2

1. The length of intercept, the circle x2 + y2 + 10x-6y + 9 = 0 makes on the X-axis is
(a) 2 (b)4 (c)6

2. The circle x2 + y2 + 4x -7y + 12 = 0 cuts an intercept on Y-axis is of length
(a)1 (b)3 (c)5

3. The locus of the centre of a circle which passes through the origin and cuts-off a length 2b from the line x = c is
(a)y2 + 2cx = b2 + c2 (b)x2 + cx =b2 + c2 (c)y2 + 2cy = b2 + c2 (d)x2+ cy = b2 + c2

4. If a straight line through C(-78,78) making an angle of 135° with the X-axis cuts the circle x =5cos0, y -5sin9 
at points A and 8, then the length of AB is
(a) 3 (b)5 (c)8 (d) 10

5. If a circle of constant radius 3k passes through the origin and meets the axes at A and 8, the locus of the 
centroid of AOAB is 
(a) x2 + y2 = k2

For the point P
Sj =25 + 36 + 10 + 24-20

= 75>0
.'.Point P(-5,6)lies outside the circle.
The centre and radius of the circle are (1,- 2) and 5, 
respectively.

CP = 7(1+ 5)2 + (-2- 6)2 = 10
Now, point A divides CP in the ratio 

AP CP-r 10-5 .----=--------=-------= i 
AC r 5

.'.A is mid-point of CP.
1-5 -2 + 6^

2 ’ 2 J

or A = (—2,2)
and C is the mid-point of AB.

B = (2xl-(-2),2x-2-2)
or B = (4,-6)
Hence, point A(-2,2) is nearest to P and B (4,- 6) is farthest 
from P.
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8. The equation of a circle whose centre is (3, -1) and which intercept chord of 6 units length on straight line
2x -5y + 18=0 is
(a) x2 + y2 - 6x + 2y - 28 = 0 (b) x2 + y2 + 6x - 2y - 28 = 0
(c) x2 + y2 + 4x - 2y + 24 = 0 (d) x2 + y2 + 2x - 2y - 12 = 0

9. The locus of the centre of a circle which touches externally the circle x2 + y2 -6x -6y +14 = 0 and also 
touches the Y-axis, is given by the equation
(a)x2-6x-10y + 14=0 (b)x2 - 10x-6y+ 14 = 0
(c)y2-6x-10y+ 14 = 0 (d)y2-10x-6y+ 14 = 0

10. The locus of the centre of a circle of radius 2 which rolls on the outside of circle x2 + y2 + 3x - 6y -9 = 0 is

(a) x2 + y2 + 3x - 6y + 5 = 0 (b) x2 + y2 + 3x - 6y - 31 = 0
(c)x2 + y2 +3x-6y+11= 0 (d)x2 + y2 + 3x-6y-36 = 0

11. The point ([A+ 1],[A]) is lying inside the circle x2 + y2 -2x-15 = 0. Then, the set of all values of Xis (where [.] 
represents the greatest integer function)
(a) [-2,3] (b)(-2,3) (c) [-2,0) u (0,3) (d) [0,3)

12. The greatest distance of the point (10,7) from the circle x2 + y2 - 4x - 2y - 20 = 0 is

(a) 5 (b) 10 (c) 15 (d)20

13. Find equations to the circles touching Y-axis at (0,3) and making intercept of 8 units on the X-axis.

14. Show that the circle x2 + y2 - 2ax - 2ay + a2 = 0 touches both the coordinate axes.

15. If the point (A, - A) lies inside the circle x2 + y2 - 4x + 2y - 8 = 0, then find range of A.

16. Find the equation of the circle which passes through the origin and cuts-off chords of lengths 4 and 6 on the 
positive side of the X-axis and Y-axis, respectively.
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Session 4

...(i)

••■(ii)

-(iii)
a

(0.0)

(0. 0)

oror

or

or

Intersection of a Line and a Circle, Product of the 
Algebraical Distances PA and PB is Constant when 
from P, A Secant be Drawn to Cut the Circle in the 
Points A and B, The Length of Intercept Cut-off from 
a Line by a Circle, Tangent to a Circle at a Given Point, 
Normal to a Circle at a Given Point

Intersection of a 
Line and a Circle

from (0,0) to y = mx + c
=> a > length of perpendicular from (0,0) to y = mx + c 
Thus, a line intersects a given circle at two distinct points 
if radius of circle is greater than the length of 
perpendicular from centre of the circle to the line.
Case II When the points of intersection are coincident, 
then Eq. (iii) has two equal roots

I c I a > = length of perpendicular
7(1+™2)

B2 -4AC>0 

4m2c2 -4(l+m2)(c2 -a2)>0 
,2

B2 -4AC = 0 

4m2 c2 - 4(1 + m2) (c2 

c2 
(1 + m2) 

|c| fl = - 1 -

-^(1 + m2) 

a= length of the perpendicular from the point (0,0) to 
y = mx + c 
Thus, a line touches the circle if radius of circle is equal to 
the length of perpendicular from centre of the circle to the 
line.

a2

a2

= a2

-a2)=0

Let the equation of the circle be 
2 2 2x + y = a* 

and the equation of the line be 
y = mx + c 

From Eq. (i) and Eq. (ii) 
x2 + (mx +c)2

or (1+m2) x2 + 2mcx + c2 -a2 =0

Case I When points of intersection are real and distinct, 
then Eq. (iii) has two distinct roots.

c
1 + m2

M
y = mx + c
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A

oro<

or

2

From Eq. (i),

Substituting in Eq. (ii), then x2 +

=>

—V

=> or

From Eq. (i), y = 4

2 h

Sol. We have, 
and

Case III When the points of intersection are imaginary. 
In this case (iii) has imaginary roots

0 
(0.0)

....(i)

-.(ii)

1+m
y-mx+ c
or a < length of perpendicular from (0,0) to y = mx + c 
Thus, a line does not intersect a circle if the radius of 
circle is less than the length of perpendicular from centre 
of the circle to the line.

2
= 25

= = length of perpendicular from (0,0) to 
2

Product of the Algebraical 
Distances PA and PB is 
Constant when from P, A 
Secant be Drawn to Cut the 
Circle in the Points A and B
If a straight line through P (a, 0) makes an angle 0 with 
the positive direction of X-axis, then its equation is 

x-a _y~P_r 
cos 0 sin 0

B /____

a2

B2 -4AC<Q

4m2 c2 -4(l + m2)(c2 -a2)=0 

c2

1 + m2

The Length of Intercept 
Cut-off from a Line by a Circle
Theorem : The length of the intercept cut-off from the

9 9 9
line y = mx + c by the circle x + y" = a is

a2 (l + m2)-c2 

(1 + m2)

18-2x1 
3 J 

9x2 + 4 (9 - x)2 = 225 
9x2 +4(81-18x + x2) = 225 
13x2 -72x +324 -225 = 0 

13x2 - 72x + 99 = 0 
(x - 3)(13x - 33) = 0 

33 x = 3 or x = — 
13 
56 or y=— 
13

Hence, the points of intersection of the given line and the 
■ 1 ,o j (33 56^given circle are (3,4) and —, — .

113 13 J

2x + 3y = 18
x2 + y2 = 25

18-2x

I Example 26. Find the points of intersection of the 
line 2x + 3y = 18 and the circle x2 + y2 =25.

M = mx + c

Ae \ 7pAA--------X. /
(a. P) ------

where, r is the algebraical distance of the point (x, y) from
the point P (a, (3).

(x,y) =(a+ rcos0, P + rsin0)
If this point lies on the circle x2 +y2 + 2gx +2fy +c =0

(a + r cos0)2 + (p + r sin0)2 + 2g (a + r cos0)

+ 2/(P + rsin0) + c=0
r2 + 2r (acos 0 + (3 sin0 + g cos0 + f sin0)

+ (a2 +p2 + 2ga + 2f$ + c) =0

This is quadratic equation in r, then PA and PB are the 
roots of this equation.

PA • PB = a2 + p2 + 2ga + 2/p + c = constant

Since, RHS is independent of 0.

Remark
Secants are drawn from a given point A to cut a given circle at the
pairs of points Pv (?,; P2. Qn, then

AP} ■ AQ = AP?- AQ2 = ...= APn ■ AQn
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then OM = 0

(y = mx + c) =

and

P

0

In AOPM, Q
0 (-2,1)

M

PQ=2PM = 2 . P

i.e. = 0

or

M =

Let OM be the perpendicular from 0 on the line

c2 =a2(1 + m2)
which is the required condition for tangency.

2. If a line touches the circle, then length of perpendicular 
from the centre upon the line is equal to the radius of the 
circle.

I

Draw perpendicular from 0 upon x-y + 2 = 0is OM.
Equation of OM which is perpendicular tox-y + 2 = 0is 
x + y = X, it passes through (-2,1)
Then, -2 + 1 = X

X = -l
then equation of OM isx + y+l=0
Since, M is the mid-point of PQ which is point of 
intersection ofx-y + 2 = 0 and x + y + 1 = 0, coordinates of

M is

I Example 27. Find the length of the intercept on the 
straight line 4x - 3y -10 = 0 by the circle 
x2 + y2 -2x + 4y -20 = 0.

Sol. Centre and radius of the circle x2 + y2 - 2x + 4y - 20 = 0 
are (1,-2) and ^1 + 4 + 20 = 5 respectively.

4x - 3y - 10 = 0
 | 4 x 1 - 3 x (-2) - 101

^42 + (-3)2

Hence, line 4x - 3y - 10 = 0 passes through the centre of the 
circle.
Hence, intercepted length = diameter of the circle

= 2x5=10

0 
(0.0)

Proof: Draw OM perpendicular to PQ
Now, OM = length of perpendicular from O (0,0) to 

|C|

7(1+^2)
OP- radius of the circle = a

PM = ^(OP)2 -(OM)2

I Example 28. Find the coordinates of the middle point 
of the chord which the circle x2 + y2 + 4x - 2y - 3 = 0 
cuts-off the line x - y + 2 = 0.

Sol. Centre and radius of the circle x2 + y2 + 4x - 2y - 3 = 0 are 
(-2,1) and ^4 + 1 + 3 = 2y/2 respectively.

S'---------\ x-y + 2 = 0

I Example 29. For what value of X will the line 
y = 2x + X be a tangent to the circle x2 + y2 = 5 ?

Sol. Comparing the given line with y = mx + c, we get 

m = 2, c = X and given circle with x2 + y2 = a2 

then a2 = 5

(1 + m2) -c2 

1+m2

3 1]
2’2/

Aliter : Let M = (a, 0), then
a +2  0 - 1   (-2-1 + 2)

1 -1 1 + 1
(Here, M is foot of perpendicular)

a +2  0 - 1  1
1 -1 ~2

3 j n 1a = - - and 0 = -
2 2

3 1A
2 2J

c2 a2

(1 + m2)
a2 (1 + m2)-c2

1 + m2

Remarks
1. If the line y = mx + c touches the circle x2 + y2 = a2, then 

intercepted length is zero

a2(1 + m2)-c2
1 + m2

PQ = 0 =>2
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c (0, 0) TVs

M

y = 2x + X

or

=>

...(iv)

(x-Xi) ...(V)y-y\ =

from Eq. (iv) in Eq. (v),Putting the value of

(x-Xi) ...(vi)y~y\ =-

Let PQ be a chord and AB be a secant passing through P. 
Let P be the fixed point and move along the circle towards 
P, then the secant PQ turns about P. In the limit, when Q 
coincides with P, then the secant AB becomes a tangent to 
the circle at the point P.

...(ii)

,..(iii)

=>
or

Different forms of the equations of tangents

1. Point form :
Theorem : The equation of tangent at the point P (Xj, y j) 
to a circle

7 Condition for tangency is
c2 = a2 (1 + th2)
X2 =5(1 + 4)
X2 = 25

X = ±5
Aliter: Since, line y = 2x + X
or 2x - y + X = 0
is the tangent to the circle x2 + y2 = 5 then length of 
perpendicular from centre upon the line is equal to the 
radius of the circle

-Xi)+2/(y2-y1)=Q

-Xi)(x2 +Xj + 2g)+(y2 -yj 

(?2 +7i +2f)=0

y2 ~7i
x, - X

---------------- yd 

x2l+y2i+2gxl+2jy1+c=0 

and x2 + y2 + 2gx2 +2fy2 + c=0 

On subtracting Eq. (ii) from Eq. (iii), we have 
(x2 -x2) + (y2 -y2) + 2g 

(x2 

=* (x2

Tangent to a Circle at a 
Given Point

| CM |=75 
|0 — 0 + X| _ 
"7TTT

Js
|X| = 5

X = ±5

\^2

Now, the equation of the chord PQ is 
/ \ 

y2 ~7i 
x2 - Xi 

/ \ 
y2 ~7i

<X2 "Xl, 

then equation PQ becomes
'xj +x2 + 2g 

<7i +72 + 2f ;

Now, when Q -» P (along the circle), line PQ becomes 
tangent at P, we have x2 —> xlty2 —»yP So, the equation 
of tangent at P(x1,y1) is :

x2 + y2 +2gx +2fy + c =0 is

+77i +g(*+*i) +/(7+7i)+c = 0
Proof: Since, P (Xj, y j) be a point on the circle

x2+y2+2gx+2fy+ c=0 ,..(i)

Let Q (x2, y2) be any other point on the circle Eq. (i). Since, 
points P(xj,yj) and Q(x2,y2) lie on the circle, therefore
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(X-Xj)y-yi =-
7

(x-Xi)=» y-yi =-

i

3 3

+ y2 + 2gx +2fy + c = Q a

(i)

T

Slope of CP

(say)Slope of tangent = -

and (say)

(x-xjy-yi =-

=t>

=>

or

Wrong process : Mostly students use wrong process 
Suppose any curve

and 
respectively.
Now,

3x + 4y = 25
4x - 3y = 25

...(i)
-(ii)

wi 1 J 7

Equation of tangent at P (x,, y ,) is

Its centre is C (-g, -/)

_y,-(-/) y.+/

Since, tangent PT is perpendicular to CP.
( + /|

I Example 30. Prove that the tangents to the circle 
x2 + y2 =25 at (3,4) and (4,-3) are perpendicular to 
each other.

Sol. The equations of tangents to x2 + y2 = 25 at (3,4) and 
(4, -3) are

Remarks
1. For equation of tangent of circle atfXpy,), substitute xx, for 

x2,yyy for y2, forx,for y and xy' * forxy and 

keep the constant as such.

2. This method of tangent at (x,. y,) is applied only for any 
conics of second degree, i.e. equation of tangent of 
ax2 + 2hxy + by2 + 2gx + 2fy + c=0 at (xv y0

is axx, + /Xxy, + x,y) + byy, + g (x + x>) + f(y + y,) + c=0

=c2

3 
slope of Eq. (i) = — = m,

4 
4

slope of Eq. (ii) = — = m2

m}m2 = “1

xx, + b

\xi ■ jy

(y-yi)(yi +/)+(xi + s) (* - xi)=0
xxx +371 +gx+fy = x2y +yj +gx, + _fy. 

On adding gx, + fyy + c to both sides, we get 
xxi + yy, +^x + x,)+/(y+y,)+c

= x2 +y2 +2gxl+2fyl+c=0 [from Eq. (i)] 

or xx,+yy,+g(x + x,) + f(y+ y,)+c=0 
This is the required equation of the tangent PT to the 
circle at the point P (x,, y,).

Clearly,
Hence, Eq. (i) and Eq. (ii) are perpendicular to each other.

I Example 31. Find the equation of tangent to the 
circle x2 +y2 -2ox = 0at the point 
[o (1 + cosa), osina].

Sol. The equation of tangent of x2 + y2 - 2ax = 0 at
[a (1 + cosa), asina] is
x-a(l + cosa) + y. asina - a[x + a(l + cosa)] = 0 

=> ax cosa + ay sina - a2(l + cosa) = 0
x cosa + y sina = a(l + cosa)

ax" + by" = c 

or a(x)(x2) + h(y)(y2) = c

Equation of tangent at (x,, y,)
(x + x/ 

2 ,

' Xj + x, + 2gA

+?i +2/

\/i 1 j y

(y-yi)(yi +/)+(x-x,)(x, +g)=o 
+yyi +gx+fy = x2 + y2 +gxl+fy

On adding gx, + fy} + c to both sides, we get 
xx, + yy, + g(x + x,)+/(y + y,) + c 
= x2 + y2 +2gx, +2fyy + c = 0 [from Eq. (ii)] 

=> xx,+yy,+g(x + x,) + f (y+y,) + c = 0 
This is the required equation of the tangent PT to the 

. circle at the point (x,, y,).
Aliter : Since, circle is x2

P(x,,y,) lie on the circle
x2+y2 + 2gx,+2/y,+c=0

'y+y/

I 2 )
which is a second degree conic not the equation of 
tangent.
Reason : This method is applicable only for second degree 
conic, its a third degree conic, (find its tangent only by 
calculus)

http://www.266
http://www.266
http://www.jeebooks.in


267Chap 04 Circle

asin
We get

cos
7 7

(i)

2

-(ii) Proof

Ya

(4>)Q
P(0)0

*xX'* 02

+ y sin = acosxcos
7

cosor

x
x

cos
7 77

acos
+ysin =acosxcos

andyLet x =

acos
or +yx

cos cos 2
7

0+0
_2
a'

/
acos

asin^

/ 
acos / 

acos

a\

cos 
k

cosI
Remembering method :

Now, point of intersection is 
(0 + 0 

2

• ( 
sin —w

0 + 0'
2 ,

0-0+a = i8O°

e-0^ _
2 7

90°-“)
2j

/ 7

9 + 0'
< 2 y 
e-0^

2

= a" at(x1,y1)
! (using point form of the tangent)

Xj =acosO, yj =asin0
x cosG + y sin6 = a

(9 + 0
2

0-0^
2

I Example 32. Show that the circles 
x2 + y -4x + 6y + 8 = 0and x2 + y2 -10x 
-6y +14 = 0 touch at (3,-1).

Sol. Equation of tangent at (3, -1) of the circle 
x2 + y2 - 4x + 6y + 8 = 0 is

3x + (-1) y-2(x + 3) + 3(y — l) + 8 = 0
or x + 2y - 1 = 0
and equation of tangent at (3, -1) of the circle 
x2+y2 - lOx-6y + 14 =0is

3-x + (-1)-y - 5(x + 3) - 3(y - 1) + 14 = 0
or -2 x - 4y + 2 = 0 
or x + 2y - 1 = 0
which is the same as Eq (i).
Hence, the given circles touch at (3, -1).

2. Parametric form :
Theorem: The equation of tangent to the circle 
r2 +y2 = a2 at the point (a cos0, a sin0) is 

rcos9+y sin0 = a
Proof: The equation of tangent of x2 + y2 

isxx, + yy, = a2

Putting
then, we get
Corollary 1: Equation of chord joining (a cos0, a sin0) 
and (a cos 0, a sin 0) is 

9 + 0' 
2 ,

Corollary 2 : Point of intersection of tangents at 
(acos0,asin0) and (a cos0, a sin0) is 

''9 + 0'1 
------ a sm 

L 2 )

2

a2
a
2

2 2x +y = — 
sin

2 2x +y = — 
sin

=a2

'9-0 
k 2

9 + 0V
2 ,

e-0A
2 J

'0 + 0
k 2 ,

(0-0A
2

0 + 0'
2 > 

(0-(|A
2 J

9 + 0^
I 2 ,

'9 + 0'
2 y

0-0^
2

asin^ 

sin^y sin^ 

'0 + 0 
k 2 

. 'a' sm —
< 2 > 

a2

2j

Corollary 3 : The angle between a pair of tangents from a 
point P to the circle x2 +y2 = a2 is a. Then, the locus of 

the point P is
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(0

(ii)

=>

and = +3

,+= 100
7

,21.

or
or

:,+

-a
7<1 + m2),

a

\

£l=Zl = 
m -1

am _ a

7(i+m2) 7(i+m2)>
= mx + c is the tangent of the circle

Xi = ±

Here, a= —
2.

£i = - 
m

I Example 34. The angle between a pair of tangents 
from a point P to the circle x2+y2-6x-8y+9 = 0 is 
71
—. Find the equation of the locus of the point P.
3 it it

Sol. Here, 20 = — or 0 = — 
3 6

a
=,+ , 
) 7(1 +rn2)

Required locus is

x2 + y2-6x-8y + 9 = (9 + 16-9)cot2- 
6

x2 +y2 -6x-8y + 9 = 16x3
x2 + y2-6x-8y-39 =0

I Example 33. The angle between a pair of tangents 
from a point P to the circle x +y =25 is —. Find the 
equation of the locus of the point P.

Sol. Here, a = —
3

2 2.'. Required locus is x + y = —
sin

Remarks
1. The angle between a pair of tangents from a point Pto the 

circle x2 + y2 + 2gx + 2fy + c = 0 is 20, then the locus of Pis 
x2 + y2 + 2gx + 2fy + c = (g2 + f2 - c)cot2 0

2. If angle between a pair of tangents from a point P to the 
circle x2 + y2 = a2 is —, then the locus of P is

2
x2 + y2 =2a2

which is director circle of x2 + y2=a2.
(•.•locus of point of intersection of perpendicular tangents is 
director circle)

3. The equation of the tangent to the circle
(x -a)2 + (y-b)2 = r2 at the point(a + r cos0,6+ rsin0)is 

(x-a)cos0+(y-6)sin0 = r.

c,

am

1 + m2

Proof: Let y 
x2 +y2 =a2.

Length of perpendicular from centre of circle (0,0) on
(y = mx + c) = radius of circle

I C_L— -g => c = ±a 7(l + m2)
7(l + m2)

3. Slope form :
Theorem : The equation of a tangent of slope m to the 

099 / 9
circle x +y =a isy =mx ±a y(l + m ) and the
coordinates of the point of contact are

±

On substituting this value of c in y = mx + c, we get 

y = mx+ a\(l + m2') 

which are the required equations of tangents.
Also, let (xj, y j) be the point of contact, then equation of 
tangent at (xx, yj) to the circle x2 + y2 = a2 is 

xxi +yyj = a2

On comparing Eq. (i) and Eq. (ii), we get 
a2

±a y(l + m2)

71 _± a

1 -Ju+">2)
am=> *,=±t=

yjl+m2 
c

Hence, (xj.yj) = ±

Corollary: It also follows that y = mx + c is a tangent to 
x2 + y2 =a2, if c2 = a2 (1 +m2) which is condition of 
tangency.

Remarks
The reason why there are two equations y = mx ± a^1 + m2, 

there are two tangents, both are parallel and at the ends of 
diameter.

2. The line ax + by + c = 0 is tangent to the circle x2 + y2 = r2 if 
and only if c2 = r2 (a2 + b2).

3. If the line y = mx + c is the tangent to the circle x2 + y2=r2,
f 2 2'

then point of contact is given by - —I c CJ
4. If the line ax + by + c=0 is the tangent to the circle

' 2
x2 + y2 = r2, then point of contact is given by - —

I c
5. The condition that the line lx + my+ n=Q touches the circle 

x2 + y2 + 2gx + 2fy + c =0 is
(lg + mf-n)2 = (l2 + m2)(g2 + f2-c).

6. Equation of tangent of the circle x2 + y2 + 2gx + 2/y + c=0in 
terms of slope is
y + f = m(x + g) ± J(g2 + f2 - c) + m2)

7. The equation of tangents of slope m to the circle
(x - a)2 + (y - b)2 = r2 are given by
(y - b) = m (x - a) ± r ^(1+ m2)

and the coordinates of the points of contact are 

a±-rmr ,b+ r
W + m2)
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or

=>

2
1 +

=>

(i)

or

...(ii)
and C = -and circle

3
2

I Example 36. Prove that the line lx + my + n = 0 
touches the circle (x-a)2 + (y -b)2 = r2 if 
(al + bm + n)2 = r2(l2 + m2).

•(i)
(ii)

Aliter:
Here, line is lx + my + n = 0 and circle is 
(x - a)2 + (y - b)2 = r2. Here, centre of circle (a, b) shift at 
(0,0), then replacing x by x + a and y by y + b in the 
equation of straight line lx + my + n = 0 and circle 
(x - a)2 + (y - b)2 = r2, the new form of straight line and 
circle are

1 +
k 7

4y = -3x±15 or 3x + 4y±15 = 0
2

(ii) Slope of 2x + 3y + 7 = 0 is —
3

or
and 
respectively.
On comparing Eq. (i) with y = Mx + C
, Ithen M =-----

m
(al + bm + n)

m

I (x + a) + m (y + b) + n = 0 
lx + my + (al + mb + n) = 0 
x2+y2=r2

= r2(l2 + m2)

I Example 35. Find the equations of the tangents to 
the circle x2 + y2 =9, which
(i) are parallel to the line 3x + 4y -5 =0

(ii) are perpendicular to the line 2x+3y+7=O
(iii) make an angle of 60° with the X-axis

Sol. (i) Slope of 3x + 4y - 5 = 0 is - —
4

3 y =----x ± 3
4

3
A Slope of perpendicular to 2x + 3y + 7 = 0 is - = m (say)

2

then, perpendicular distance from (0,0) on Eq. (ii) = radius 
, lXl,.,=3

732 + (-2)2
|X| = 3a/13

or X = ± 3V13

From Eq. (ii), equations of tangents are
3x - 2y ± 3^13 = 0

(iii) Let equation of tangent which makes an angle of 60° 
with the X-axis is

3 
Let m =----

4
and equation of circle is x2 + y2 = 9
a Equations of tangents 

and given circle is x2 + y2 = 9
Equations of tangents perpendicular to 2x + 3y + 7 = 0 is

y=-x±3 
2

2y = 3x ± 3 V13 

or 3x - 2y ± 3>/13 = 0 

(iii) Since, tangent make an angle 60° with the X-axis 
A m = tan 60° = >/3

and given circle x2 + y2 = 9 
A Equation of tangents y = 45x ± 3 ^1 + (>/3)2 

or 73 x -y ±6 = 0 

Aliter:
(i) Let tangent parallel to 3x + 4y - 5 = 0 is

3x + 4y + X = 0 
and circle x2+y2=9 
then perpendicular distance from (0,0) on Eq. (i) = radius

IM
•J(32 + 42)

| X |=15 
X=±15 

From Eq. (i), equations of tangents are 
3x + 4y ± 15 = 0

(ii) Let tangent perpendicular to 2x + 3y + 7 = 0 is
3x - 2y + X = 0 

x2 +y2 =9

or Tix - y + c = 0

and circle x2 + y2 = 9 
then, perpendicular distance from (0,0) to Eq. (iii) = radius

= 3 
7(^)2+(-i)2

or |c | = 6
or c = ± 6
From Eq. (iii), equations of tangents are

■Tix - y ± 6 = 0

Sol. If the line lx + my + n = 0 touches the circle 
(x - a)2 + (y - b)2 = r2, then length of the perpendicular 
from the centre = radius 

| la + mb + n |  
yj(l2+m2) 

(la + mb + n)2
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or
,2

or

-2

are identical, then

andor

...(iii)

or

2
5

,.(i)
(ii)

I Example 39. Show that the line
(x - 2) cosO + (y - 2) sinO = 1 touches a circle for all 
values of 0. Find the circle.

...(ii)

...(>)
...(ii)

Since, Eq. (i) is the tangent of Eq. (ii), then 
C2=r2(l + M2) 

(a/ + bm + n)2 
Z2 m

Hence, point of contact is (-

and lx + my = 1

I m 1 
j 2 2Xj = la , = ma

but(Xpy,)lie onx2 + y2 

then, l2a* + m2a* = a 
12 . 2 “2l + m = a

/.Locus of (I, m) is x2 + y2 = a

= a2
,2

Sol. Since, lx + my = 1 touches the circle x2 + y2 = a2.
Then, length of perpendicular from (0,0) on lx + my = 1 is 
equal to radius

then,

( I2}
I m J

2 (I2 + m2)(al + bm + n)2 = r

= = a or I2 + m2 = a 
2

= r2

Sol. Given line is (x - 2) cos6 + (y - 2) sin0 

1 =cos20 + sin2 8 
On comparing

x - 2= cos 8 
and y - 2= sin 8
Squaring and adding Eq. (i) and Eq. (ii), then 

(x-2)2 + (y-2)2 =cos28 +sin28 

(x - 2)2 + (y - 2)2 = 1 

or x2+y2-4x - 4y+ 7 =0
Aliter: Since, tangent at (cos 8, sin 8) of 

x2 + y2 = 1 
is x cos0 + y sin8 = 1
replacing x by x - 2 and y by y - 2 in Eqs. (i) and (ii), then 

(x-2)2+(y-2)2 =1 ...(iii)
(x - 2) cos8 + (y - 2) sin8 = 1 ...(iv)

Hence, Eq. (iv) touches the circle Eq. (iii).
Equation of circle is

(x-2)2 +(y-2)2 = 1 

x2 + y2 — 4x — 4y + 7 = 0

|-1|
Jl2 + m

Hence, locus of (I, m) is x2 + y2 = a-2
Aliter : Let the point of contact of line lx + my = 1 and 
circle x2 + y2 = a2 is (xp yj, then tangent of circle at 
(xpyjis xxj +yy, =a2

Since, xXj + yyt = a2

I Example 38. If lx + my = 1 touches the circle 
x2 + y2 = a2, prove that the point (/, m) lies on the 
circle x2 + y2 =a“2.

I Example 37. Show that the line 3x-4y = 1 touches 
the circle x2 + y2 -2x+4y+ 1 = 0. Find the 
coordinates of the point of contact.

Sol. The centre and radius of the circle
x2 + y2 - 2x + 4y + 1 = 0 are (1, - 2)

and J(-l) + (2)z -1=2 respectively.

Since, length of perpendicular from centre (1,-2) on
3x - 4y = 1 is

13 x 1 - 4 x (-2) - 11 _ 10

V(3)!+(-4)2 5
= 2 = radius of the circle

Hence, 3x - 4y = 1 touches the circle
x2 + y2 — 2x + 4y + 1 = 0

Second part: Let point of contact is (xp yj), then tangent 
at (Xp y,) on x2 + y2 - 2x + 4y + 1 = 0is

-(x + x1) + 2(y + y1) + l'=0
x(x1-l) + y(y1+2)-x1+2y1 + l=0 ...(i)

and given line 3x - 4y - 1 = 0 ...(ii)
Since, Eq. (i) and Eq. (ii) are identical, then comparing Eq. (i) 
and Eq. (ii), we get

x, - 1 _ yj + 2 _ - Xj + 2yj + 1
3 “ -4 -1

1 j 2
Xj = -- and y, = --

f 1 2^
.*. Point of contact is —, — L

\ 5 5y

Aliter for second part: Since, perpendicular line to 
tangent always passes through the centre of the circle, 
perpendicular line to

3x - 4y = 1
is 4x + 3y = X
which passes through (1, - 2), then

4-6 = X
X = -2

From Eq. (ii), 4x + 3y = -2
Solving Eq. (i) and Eq. (iii), we get the point of contact i.e.

1 . 2x = — and y = —
5 5
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or

-(i) (Here, a = b = 1 and h = 0)

f (Wi)

-T

,2

y-yi

or

(say)Slope = = mior

X -Xj 

1-Xj +0+0

Remarks
1. Normal always passes through the centre of the circle. 

Just write the equation of the line joining (xv y,) and the 
centre of the circle.

2. The equations of the normals show that they pass through 
the centre i.e. the normals are the radii which we know from 
Euclidean geometry.

Proof:
Equation of the given circle is

x2 + y2 + 2gx + 2fy + c = 0

Its centre C is (-g,-/)

C 
(-g.-0

0 9 9
Corollary 1: Equation of normal of x + y =a at 
(xpyjis

Normal to a Circle at a
Given Point
The normal of a circle at any point is a straight line which 
is perpendicular to the tangent at the point and always 
passes through the centre of the circle.

write first two rows as ax, + hy1 + g and hx, + by, + f 
Then, normal at (xv y,) of conic (i)

x-x, y-y,
ax, + hyy + g hxy + by} + f

Different form of the Equation of Normals
I. Point form:
Theorem: The equation of normal at the point P (xj, yj) 
to the circle x2 + y2 + 2gx + 2fy + c = 0 is

x-xi _y-y,

y^+f

I Example 40. Find the equation of the normal to the 
circle x2 + y2 = 2x, which is parallel to the line 
x + 2y = 3.

Sol. Given circle is x2 + y2 - 2x = 0
Centre of given circle is (1,0)
Since, normal is parallel to x + 2y = 3 
let the equation of normal is x + 2y = A. 
Since, normal passes through the centre of the circle i.e. 
(1.0) 
then 1 + 0 = A,

A = 1
then, equation of normal isx + 2y = 1
or x + 2y - 1 = 0
Aliter Equation of normal at (xp y,) of x2 + y2 - 2x = 0 is

x - x, _ y - y,
Xj - 1 y, - 0

yi
Xj -1

y-y> 
O + l-y, +0

(Here, g,f = 0 and a = b -1) 
x-Xj ~y-y,

Ji

x = y_
xi Ti

Corollary 2 : Equation of normal of
x2 +y2 + 2gx +2Jy + c = 0at(x1,y1) is

x-X] _y-yt
*i+£ Vi+f

Let P(x1,y1) be the given point.
Normal of the circle at P (x,, yj) passes through centre 

C(-g.-f) of the circle.
Then, equation of normal CP passes through the points 
C(-g,-f) andP(xi,yj)is

Jy’+/)(x-x.) 
(x,+g)

x-*i _y-yi 
yi+Z

This is the required equation of normal at P (xt, y j) of the 
given circle.

Remark
Easy method to find normal at (xv y,) of second degree conics 

ax2 + 2hxy + by2 + 2g x + 2fy + c=0 ... (i)

a h g
then, according to determinant h b f 

g f c
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(say)

/.Equation of normal at (5,6) with slope — is

=>

or

or
=>

Exercise for Session 4

(c)(2,-7) (d)(-2,-5)21
5,

5 
x —

2

or

5x —
2 X 

cos0

2x - 10
5

_ y-6
7

y = mx, where m = tanQ 

which is slope form of normal.

2. Circle x2 + y 2 -4x -8y -5 = 0 will intersect the line 3x -4y = X in two distinct points, if

(a)-10<X<5 (b) 9 < X < 20 (c)-35<X<15 (d)-16<X<30

3. If the line 3x -4y + X = 0, (X > 0) touches the circle x2 + y2 -4x -8y -5 = 0 at (a,b), then X + a + b is equal to

(a) -22 (b) -20 (c) 20 (d) 22

4. Tangent which is parallel to the line x - 3y - 2 = 0 of the circle x2 + y2 - 4x + 2y - 5 = 0, has point/points of

contact
(a) (1,-2) (b)H2) (c)(3,4) (d) (3. - 4)

5. If a circle, whose centre is (-1,1) touches the straight line x + 2y = 12, then the co-ordinates of the point of 
contact are 

(a)f-Z.-4
I 2

5
2

=> 14x-70 = 5y-30
14x - 5y - 40 = 0

Aliter I: Since, centre of the circle
x2 + y2 - 5x + 2y - 48 = 0 is [ - 11 normal at (5,6) is the

V 2 J

Sol. Equation of the normal at (5,6) is 
x-5 y-6 x-5 y-6------= £-----  => = -  = 
5_5-- 6+1--------- 5--------7

2

{b)f"T

I Example 41. Find the equation of the normal to the 
circle x2 + y2 - 5x + 2y - 48 = 0 at the point (5,6).

(d)2r o

y-6=y(x-5) 

5y-30=14x-70 
14x - 5y - 40 = 0

equation of a line, which passes through I - 1 j and (5,6) is 
\ 2
 14

7 ~ 5

1. The length of the chord cut-off by y = 2x +1 from the circle x2 + y2 = 2 is

(a) | (b)? (c) ®
6 D “V 3

y
= or y = x tan0 

sinO

Since normal is parallel to x + 2y = 3
1 Slope = - - = m2

2. Parametric form
Since, parametric coordinates of circle x2 +y2 =a2 is 
(a cos0, a sin0).

Equation of normal at (a cos0, a sin0) is 

x  y 
a cos0 a sin0

Aliter II: Equation of tangent at (5,6) is

5-x + 6-y--(x + 5) + (y + 6)-48 = 0
2

lOx + 12y - 5x - 25 + 2y + 12 - 96 = 0
5x + 14y - 109 = 0

Slope of tangent = ~~

14Slope of normal = —

but given m, = m2

——— = - - or x, + 2yt - 1 = 0
Xj -1 2

Locus of(xp yj is x + 2y - 1 = 0

6 + 1 y+1=_

2
7

y + l = -(2x-5)

5y + 5 = 14x-35 or 14x-5y-40 = 0

14
5
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2

(a) (b) (c) (d)

3

5

(d) (2, 1)

7(a2-^‘) 
2b

2b 
a-2b

b 
a-2b

(c) x + y = 4 (d) x + y = 8

= mx-b7(1 + m2) is a common tangent to x2 + y2 = b

6. The area of the triangle formed by the tangent at the point (a, b) to the circle 
axes is

(a)7T
2ab

(c)~ 
ab

r4 r4 r4(b) —— (c)— (d) —
2|ab | ab \ab |

7. The equation of the tangent to the circle x2 + y2 + 4x -4y+ 4 = 0 which make equal intercepts on the positive 
coordinate axes is
(a) x + y = 2 (b) x + y = 242

8. If a > 2b > 0, then the positive value of m for which y 
and (x-a)2 + y2 = b2 is

2b

V(a2-*>2)
9. The angle between a pair of tangents from a point P to the circle x2 + y2 = 16is — and locus of P is

3
x2 + y2 = r2, then value ofr is
(a) 5 (b) 6 (c) 7 (d) 8

10. The normal at the point (3,4) on a circle cuts the circle at the point (-1, -2). Then, the equation of the circle is

(a) x2 + y2 + 2x - 2y - 13 = 0 (b) x2 + y2 - 2x - 2y - 11 = 0

<c) x2 + y2 - 2x + 2y+12=0 (d) x2 + y2 - 2x - 2y + 14 = 0

11. The line ax + by + c = 0 is a normal to the circle x2 + y2 = r2. The portion of the line ax + by + c = 0 intercepted
by this circle is of length
(a) >/r (b)r (c)r2 (d)2r

12. If the line ax + by + c = 0 touches the circle x2 + y2 -2x = - and is normal to the circle x2 + y2 + 2x -4y +1 = 0,
'5

then (a,b) are

(a) (13) (b) (3,1) (c)(t2)

13. Show that for all values of 0, x sin 6 - y cos 0 = a touches the circle x

14. Find the equation of the tangents to the circle

x2 + y2 =r2 and the coordinate

2 + y2=a2.

x2 + y2-2x-4y-4=0

which are (i) parallel (ii) perpendicular to the line 3x - 4y -1 = 0.

15. Find the equation of the family of circle which touch the pair of straight lines x2 - y 2 + 2y -1 = 0.

16. Find the value of A so that the line 3x - 4y = A may touch the circle x2 + y2 - 4x - 8y - 5 = 0.

17. Show that the area of the triangle formed by the positive X-axis, the normal and tangent to the circle 
x2 + y2 =4 at(1, V3)is2>/3.
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•(i)

2

then, = a...(ii)

or2

or
or

or

,2 •(■)

.(ii)

n 8 m = 0,----
15

Tangents from a Point to the Circle, Length of the 
Tangent from a Point to a Circle, Power of a Point 
with Respect to a Circle, Chord of Contact, Chord 
Bisected at a Given Point, Pair of Tangents, 
Director Circle

If P outside the circle, then substituting these values ofm 
in Eq. (ii), we get the equation of tangents.
Aliter:
First write equation of line through (x,, y t) say

y-yi = ?n(x-x1)
which is tangent of the circle x2 +y2 = a2, then

length of perpendicular from centre (0,0) to Eq. (i) = radius 
of the circle

(x?
which is quadratic in m which gives two values of m.

i Example 42. Find the equations of the tangents to 
the circle x2 + y2 = 16 drawn from the point (1,4).

2 2

2 m

-a2

-yj
yj(l + m2)

(mx! -yj2 = a2 (1 + m2)

m2x2 -2mxly1 + y2 = a2 +a2m

- a2) -2mx1yl +y2 -a2 =0

Sol. Given circle is 
xz + y2 = 16

Any tangent of Eq. (i) in terms of slope is 
y = mx + 4 -J(l + m2) 

which passes through (1, 4) 
then, 4 = m + 4-J(l + m2)

=> (4 - m)2 = 16(1 + m2)
15m2 + 8m = 0

-mxj2

Tangent from a Point 
to the Circle
Theorem : From a given point two tangents can be drawn 
to a circle which are real, coincident or imaginary 
according as the given point lies outside,on or inside the 
circle.
Proof: If circle is x2 + y2 = a

any tangent to the circle Eq. (i) is 
y =mx + a J(1 + m2) 

If outside point is (x j, y j) 

then, y} =mx1 +a yl + m

(yj -mxj2 = a2 (1+m2) 

y2+m2x2 -2mx1y1 -a2 +a2m2 

m2(x2 -a2) -2mx1y1 +y2 -a2 =0 

which is quadratic in m which gives two values of m. 
(real coincident or imaginary) corresponding to any value 
of Xj andyj.
The tangents are real, coincident or imaginary according 
as the values of m obtained from Eq. (iii) are real, 
coincident or imaginary.
or Discriminant >, =, or <0
=> 4x2y2-4(x2-a2)(y2

=> (x2+y?-a2)>,= or<0

i.e. P (x,, y j) lies outside, on or inside the circle 
x +y =a.
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and

...(0

4

7(7or

T
c(-g^

T'

p^-y^

or

=>

=>

r

R

or

2 sin a >
(-2,3) 

\2 sin a

Remarks
1. To find length of tangent

let S =x2 + y2 + 2gx+ 2fy+c
then. S, = x2 + y2 + 2gx, + 2fy. + c

where, P(xv y,)
length of tangent =

2. ForS, first write the equation of circle in general form i.e. 
coefficient of x2 = coefficient of y2 = 1 and making RHS of 
circle is zero, then let LHS byS.

l+“-
225

I 4 - m |  
7m2 +T 
(4 - m)2 = 16(m2 + 1) 

15m2 + 8m = 0

7(x1+2)2+(y1-3)2

7(Xi + 2)2 + (y,-3)2 =2
or (xj+2)2+(y1-3)2 = 4
The required locus of P(xp yx) is

(x + 2)2 + (y —3)2 =4

In A PCT, 

PT = J(PC)2 -(CT)2 

= 7(xi +$)2 +(3'i +/)2-S2 ~f2 +c 
= 7(xi + ?i + 2Sxi +2^i + c) = & = PT'

where, S, = x2 + y2 + 2gxt +2fy{ +c

Length of the Tangent from a 
Point to a Circle

I Example 44. Find the length of tangents drawn from 
the point (3,-4) to the circle 
2x2+2y2 -7x-9y-13 = 0.

Sol. The equation of the given circle is
2x2 +2y2 -7x-9y-13=0

Re-writing the given equation of the circle 
2 2? 9 13 i.e. x+y —x—y-----= 0

2 2 2

From Eq. (ii), equations of tangents drawn from (1,4) are 
y = 4 

8 y =-----x + 4
15

or 8x +15y = 68 respectively.
Aliter: Equation of line through (1, 4)isy-4 = m(x-l) 
=> mx - y + 4 - m = 0
Then, perpendicular length from centre (0,0) to 
mx-y + 4- m = 0is equal to radius 

then,

Theorem : The length of tangent from the point
P(x1,y1) to the circle x2 +y2 + 2gx + 2fy + c = 0 is 

7<x? + y2 +2gxj +2jyj +c) =7^7

Proof: Let PT anC PT' be two tangents from the given 
point P(x1,y1) to the circle x2 +y2 +2gx +2fy + c =0. 

Then, the centre and radius are C (-g, -f) and

2 - c) (= CT = CT') respectively.

Distance between P (xp yj and centre of circle C (-2,3) is 
CP=V(x,+2)2+(yi-3)2

I A Dr-r • CT 2 sinaIn A PCT, sina = —
CP

n 8.. m=Q,-----
15

From Eq. (i), equation of tangents from (1, 4) are y = 4 and 
8x + 15y - 68, respectively.

I Example 43. The angle between a pair of tangents 
from a point P to the circle x2 + y2 + 4x - 6y + 9 sin2 a 
+ 13cos2a=0 is 2a. Find the equation of the locus of 
the point P.

Sol. Let coordinates of P be (Xj.yJ and given circle is 
x2 +y2 + 4x-6y+ 9sin2a + 13cos2a =0 

(x + 2)2 + (y - 3)2 - 4 - 9 +9 sin2 a + 13 cos2a = 0 

(x + 2)2 +(y-3)2 + 9sin2a - 13(1 - cos2a) = 0 

(x + 2)2 + (y - 3)z = 4sin2a
Centre and radius are (-2,3) and 2 sina, respectively.
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Let

•(>)

or

[From Eq. (»)]

(let)

0 4

3
M '4

rR

B
T,

.-.In APQC,
A

DCand

InAPAfQ,

and

192
25

x2 +y2 + 2gx+2fy+ c =0isS1

where, = xj + y2 + 2gxx + 2fyx +c

Proof: Let P (*i, y j) be a point outside the circle and PAB 
and PCD drawn two secants. The power of P (xj, y,) with 
respect to

16
5

3/2 + 3g2 + 12/ + 12g + 6 = 0
/2 + g2 + 4/ + 4g + 2 = 0 
/2 + g2 + 4/ + 4g =-2

S = x2 + y2 + 2gx + 2fy + c = 0 

is equal to PA • PB which is
xj + y2 +2gXj +2fy1 +c=S1

/. Power remains constant for the circle

(0,0)C<..
3

___^(4>3) 
aT7

I Example 46. Show that the area of the triangle 
formed by tangents from the point (4,3) to the circle

„ 2 2 7 9 13S= x +y --x - -y-----
J 2 2 2

7 Q IQS,=(3)2 + (—4)2-lx3-^x(-4)-^ 
Z Z Z

= 25- — + 18——= 43—17 = 26 
2 2

Length of tangent = =726

Power of a Point With 
Respect to a Circle
Theorem : The power of a point P (Xj, yj) with respect to 
the circle

I Example 47. Show that the length of the tangent 
from any point on the circle x2 + y2+2gx + 2jy + c = 0 
to the circle x2 + y2 + 2gx + 2jy+ q =0 is -c).

Sol. Let (xp yj be any point on

x2 + y2 + 2gx + 2fy + c = 0 

then xf + y2 + 2gx1 + 2fyx + c = 0

Length of tangent from (xp yj to the circle 
x2 + y2 + 2gx + 2fy + c, = 0 is 

7*i2+yi2+2gXi+2fyi + Cj 

=7(-c + Ci)=7(ci-e)

eM=T
Area of APQP = i-QP-PM

= -(2QM)-PM = (QM)(PM) 
2 
fl2> 

ss ----

n 17 = 7 — sq units

x2+y2 =9 and the line segment joining their points of 

contact is 7 ~ square units in length.

Sol. Since, PQ = PR = ^42 + 32 - 9 = 4 units

ZCPQ = ZCPP = a
PC = 7(4 - 0)2 + (3 - 0)2 = 5 units

3 tana = —,
4
3 sma = -
5
4 cosa = —
5
PM 4 cosa = — = — 
4 5

16
PM = —

5
QM 3 

sin a = = -
4 5

I Example 45. If the length of tangent from (f,g) to 
the circle x2 + y2 = 6 be twice the length of the 
tangent from (/, g) to circle x2 + y2 + 3x+ 3y = 0, then 
find the value of f2 + g2 + 4/ + 4g.

Sol. According to the question
•j(g2 + f2 “6) = 2 7(/2 + g2 + 3/ + 3g)

On squaring g2 + f2 - 6 = 4/2 + 4g2 + 12/ + 12g

or
or
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T'lx'.y')

2

2

and xy by

or

2

= tan

Remark
If Poutside, inside or on the circle, then PA-PB is + ve, -ve 
or zero, respectively.

Chord of 
.contact .

Le. independent of A and B.
PA-PB = PC-PD=(PT)2 = S, =(y[s^)2

PA-PB = (yjs^)2 = square of the length of tangent.

Corollary 2 : Equation of the circle circumscribing the 
triangle PTT' is

(x -Xi )(x +g) +(y -yj )(y+f) = 0, 
where, O(-g,-f) is the centre of the circle

x2 + y2 +2gx + 2fx + c = 0

P(xi.yi)

Then, equations of tangents PT and PT' are
xx' + yy' = a2 and xx" + yy" = a2 respectively.

Since, both tangents pass through P (xt, yj), then 
/ / 2X1X + y^ =a

and XjX +yiy =a

•: PointsT(x',y') andT'(x",y") lie on
xxj + yy, = a2

Equation of chord of contact TT' is xxx + yyx = a

Remark
Equation of chord of contact like as equation of tangent at 
that point but point different.

Now, for chord of contact at (Xj, y j), replacing x2 by
2i L x + x, , y + y, x*i>y byyypxby—-—,yby——

Lt

2LR(a) Length of chord of contact TT'= =
yl(R2+L2)

(b) Area of triangle formed by the pair of tangents and its
RL3chord of contact =---------

R2+L2
(c) Angle between the pair of tangents from P(x1 ,y j)

2RL
L2-P2J

Chord of Contact
From any external point, two tangents can be drawn to a 
given circle. The chord joining the points of contact of the 
two tangents is called the chord of contact of tangents. 
Theorem : The equation of the chord of contact of 
tangents drawn from a point (Xj, y t) to the circle 
x2 +y2 = a2 is xxt + yyx =a2.

Sol. Let T (x',y') and T'(x",y") be the points of contact of 
tangents drawn from P (xp yj to x2 + y2 = a2.

2

2
Corollary 1: If R is the radius of the circle and L is the 
length of the tangent from P(xl ,yx) on S = 0.
Here, L = then

I Example 48. Find the power of point (2,4) with 
respect to the circle x2 + y2 - 6x + 4y -8 = 0

Sol. The power of the point (2, 4) with respect to the circle 
x2 + y2 -6x + 4y-8=0is(7s7)2 orSj 

where, S = x2 + y2 - 6x + 4y - 8
S, = (2)2 + (4)2 - 6 x 2 + 4 X 4 - 8 

= 4 + 16-12 + 16-8=16 
[v(2,4) is outside from the circle x2 + y2 - 6x + 4y - 8 = 0] 

1 Example 49. Show that the locus of the point, the 
powers of which with respect to two given circles are 
equal, is a straight line.

Sol. Let the given circles be
x2 + y2 + 2gx + 2fy + c = 0 ...(i)

and x2 + y2 + 2gxx + 2 fay + q = 0 ...(ii)
Let P (xp yt) be a point, the powers of which with respect 
to the circles Eqs. (i) and (ii) are equal. Then, 

l^x2x+y2x+2gxx+2fyx+c)]2

= [>l(x2 + yf + 2giXj + 2fayx + Cj) ]2

+ y? + 2gxx + 2fyx + c
=x2 + y2 + 2gxxx + 2fxyx + c,

=» 2(g-gJ)x1+2(/-/1)y1 + c-c1=0
then, locus ofP(x1,y1)is

2(g " Si) x + 2(/ - fx)y + c - Ci = 0 
which is a straight line.
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2
__L

1

■0 (0. 0)A,

P(h,k) B

2

then,

but

,2(ii) Area of triangle =

= n +tan
TP

= 7t- tan

R

or

= c

\ I
\ I
\ I

\ 1 s\t

• T

or
or

l?+y2=&

)^+yz=a2

n_
2

| 
|

2X2X4 
f(4)2+(2):
~ 4X8 
’ 16+4

8 
= = —7= unit
i2 V5

10 + 0 - b2| 

a2cos20 + a2sin20) 

or b2 = ac
=> a, b, c are in GP.

I Example 53. The chord of contact of tangents drawn 
from a point on the circle x2 + y2 = o2 to the circle 
x2 + y2 = b2 touches the circle x2 + y2 = c2. Show 
that a,b,c are in GP.

Sol. Let P(a cos0, asinO) be a point on the circle x2 + y2 = a2.
Then, equation of chord of contact of tangents drawn from 
P (a cos0, a sin0) to the circle x2 + y2 = b2 is

i.e. Required circle always passes through the centre of 
the given circle (Here, OP is the diameter of the required 
circle).

I Example 50. If the pair of tangents are drawn from 
the point (4,5) to the circle x2+y2 - 4x-2y-11 = 0, 
then,

(i) Find the length of chord of contact.
(ii) Find the area of the triangle formed by a pair of 

tangents and their chord of contact.
(iii) Find the angle between the pair of tangents.

Sol. Here, P s (4,5),

R = 7((2)2+(l)2+ll) = 4

and L = = 7((4)2+(5)2-4x4-2x5-11) = 2

(i) Length of chord of contact
2LR

j(R2 + L2)
RL3 4X8 8—---- -  =-------= - sq units

R2 + L2 16+4 5
(iii) Angle between the pair of tangents 

2X4X2")

I 
I
I 7

p\

x2

2,2 2x +y =a

&

Sol. Equation of chord of contact AB is hx + ky ~ a
For equation of pair of tangents of OA and OB, make 
homogeneous x2 + y2 = a2 with the help of hx + ky = a2 or 
hx + ky  

a2

I Example 51. Tangents PQ, PR are drawn to the circle 
x2+y2 = 36 from the point P(-8,2) touching the circle 
at Q, R respectively. Find the equation of the 
circumcircle of APQR.

Sol. Here, P s (-8,2) and 0 = (0,0)
.'.Equation of the required circle is 

(x-(-8))(x-0) + (y-2)(y-0) = 0
x2 +y2 +8x-2y =0 ('.' OP is the diameter)

hx + ky

a2 (x2 + y2) = (hx + ky)2 
(a2 - h2) - 2hkxy + y2 (a2-k2) = 0

Z AOB = -
2

:. Coefficient of x2 + Coefficient of y2 =0

=> a2 -h2 + a2 -k2 =0 or h2 + k2 =2a2

I Example 52. Find the condition that chord of 
contact of any external point (h, k) to the circle 
x2 + y2 = a2 should subtend right angle at the centre 
of the circle.

ax cos 0 + ay sin0 = b2 ...Q)

This touches the circle x2 + y2 = c2 ...(ii)
Length of perpendicular from (0,0) to Eq. (i) = radius of 

Eq. (ii)
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.2

,22
(say)

m

(ii)>4
C (0,0)

and
[from (ii)]or

B x = -
then, slope of DC = So, from Eq. (ii), Xl = “

or

or

or

C (h, k)

A

,2

or

nl
12 . _ i + m

Hence, the required point is ——

T.yi = -

Remarks
1. The equation of chord of the circle x2 + y2 + 2gx + 2fy+c =0, 

which is bisected at (x1t y,); is T = Sy
where, T = xxy + yy, + g(x + x,) + f(y + y,) + c 
and = x2 + y2 + 2gx} + 2fyy + c

2. The chord bisected at point (x^y,) is the farthest from the 
centre among all the chords passing through the point (x1ty,). 
Also, for such chord, the length of the chord is minimum.

I Example 54. Find the equation of the chord of 
x2 + y2 -6x + 10y -9 = 0 which is bisected at (-2,4).

Sol The equation of the required chord is
- 2x + 4y - 3 (x - 2) + 5 (y + 4) - 9

= 4 + 16 + 12 + 40-9
-5x + 9y - 46 = 0

5x - 9y + 46 = 0

xl) I Example 56. Through a fixed point (h,k), secants are 
drawn to the circle x2 + y2 = r2. Show that the locus 
of mid-point of the portions of secants intercepted by 
the circle is x2 + y2 = hx + ky.

Sol. Let P(xp yj be the middle point of any chord AB, which 
passes through the point C (h, k).

-n
xt = / X] 
yi = mXJ

x2 + y2 = - nX
l2k2 + m2X2 = - nX

n
12 , 2l + m

0~71 _71
0-Xj Xj

Slope of the chord AB is - —

X 
then, equation of AB is y - y: =------(x -

7i
2 2

77i -7i =“*Xi + xi
2 2

+yyi =*i +yi

2-f

nl
, l2 + m2’

Equation of chord AB is T =SX
xx, + yyi - r2 = x2 + y2 - r2

2 2or Xj + yj = xxj + yyy
But since AB passes through C (h, k\ then 

x2 + y2 = hxl + kyl

Locus of P (xj, y,) is xz + y2 = hx + ky

£1 = A = *i + 7i = x 
I

mn 
7777

nm
;2 , 2l + m J

xxi+77i=xi +7i “a or T = SX

I Example 55. Find the middle point of the chord 
intercepted on line lx + my + n = 0 by the circle 
x2 + y2 = o2.

Sol. Let (Xp y,) be the middle point of the chord intercepted by 
the circle x2 + y2 = a2 on the line lx + my + n = 0. Then, 
equation of the chord of the circle x2 + y2 = a2, whose 
middle points is (xpyt), is

2 2 2 2+ 77i - a = xt +yt - a

or xx, + yyy = x2 + y? ...(i)
Clearly, lx + my + n - 0 and Eq. (i) represented the same 
line,

Chord Bisected at a 
Given Point
Theorem : The equation of the chord of the circle 
r‘ +y2 = a2 bisected at the point (x^yj) is given by

XX) +yy, - a2 = x2 + y2 - a2

or T = Sj
Proof: Let any chord AB of the circle x2 + y2 = a2 be 
bisected at D (xpyj).
If centre of circle is represented by C
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or
,2

2

X' X
p (C, 0)

0B

Y

...(i)

2

or

2

i.e.
or

or
But also

'(h.k).
NL

y
A

(a.P)
Q.

= = a 
2

where,

and

Proof: The given circle is x + y“ = a

Its centre and radius are C (0,0) and a respectively. Given 
external point be P (x1, yj).
From point P (x] ,yj) two tangents PT and PR be drawn to 
the circle, touching circle at T and R respectively.

-•■tC (0.0)
\a

(since distance of the vertices from middle 
point of the hypotenuse are equal) 

(NA)2=(NB)2=(h-c)2+(fc-0)2
Z BNO = 90°

(OB)2 = (ON)2 + (NB)2

=> -(NB)2 = (ON)2-(OB)2

=> -[(/i-c)2+(Jt-0)2] = (h2+fc2)-a2

or 2(h2 + k2) - 2ch + c2 - a2 = 0
Locus of N(h, k) is

2(x2 + y2)-2cr + c2 - a2 =0

2 / 2=>y (xt -a x2

-r2

Then, (OAf)2 =(OP)2-(PAf)2
If OM maximum, then PM is minimum, i.e. P coincides with 
M, which is middle point of the chord.
Hence, the equation of the chord is

T=Sj 
2x + 3y-r2 =22+32 

2x + 3y = 13

I Example 57. Find the locus of middle points of 
chords of the circle x2 + y2 = o2, which subtend right 
angle at the point (c, 0).

Sol. Let N (h, k) be the middle point of any chord AB, which 
subtend a right angle at P (c, 0).
Since, ZAPB = 90°

NA = NB = NP

circle x2+y2

= a2{(a-x1)2 +(P-yj2}

Pair of Tangents
Theorem : The combined equation of the pair of tangents 
drawn from a point P (x j, y j) to the circle x + y = a is 

(x2+y2-fl2)(x2+yf-a2) = (xx1+yy1-a2)2

SSj =T2
c* 2.2 2 r 2 ■ 2 _ <S = x + y -a ,Sj =Xj +yj -a

'T' i 2T = xxx + yy, -a
2

I Example 58. Find the equation of the chord of the 
circle x2+y2 =r2 passing through the point (2,3) 
farthest from the centre.

Sol. Let P = (2,3) be the given point and M be the middle point 
of chord of circle x2 + y2 = r2 through P.

2{(x-x1)2+(y-y1)2}

y"x;+x4yj-2xyx1y1=a2

{x2+x2-2xx1 +y2+yh2yrJ

(y2-a2)-a2(x?+y?) 
2 2= 2xyx1y1 -2a xxy -2a yyx

On adding both sides, (x2x2 + y2y2 + a4), then

y (*1 +71 ~a ) + * (*i +y, -a )-a (x, +y, -a )

=(»i +)7i ~“!)2

Let Q (a, P) on PT, then equation of PQ is
y-yi =^-Jl(x-Xi)

a -Xi

or y(a-x1)-x(p-y1)-ay1+Pxj =0

Length of perpendicular from C (0,0) on PT - a (radius)

IP*i -ayj

:a-*i)2 +(P~yi)

(Px1 -ayj2

:. Locus of Q (a, P) is
()^i ->7i)2 =«

2„2 , „2.,2 -
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where,
and

and

a

R

PN

=>
|2

=>

=>

or
or

, where
k

3,=4+y;-a2.-

A "••a 
-^A >?c (o.o)

2)2

PT =

QT = Ja2 +P2-a

a c

-a2)

-a2|

-a2)=(ax, + Py, -a

2 , 2
_*i +A1 

a2 +P2 - a

p,—7

-a2
2

2,2 2Xj + y, -a

2

Now, equation of TR (chord of contact is) 
2 

xx, +yyx -a =0

-14+4g,,_|a«, *Py, 
7(4+4) 7(4 +j

But from similar As PNT and QMT,

(PN)2 _ (PT)2 
(QM)2 ~(QT)2

(x2 +y:

= (xr1+yy1 -a2)

This is the required equation of pair of tangents drawn 
fromfxj.yj) to circle x2 + y2 =a2.

Corollary: The angle between the two tangents from 
/A

(xPyi) to the circle x2 +y2 =a2 is 2tan

Remarks
1. Equation of pair of tangents in notation form is S5, = T2 

where, S = x2+y2-a2

S, = x2 + y2-a2. T a xxy + yy} - a2
2. When circle is x2 + y2 + 2gx + 2fy + c =0 and tangents are 

drawn from (x1t y,). then pair of tangents is
(x2 + y2 + 2gx + 2fy + c) (x,2 + y2 + 2gxy + 2fy} + c) 

= [xx, + yy, + g(x + x,) + /(y + y,) + c]2
S s x2 + y2 + 2gx + 2fy + c,

S, 3 x,2 + y2 + 2gx, + 2/y, + c, 
T sxx, + yy, + g(x + x,) + /(y + y,) + c

Advised for Students
Students are advised that, if they do not want to use the 
formula (SSi = T2), then use the following method : 

Lety-yj = m(x-x,)be any line through P(x1,yl). 
Then, use condition of tangency p = r i.e.
Length of perpendicular from the centre of circle or this 
line = radius of the circle.
Gives the values of m. In such away, we can find the 
equations of tangents from P.

I Example 59. Find the equations of the tangents 
from the point A (3,2) to the circle 
x2 + y2 + 4x + 6y + 8 = 0.

Sol. Combined equation of the pair of tangents drawn from 
A (3,2) to the given circle x2 + y2 + 4x + 6y + 8 = 0 can be 
written in the usual notation.

T2 =SS, namely 

=> [3x + 2y + 2(x + 3) + 3(y + 2) + 8]:

= [x2 + y2 + 4x + 6y + 8] [9 + 4 + 12 + 12 + 8] 

(5x + 5y + 20)2 = 45(x2 + y2 + 4x + 6y + 8)

5 (x + y + 4)2 = 9 (x2 + y2 + 4x + 6y + 8)

5 (x2 + y2 + 2xy + 8x + 8y + 16) 

= 9(x2 +y2 +4x + 6y+ 8) 

4x2 + 4y2 - lOxy - 4x + 14y -8 = 0 

2x2 + 2y2 - 5xy - 2x + 7y - 4 = 0 
(2x — y - 4)(x — 2y + 1) = 0

Hence, the required tangents to the circle from A (3,2) are 
2x - y - 4 = 0 and x - 2y + 1 = 0

Aliter : Let S = x2 + y2 + 4x + 6y + 8 = 0 
Centre C (-2, - 3) and radius =7s

=> (x2 +y2 -a2)(x, + y2 -a2) = (xx, + yyt -a2)2 

This is the required equation of pair of tangents drawn 
from(x1,y1) to circle x2 +y2 =a2.

2 _

2)(x12+y12

Aliter: Let circle be x2 + y2 = a2 with centre C (0,0) and 
radius a. Length of tangents from P (Xj, yj) and Q (a, 3) 
are

PN _ PT 
qm'qt

(*;+y?-q2)2 

(x?+y?)

(ax, +Pyt - a2)2 

(xS+y?) 
(x;+y2-a2)(a2+p2

| Locus of Q (a, 0) is

2-a2)(x12+y12 
2\2
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A(3.2)

^5

2s=o

2

or

or
where,or

and
.2 2

Director Circle

is

or

T,

y = mx + a -^(1 + m2) ...(i)

Let P (h, k) be the point of intersection of tangents, then 
P (h, k) lies on Eq. (i)

k -mh + a y(l +m2)

(k-mh)2 =a2 (l+m2)q

Let the slope of a tangent from A to *S=0’ be m, then 
equation of tangent is

y-2 = m(x -3)
or mx-y + 2-3m=0
Length of perpendicular from C (-2,-3) on Eq. (i)

= radius of circle.

Remarks
1. The equation of the director circle of the circle

(x - h)2 + (y - k)2 = a2 is (x - h)2 + (y - A)2 = 2a2

2. The equation of the director circle of the circle
x2 + y2 + 2gx + 2fy + c=0 isx2 + y2 + 2gx + 2fy + c=g2 + f2-c

3. If two tangents are drawn from a point on the director circle to 
the circle, then angle between tangents is 90°.

I Example 60. If two tangents are drawn from a point 
on the circle x2 +y2 =50 to the circle x2 + y2 =25, 
then find the angle between the tangents.

Sol. •/ x2 + y2 = 50 is the director circle of x2 + y2 = 25

Hence, angle between tangents =90°

-a2
2

| — 2m + 3 + 2 — 3m | _
y/(m2 + l)

(5m-5)2 = 5(m2 + 1) 

25m2 - 50m + 25 = 5m2 + 5 

20m2 - 50m + 20 = 0

2m2 - 5m + 2 = 0
(2m - l)(m - 2) = 0 

1m = - or m = 2
2

Substituting these values of m in Eq. (i), we get the 
equations of two tangents are x - 2y + 1 = 0 and 
2x - y - 4 = 0.

C(-2.-3); 2

2 (h2

= -h2+a2

or m“ (h“ -a2) -2mkh +fc2 -a2 =0

This is quadratic equation in m, let two roots are m, and 
m2.
But tangents are perpendiculars, then

P(h.k)
/9o\

m}m2 =-l
t-2 -n2 KO 4 > 2--------- = -1 or k -a 
h2-a2

or h2 +k2 =2a

Hence, locus of P (/i, k) is x 2 + y 2 = 2a2

Aliter : The combined equation of the pair of tangents 
drawn from (h, k) to x2 + y2 = a2 is

5Si =T2

S = x2 +y2

Si =/i2 + k2-a

T -hx +ky -a2

(x2 +y2-a2)(h2 + k2-a2) =(hx + ky-a2)2

This equation will represent a pair of perpendicular lines 
if, coefficient of x2 + coefficient of y2 =0

=> h2 +k2-a2-h2 +h2 +k2-a2-k2 =0

=> h2 + fc2-2a2 =0 or h2 + k2 =2a2

Hence, the locus of (A, fc) is x 2 + y 2 = 2a 2

Director circle : The locus of the point of intersection of 
two perpendicular tangents to a given circle is known as 
its director circle.
Theorem : The equation of the director circle of the circle 
x2 + y2 =a2 is

x2 + y2 -2a2

Proof: The equation of any tangent to the circle 
2,22x +y = a
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(d)(-2-4)

(d) V2

J _ 1 
2’ 4

available, are in GP. Prove that the lengths of tangents drawn from any point on the circle x2 + y2 = c2 to the 
three circles are also in GP.

74. Find the area of the quadrilateral formed by a pair of tangents from the point (4,5) to the circle 
x2 + y2 -4x - 2y -11 = 0 and a pair of its radii.

15. If the length of the tangent from a point (f, g ) to the circle x2 + y2 = 4 be four times the length of the tangent 
from it to the circle x2 + y2 = 4x, show that 15f2 + 15g2 - 647 + 4 = 0.

16. Find the equation of that chord of the circle x2 + y2 = 15 which is bisected at (3,2).

17. The chords of contact of the pair of tangents to the circle x2 + y2 = 1 drawn from any point on the line 
2x + y =4 pass through the point (a, £), then find a2 + p2.

A2 4)
9. The length of tangent from (0, 0) to the circle 2(x2 + y2) + x - y + 5 = 0 is

(a) VS (b)/|j

(x - a)2 + y2 =a2, then the locus of(xt yjis
(a) a circle (b) a parabola (c) an ellipse (d) a hyperbola

5. The locus of the mid-points of a chord of the circle x2 + y2 = 4, which subtends a right angle at the origin is
(a) x + y = 1 (b) x2 + y2 = 1 (c) x + y = 2 (d) x2 + y2 = 2

6. The length of tangents from P(\-1) and 0(3,3) to a circle are 72 and 76 respectively, then the length of tangent 
from R(-2,-7)to the same circle is
(a) 741 (b)7Tl (c)761 (d)77i

7. If the angle between the tangents drawn to x2 + y2 + 2gx + 2fy + c =0 from (0,0) is then

(a)g2 + f2 = 3c (b)g2 + f2 = 2c (c)g2 + f2 = 5c (d)g2+f2=4c
8. The chords of contact of the pair of tangents drawn from each point on the line 2x + y = 4 to the circle 

x2 + y2 = 1 pass through a fixed point
(a) (2,4) (b)f-J

Exercise for Session 5
1. If the tangent at the point P on the circle x2 + y2 + 6x + 6y = 2 meets the straight line 5x -2y + 6 = 0 at a point Q 

on the Y-axis, then the length PQ is
(a) 4 (b)275 (c)5 (d)375

+ y2 + 2gx + 2fy + c = 0 is touched by y = x at P such that OP = 672, where O is origin, then the2. If the circle x2
value ofc is
(a) 36 (b)72 (c) 144 (d)288

3. The chord of contact of tangents from a point P to a circle passes through Q. If ly and l2 are the lengths of 
tangents from P and Q to the circle, then PQ is equal to
(a)!l±/l (b)!iyl (c)7(/,2+/f) (d)V(/,2-/22)

4. If the chord of contact of tangents from a point (xt y}) to the circle x2 + y2 = a2 touches the circle

<4
10. The perpendicular tangents to the circle x2 + y2 = a2 meet at P. Then, the locus of P has the equation

(a) x2 + y2 = 2a2 (b) x2 + y2 = 3a2 (c) x2 + y2 = 4a2 (d) x2 + y2 = 5a2

11. The tangents to x2 + y2 = a2 having inclinations a and p intersect at P. If cota + cotp = 0, then the locus of P is
(a) x + y = 0 (b) x - y = 0 (c) xy = 0 (d) xy = 1

12. The exhaustive range of values of a such that the angle between the pair of tangents drawn from (a,a) to the 

circle x + y -2x -2y -6 = 0 lies in the range —,n is
\ O /

(a) (-1 3) (b) (-5,- 3) u (3. 5) (c) (-3, 5) (d) (-3,- 1) o (3, 5)
13. Distances from the origin to the centres of the three circles x2 + y2 - 2Xx = c2, where c is a constant and A. is
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,2

A M)
...O')

I Example 61. Find the equation of the diameter of

-(i)or

•(>)

...(ii)
2

.(iii)

Two Circles Touching Each Other
(k - mh) [from Eq. (i) and Eq. (ii)]=>

Diameter of a Circle, Two Circles Touching 
Each Other, Common Tangents to Two Circles, 
Common Chord of Two Circles, Family of Circles

-a2 =0

the circle x2 + y2 + 2gx + 2)y + c = 0 which 
corresponds to the chord ax + by + d = 0.

Sol. The diameter of circle passes through the centre of the 
circle and perpendicular to the chord ax + by + d = 0 is 

bx - ay + X = 0
which passes through centre of circle i.e. (-g, - f)
Then, -bg + af + X = 0

X = bg - af
From Eq. (i), the equation of the diameter is 

bx - ay + bg - af =0

Remark
The diameter of circle always passes through the centre of the 
circle and perpendicular to the parallel chords.
Let circle is x2 + y2 = a2 and parallel chord be y = mx + c, then 
equation of line 1 to y = mx + c is 

my+x+X=0
> which passes through origin (centre)

then, 0+0 + X=0 .•. X=0
Then, equation of diameter from Eq. (i) is x + my=0 .

1. When two circles touch each other 
externally

Then, distance between their centres = sum of their radii 
i.e. |CjC2 | = 7^ 4-r2

0

<5%

2
x1+xz=2h and +y2 -2k 

P(h> k) lie on y = mx + c
k=mh+c

k-mh = c

islope = -— = m

Hence, locus of mid-point is x +my = 0.

= a2 and equation of parallel

y =mx +c

x ?x\

2h = —*H-
(1 + m2)

h + m2h = -mk+m2h => h+mk=Q

Hence, locus of (h, Ar) is x + my = 0

= a2

=} h+mk=0

Diameter of a Circle
The locus of the middle points of a system of parallel 
chords of a circle is called a diameter of the circle.
Let the circle be x2 + y2 - "2
chord is

Let P(h, k) be the middle point of the chord y = mx + c. 
Since, Pis the mid-point of A(xj y,) and B(x2,y2), then

and
2

Aliter : Let (h, k) be the middle point of the chord 
y =mx +c of the circle x2 + yz =a2 

then, T = Sj => xh + ky = h2 +k

then, 
or 
Substituting y = mx + c in x2 + y 

then, x2 +(mx +c)2 =a2 

or (1 +m2) x2 +2mcx + c2

Let xp x2 are roots of Eq. (iii), then 
2mc 

xi +x2 -----------
1 + m2
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and

=>

If

then, coordinate of P is
7

2

or

.2*2

or

=>

If

then, coordinates of P is

,2

-(ii)

...(i)

-(ii)

In such cases, the point of contact P divides the line 
joining Cj and C2 internally in the ratio r, : r2

I Example 62. Examine if the two circles 
x2 + y2-2x-4y = 0 and x2 + y2 -8y-4 = 0 touch 

each other externally or internally.
Sol. Given circles are

x2 + y2 - 2x - 4y = 0 

and x2+y2-8y-4=0 
Let centres and radii of circles Eqs. (i) and (ii) are 
represented by Cp r, and C2,r2, respectively.

Common Tangents to Two 
Circles
Different Cases of Intersection of Two 
Circles:
Let the two circles be

(x-xj2 + (y-yj2 = r2 ...(0

and (x - x2 )2 + (y - y2 )2 = r2 ...(ii)

with centres C^XpyJ and C2(x2,y2) and radii rj andr2 
respectively. Then following cases may arise :

c2

2 +b2 -c2 ±2j(a2 - c2)V(fe2 - c2)

2(a2+b2) + c*

-c2

C2P r2

<^i=Ui.yi) and C2 = (x2,y2) 
rrxx2 -r2xx rxy2 -r2yx 

h~r2 ’ rx-r2 j

+ b2 = a2 — c

= ± Ja2b2 - c
Again, squaring,

c4 = a2b2 - c

2. When two Circles Touch each other 
Internally

Then, distance between their centres =Difference of their 
radii

i.e. | Ci C21 = | r*i — r21
In such cases, the point of contact P divides the line 
joining Cx and C2 externally in the ratio : r2

C, a(l,2),r, = 7(1 + 4) or r, = Vi
C2 = (0, 4),r2 = Jo + 16+ 4 or r2 = 2^5

Now, C,C2 = 7(1 “ 0)2 + (2 - 4)2
^*1^2 — a/s” — 7*2

Hence, the two circles touch each other internally.

£i£ = n
C2P r2

ci=(xi>yi) and C2 = (x2,y2)
frxx2+r2xx rxy2 + r2y/

2 (a2 + fr2) + ?
1 1 1• — + — = —

2 k2 2a b c
c2 (a2 + b2) = a2b2 or

I Example 63. Prove that the circles
x2 + y2 + 2ox + c2 =0and x2+ y2+ 2by+ c2 = 0

touch each other, if
a2 b2 c2

Sol. Given circles are
x2 + y2 +2ax + c2 =0

and x2 + y2 + 2by + c2 = 0
Let Cj and C2 be the centres of circles Eqs. (i) and (ii), 
respectively and rx and r2 be their radii, then

C1=(-a»0),C2=(0,-b),

n = 7(fl2 -cZ) >r2 = ^l(b2 -c2)
Here, we do not find the two circles touch each other 
internally or externally.
For touch, | Cj C21 = | rj ± r21

or 7(a2 + b2) =| T^2
On squaring

a2
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How to find transverse common tangent

'D

P
T

T
Ci

= (a,£) (say)D = and

and Th

/

...(i)

...(ii)

Remark
In this case circles neither cut nor touch i.e. Number of 
solutions of two circles is zero.

Case IV : When | CjC21 = |rj - r2|, i.e. the distance 
between the centres is equal to the difference of their 
radii.

Remark
In this case circles cuts at two points i.e. Number of solutions of 
two circles is two.

/Transverse common 
tangent

Remark
In this case circles touch at one point i.e. Number of solutions of 
two circles is one.

C2P'

r\

Transverse common 
tangents

Case II: When |Cj C21 = q + r2
i.e. the distance between the centres is equal to the sum of 
their radii.
In this case two direct common tangents are real and 
distinct while the transverse tangents are coincident.

\ '1 • 2

h(y,5) (say)
How to find direct common tangents Let equation 
of common tangent through D (a, £) is 

y -p = m(x -a)
Now, length of 1 from Cj or C2 on Eq. (i) = or r2
Then, we get two values of m.
Substituting the values of m in Eq. (i), we get two direct 
common tangents.
How to find transverse common tangents Let
equation of common tangent through T(y, 6) is 

y -8 = Af(x -y)
Now, length of ± from Cj or C2 on Eq. (i) = r} or r2 
then, we get two values of M.
Substituting the values of M in Eq. (i), we get two 
transverse common tangents.

v Equation of circles are
Sj ^(x-Xj)2 +(y-Ji)2 -r2 =0

S2 =(x-x2)2 +(y-y2)2-r2 =0 

then, equation of common tangent is
Sj — S2 =0 

which is same as equation of common chord.

Case III: When|r, ~r2|<|C1C2|<r1 +r2
i.e. the distance between the centres is less than sum of 
their radii and greater than difference of their radii.
Ln this case two direct common tangents are real and 
distinct while the transverse tangents are imaginary.

Direct common 
tangents 

D

Ci =(x1,y1),C2 =(x2,y2) 
\x2 -r2x. Gy2 -r2y/
< n-r2 ’ n~r2 >

<r1x2+r2x1 r,y2 +r2y/

V2z
<C2

Case I: When |CjC2| > r, + r2 i.e. the distance between the 
centres is greater than the sum of their radii.

Direct common
tangents

Direct common 
tangents
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p
Condition Figure

(0 I ** ri + r2

IQCJ —+ r2(ii)

(iii) In+ r2

(iv) iqc2|=in-r2| i
'2

fl

I QC2| <l ri “ *2! 0(V)

d

T^n

A"

In this case, all the four common tangents are imaginary.

d

Case V: When | CjC21 < | rt - r2 |, i.e. the distance 
between the centres is less than the difference of their 
radii.

In this case circles touch at one point.
i.e. Number of solutions of two circles is one.

Remark
In this case circles neither cut nor touch each other i.e. Number 
of solution of two circles is zero.

/Tangent at the 
point of contact

Jangent at the 
point of contact

Number of 
common tangents

In this case two tangents are real and coincident while the 
other two tangents are imaginary.
If circles are represented by Si =0 and S2 = 0, then 
equation of common tangent is Sj - S2 = 0 .

Common Tangents to two Circles
If two circles with centres and C2 and their radii are r,
and r2, then

Ci

P

~-----

4-7^2

Remark
If circles touch each other externally, i.e. | qq| = i\ + r2, then 
equation of tangent at the point of contact is

Si - S2 = 0

Length of External Common Tangent and 
Internal Common Tangent to Two Circles
Length of external common tangent = Jd2 —(r, -r,)2

and length of internal common tangent

[ c>£-
\

■

Lin = Jd2 -(fj +r2)2 (Applicable only when d>rl+r2) 

where, d is the distance between the centres of two circles 
and rlfr2 are the radii of two circles, when |Cj C21= d.
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Coordinates of D are or (3,4)
Angle between DCT = 2sin

And angle between TCT = 2sin then coordinates of C are or
d

angle between DCT = 2sin
7

= ±1

angle between DCT = 2sin
=>

=>

...(i)

(ii)

••■(>)

(ii)

and

or

and

=>

and

Angle between Direct Common Tangents (DCT) 
and Transverse Common Tangents (TCT)
Case I: If d > fj +r2, then

C. (1,3),^=!
C2(-3, l),r2 = 3 respectively.
CjC2 = 7(16+4) = 2>/5

CjC2 > rx + r2

and angle between TCT = 7t
Case III: If Jr, - r2|< d <r} + r2, then 

zln -r2r 
d

Hence, the circles do not intersect to each other.
The direct common tangents meet AB produced at D, then 
point D will divide C2C} in the ratio 3:1 (externally).

f 3(1) ~ 1(~3) 3(3) - 1(1)
< 3-1 ’ 3-1

and the point C divide C2C} in the ratio 3:1 (internally) 
f3(l) + l(-3) 3(3)+ 1(1/ 

3 + 1 ’ 3 + 1 .

\ “ 7

Here, transverse common tangents are not possible .
Case IV : If d = |r, -r2|
Angle between DCT = n
Here, transverse common tangents are not possible.
Case V : Ifd <jrj -r2|
Here, tangents are not possible.

I Example 64. Find all the common tangents to the 
circles
x2 +y2 -2x-6y+9=0 and x2+y2+6x-2y+1=0.

So/. The given circles are
x2 + y2-2x - 6x + 9 = 0

(x — I)2 + (y — 3)2 = 1

x2 + y2 + 6x - 2y + 1 = 0

(x + 3)2 + (y-l)2 =9
Centres and radii of circles Eq. (i) and Eq. (ii) are

or
Centres and radii of circles Eqs. (i) and (ii) are C/3,0), q =3 
and C2(—1, 0), r2 = 1, respectively.

CjC2 = 7(3 “(“I)]2 +0 = 4

.. CjC2 = + r2

In -r2r
(0, 5/2)
Direct tangents : Any line through (3, 4) is 

y- 4 = m(x -3)
=> mx-y + 4-3m = 0 ...(i)
Apply the usual condition of tangency to any of the circle 

m - 3 + 4 - 3m
-/m2 +1

(-2m + I)2 = m2 + 1 
3m2 - 4m = 0 
m = 0, m = 4/ 3

fir, -rj
I rf

J

Equations of direct common tangents are 
y = 4 and 4x - 3y = 0

Transverse tangents : Any line through C (0, 5 / 2) is
y - 5/2 = mx

or mx-y + 5/ 2 = 0 ...(ii)
Apply the usual condition of tangency to any of the circle 

m-1 -3 + 5/2 _

2 1 2m +----m = m + 1
4

0-m2 - m - — = 0 
4

m = 00 and m = - 3/ 4
Hence, equations of transverse tangents are

x = 0 and 3x + 4y -10 = 0

I Example 65. Show that the common tangents to the 
circles x2+y2 -6x = 0and x2+ y2 + 2x = 0 form an 
equilateral triangle.

Sol. The given circles are
x2 + y2 -6x = 0

(x - 3)2 + (y - 0)2 = 9

x2 +y2 +2x = 0

(x + I)2 +(y-0)2 = 1

Case II: If d = i\ +r2, then
/
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=>

=>

L
P

3

30

and

R

-3 and k=0

...(iii)

(ii)

3 = 2sin 2sin
d

= 2sin= 2sin

.(vi)and 3

Common Chord of Two Circles
The chord joining the points of intersection of two given 
circles is called their common chord.
Theorem : The equation of common chord of two circles

S = x2 +y2 + 2gx+2 fy + c = 0

...(iv)

and

^(3.0)

Hence, the circles do not intersect to each other.

•••

Hence, the two circles touch each other externally, 
therefore, there will be three common tangents. Equation of 
the common tangent at the point of contact is Sj - S2 = 0

(x2 + y2 - 6x) - (x2 + y2 + 2x) = 0
—8x = 0

x =0

=>
Centres and radii of circles Eqs. (i) and (ii) are C^-1,4), 
q = 2 and C2(4,l), r2 = 3 respectively.

1^1=4 = 7(25 + 9) = ^4
= m2 +1

x 
y='^

x =0

1 or 4m2

I Example 66. Find the number of common tangents 
to the circles x2 + y2 -8x+2y + 8 = 0 and 
x2 + y2-2x-6y-15 = 0.

Sol. For x2 +y2 -8x + 2y + 8 = 0
C, = (4,-1), r, = 7(16 + 1-8) = 3 

and for x2 + y2 - 2x - 6y -15 = 0
C2 b (1,3), r2 = 7(1 + 9 + 15) = 5

Now, |CjC2| = Distance between centres 
= 7(4-l)2+(-l-3)2 =5 

q + r2 = 3 + 5 = 8 
|r,-r,|=p-5|=2

or |r,-'il<|C|C2|<rI + r2
Hence, the two circles intersect at two distinct points. 
Therefore, two tangents can be drawn.

= = V34-1 = 733

and = 7d2-(r1 + r2)2 = 7(34-25) = 3 

Angle between external common tangents 
k.-r2R _ . _/ 1 ——— I = 2sm I

33;
and angle between internal common tangent 

5j 
^33,

Let the coordinates of Q be (h, k), then
QCj _ C2M _ £ 
QC1 CjL " 3

QC^QC, = 1:3
ft_l-(3)-3-(-l)_

1 - 3
Q = (-3,0)

Equation of line passing through Q(-3,0) is
y - 0 = m(x + 3)

or mx - y + 3m = 0
where, m is the slope of direct tangents since Eq. (iii) is the 
common tangent (direct) of the circles Eqs. (i) and (ii), then 
Length of perpendicular from centre of Eq. (ii) i.e. (-1, 0) to 
the Eq. (iii) = radius of circle Eq. (ii)

|-m - 0 +3m | _ 

7m2 + 1
■5—2

\ 1

3m =1

m = ± -7= 
73

From Eq. (iii), common tangents are (direct)

y = —f= + V3 and 
V3

Hence, all common tangents are 
x r y= +73 

V3 
x y =--- --

V3
Let P,Q,R be the point of intersection of lines Eqs.(iv), (v); 
(v), (vi) and (iv), (vi) respectively, then

P = (0, ^); Q = (-3,0) and R = (0, - 73)

Now, PQ = QR = RP = 2^3

Hence, &PQR is an equilateral triangle thus common 
tangents form an equilateral triangle.

I Example 67. Find the lengths of external and 
internal common tangents and also find the angle 
between external common tangents and internal 
common tangents of the circles 
x2 + y2 + 2x-8y + 13 = 0 and x2 + y2 -8x-2y+8 = 0.

Sol. The given circles are x2 + y2 + 2x -8y +13 = 0
(x + l)z+(y-4)2 =22 

x2 +y2 -8x-2y + 8 = 0
(x-4)2 + (y — I)2 = 32
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and

PC2
1

' = 0
Ms=o

C2(£>,a)
Q

S' = 0
...(ii)

or

(a.t»
ci\

(2x - a - b)(-a + b) + (2y - b- a)(-b + a) = 0
2x-a-b-2y + b + a = 0

x-y = 0

Family of Circles
1. The equation of the family of circles passing through the 

point of intersection of two given circles S = 0 and S' = 0 
is given as

S + AS' = 0 (where, A is a parameter, A t -1)

s = o.
S+XS' = 0

is
i.e.
Proof: v S = 0 \P 

i

Now, CjAf = Length of perpendicular from Cj (a, b) on
PQ(x-y = 0)=!^l

V2
and CjP = radius of the circle Eq. (i) = c

In kPCxM, PM = yj(PCx)2 ~(CXM)2

(a~b)2
2

(a-b)2
2

= ^4c2 -2(a-&)2

Also, when the circles touch, then chord PQ becomes the 
tangent and PQ = 0.

The condition of tangency is 4c2 - 2(a - b)2 = 0.

i.e. 2c2=(a-b)2

c2

PQ = 2PM = 2.1c2

I Example 68. Prove that the length of the common 
chord of the two circles :

(x — a)2 +(y - b)2 =c2 
and (x-b)2 +(y -a)2 =c2 is ^4c2 -2(a-b)2. 
Find also the condition when the given circles touch. 
Sol. The equation of circles are

S, s (x - a)2 + (y - b)2 - c2 ~ 0 

and S2 =(x - b)2 +(y - a)2 - c2 =0 
then equation of common chord is Sj - S2 = 0 
=> (x-a)2-(x-b)2 + (y-b)2 ~{y-a)2 =0

S' = x2 + y2 + 2g'x+2_f'y+c'=0 

2x(g-g') + 2y(/-f') + c-c'=0 
S-S' = 0 

and S' = 0 
be two intersecting circles.
Then, 5 - S' = 0 or
2x(g - g') + 2y(f - /') + c-c' =0 
is a first degree equation in 
xand y.
So, it represent a straight line. Also, this equation satisfied 
by the intersecting points of two given circles 5=0 and 
S' = 0.
Hence, 5 - S' = 0 represents the common chord of circles 
S = 0andS' = 0
Length of common chord :
We have, PQ = 2(PM) (v M is mid-point of PQ)

= 2^{(C,P)2 -(C,M)2} 

where, C, P = radius of the circle (S = 0) 
and Cj M = length of perpendicular from C, on common 
chord PQ.
Corollary 1: The common chord PQ of two circles 
becomes of the maximum length when it is a diameter of 
the smaller one between them.
Corollary 2 : Circle on the common chord a diameter, 
then centre of the circle passing through P and Q lie on 
the common chord of two circles i.e.

S-S' = 0
Corollary 3 : If the length of common chord is zero, then 
the two circles touch each other and the common chord 
becomes the common tangent to the two circles at the 
common point of contact.
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S +XL = 0 (where, X is a parameter)

y, =m (x-xt)S = 0
L = Q

e

(xi.yi) fe.yz)

As=o L = 0

2 .(i)
and

■(H)or
•\Q(x2,y2)

2

+ X = 0 = 0

2. The equation of the family of circles passing through the 
point of intersection of circle S - 0 and a line L = 0 is 
given as

4. The equation of a family of circles passing through two 
given points P(x1,y1)and Q(x2,y2)can written in 
the form

1 
1
1

and if m is infinite, the family of circles is
(x-xi)2 +(y-y1)2 + X(x-x1)=0

(where, X is a parameter)

25
2

f

(x-x^x-x

X

*1

X2

(xi.yi)

: //
. *

\ °
: II

: +/ <z>

(where, X is a parameter)
5. The equation of family of circles which touch 

y-yi = m(x~ x1)at(Xj.yJfor any finite mis
(x-Xj)2 + (y-y^2

+ X{(y-y1)-m(x-x

6. Equation of the circles given in diagram are
(x-x1)(x-x2)+(y-y1)(y-y2)
icotO {(x-x1)(y-y2)-(x-x2)(y-y1)}=0

)+(y-yi)(y-y2) 

y

y2

i)} -0

I Example 69. Find the equation of the circle passing 
through (1,1) and the points of intersection of the circles 

x2 +y2 +13x-3y=0 and 2x2 +2y2 + 4x-7y-25=0.

Sol. The given circles are
x2 + y2 + 13x - 3y = 0

2x2 + 2y2 + 4x - 7y - 25 = 0
2 2 « 7 25x + y + 2x--y---= 02 2

Equation of any circle passing through the point of 
intersection of the circles Eqs. (i) and (ii) is 

( 7 25^(x2+y2+13x-3y) +X x2 +yz + 2x--y-----=0 ...(iii)
\ 2 2 7

3. The equation of the family of circles touching the circle
5 = 0 and the line L = 0 at their point of contact P is

S + XL = 0 (where, X is a parameter)

Its passes through (1,1), then 
f 7(1 + 1+ 13 - 3) + X 1 + 1 + 2 - -I 2

=> 12 + X (—12) = 0 X = 1
Substituting the value of X in Eq. (iii), the required 
equation is

2 2 2 2 7 2Sx + y + 13x - 3y + x + y + 2x —y-----= 0

22 13 252x2 + 2y2 + 15x-----y----- = 0
2 2

4x2 + 4y2 + 30x - 13y - 25 = 0
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■W

(i)

lies on the line y = xIts centre

then

or

...(i) 0 ...(ii)or

2
Its centre is(given)= 4

=>

-2 + 1 = 0

or

and

I Example 72. Find the equation of the circle passing 
through points of intersection of the circle

=>

(1 + 5X) 
(1 + X)

2

+

or 3X = 4

x2 + y2 -2x -4y+4 = 0 and the line x + 2y =4 which 
touches the line x + 2y =0.

Sol. Equation of any circle through points of intersection of 
the given circle and the line is

(x2 + y2 - 2x - 4y + 4) + X(x + 2y - 4) = 0 
or x2+y2+ ( X - 2)x + (2X - 4)y + 4(1 - X) = 0 
It will touch the line x + 2y = 0, then solution of Eq. (i) and 
x = - 2y be unique.
Hence, the roots of the equation
(~2y)2 + y2 + (X - 2)(-2y) + (2X - 4) y + 4 (1 - X) = 0

or 5y2 + 4(1 - X) = 0
must be equal.
Then, 0 - 4-5-4(1 - X) = Oor 1 - X = 0 orX = 1 
From Eq. (i), the required circle is x2 + y2 - x - 2y = 0

Sol. Given circles are
S= x2 +y2 + 2x + 3y+ 1 = 0

and S'= x2 + y2 + 4x + 3y + 2 = 0
Hence, their common chord is S - S' = 0
=> - 2x - 1 = 0 or 2x + l = 0 ...(i)
Now, the required circle must pass through the point of 
intersection of S and S'.
Hence, its equation is
=+

I Example 73. Find the circle whose diameter is the 
common chord of the circles x2 + y2 + 2x + 3y +1 = 0 
and x2 + y2 + 4x+ 3y+ 2 = 0.

or x2 + y‘

x2 + y2 + 2x

x2 + y2 - 2x

(40X- 4"
1 + X >

<2 + 6X^ 
k 1 + X ;

I Example 70. Find the equation of the circle passing 
through the point of intersection of the circles 
x2 + y2 -6x + 2y + 4 = 0, x2 + y2 + 2x-4y - 6 = 0 
and with its centre on the line y = x.

Sol. Equation of any circle through the points of intersection 
of given circles is
(x2 + y2 - 6x + 2y + 4) + X (x2 + y2 +2x - 4y - 6) = 0

=> x2(l + X) + y2 (1 + X) - 2x (3 - X) + 2y (1 - 2X)
+ (4 - 6X) = 0

2 2x(3-X) | 2y(l-2X) | (4-6X)^Q 
(1 + X) (1 + X) (1 + X)

3-X 2X-1
1 + X 1 + X

2X-1 3-X ,
1 + X 1 + X

2X - 1 = 3 - X
X = 4/3

Substituting the value of X = 4 / 3 in Eq. (i), we get the 
required equation is

7x2 + 7y2 - lOx - lOy - 12 = 0

I Example 71. Find the equation of the circle passing 
through the points of intersection of the circles 
x2 + y2 - 2x-4y-4 = 0and 
x2 + y2 -10x-12y +40 = 0 and whose radius is 4.

Sol. Equation of the any circle through the points of 
intersection of given circles is

(x2 +y2 -2x - 4y- 4)

+ X(x2 + y2 - lOx - 12y + 40) = 0 

x2(l + X) + y2(l + X) - 2x(l + 5X)
— 2y(2 + 6X) — 4 + 40X = 0 

_2y(^ + (40X-4)=0
(l + X) (1 + X)

Its radius_____
I 1 + 5X 

y i + x 
(1+ 5X)2+(2 + 6X)2-(40X - 4)(1 + X) -------------------------- ---------------------- 16 

(1 + X)2

5X2 - 34X - 7 = 0
(X-7)(5X + l) = 0

X = 7 or X = —
5

Substituting the values of X in Eq. (i), the required circles are 
2x2 +2y2 -18x-22y+ 69 =0 

x2 + y2 - 2y - 15 = 0

S + XS' = 0
(x2 + y2 + 2x + 3y + 1)

+ X(x2 +y2 + 4x + 3y + 2) = 0 
x2 (1 + X) + y2 (1 + X) + 2x (1 + 2X)

+ 3y (1 + X) + (1 + 2X) = 0

(1+2X) I 3V I (1 + 2X)- 
(1 + X) (1 + X) 

1+2X r

But from Eq. (i), 2x + 1 = 0 is a diameter of this circle. 
Hence, its centre must lie on this line

J1 + 2X>| 
-2 --------i + X J

—2 — 4X + 1 + X = 0 
-l-3X = 0

x = -l
3 

Hence, from Eq. (ii), the required circle is 
2x2 + 2y2 + 2x + 6y +1 = 0
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...(ii)

(iii)or

or

Exercise for Session 6

,2

(d) None of these

(c) 60 (d)70(b) 50

or 
and

/
(b) 0 = 2sin~1

^l + r2

(c)?+iT

Four concyclic points lie on a circle, then Eq. (i) represents 
a circle. Then, 
coefficient of x2 = coefficient of y2 and coefficient of 
xy = 0

I Example 74. If two curves, whose equations are 
ex2+2hxy + by2 + 2gx + 2fy + c = 0 and 
(rx2 + 2h'xy + b'y2 +2g'x + 2f'y + c' = 0 intersect in 

four concyclic points, prove that 
h h

Sol. Tne equation of family of curves passing through the 
points of intersection of two curves is 
(ar2 + 2hxy + by2 + 2gx + 2fy + c)

+X(a'x2 + 2h'xy + b'y2 + 2g' x + 2f'y + c') = Q 
(a + Xa') x2 + 2xy(h + h'k) + (b + kb')y2

+ 2x(g +k g') + 2y(f + kf') + (c + X c') = 0 ...(i)

a + ka' = b + kb'
(a-b) =-k(a' - b') 

2(h + h'k) = 0

x—A
h'
Substituting the value of k from Eq. (iii) in Eq. (ii), then 

a - b a - b' 
~h~~ h'

1. Circles x2 + y2-2x -4y = 0 and x2 + y2 -8y -4 = 0
(a) touch each other internally (b) touch each other externally
(c) cuts each other at two points (d) None of these

2. The number of common tangents that can be drawn to the circles x2 + y2 - 4x - 6y - 3 = 0 and
x2 + y2 + 2x + 2y + 1 = 0 is 

(a)1 (b) 2 (c) 3 (d)4

3. If one of the circles x2 + y2 + 2ax + c = Q and x2 + y2 + 2bx + c = 0 lies within the other, then

(a) ab > 0, c > 0 (b) ab > 0, c < 0
(c) ab < 0, c > 0 (d) ab < 0, c < 0

4. The condition that the circle (x -3)2 + (y -4)2 = r2 lies entirely within the circle x2 + y2 = R2 is

(a)K + r<7 (b)R2 + r2<49
(c) R2-r2 <25 (d)R-r>5

5. The circles whose equations are x2 + y2 + c2 =2ax and x2 + y2 + c2 -2by =0 will touch one another

externally, if 

<a)4+4=4 (b>4+4=4c2 a2 c2 a2 b2

7=4 <d>4+4=4b2 c2 b2 c2 a2

6. Two circles with radii q and r2, i\>r2>2, touch each other externally. If 0 be the angle between the direct 
common tangents, then

/ >
(a) 0 = sin-1

V^r2j
/ \

(c) 0 = sin-1 —r-^-
(W)

7. The circles x2 + y2 -10x + 16 = 0and x2 + y2 -r2 intersect each other in two distinct points if

(a)r<2 (b)r>8 (c)2<r<8 (d)2<r<8

8. If the circle x2 + y2 + 4x + 22y + c = 0 bisects the circumference of the circle x2 + y2 -2x + 8y -d = 0 , then 

c + d is equal to 
(a) 40
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9. Two circles x2 + y2 = 6 and x2 + y2 -6x + 8 = 0 are given. Then, the equation of the circle through their points 
of intersection and the point (1,1) is . /
(a) x2 + y2-6x +4= 0 (b)x2 + y2-3x+1=0
(c)x2 + y2-4x+2= 0 (d)x2 + y2-2x+1= 0

10. The equation of the circle described on the common chord of the circles x2 + y2 + 2x = 0 and x2 + y2 + 2y =0 
as diameter is
(a)x2 + y2 + x-y = 0 (b) x2 + y2 - x + y = 0
(c) x2 + y2 - x - y = 0 (d) x2 + y2 + x + y = 0

11. The equation of the diameter of the circle 3(x2 + y2)-2x + 6y -9 = 0 which is perpendicular to the line 
2x + 3y = 12 is
(a)3x-2y+3=0 (b)3x-2y-3=0
(c)3x-2y+1=0 (d)3x-2y-1=0

12. If the curves ax2 + 4xy + 2y2 + x + y + 5 = 0 and ax2 + 6xy + 5y2 + 2x + 3y + 8 = 0 intersect at four concyclic 
points, then the value of a is
(a)-6 (b)-4 (c)4 (d)6

13. Find the equation of the circle passing through the points of intersection of x2 + y2 + 13x -3y = 0 and 
2x2 + 2y2 +4x -7y-25 = 0 and the point (1,1).

14. Show that the common chord of the circles x2 + y2 -6x -4y + 9 = 0 

pass through the centre of the second circle and find its length.

15. Prove that the circles x2 + y2 + 2ax + 2by = 0 and x2 + y2 + 2a}x + 2b# =0 touch each other, if at^ =ayb.

16. Find the equations of common tangents to the circles x2 + y2 -24x + 2y + 120 = 0 and 
x2 + y2 + 20x - 6y -116 = 0.

and x2 + y2-8x-6y+ 23 = 0
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cos (180° -0) (/.a = 180°-0)or

COS0

and

Then, from Eq. (i), 0
A' S'

eo or
<S' = 0

■2
g -CLa6

dcf" A
2^i +2#! =c + Cjor

Q8

■2

Let

Now, in AQ PC2, cosa =
7

Angle of Intersection of Two Circles, Radical Axis, 
Radical Centre, Co-axial System of Circles, 
Limiting Point, Image of the Circle by the Line 
Mirror

-d2

■J2
O*c2

va+0+90°+90°
= 360°

+ 5?
7-2^1 -2#!

Remark
Equation of a circle cutting the three circles 
x2+ y2 + 2gjX + 2f,y + c, =0 (/ = 1,2,3) orthogonally is 

x2 + y2 * y 1
-q fi -1
-c2 Qz fz -1
-c3 ?3 6 -1

Angle of Intersection of 
Two Circles
Let the two circles

S = x2 +y2 + 2gx+2fy + c=0

S' = x2 +y2 + 2g}x + 2j\y + Cj =0

intersect each other at the points P and Q.The angle 0 
between two circles S = 0 and S' = 0 is defined as the angle 
between the tangents to the two circles at the point of 
intersection.

C] and C2 are the centres of circles
S = 0 and S' = 0, then

ci =(-&-/) and c2=("ii>-fi)

and radii of circles S = 0 and S' = 0 are

ri = /(g2 +f2 -c) and r2 = yfcg2 + ft cj
d = 10^21=Distance between their centres

= 7(-S + S.)2+(-/ + /i)2

= + f2 + g? +/1Z - 2gffi - 2ffi)
<2.2 J2^q +r2 d

2ri r2

Jr2+r2_d2>
< 2^2 >

2 2
_ G +^2

2r\r2

Orthogonal Intersection of Circles
If the angle between the circles is 90°, i.e. 0 = 90°, then the 
circles are said to be orthogonal circles or we say that 
the circles cut each other orthogonally.

2 . r2 12 _ q + r? “ 
2r\r2

r\ +r2 ~d2 = ° Or ri +r2 ~d2

2 . r2 „ . _2 . c2 „ 2
1 +J1 "C1 =g

I Example 75. Find the angle between the circles
S:x2 +y2 -4x+6y+1l=0

and S':x2 +y2 -2x+8y+13=0
Sol. Centres and radii of circles S and S' are

C,(2, - 3), = V2, C2(l, - 4), r2 = 2.
Distance between centres, d = | CjC2|

= 7(2 - I)2 + (-3 + 4)2 =
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cos 0

1cos 0 =

■(iv)
2

(V)

and

We have,

or

or

or

or
(i)

(ii)

or

(i)
or

and 
then,

•••(Hi)
...(iv)

[from Eq. (iii)]
...(vi)

-(ii)

If angle between the circles is 0, then 
_ r,2 + r2 - d2 

2V2 

2+4-2_ 
2-72-2 

0 = 45°

I Example 76. Show that the circles 
x2+ y -6x + 4y+ 4 = 0 and 
x2 + y2 + x + 4y + 1 = 0cut orthogonally.

So/. Comparing the given circles by general equation of circles 
x2 + y2 + 2gx + 2fy + c = 0 

x2 + y2 + 2g]X + 2fy + q = 0 
g = -3,/ = 2,c = 4 
gi = 1 /, = 2, Cj = 1

Then, given circles cut orthogonally, if 
2^i + = c + ct

2x(-3)x-+ 2x2x2= 4 + 1
2

-3 + 8 = 5 or 5 = 5.
Hence, the given circles cut each other orthogonally.

I Example 78. Find the equations of the two circles 
which intersect the circles

x2+y2-6y+l=O and x2+y2-4y+l=0 
orthogonally and touch the line 3x + 4y+5=0. 

So/. Let the required circle be
x2 + y2 + 2gx + 2fy + c = 0

and given circles are x2 + y2 - 6y + 1 = 0

and x2 + y2 - 4y + 1 = 0
Since, Eq. (i) cuts Eq. (ii) and Eq. (iii) orthogonally

2g x 0 + 2f x (-3) = c + 1
-6/ = c + 1

2g X 0 + 2f X (-2) = c + 1

I Example 77. Find the equation of the circle which 
cuts the circle x2 + y2 + 5x + 7y-4 = 0 orthogonally, 
has its centre on the line x = 2 and passes through the 
point (4,-1).

So/. Let the required circle be
x2 + y2 + 2gx + 2fy + c = 0 

Since, (4,-1) lie on Eq. (i), then
17 + 8g - 2f + c = 0 

Centre of Eq. (i) is (-g, - f ) 
Since, centre lie on x = 2 then -g = 2 

g = -2 
From Eq. (ii), 1-2/ + c = 0 
and given circle is

x2 + y2 + 5x + 7y-4 =0 
Given the circles Eqs. (i) and (v) cut each other 
orthogonally,

2gx^ + 2/x^ = c- 4 
Lt Ct

5g +7 f = c - 4 
-10 + 7/= c-4 

or -6 + 7/ -c=0
Solving Eqs. (iv) and (vi), we get 

/ - 1 and c = 1
Substituting the values of g, / c in Eq. (i), we get 

x2 + y2 - 4x + 2y + 1 = 0

or 
and 
or -4/=c + l
Solving, Eqs. (iv) and (v), we get 

/ = 0 and c = -1
From Eq. (i), x2 + y2 + 2gx -1 = 0 ...(vi)

centre and radius of Eq. (vi) are (—g, 0) and y(g2 +1), 
respectively.
Since, 3x + 4y + 5 = 0 is tangent of Eq. (vi), then length of 
perpendicular from (-g, 0) to this line = radius of circle

Vp + is)
|-3g +5| = 51/(g2 +1)

(-3g + 5)2=25(g2+l)

9g2 + 25 - 30g = 25g2 + 25

16g2 +30g =0
j 15g=0 and g = -y

Equations of circles are from Eq. (vi),

x2 + y2-l = 0 and x2+y2- —x-l = 0
4 

x2+y2-l = 0 and 4x2 + 4y2 - 15x - 4 =0.

I Example 79. Prove that the two circles, which pass 
through (0, a) and (0,-a) and touch the line 
y = mx + c, will cut orthogonally, if c2 =o2(2+m2)

Sol. Let the equation of the circles be
x2 + y2+ 2gx+ 2fy + d = Q 

Since, these circles pass through (0, a) and (0, - a), then
a2 + 2 fa + d = 0 ...(ii)

and a2 - 2fa + d = 0 ...(iii)
Solving, Eq. (ii) and Eq. (iii), we get / = 0 and d = - a2. 
Substituting these values of/and d in Eq. (i), we obtain

x2 + y2 + 2gx - a2 = 0 ...(iv)
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Radical Axis
•••(v)

and

-(vi)

On squaring,

A

Ci

...(u)or S = 0
S' = 0c + 9

Pfxi.yJ...(iii)or

and

.(iv)or

-(v)

•••(vi)

=$

which is the required equation of radical axis of the given 
circles. Clearly this is a straight line.

•••(i)

...(u)

or c = - 4
Substituting the values of g, f,c in Eq. (i), then required 
circle is

I Example 80. Find the equation of the circle which 
cuts orthogonally each of the three circles given below

x2+y2 -2x+3y-7=O, x2 +y2 +5x-5y+9=0 
and x2 +y2 +7x-9x+29=0.
Sol. Let the required circle be

x2 + y2 + 2gx + 2fy + c = 0 ...(i)
Since, it is orthogonal to three given circles respectively, 
therefore

3 
2g x(-1) + 2f X- = c-7 

2 
-2g + 3f = c - 7

2g X + 2f x

5g - 5/ = c + 9 
7 (2g X - + 2/ x — = c + 29 2 I 2j

7g - 9/ = c + 29 
Subtracting, Eq. (ii) from Eq. (iii), 

7g-8/ = 16 
and subtracting Eq. (iii) from Eq. (iv), 

2g—4/= 20 
Solving Eq. (v) and Eq. (vi), we get 

g = - 8 and f = - 9 
Putting the values of g and/in Eq. (iii) 

-40 + 45 = c + 9
5 = c +9

x2 + y2 - 16x - 18y -4=0

The radical axis of two circles is the locus of a point which 
moves such that the lengths of the tangents drawn from it 
to the two circles are equal.
Consider, S = x2 + y2 + 2gx + 2fy + c = 0

S' = x2 + y2 +2gjX + 2f1y + c1 =0

Let P(x,, yJ) be a point such that
|PA| = |PB|__________

V(x? +2£xi +2^i +c)
=V<x? +y2i +2$ixi ♦ViA'i +ci)

+y2 +2gXi +2fyt +c

= xi +7i + ’ ci

=> 2(g-g1)x1 +2(/-/1)y1 +c-c, =0
Locus ofP(xI,y1) is 

2(g-gi)x+2(/-/i)y + c-c1 =0 

P(*vY0

or
From Eqs. (v) and (vi), 

-a2 = a2(l + m2) - c2 

or c2 = a2(2 + m2)
which is the required condition.

Now, y = mx + c touch this circle, therefore, length of the 
perpendicular from the centre = radius

■Jl + m2

(c - mg)2 =(l + m2)(g2 +a2)

g2 + 2mcg + a2 (1 + m2) - c2 = 0or
Let g],g2are the roots of this equation 

gig2 = a2(l + m2)-c2
Now, the equations of the two circles represented by 
Eq. (iv) are

x2 + y2 + 2g{x - a2 = 0 

and x2 + y2 + 2g2x - a2 = 0. 
These two circles will be cuts orthogonal, if 

2 22gtg2 + 0 = -a -a 
Syg2=~a2

7
2
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Common tangent

Touching circles

Ci

B
A 'R

(say)

(say)

—(i)

...(ii)

...(i)

-(ii)

•(iii)

.*. m1m2 =~1
Hence, CXC2 and radical axis are perpendicular to 
each other.

(iii) The radical axis bisects common tangents of two 
circles : Let AB be the common tangent. If it meets 
the radical axis LM in M, then MA and MB are two 
tangents to the circles. Hence, MA = MB since lengths 
of tangents are equal from any point on radical axis. 
Hence, radical axis bisects the common tangent AB.

Some Properties of the Radical Axis
(i) The radical axis and common chord are 

identical: Since, the radical axis and common chord 
of two circles S = 0 and S'=0 are the same straight 
line S - S' = 0, they are identical. The only difference 
is that the common chord exists only if the circles 
intersect in two real points, while the radical axis 
exists for all pair of circles irrespective of their 
position.

Radical axis

Intersecting circles

The position of the radical axis of the two circles 
geometrically is shown below:

m2

d2

C2

C2Ci

= mi

Non-intersecting circles
Common chord

1^2

S=O \
S' = 0

From Euclidian geometry 
(PA)2 = PR-PQ = (PB)2

(ii) The radical axis is perpendicular to the straight 
line which joins the centres of the circles : 
Consider, S = x2 +y2 + 2gx + 2fy + c=Q 

and Sj = x2+y2+2gjX T-2/^y+ Cj =0 

Since, Cj = (-g, - f) and C2 = (~g}, -/J are the 
centres of the circles Eqs. (i) and (ii), then slope of 

p _ ~fi + f _ f ~ fi .
“gi+g g~Si

Equation of the radical axis is 
2(g~gi)^+2(/-/1)y + c-cI =0

Slope of radical axis is —— =
f~fi

If the two circles touch each other externally or 
internally, then >1 and B coincide. In this case the 
common tangent itself becomes the radical axis.

(iv) The radical axis of three circles taken in pairs 
are concurrent: Let the equations of three circles be

Sj = x2 + y2 + 2gj x + 2j\y + ct = 0

52 =x2 +y2 +2g2x+2f2y +c2 =0

53 =x2 +y2 + 2g3x +2f3y + c3 =0

The radical axis of the above three circles taken in 
pairs are given by

~^2 = 2X(&i ”S2) + 2y(/i ~ f2)
+ C] -c2 =0 ...(iv)

S2 — S3 =2x (g2 — g3) +2y (f2 —f$)
+ c2-c3=0 ...(v) 

^3 - Sj s 2x (g3 - gj) + 2y(f3 - /j)
+ c3 -Cj =0 ...(vi)

Adding Eqs. (iv), (v) and (vi), we find LHS vanished 
identically. Thus, the three lines are concurrent.

(v) If two circles cut a third circle orthogonally, the 
radical axis of the two circles will pass through 
the centre of the third circle.

OR
The locus of the centre of a circle cutting two 
given circles orthogonally is the radical axis of 
the two circles.
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Let

or
2

(iv) 22 z2

z2

z2

or-(v)2
or

2i.e. or

or
Locus of P is

-(0

and (ii)
or

or
or

Since, 
or

.-(i) 

...(ii)

S3 = x2 + y2 + 2g3x + 2/3y + c3 =0 ...(iii) 

Since, Eqs. (i) and (ii) both cut Eq. (iii) orthogonally 
2&1&3 =ci +c3

2<?2&3 + 2/2/3 =C2 + c3

g2f'2+f2g'2-2gg'ff' = 0

(gf'-g'f)2=o 

gf'-g'f=0 
gf' = g'f

I Example 82. A and B are two fixed points and P 
moves so that PA = nPB. Show that locus of P is a 
circle and for different values of n all the circles have a 
common radical axis.

z2)

2gg'ff' = g2f'2 + f2g'2 
(gf'~g'f)2=o

gf' = g'f

z2)

z2)

51 = x2 +y2 +2gjX+2/1y+ Cj =0

52 =x2 +y2 + 2g2x +2f2y + c2 =0

2 +y2 +2g3x+2/3y + c3 =0

2ax + a2 = 0

2ax + a2 =0

2ax + a2 = 0

+ a2 =0

x2 + y2 -

x2+y2-

x2 +y2 -

and
Subtracting, we get

2<?3 (gi “£2) ■*’2/3(/’1 _/2)=c1 — c.

Now, radical axis of Eqs. (i) and (ii) is
Si — S2 =0

or 2x(gi-g2)+2y(/i-J2)+ Cj-c2 =0
Since, it will pass through the centre of Eq. (iii) circle 

~2gz (£1 “ £2) “2/3(/i ~/2) + ci “ c2 =9 
or 2£3(g] ~£2)+2/3(/i -/2)=ci ~c;
which is true by Eq. (iv),

Aliter : If two circles touch each other, then 
distance between their centres = sum or difference of their 
radii

Ju-n2+(/-r)Mf2+r)*J(F 
7(?+/2+g'24-r;-2g'-2#') 

7u'2+r2)g2 + .

On squaring, we have
g2 + f2 + g'2 + f'2 ~2gg'~2ff'_______

= g2+f2+ g'2 + /'2± 2^g2+f2) Jtf2 
or (gg' + ff') = ± 7(£2 +/2)(£/2 + //2) 
Again, on squaring both sides, we get 

g2g'2+f2f'2+2gg'ff' = g2g'2

Sol. Let A = (a,0), B = (-a, 0) and Ps(h,k)
PA = J(h - a)2 + k2

PB = J(h+a)2 +k2

PA = nPB
(PA)2 = n2 (PB)2

{(h - a)2 + k2} = n2 {(h + a)2 + k2}

(h2 + k2 -2ah + a2) = n2 (h2 + k2 + 2ah + a2)

(1 - n2)/i2 + (1 - n2)k2 - 2ah(l + n2)

+ (l-n2)a2 =0
,2 ,2 n i (1 O )
h2 + k-2ah -------

(1-n2)
l + n2>

which is a circle. For different values of n.
If two different values of n are rij and n2, then circles are 

2'S Bn,

'1 + n2>

Remark
Radical axis need not always pass through the mid-point of the 
line joining the centres of the two circles.

(Example 81. If two circles x2 + y2 + 2gx + 2fy = 0 
and x2 + y2 + 2g'x + 2f'y = 0 touch each other, then 
l’g=fg'-

Sol. If two circles touch each other, then their radical axis is 
their common tangent.

Radical axis of two circles is
(x2 +y2 + 2gx + 2fy) - (x2 + y2 + 2g'x + 2f'y) = 0 

or 2x(g - g') + 2y(f - f') = Q
or x(g- g') + y(f - /') = 0 ...(i)
If this touches the circle x2 + y2 +2gx + 2fy = 0, then the 

length of perpendicular from its centre (-g, ~ f) to (i) 
=radius ^(g2 + fz) of the circle

\~g(g- g')~ f(f ~f') \ _ J^2

{(-(g2+f2)+ffi'+#'))2

=(«2+/2)((«-s')2+(/ + /')2)
or (g2 + f2)2 + (gg' + ff')2 ~ 2(g2 + f2)(gg' + ff')

= (£2 + /2){(£2 + f2) + (£'2 + f'2)" 2(gg' + ff')} 

or (gg' + ff')2=(g2+f2)(g'2

On simplifying,

or
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= o2ax-

L
S, =0

S3 — 0

P

P =

or

.(ii)

—(i)

Radical Centre
The radical axes of three circles, taken in pairs, meet in a 
point, which is called their radical centre. Let the three 
circles be

Properties of Radical Centre
1. Coordinates of radical centre can be found by solving 

the equations
S] =S2 =$3 =0

2. The radical centre of three circles described on 
the sides of a triangle as diameters is the 
orthocentre of the triangle :

I Example 83. Show that the difference of the 
squares of the tangents to two coplanar circles from 
any point P in the plane of the circles varies as the 
perpendicular from P on their radical axis. Also, 
prove that the locus of a point such that the 
difference of the squares of the tangents from it to 
two given circles is constant is a line parallel to their 
radical axis.

Sol. Let the two circles be
S, = x2 + y2 + 2g}x + 2f\y + Cj = 0 

and S2 = x2 + y2 + 2g2x + 2f2y + c2 =0 
and let P= (h, k)

Radical axis of Eqs. (i) and (ii) is
2(gi -£2)x + 2(.fi -/2)y + ci-C2 =° -(in) 

Let length of tangents from P(h, k) on Eqs. (i) and (ii) are Zj 
and l2, then

S2 = 0

Si =0

$2 =o
S3 =0

.•. Radical axis of Eqs. (i) and (ii) is
1 + n2 1 + n2
1-H2 1 - nf

or x = 0 or Y-axis.
Hence, for different values of n the circles have a common 
radical axis.

Let OL, OM and ON be radical axes of the pair sets of 
circles

{Sj =0,S2 = 0}, {S3 =0,S3 =0} 
and {S2 =0,S3-0} respectively.
Equations of OL, OM and ON are respectively

Sj-S2=0 ...(iv)
S3 -S] =0 ...(v)
S2 — S3 =0 ...(vi)

Let the straight lines Eqs. (iv) and (v) i.e. OL and OM meet 
in O. The equation of any straight line passing through 0 is

(Si -S2) + X(S3 -SJ-0 
where X is any constant.
For X = 1 this equation becomes

S2 -S3 =0
which is, by Eq. (vi), equation of ON
Thus, the third radical axis also passes through the point 
where the Eqs. (iv) and (v) meet. In the above figure O is
the radical centre.

/, = 7$? = 7(^2 + + 2gjh + 2f\k + Cj) 

and l2 = 7^2 = 7(ft2 + fc2 + 2g2h + 2f2k + c2) 

According to the question,
I2 - l22 = 2(gl ~ g2)h + %fi~ fjk + c^- c2 ...(iv) 

Let p be the perpendicular distance from P(h, fc) on Eq. (iii), 
_\^Si- g2)h+2(fx- f2)k +cL-c2|

From Eqs. (iv) and (v), we get

iHl 
2^i-^)2+(/i-A)2

~ 11 = 27(gi -g2)2 +(fi~f2)2= constant 
P

U12-/2I«P
Locus of P(h, k) in Eq. (iv) is

2(^i “ )x + Zfi “ /z )y + ci “ c2 = (Z1“12) 

a line which is parallel to Eq. (iii).
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+ 2/(3) = c + 5

-.(ii)or

and

5g - 8/ = c + 15 ...(iii)

I Example 86. Prove that if the four points of

= 0

s2 = o

— S2 — 0or

4x-7y + 10 = 0 ...(i)
x+y-5=0 ...(ii)
7x + 4y-15 = 0 ...(iii)

Since, lines Eqs. (i) and (iii) are perpendiculars the point of 
intersection of Eqs. (i) and (iii) is (1, 2), the orthocentre of 
the triangle. Hence, radical centre is (1, 2).

B
B'

l2 = 0

I Example 85. Find the radical centre of three circles 
described on the three sides 4x - 7y +10 = 0, 
x + y — 5 = 0 and 7x + 4y —15 = 0 of a triangle as 
diameters.

So/. Since, the radical centre of three circles described on the 
sides of a triangle as diameters is the orthocentre of the 
triangle.

Radical centre - orthocentre
Given sides are

So/. The given circles and given lines are
Sj = x2 + y2 + ax + by + c = 0

S2 = x2 + y2 + a'x + b'y + c' = 0

Lj = Ax + By + C = 0

L2 a A'x + B'y + Cz = 0

N

-g + 6/ = c + 5

2g [ 11 + 2/(-4) = c + 15
\. w J

or
Solving, Eqs. (i), (ii) and (iii), we get

g = -3, / = - 2 and c = -14
.*. Equation of required circle is

x2 + y2 - 6x - 4y - 14 = 0

I 3 i2gl-l + 2/(l) = c + l

3g + 2/ = c + 1

Si = 0

x-y-l=0
and S2 -S3 = -6x + 14y - 10 = 0 or 3x-7x + 5 = 0 
Solving them the radical centre is (3, 2) also, if r is the 
length of the tangent drawn from the radical centre (3, 2) to 
any one of the given circles, say Sj, we have

r = Js^ = <jl2 +22 +3-3 + 2-2 + 1 = 727

Hence, (3, 2) is the centre and is the radius of the circle 
intersecting them orthogonally.

Its equation is
(x - 3)2 + (y - 2)2 = r

Aliter: Let x2 + y2 + 2gx + 2fy + c = 0 be the
equation of the circle cutting the given circles orthogonally. Li ~

intersection of the circles x2+y2 + ax + by + c = O and 
x2 + y2 + a'x + b'y + c' = 0 by the lines Ax + By + C = 0 
and A'x + B'y + C' = 0 respectively are concyclic, then 

a-a' b-b' c-c' 
ABC 
A' B' C'

2 =27 or x2 + y2 - 6x - 4y - 14 = 0

Draw perpendicular from A on BC.
ZADB = ZADC = ti/2

Therefore, the circles whose diameters are AB and 
AC passes through D and A. Hence, AD is their 
radical axis. Similarly, the radical axis of the circles 
on AB and BC as diameters is the perpendicular line 
from B on CA and radical axis of the circles on BC 
and CA as diameters is the perpendicular line from C 
on AB. Hence, the radial axis of three circles meet in 
a point. This point I is radical centre but here radical 
centre is the point of intersection of altitudes i.e. 
AD, BE and CF. Hence, radical centre = orthocentre.

3. The radical centre of three given circles will be the 
centre of a fourth circle which cuts all the three 
circles orthogonally and the radius of the fourth circle 
is the length of tangent drawn from radical centre of 
the three given circles to any of these circles.
Let the fourth circle be (x - h)2 + (y - k)2 = r2, where 

(h, k) is centre of this circle and r be the radius. The 
centre of circle is the radical centre of the given 
circles and r is the length of tangent from (h, k) to any 
of the given three circles.

I Example 84. Find the radical centre of circles 
x2 + y2 + 3x + 2y + 1 = O, x2 + y2 -x+6y + 5 = 0and 
x2 + y2 + 5x - 8y +15 = 0. Also, find the equation of 
the circle cutting them orthogonally.

So/.: Given circles are
Sj = xz + y2 + 3x + 2y + 1 = 0 
S2 = x2 + y2 - x + 6y + 5 = 0 
$3 = x2 + y2 + 5x - 8y + 15 = 0

Equations of two radical axes are
Sj - $2 = 4x - 4y - 4 = 0 or 
S2-S3 s-6x + 14y - 10 = 0
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'2,

(i)

(ii)

and

we have = 0

S*AP = 0

s = o

and

■0

=><=0

■

B
B'

or
or

(X*-l)
(X1
(X*-l)

s,+

/

Co-axial System of Circles
A system (or a family) of circles, every pair of which have 
the same radical axis, are called co-axial circles.

(1) The equation of a system of co-axial circles, when the 
equation of the radical axis and of one circle of the 
system are

IP = Q--..........

P = lx 4-my + n = 0
S = x2 +y2 + 2gx+2fy +c~Q 

respectively, is
S 4- XP = 0 (X is an arbitrary constant)

(2) The equation of a co-axial system of circles, where 
the equation of any two circles of the system are

\ \ +
] ; s
7 /£

/ / II
O

S; =0 S2 =0

Let Sj = 0 meet L} = 0 at two points P and Q and S2 = 0 meet 
L2 = 0 at two points R and S.
Further P.Q, R and S are given to be concyclic. Let the circle 
through them is

x2 + y2 + 2gx + 2fy + X=0
Radical axis of Sj = 0 and S2 = 0 is

Sj — S2 = 0

=> (a-a')x+ (b-b')y + c - c'=Q
The radical axis of Sj = 0 and S = 0 is L, = 0 

or 
and

o 
II

H
S+V7=o

Ax + By + C = 0 ...(iii)
radical axis of S2 = 0 and S = 0 is L2 = 0 
A'x + B'y + C' = 0 ...(iv)

I iI \

Sj — 0 Sj—S2 —0

Sj = x2 +y2 + 2g,x + 2f1y + c1 =0

S2 =x2 +y2 + 2g2x+2f2y + c2 =0 

respectively is
Sj +X(Sj ~S2)=0 

or S2 + Xj (Sj — S2) =0 
Other formSj +XS2 =0

(3) The equation of a system of co-axial circles in the 
simplest form is

x2 + y2 +2gx+c=Q 

where, g is variable and c, a constant. 
The common radical axis is the Y-axis 
(since centre on X-axis) and the equation of a system 
of other co-axial circles in the simplest form is 

x2 +y2 + 2fy + c =0 
where,/is variable and c, a constant 
(since centre on Y-axis). The common radical axis is 
the X-axis.

I Example 87. Find the equation of the system of 
circles co-axial with the circles 

x2 +y2 +4x +2y+1=0 
and x2 +y2 -2x+6y-6=0 
Also, find the equation of that particular circle 
whose centre lies on the radical axis.

Sol. Given circles are
Sj sx2 +y2 + 4x + 2y + 1 =0 

and S2 = x2 + y2 - 2x + 6y - 6 = 0 
Radical axis is Sj - S2 = 0 

i.e. 6x - 4y + 7 = 0
Now, system of co-axial circle is 

Sj + X (Sj — S2) = 0
(x2 + y2 + 4x+2y + 1) + X(6x - 4y+ 7) = 0 

=> x2 + y2 + 2x (2 + 3X) + 2y(l - 2X) + 1 + 7X = 0 ...(ii) 
Its centre [-(2 + 3X), -(1 - 2X)] lies on Eq. (i)

6 X —(2 + 3X) - 4 X-(1 — 2X) + 7 = 0 
-12-18X + 4 - 8X + 7 =0 
-26 X - 1 = 0

or
Since, the radical axes of any three circles taken in pairs are 
concurrent, (i.e. lines Eqs. (ii), (iii) and (iv) are concurrent).

a-a' b-b' c-c' 
ABC 
A' B' C'
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■0)

and

[from Eq. (i)J

and
I

or

and AB =(Si-gz)

BC = (g2 -g3)

and CA = (g3 ~£i)
I

(x-a)2+(y-p)2 =0

(x - y)2+(y - 8)2 =0

x2 +y2 -2ax-2Py+a2 +£2 =0

x2 + y2 -2yx-28y+Y2 + 82 =0

g = ±Vc

Thus, we get the two limiting points of the given 
co-axial system as

(^0) and (-Vc,0)
Clearly the above limiting points are real and 
distinct, real and coincident or imaginary according 
as c >, =, < 0

2. System of co-axial circles whose two 
limiting point are given :
Let (a, P) and (y, 3) be the two given limiting points. 
Then, the corresponding point circles with zero radii 
are

and

The equation of co-axial system is
(x2 +y2 -2ax-2py+a2 +p2)

+X(x2 + y2 -2yx-28y+ Y2 +82) =0 

where, X * -1 is a variable parameter.

X = --
26

Substituting the value of X in Eq. (ii), the equation of circle 
is

Now, BC-tf + CA-tj + AB tj

= t(g2- SiW2 +k2 +2S?j + c)

= (h2 + k2 + c) E (g2 - g3) + 2hEg1(g2 - g3)

= (h2 + k2 + c)(g2- g3 + g3- gt+ g, - g2)

+ 2h {g^g2 - g3) + g2(g3 " gi) + g3(Si - gz)}
= (h2 + k2 + c)(0) + 2h(0) = 0 

which proves the result.

PQ = >l(h2 + k2 + 2g2h + c)

PR = ^(h2 + k2 + 2g3h + c)

(PQ) 2 _ h2 +k2 + 2g2h + c
(PR) 2 h2+k2+2g3h + c

_ -2g}h + 2g 2h
-2g{h + 2g3h

_ g2 ~ gi= constant 
g3 -Si

because gp g2, g3 are constants.

I Example 89. If A,B, C be the centres of three 
co-axial circles and tvt2,t3 be the lengths of the 
tangents to them from any point, prove that

BC-t2 + G4-t2 + ab t2=o

So/. Let the equations of three circles are
2 2x +y +2g(x + c =0,i = 1,2,3,.

According to the question
A = (~gi, 0), B = (~g2,0), C * (—g3,0) 

Let any point be P(h, k)

tl = + k2 + 2g1h + c

t2 = yjh2 + k2 + 2g2h + c

= ^h2 +k2 + 2g3h + c

Limiting Point
Limiting points of system of co-axial circles are the 
centres of the point circles belonging to the family (Circles 
whose radii are zero are called point circles).

1. Limiting points of the co-axial system 
Let the circle is

x2 +y2 + 2gx + c=0 

where, g is variable and c is constant. 
.•. Centre and the radius of Eq. (i) are (-g, 0) and 
7(g2 - c), respectively. Let

=°

I Example 88. Prove that the tangents from any point 
of a fixed circle of co-axial system to two other fixed 
circles of the system are in a constant ratio.

Sol. Let the equations of the circles be x2 + y2 + 2g,x + c = 0,
i = 1,2,3. Since, all the three circles are fixed
gj g2 and g3 are constants.
Let P(h, k) be any point on the first circle, so that 

h2 + k2 +2g}h + c =0
Let PQ and PR be the tangents from P on the other two 
circles

2 9 I JI I Z I /x‘ +y‘ +2x\ 2-----+ 2y 1 + — + 1------- --  02
26

7
26

3
26,1 'V

26(x2 + y2) + 98x + 56y + 9 = 0
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or

Centre of this circle is —(i)

or

-(ii)Its centre =

X = -

From Eq. (ii),

or

y+or

(i) or

Radius =

.(ii)Its centre is
or

or

or
or

andi.e.

A

Sol. The given circles are
St = x2 + y2 + 5x + y + 4 = 0

and S2 = x2 + y2 + lOx - 4y - 1 = 0
Equation of the co-axial system of circles is Sj + XS2 = 0 

or

90°
0 (0, 0)

4(1 + X)2
I Example 90. Find the coordinates of the limiting 

points of the system of circles determined by the two 
circles
x2 +y2 +5x+y+4=0 and x2 +y2 +10x-4y-1=0

x2 + y

x2 + y2 + 5(1 + 2X) 
(1 + X)

The centre of this circles is
f -5(1 4- 2X) (1 - 4A,)T

2(1 + X) ’ 2(1 + X)J

25(1 + 2X)2 [ (1 - 4X)2 (4-X)
4(1 + X)2 4(1 4-X)2 (1 + X)

25(1 4-2X)2 4-(l-4X)2 -4(4- X) (14-X) = 0

25 (4X2 4- 4X 4- 1) 4- (16X2 — 8X 4- 1) — 4 (—X2 + 3X + 4) = 0

120X2 4-80X 4- 10 = 0 or 12X2 4-8X4-1=0
(6X 4-1) (2X +1) = 0

, 1 , 1X = - - and —
6 2

Substituting these values of X in Eq. (i), we get the points 
(-2, -1) and (0, - 3) which are the required limiting points.

(x2 + y2 + 5x + y 4- 4)

4- X(x2 4- y2 4- lOx - 4y - 1) = 0 

x2 (1 4- X) 4- y2 (1 4- X) 4- 5x (1 4- 2X)

+ y (1 - 4X) + (4 - X) = 0 
(1-4X) (4-X) nx 4- ---------y 4- --------=0
(1 + X) (14-X)

=>x2(14-X) 4-y2 (14-X) -2x(a + yX)

-2y(0 4-5X) 4-(a2 + p2) + X(y2 + 82)=0

2 2(a+yX)y ,9(P + SX)

Sol. The given circle is
x2 4-y2 4-2gx 4- c 4- X(x2 4-y2 + 2jy + fc) = 0

(1 4- X)x2 + (1 + X)y2 4- 2gx 4- 2fyk 4- c + fcX = 0
.2 ^..2 , 2S ... 2A , £ + &_(, ra

(1 + M

or x2 4- y2 +

x -2 
(1 + X) (1 + X)

t (a2 +p2) + X(Y2 +S2) _0
(1 +X)

'(q+rX) (P + sxf
(1 + X) (1 + X) ,

or x + y + —-— x + —-—y + (1 + X) (1 + X)7

~g
^1 + X 1 + X,

I Example 91. If the origin be one limiting point of a 
system of co-axial circles of which 
x2 + y2 + 3x + 4y + 25 = 0 is a member, find the 
other limiting point.

Sol. Equation of circle with origin as limiting point is 
(x - 0)2 + (y - 0)2 = 0 or x2 + y2 = 0

belongs to the system of co-axial circles of which one 
member is

x2 +y2 +3x+ 4y+ 25 = 0
Hence, the equation of the whole system is

(x2 +yz + 3x + 4y + 25) + X(x2 +y2) = 0 

x2(l + X) + y2 (1 + X) + 3x + 4y + 25 = 0
3 4 25 ...--------x +-------- y +-------- = 0 ...(i) 

(1 + X) (1 + X) (1 + X)
3_______ 2 '

2(1+ X)’ (1 + X),

Radius of Eq. (i) can be zero for limiting point, then 
9 4 254---------—------------ 0

(1 + X)2 (1 + X) 
9 + 16 - 100(1 + X) = 0 

. 1 ,31 + X = — or X = — 
4 4

-3 -2
<2(l-3/4)’(l-3/4)J

or (-6, - 8) is the other limiting point of the system.

I Example 92. Prove that the limiting points of the 
system

x2 +y2 +2gx+c+X(x2 +y2 +2fx+k)=0 
c k subtend a right angle at the origin, if -—+—=2.

8 /

For limiting point,
Radius______________________________________
= ka+Y^)2 j (P + 5X)2 (a2+P2) + X(y2+S2)

V (i+x)2 (i+X)2 (i+x)
After solving, find X. Substituting value of X in Eq. (i), 
we get the limiting point of co-axial system.
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„.(i)=>

or

...(iii)

and BA

= -l=> x

or
or

or

or

or

or

Then,

•••0) and 7i

...(ii)

imaged circle

given circle

2

or

and

or
or

or 
and

= r2

(x + l)2 + (y - 2)z =0 

x2 + y2 + 2x - 4y + 5 = 0 

(x - 2)2 + (y - 3)2 = 0 

x2 + y2 - 4x - 6y + 13 = 0or

respectively.
Radical axis of circles Eqs. (i) and (ii) is

(x2 + y2 + 2x-4y+ 5)

~(x2 + y2 - 4x - 6y + 13) = 0

6x + 2y — 8 = 0 
3x + y - 4 = 0

I Example 94. Find the equation of the circle which 
passes through the origin and belongs to the co-axial 
of circles whose limiting points are (1,2) and (4,3).

Sol. Equations of circles whose limiting points are (1,2) and 
(4,3) are

k + c 
f2-k 

then limiting points are

r -g -fV 
J + A.! 1 + Xly

(x - I)2 + (y - 2)2 = 0
x2 + y2 - 2x - 4y + 5 = 0
(x - 4)2 + (y — 3)2 =0

x2 + y2-8x-6y+ 25 = 0 ...(ii)
Therefore, the corresponding system of co-axial circles is

(x2 + y2 — 2x — 4y + 5)
+X(x2 + y2 - 8x - 6y + 25) = 0

It passes through origin, then
5 + 25X = 0

X = - -
5

Substituting the value of X in Eq. (iii), the required circle is
5(x2 + y2 - 2x — 4y + 5)

-(x2 + y2 - 8x - 6y + 25) = 0
or 4x2 + 4y2 -2x-14y = 0

2x2 + 2y2 -x-7y = 0

+ ?=0

I Example 93. Find the radical axis of co-axial system 
of circles whose limiting points are (-1,2) and (2, 3).

Sol. Equations of circles with limiting points are (-1, 2) and
(2,3) are

Required imaged circle is (x - Xj )2 +(y - yj) 

where, r = V(&2

Image of the Circle by 
the Line Mirror
Let the circle be x2 +y2 +2gx+2 fy +c =0 and line mirror 
is lx +my +n =0 in this condition, radius of circle remains 
unchanged but centres changes. Let the centre of imaged 
circle be (x^y,).

~(~g) _7i -(-/) _-2(-/g-m/+c)

I m (I2+m2)

= ^g-n^2mLf-2nl) 

(/2 +m2)

_ (m2f~^2f+2mlg-2mn)

(I2 +m2)

1 + X2 
~g 

k1 + ^2/

g g
/2X1X2 +g2 =0

f2(g2 -c) 
(f2-k)

2g2f2~cf2-kg2^0

2 = ~2+~2 

g2 f2

Radius of circle Eq. (i) is =0
I g2 t /2X2 (c + fcX)_0

y(l + X)2 (1 + X)2 (1 + X)

or X2(/2 - k) - X(X + c) + g2 - c = 0
which is a quadratic in X. Let roots be X, and X2.

i a k + c . a a g2 ~ c
•• Xj + X2 —— — and X]X2 —— —

f -k
[from Eq. (ii)]

' ~g
<1 + X2 1 + X2/

But given that AB subtend a right angle at the origin.
Slope of OA x Slope of OB = - 1

1 + Xj 
-g

J + Xj ?

2-c)

k
2
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= -2

Exercise for Session 7
1. The circles x2 + y2 + x + y =0 and x2 + y2 + x-y =0 intersect at an angle of

-.(i)
...(ii)

(b) 3x-y+4=0
(d) 9x + y-4= 0

~ (~8) _ y. ~ 12 
4 7

- ~2(4(~8) 4- 7(12) + 13)
(42 + 72)

Xi +8  y, - 12
4 ~ 7

xI = -16,y1=-2
Equation of the imaged circle is (x + 16)2 + (y + 2)2 = 52 

or x2+y2+32x + 4y+ 235 = 0

(a)jt/6 (b)n/4 (c)n/3 (d)rt/2

2. If the circles of same radius a and centres at (2, 3) and (5, 6) cut orthogonally, then a equals to
(a)1 (b)2 (c)3 (d)4

3. If the circles x2 + y2 + 2x + 2ky+6 = 0 and x2 + y2 + 2ky + k = 0 intersect orthogonally, k is
(a)2or-| (b)-2or-2 (c)2or2 (d)-2or|

4. If a circle passes through the point (a.b) and cuts the circle x2 + y2 = 4 orthogonally, then the locus of its centre 
is
(a) 2ax+ 2by + (a2 + b2 + 4)= 0 (b) 2ax + 2by - (a2 + b2 + 4) = 0
(c) 2ax - 2by + (a2 + b2 + 4) = 0 (d) 2ax - 2by - (a2 + b2 + 4) = 0

5. The locus of the centre of the circle which cuts orthogonally the circle x2 + y2 -20x + 4 = 0 and which touches 
x=2is
(a)x2 = 16y (b)x2 = 16y+4
(c) y2 = 16x (d) y2 = 16x + 4

6. The equation of a circle which cuts the three circles x2 + y2-3x -6y + 14 = 0, x2 + y2 -x -4y + 8 = 0 

and x2 + y2 + 2x-6y + 9= 0 orthogonally is

(a)x2 + y2-2x-4y+ 1=0 (b) x2 + y2 + 2x +4y + 1= 0
(c)x2 + y2-2x+4y+1=0 (d)x2 + y2-2x-4y-1= 0

7. The equation of radical axis of the circles x2 + y2 + x - y + 2 = 0 and 3x2 + 3y2 -4x -12 = 0 is
(a) 2x2 + 2y2 -5x +y-14= 0 (b) 7x-3y+18 = 0
(c)5x-y+14 = 0 (d) None of these

8. The radical centre of the circles x2 + y2 = 1, x2 + y2 + 10y + 24 = 0 and x2 + y2 -8x +15 = 0 is
(a) (2,5/2) (b)(-2,5/2)
(c)(-2,-5/2) (d) (2-5/2)

9. If (1,2) is a limiting point of the co-axial system of circles containing the circle 
equation of the radical axis is 
(a)x-9y+ 4 = 0 
(c) x + 3y - 4 = 0

I Example 95. Find the equation of the image of the 
circle x2 + y2 + 16x-24y + 183 = 0 by the line mirror 
4x + 7y + 13 = 0.

Sol. The given circle and line are
x2 +y2 + 16x-24y+ 183 = 0

and 4x+7y + 13 = 0
Centre and radius of circle Eq. (i) are (-8,12) and 5, 
respectively. Let the centre of the imaged circle be (x^yj). 
Hence, (x^yj be the image of the point (-8,12) with respect 
to the line 4x + 7y + 13 = 0, then

x2 + y2 + x -5y + 9 = 0, then the
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and

13.

(b)f-®-,-®
I13 13

(d)f-’?.-I 13

(b) (QO)and

(d)(±3, 0)

10. The limiting points of the system of circles represented by the equation 2(x2 + y2)+ Xx + - = 0 are

(a)[±|o 
f 9 '

(C)l 2’°
11. One of the limiting points of the co-axial system of circles containing the circles x2 + y2 -4 = 0 and 

x2 + y2-x-y = 0 is
(a) (72,72) (b) (-42,42)
(c) (-42, - 42) (d) None of these

12. The point (2, 3) is a limiting point of a co-axial system of circles of which x2 + y2 =9 is a member. The 
coordinates of the other limiting point is given by 
(a)f—1\13 13j 

k13 13.

13. Two circles are drawn through the points (a, 5a) and (4a, a) to touch the Y-axis. Prove that they intersect at
i ♦ -iW

angle tan l-g-J-

14. Find the equation of the circle which cuts orthogonally the circle x2 + y2 -6x + 4y -3 = 0, passes through (3,0) 
and touches the axis of y.

15. Tangents are drawn to the circles x2 + y2 + 4x +6y-19 = 0, x2 + y2 =9 from any point on the Iine2x + 3y =5. 
Prove that their lengths are equal.

16. Find the coordinates of the point from which the lengths of the tangents to the following three circles be equal 
3x2 + 3y2+4x-6y-1 = 0, 2x2 +2y2-3x-2y-4 =0 and 2x2 + 2y2-x + y-1 = 0

17. Find the equation of a circle which is co-axial with the circles x2 + y2 + 4x + 2y +1 = 0
3x2 + y2-x + 3y-- = 0 and having its centre on the radical axis of these circles.

18. Find the radical axis of a co-axial system of circles whose limiting points are (1, 2) and (3,4).

9
2
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Shortcuts and Important Results to Remember

3l

a2 ^2 =0

a3 ^3

<4

D
asin

B
cos 0

B

L1=0 C !|

2ab 
>la2 + b2

A

a + P^
2

g-p
2

g + fl'j
2 J 

g-PV
2 Jcos

< '^-2

l3 = 0

l2 = o

L1=0

9 Family of circles circumscribing 
a triangle whose sides are 
given by L, = 0, L? = 0 and 
Lj = 0 is given by 
^^2 + XLgLj + = 0
provided coefficient of xy = 0 
and coefficient of x2 = 
coefficient of y2.

L3 = 0

l4 = 0

1 If the lines a,x + b}y+c} = 0 and a2x + brf+c2 = 0 cut 
the X-axis and Y-axis in four concyclic points, then
aia2 =^i^2-

2 If two conic sections
a,x2 + 2h,xy + by2 + 2gyx + 2^y + c, = 0 and 
a2x2 + 2h2xy + t^y2 + 2g2x + 2f2y + c2 = 0 will intersect
each other in four concyclic points, if ——.

a2 — b2 h2

3 If the circle St = 0, bisects the circumference of the circle 
S2 = 0, then their common chord will be the diameter of 
the circle S2 =0.

4 The radius of the director circle of a given circle is 72 
times the radius of the given circle.

5 The point of intersection of the tangents at the points 
P (acos g ,asing)and O (acosP.asinP)on the circle 
x2 + y2 = a2 is

/
acos

7

6 If the tangent to the circle x2 + y2 = r2 at the point (a,b) 
meets the coordinates axes at the points A and B and O is

r4 
the origin, then the area of the A0A8 is —.

7 The length of the common chord of the circles
x2 + y2 + ax + by + c =0and x2 + y2 + bx + ay + c = 0 is 
^(a + bf-4c.

8 The length of the common chord of the circles 
(x-a)2 + y2 = a2 and x2 + (y-b)2 = b2 is

inside the circle is the chord whose middle point is P.
15 The length of transverse common tangent < the length of j 

direct common tangent.

provided coefficient of x2 = coefficient of y2 and 
coefficient of xy = 0.

11 The locus of the middle point of a chord of a circle 
subtending a right angle at a given point will be a circle.

12 The length of an equilateral triangle inscribed in the circle 
x2 + y2 = a2 is a^3.

13 The distance between the chord of contact of tangents to 
x2 + y2 + 2gx + 2fy + c = 0 from the origin and the point
/ a- 1st2 + f2 -c| (g,f)isn

27(g2+^)
14 The shortest chord of a circle passing through a point P j

Remark
Equation of the circle circumscribing the triangle formed 
by the lines c^x + bry + cr = 0, where r = 1,2,3, is :

*2 + tf
a]x + biy + c1

a2 + bj
a2x + b^y + c2

af 4-bf
a3x + t^y + c3

10 Equation of circle circumscribing a quadrilateral whose 
sides in order are represented by the lines
L,=0, ^2=0, ^ = 0 and = 0 is given by
L\ Lq + Xi-2 1^=0
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p (p. q)

X' ■x

—0)

2 2

or

,3

Hence,
or

or

.2or

= 0

and= 0

■ This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct.

JEE Type Solved Examples:
Single Option Correct Type Questions 

M/
^0)

6-8X
1 + X

This will dwindle into a point circle, then radius of the 
circle = 0 

3-4X
1 + X

5 + 7X
1 + X

2
I +0-

• Ex. 2 The values of "k for which the circle
x2 + y2 +6x + 5 + X(x2 +y2 -8x + 7) =0 dwindles into a 

point are

(a)1±y

So/, (c) The given circle is 
x2 + y2 + 6x + 5 + X(x2 +y2 -8x + 7) = 0

x2(l + X) + y2(l-X) + (6-8X)x +(5 + 7X) = 0

5 + 7X 
1 + X

(b)2±— (c)2±— (d)l± —
3 3 3

x2 + y2 +

• Ex. 4 Two circles of radii a and b touching each other 
externally, are inscribed in the area bounded by

y ~ “*2) and the X-axis. Ifb = p then a is equal to

(a)j <b>7
4 8

<d>42 V2

Sol. (a) Let the centres of circles be C1 and C2, then 

Ci s(f(l-2a),a) 

C2 = (f(l-2b),b)

2
which lie on x2 + y2 = px + qy

h2+q2 = ph-q2

=> h2 — ph + 2q2 =0

for two distinct chords, B2 - 4 AC > 0

p2 — 4-l-2q2 > 0

p2>892

• Ex. 1 Two distinct chords drawn from the point (p,q) on 

the circle x2 ry2 = px + qy, where pq 0, are bisected by 

the X-axis. Then,

(a)lp|=M (b)p2 = 8q2 (c)p2 <8q2 (d)p2>8q2

Sol. (d) ___
• EX. 3 If f(x + y) = /(x) • f(y) for all x andy, /(I) = 2 

andan = /(n),n e N, then the equation of the circle having 
(aba2) and (a 3, a 4) as the ends of its one diameter is

(a) (x-2)(x-8)+(y-4)(y-16) = 0
(b) (x-4)(x-8) + (y-2)(y-16) = 0
(c) (x-2)(x-16) + (y-4)(y-8) = 0

(d) (x-6)(x-8) + (y-5)(y-6) = 0 

Sol. (a)v f(x + y) = f(x).f(y)

/(I) = 2
In Eq. (i), Put x = y = 1, 
then /(2) =/(!)./(!) = 22 

Now, in Eq. (i), x = l,y = 2, then 
/(3) = /(l)/(2) = 222=2: 

/(n) = 2"

a„ = /(n) = 2" Vn e N 

(a1,a2) = (2,4)
and (a3,a4) = (8,16)
Equation of circle in diametric form is 
(x-2)(x-8) + (y-4)(y-16) = 0

(3-4X)2 -(5 + 7X)(l + X) = 0 

9-16X2-24X-5-5X-7X-7X2 =0 
9X2-36X + 4=0 

 36 ±7(36)2-4.9.4
2.9

X=2±^ 
3

■^j

Suppose chord bisect at A4(X,0), then other end point of chord 
is(/i,-q)

where,
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y

.2=>

:-b

X'* X(-1.0)
r

Now, C]C2 = a + b
2\

(7(1-20)/ +

or

or

or

or
(i)

=s

=>

or
...(ii)

1 
a = —

4

(given)

...(0
(given)

••■(ii)

C2 
b 
0

2

• Ex. 6 Suppose f(x,y) =0 is the equation of a circle such 
that f(x,T) =0 has equal roots (each equal to 2) and 
f(l, x) = 0 also has equal roots (each equal to zero). The 
equation of circle is

(a) x2 +y2 4-4x4-3 =0 (b) x2 +y2 +4y + 3 = 0

(c) x2 +y2 4-4x —3 —0 (d) x2 +y2-4x4-3 =0

then,

Also, 

then,
From Eqs. (i) and (ii), we get

g = -2,/=0,c=3
Thus, equation of circle is

x2 4-y2-4x4-3 = 0

2)

or

From Eqs. (i) and (ii), we get 
-V21 < n <

But n e I. So, n = -4,-3,-2,-1,0,1, 2, 3,4
Hence, number of possible values of n is 9.

f 1V = | <2 4- — 1
I 2j

2

Sol. (d) Let /(x,y) = x2 4- y2 4- 2gx 4- 2fy 4- c

/(x,l) = x2 4-14-2gx 4-2/ 4- C = (x — 2) 

g = -2, 2f + c =3

f (l,x) = 14- x2 4- 2g 4- 2fx 4- c = (X - 0)2 

f = 0,2g 4- c = -1

r 
a-F-

2>
2 1 2 1l-2a4-a+--a = a+-4-d

4

Hence, required ordered pair is f——,1

(b) Vio 10J

(d) [-1,-11 
10 10J

Sol. (c) *.* C:x2 4-y2-2(t2 — 3t 4- l)x — 2(f2 4-2t)y 4-1 = 0

given power of circle = constant
a2 4- b2 -2lf -3t 4- l)a -2(t2 4- 2t)b 4-1 = constant 

-2(a 4- b)t2 4- (6a - 4b 4- l)t 4- (a2 4- b2 - 2a) = constant 

•: Power of circle is constant, then 
a 4- b = 0 and 6a - 4b 4-1 = 0 
b = -a, then 6a 4- 4a 4-1 = 0

1 L 1 a =----- , b = —
10 10

CiA
|a/|

(1.0)
b

• Ex. 7 A variable circle C has the equation 
x2 +y2 -2(t2 -3t 4-1)x —2(t2 4- 2t)y 4-1 =0, wheret isa 

parameter. If the power of point (a, b) w.r.t. the circle C is 
constant, then the ordered pair (a, b) is

, J 1 V(a) —•-----
kio 10,

1 1
I 10 10

• Ex. 5 There are two circles whose equations are
x2 4-y2 =9andx2 +y2 -8x-6y + n2 = Q,nel. If the two 
circles having exactly two common tangents, then the number 
of possible values of n is

(a) 2 (b) 7 (c) 8 (d)9
Sol. (d) Given circles are Spx2 4-y2 - 9 = 0

Its centre C] :(0,0) and radius n = 3
and S2:x2 4-y2-8x-6y 4-n2 = 0

Its centre C2:(4,3) and radius r2 = y(25 - n

Here, 25-n2 > 0 => -5< n < 5

For exactly two common tangents, 

n r2 -* C]C2 
34--J(25 — n2) > -J(42 +32) 

+7(25 — n2) > 2 

25-n2 > 4 

n2 <21 

-42i<n<f21

I

• Ex. 8 If the radii of the cirdes(x -I)2 +(y - 2)2 =1 and 

(x -7)2 4-(y -10)2 = 4 are increasing uniformly w.r.t. time 

as 0.3 unit/s and 0.4 unit/s respectively, then they will touch 
each other att equals to

(a) 45 s (b) 90 s
(c) 11 s (d) 135 s

Sol. (b) Given circles are Sp(x-l)2 4-(y-2)2 = 1

Its centre Cj :(1,2) and radius rj = 1
and S2:(x-7)2 4-(y —10)2 = 4

Its centre C2 :(7,10) and radius r2 = 2
C]C2 = 10 > Tj 4- r2

Hence, the two circles are separated.
The radii of the two circles at time t are (14- 03t) and
(2 4-0.41)

1 
a —

2, ' 7

1 — 2a4-1 a--
2

1
4
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or

[vt>0]

i.e.

X<+ XO

Y'
(-2.-4)

(d) 205
,2

CXI 
I 
II 
X

=>

• Ex. 10 If a circle having centre at(a,P) radius r 

completely lies with in two lines x + y = 2 and x + y = -2, 
then, min.(|(X + p + 2|,|a + p-2|) is

(a) greater than fir

(b) less than fir

(c) greater than 2r
(d) less than 2r

Sol. (a) Minimum distance of the centre from line > radius of 
circle Le. min.<

Therefore, 
and

■ This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct.

(b) 3y + 4x + 20 = 0 
(d)y + x+6 =0

|a + P + 2| |a+p-2| 
fi ’ fi

ormin.{|a + 0+2|,|a + P-2|}> fir

JEE Type Solved Examples:
More than One Correct Option Type Questions

For the two circles touch each other, then 
CjC2 =|(1 + 03t)+(2 + 0.4t)| 

10 =|3 + 0.7t| or 10=|—1 —0.1t| 
0.71 +3 = ±10 or -1 -0.1t = ±10 

t = 10 or t = 90

• Ex. 9 A light ray gets reflected from x = -2. If the 
reflected ray touches the circle x2 + y2 =4 and the point of 

incident is (-2,- 4), then the equation of the incident ray is 
(a)4y + 3x + 22 = 0 
(c)4y +2x4-20 = 0

Sol. (a) Any tangent of x2 + y2 = 4 is y = mx ± 2^(1+ m2).
If it passes through (—2,— 4), then -4 = -2m ±2-J(l + m2)

Y. 
i k

• Ex. 12 Let x,y be real variable satisfying 

x2 + y2 + 8x-10y -40=0. Let

a - max. {-J(x + 2)2 +(y -3)2} and

b = min.{^(x + 2)2 +(y-3)2}, then

(a)a4-b = 18 (b)a-b = 4 fl
(c)a + b = 4fl (d)af> = 73

Sol. (a, b, d) Given circle is 
xz 4-y2 +8x-10y- 40 = 0

The centre and radius of the circle are (-4,5) and 9, 
respectively.
Distance of the centre (-4,5) from (—2,3) is 

7(4 4- 4) = 2f2.
a=2fi + 9 
b = -2fi + 9

a + b = l&,a-b = 4fi,ab =73

(m — 2)2 = 14- m2

or m = <», m = 3/ 4
Hence, the slope of the reflected ray is 3/4.
Thus, the equation of the incident ray is

3
y + 4 = --(x + 2)

4y + 3x + 22 = 0

• Ex. 11 If point P(x,y) is called a lattice point, ifx,y e I. 

Then, the total number of lattice points in the interior of the 
circle x2 + y2 = a2,a 0 cannot be

(a) 202 (b) 203 (c) 204
So/, (a, b, c) Given circle is x2 +y2 = a2 ...(i)

Clearly (0, 0) will belong the interior of circle Eq. (i). Also, 
other points interior to circle Eq. (i) will have the coordinates 
of the form

(± A,0),(0,± A.), where A,2 < a2 

and(±A,±p)and(±p,± X), where A2 4-p.2 < a2 and A,|l G I 
.’.Number of lattice points in the interior of the circle will be of 
the form 14- 4r 4- 8t, where r,t = 0,1,2,...
.’.Number of such points must be of the form 4n 4-1, where 
n = 0,1,2,...
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-(i)

...(ii)
2

+ 60 = 0

or
or

or

a/
Xa.

X0
2 2

and

P

X' X

(d) (2,4)(c)(6,4)

r

i

or (h2-r2)x-2rhy = 0
a = 0(5/2 +1)

34-3x
4

2 
-8x-16|x2 +

( 2 44
(b)-?T

• Ex. 14 Point M moved on the circle
(x - 4)2 + (y - 8)2 =20. Then it broke away from it and 

moving along a tangent to the circle cut the X-axis at point 
(-2,0). The coordinates of the point on the circle at which the 
moving point broke away is

. . <42 36
(a)

(5 5

vin A ODC, tana =

• Ex. 13 The equation of the tangents drawn from the 
origin to the circle x2 + y2 - 2rx - 2hy +h2 = 0, are

(a) x = 0
(b) y = 0
(c) (/i2 — rz)x-2rhy = 0

(d) (/?2 - r2 )x + 2rhy = 0

Sol. (a, c) The given equation is (x-r)2 + (y- h)2 =r 

tangents are x = 0 
y

Sol. (b, c) Given circle is
(x-4)2 + (y-8)2 =20 

or x2 + yz-8x-16y + 60 = 0 

Equation of chord of contact from (-2,0) is 
-2-x+0-y-4(x-2)-8(y + 0) + 60 = 0 

or 3x+4y-34 = 0
Solving Eqs. (i) and (ii), we get 

34-3x 
4 

5x2-28x-12 = 0 
(x-6)(5x +2) = 0

x = 6,-- 
5 
f 2 44 

Therefore, the points are (6,4) and I

I it „ ) y = xtan---- 2a = x cot 2a
<2 J

 x(l -tan2a)
2 tana

( r2)
x 1 - —

’’TT

• Ex. 15 The equations of four circles are
~a2. The radius of a circle touching all 

the four circles is
(a)(V2-1)a (b) 25/20

(c)(V2 + 1)a (d) (2 + 5/2)0

Sol. (a, c) Radius of inner circle = OR - a 

= f(a2 + a2)-a 
= 0(5/2-!)

Radius of outer circle = OR + RQ 

= af2 +

y

/ V
n/2-2a
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(cP(a)y

o 9
20. If slope of a—chord of x +y =4 is 1, then its(c) 2 (d) 1 or 2

z 9 9
21. Distance of------- chord of x +y + 2x + 4y +1 =0

(c)V2(b)1 (d)2-(ii)

...(iii)

y

(0.1)

X'+ ■X0 (1.0)

r
=>

JEE Type Solved Examples:
Paragraph Based Questions

So/.

19. (c) From figure

n a = —
2

(b) x - y + VJ = 0

(d) x-y-2>/3 =0

• This section contains 2 solved paragraphs based upon 
each of the paragraph 3 multiple choice questions have 
co be answered. Each of these questions has four choices 
(a), (b), (c) and (d) out of which ONLY ONE is correct.

Paragraph I
(Q. Nos. 16 to 18)

Consider the relation 4l2 - 5m2 + 6/ +1 = 0, where l,meR.

16. The line lx + my +1 =0 touches a fixed circle whose 
equation is

(a) x2 + y2 - 4x-5 = 0 (b) x2 +y2 + 6x +6 = 0

(c)x2 + y2-6x + 4 =0 (d) x2+y2+4x-4 =0

17. Tangents PA and PB are drawn to the above fixed circle 
from the point P on the line x + y -1 = 0. Then, the 
chord of contact AB passes through the fixed point

,J1 5 (a) -— 
U 2 0»4V3 3

for fixed point -3x + y+ 4 = 0, x-y-3 = 0
1 5 x = -, y = —
2 2

Fixed point is | —I
\2 2 J

18. (c) Let S = x2 + y2 - 6x + 4 = 0.

S| = (2)2+ (—3)2 — 6(2)+4

= 4 + 9-12-4
= 5>0

Therefore, point (2,-3) lies outside the circle from which two 
tangents can be drawn.

Paragraph II
(Q. Nos. 19 to 21)

If a- chord of a circle be that chord which subtends an angle 
a at the centre of the circle.

19. If x + y =1 isa-chord of x2 +y2 =1, thena is equal to

(a) 7 (b)5 (c)i (d)^
6 4 2 4

co -4I 2 2 <d)(W
18. The number of tangents which can be drawn from 

the point (2,-3) are

(a) 0 (b)1
Sol.

16. (c) Let the equation of the circle be
x2 + y2 + 2gx + 2fy + c = Q

The line lx + my +1 = 0 touch circle Eq. (i), then

1=^4=7(1+7^)
=> (lg+mf-l)2=((2 + m2)(g2 + /2-c)

or (J2-c)l2 + (g2-c)m2-2gfm + 2gl+2fm-l = 0

But the given condition is
4/z—5m2 + 6/ + l = 0

Comparing Eqs. (ii) and (iii), we get

f2~c __s2~c ^.~2Sf
4 ~ -5 0 3 0 1

Then, we get g = -3, f = 0, c = 4
Substituting these values in Eq. (i), the equation of the circle is

x2 + y2-6x+4 = 0

IT. (a) Let any point on the line x + y- l = 0is

P(X,l-X),XeR
Then, equation of AB is

Xx + (1 - X)y -3(x + X) + 4 = 0
(-3x + y + 4) + X(x-y-3) = 0

3 
equation is

(a) x - y + V6 = 0 

(c)x-y-V3 =0

271

3 
from the centre is
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OM = 2 cos 3

B B

2A, 2’ 
2

AO (0, 0)

'3

(givenNow,

—(i)

...(H)or p - q = -2 --C2
Y.

4 L

yp

p 0 (p. q)R

*XX'* or0
Q

or

r

20. (a) v Slope of chord is 1.
Let the equation of chord be x -y + X = 0.

■ This section contains 2 examples. The answer to each 
example is a single digit integer, ranging from 0 to 9 
(both inclusive).

JEE Type Solved Examples:
Single Integer Answer Type Questions

or

and

[0-0+X| 
72

O
(-1.-2)

=> x = ±76
Hence, equation of chords are 

x-y ± 76 = 0.

21. (b) From figure,

OM = 2c0S^y^ = 1

1 '''max

*+19

From Eqs. (i) and (ii), we get 
p = 472 and q - 472 + 2 

p + q — 2 + 872 = a + bf2 

a=2,b=8

Hence, | a - b\=|2 - 8[ = 6

> 2

• Ex. 22 A circle with centre in the first quadrant is tangent 
toy = x + 10, y = x- 6 and the Y-axis. Let(p, q) be the centre 
of the circle. If the value of(p + q)=a + bja, when a,beQ, 

then the value of\ a-b\is
Sol. (6) ■: CP = CR 

|p-<? + 10| 
72 P 

p-q + lQ = pfi

CP = CQ 
p-q +10  (p-q-6

• Ex. 23 If the circles x2 +y2 + (3+ sin0)x + 2cos(|>y=O 
andx2 +y2 +(2cos(|>)x + 2Xy =0 touch each other, then 
the maximum value ofk is
Sol. (1) Since, both the circles are passing through the origin 

(0, 0), the equation of tangent at (0,0) of first circle will be 
same as that of the tangent at (0,0) of second circle. 
Equation of tangent at (0, 0) of first circle is 

(3 + sin9)x + (2cos<|))y = 0
Equaton of tangent at (0,0) of second circle is 

(2cos<|>)x + 2Xy = 0
Therefore, Eqs. (i) and (ii) must be identical, then 

3 + sin0  2cos(|> 
2 cost}) 2X 

2cos24» 
(3 + sinQ)

= 1 (when sin© = -1 and cost) = 1
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=>

or
[*>□]

or
Column II

(P)

or

(q)
or

(r)

(P) 
. i

(A)

(s)

2(B)

So/. (A}-> (p, s); (B)

3(r)

4(D)

=>

andor

=>

Column II
1

JEE Type Solved Examples: 
Matching Type Questions

|X-p|isaprime 
number

X + p is a prime 
number

X + p is a composite 
number

2X + p is a perfect 
number

b 
a

I-

b = ^^Et\=2+f-3 
a 2
X=2,p =3]

(s) »

I i

-=3 => X=3,p = 0 
a

(D) vC2 passes through (a,a), then a2 + a2-2ab-2ab + b2 = 0
or b2 - 4ab + 2a2 = 0

Now,
.-.The circles will touch externally only and C}C2 = ij + r2 
=> 72 = 27(1 -c) or 2c = 1

=> X = 3, p = 8
(B) vCj and C2 intersect orthogonally, then 

%b-a)2=b2 + a2 

a2 + b2 -4ab = 0
2 (b\
-4 - 1 + 1 = 0

\aj

each other, then the value of 2c is 
The circles x2 + y2 + 2x + 3y + c = 0 
(c > 0) and x2 + y2 -x + 2y + c = 0 
intersect orthogonally, then the 
value of 2c is

(C) The circle x2 + y2 = 9 is contains the 
circlex2+ y*-2x + 1- c2 = 0(c> 0),i 
then 2c can be______________ I
The circle x2 + y2 = 9 is contains in 

' the circle x2 + y2 - 2x + 1 — = 0 
! 4 
| (c > OX then (c- 6) can be

■ This section contains 2 examples. Examples 24 and 25 
have four statements (A, B, C and D) given in Column I 
and four statements (p, q, r and s) in Column II. Any 
given statement in Column I can have correct matching 
with one or more statement(s) given in Column II.

• Ex. 24. Consider the circles C, of radius a and C2 of 

radius b,b > a both lying the first quadrant and touching the 
coordinate axes.

• Ex. 25. Match the following

Column I_________ ■___
The circles x2 + y2+2x+c= 0 (p)
(c> 0)andx2+ y2 + 2y+ c= 0 touch

| I

(q)

(C) '.'C\ and C2 intersect, the common chord is
2(b -a)(x + y) = b2 -a2

given common chord is longest, then passes through (a, a) 
20-fl)(2a) = *2 -a2 

(b-3a)(b-a) = 0
b~a * 0 
b-3a = Q

Sol. (A) -» (p); (B) -> (q); (C) -> (p, q, r); (D) -> (r, s) 
(A) The circles

S,:(x+l)2 + /=(7(i^j)’
Centre C, :(-l, 0), radius r,:7(l -c)

S!:x2 + (y + l)2 = (7(b^j)2
Centre C2:(0,-1), radius : r2 = 7(1 -c)

CXC2 = 72 and rj = r2

2 (b\ 
-4 — +2 = 0 

\aj

fr = 4±70638j=2 + ^
a 2
X=2»p=2

Column I

(A) Ct and C2 touch each other and 
b , r- „
- = X + VP, X e prime number and 
a
p e whole number, then

(B) C| and C2 cut orthogonally and
- = X + 7p, X e prime number and 
a
p g whole number, then

(C) C| and C2 intersect so that the 
common chord is longest and
- = X + 7p, X e prime number and 
a
p g whole number, then

(D) C2 passes through the centre of C|
and - = X + 7p, X g prime number 

a
andp g whole number, then

(p); (C) -> (p, r, s); (D) -> (q, r)
C1:x2 + y2-2ax-2ay+ a2 = 0

Centre: (a,a) and radius: a
and C2:x2 + y2 -2bx-2by + b2 = 0

Centre : (b,b) and radius : b
(A) v Cj and C2 touch each other, then

f2(b —a) = b + a =>— = (72 + I)2 = 3 +
a
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2 ,2and

2

and

2
S,:(x-l)2 + y'

=>

Y

r =
C2

(r.r)

[vr > 2]

■X

,2 .2 (r>2)

■ Directions (Ex. Nos. 26 and 27) are Assertion-Reason 
Type examples. Each of these examples contains two 
statements :
Statement I (Assertion) and Statement II (Reason)

Each of these examples also has four alternative choices only 
one of which is the correct answer. You have to select the 
correct choice as given below :
(a) Statement I is true, Statement II is true; Statement II is a 

correct explanation for Statement I
(b) Statement I is true, Statement II is true; Statement II is 

not a correct explanation for Statement I
(c) Statement I is true, Statement II is false
(d) Statement I is false, Statement II is true

JEE Type Solved Examples:
Statement I and II Type Questions

• Ex. 27 From the point P(V2,76) tangents PA andPB are 

drawn to the circle x2 + y2 =4

Statement I Area of the quadrilateral OAPB (0 being 
origin) is 4.

Statement II Tangents PA and PB are perpendicular to each 
other and therefore quadrilateral OAPB is a square.

Sol. (a) Clearly, P(72,76) lies on x2 + y2 = 8, which is the 

director circle of x2 +y2 = 4.

Therefore, tangents PA and PB are perpendicular to each other. 
So, OAPB is a square.
Hence, area of OAPB = (7^)2 = Si

= (72)2 + (76)2-4 = 4

.•.Both statements are true and statement II is correct 
explanation of statement I.

5 — c
.4 ,

or
(C) The circles 

S>:x2 + y2=32

Centre Q :(0,0), radius r,:3

(B) The circles Sj:(x +1)2 + (y + -c^

---- c
. 4 J

Now, Sj will be contained in S2, 
then, r2-/i>CiC2 

c --3>1 or c>8 
2 
(c-6)>2

Ci 
r

r2-12r+4 = 0

12 ± 7(144-16) 
2

= 6±472

r-6 + 4y/2

= 2(72 +1)2

= 72(^ + l)(2 + 72)

.‘.Statement I is true and Statement II is always not true 
(where circles in II or IV quadrants)

Q
Centre C2:(l, 0), radius r2:-

( 31
Centre Q: I — 1, — - I, radius q:

Centre C2:Q,-lj, radius r2:^ 

For intersect orthogonally 
(c1c2)2=n2 + r22 

2c = 2

• Ex. 26 C1 is a circle of radius 2 touching X-axis and 
Y-axis. C2 is another circle of radius greater than 2 and 
touching the axes as well as the circle Cv 
Statement I Radius of Circle C2 = 72(72+1) (72 +2) 

Statement II Centres of both circles always lie on the line 
y = x.

Sol. (c) Ci:(x-2)2+(y-2)2 =22

C2:(x-r)2 + (y-r)2 = r‘

According to question,
7(r-2)z + (r—2)2 =r + 2 

(r-2)2+ (r-2)z =(r + 2)2

S2:(x—l)2 + y2 =c'

Centre C2:(l,0), radius r2:c
Now, S2 will be contained in S], then

C]C2 < jj — r2
or 1 <3-cor c <2 =>2c < 4
(D) The circles

S,:x2 + y2=9

Centre Q :(0,0), radius r, :3 and

2 = f-
(.2,

(2,2).

x'*o

1
2

5
4
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Subjective Type Examples
■ In this section, there are 16 subjective solved examples.

2

=>

Ci.

...(i)or

•••(*)or
then chord cut the circle at B (X, - b 12)

its centre C2 =(2,3/ 2) and radius r =

or

X is real

2

or

-3a
2

x (x - 4) + y (y - 3) = 0 
x2 + y2 - 4x - 3y = 0

Aliter: Given circle is
2x (x - a) + y (2y -b) = 0

^.,2-ax_^ = 0

• Ex. 30 Let Cy andC2 be two circles with C2 lying inside 

C}. A circle C lying inside Cy touches Cy internally andC2 
externally. Identify the locus of the centre of C.
Sol. Let the given circles Cjand C2 have centres O, and O2 

with radii ry and r2, respectively. Let centre of circle C is 
at 0 radius is r.
V OO2 = r + r2

OOy - ry- r
=> OOy + 00 2 = r, + r2
which is greater than Oy O2 as OyO2 <r} + r2.
;. Locus of 0 is an ellipse with foci Oy and O2.

' Sol. Given pair of normals is

• Ex. 29 Let a circle be given by

2x (x - a) + y (2y - b) = 0 ( a # 0, b # 0)
Find the condition on a and b if two chords, each bisected by 
the X-axis, can be drawn to the circle from (a, b/2).

Sol. The given circle is 2x (x - a) + y (2y - b) = 0
or x2 + y2 - ax - by / 2 = 0

Let AB be the chord which is bisected by X-axis at a point
M. Let its coordinates be M (h, 0)

x + y“ - ax —-
2

Let chords bisected at M (h, 0) but given chords can be 

drawn A

e 5 15= 5 + - = —
2 2

Hence, equation of required circle is
(x + 3)2+(y-3/2)2 = ^

x2 + y2 + 6x - 3y - 54 = 0

•C2

2 b2 a2 - 4 — >0
2

’954 + — = -
4 2

Since, the required circle just contains the given circle(i), 
the given circle should touch the required circle internally 
from inside.
=$ radius of the required circle = | Cj - C2| + r

7 5+ -
1 2

• Ex. 28 Find the equation of a circle having the lines 
x1 + 2xy + 3x + 6y = 0 as its normals and having size just 

sufficient to contain the circle
x (x - 4) + y(y - 3) = 0.

xz + 2xy + 3x + 6y = 0
or (x + 2y)(x + 3) = 0
:. Normals are x + 2y = 0 and x + 3 = 0 the point of 
intersection of normals x + 2y = 0 and x + 3 = 0 is the 
centre of required circle, we get centre Cy = (- 3,3/2) and 
other circle is

or a2 > 2b2B2 - 4 AC >0 or

= (-3-2)2+[---
V <2 2

••• Mid-point of ordinates of A and B is origin.
B(k,b/ 2) lies on Eq. (i)

12 b2 i b2 n
X +----- a X + — = 0

4 4
l2

X2 - a X + — = 0
2

and let S = x2 + y2 - ax - by Z2 = 0

Equation of chord AB isT =Sy
hx + 0 - - (x + h) - — (y + 0) = h2 + 0 - ah-0 

2 4
Since, its passes through (a, b/2) we have 

_ t2
ah — (a + h)----- = h2 - ah

2 8
, 2 3 ah a2 b2

2 2 8
Now, there are two chords bisected by the X-axis, so there 
must be two distinct real roots of h.

B2 - 4 AC > 0

fa2 b2} -4-1- —+ — >0I2 8 J
a2 > 2b2.
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(ii)

Oi r 0 r

•(iii)

,2
a =

2

(i)

...(ii)

B

x

0 4y

(i)= 2r=>(0, b) B

X' =>

/. Equation of AB is -.(i) (0,b)B.

.90°- a
X'

0-- and

Ox
Y'

Since, the radius of circle = r
r = AC = CB = OC

¥—-X 
A (a, 0)

and

• Ex. 31 A circle of constant radius r passes through the 
origin O, and cuts the axes at A and B. Show that the locus 
of the foot of the perpendicular from O to AB is

(x2+y2)2 (x-2+y“2) = 4r2

Sol. Let the coordinates of A and B are (a, 0) and (0, b).
Y

f a b 
Coordinate of centre C is C = -, - 

\2 2

=>
On adding Eqs. (i) and (ii) we get

J(h - a)2 + (k- b)2 + ^h2~+k2) = n + r2

Locus of O is ^(x - a)2 + (y - b)2 + 7(x2 + y2) = rx + r2 

which represents an ellipse with foci are at (a, b) and (0, 0).

O \.
Y'
*+y=l 
a b

Centre of circle lie on line AB, since AB is diameter of the
circle (v Z AOB = n / 2)

O, I 

/

o-a-
2

X sin a = - . - ■—r~ ^7) 
y cos a = --7--^ - -

J(x2+y2)

Equation of AB is
x 

----------- 4"
2r cos a

(x2+y2)2

a2 + b2
4

cos a sin a

and equation of OM is y = x tan (90’- a) 
ycot a = —
x

Y

-2_ = 1 
2r sin a

M

a2 + b2 = 4r2

Equation of OM which is ± to AB is 
ax - by = X

It passes through (0, 0)
0 = X

Equation of OM is
ax -by = 0

On solving Eq. (i) and Eq. (iii), we get 
x2 + v2 x2 + v

x y
Substituting the values of a and b in Eq. (ii), we get

1 1 1 A
~ + — =4r
* y)

or (x2+y2)2 (x-2+y-2) = 4r2

which is the required locus.
Aliter:

AB is the diameter of circle. If ZOAB = a, then 
OA = 2r cos a, OB = 2r sin a

Aliter:
Let Oj = (0,0), O2 = (a, b) and O = (h, k)

C]: x2 + y2 = r2

C2'(x-a)2 +(y-b)2 =r2

C:(x-/i)2+(y-X)2 = r2
__________ OO2 = r + r2 

■J(/i - a)2 + (fc - b)2 = r + r2

OOi = H - r
7(/i2+X2) = rj-r

ary »x
Z4 (a, 0)
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then a = 2h and b = 2k.

y

=>

On squaring, we have (x2 + y2)

or

(equation of AB)

B, 10, b)

-(ii)

2

4)
0

X' o
= 2

r

= 2

or

Since,

...(iv)and

y 
(0. 4)

• Ex. 32 The circle x2 + y2 - 4x - 4y + 4 =0 is inscribed 

in a triangle which has two of its sides along the coordinate 
axes. The locus of the circumcentre of the triangle is 
x+y-xy + k(x2 + y2)1/2 =0. Findk.

Sol. The given circle is x2 + y2 - 4x - 4y + 4 = 0. This can 
be re-written as (x - 2)2 + (y - 2)2 = 4 which has centre 
C (2,2) and radius 2.
Let the equation of third side is

±+*=l 
a b

h + k - hk + ^(h2 + k2) - 0 

/. Locus of M (h, k) is

x + y - xy + ij(x 

Hence, the required value of k is 1.

2/V
■?ZC(2,p
:2 /

7C
ZAOB = - 

2
Hence, AB is the diameter of the circle passing through
AQAB, mid-point of AB is the centre of the circle i.e. I -, - 

(2 2

• Ex. 33 P is a variable on the line y = 4. Tangents are 
drawn to the circle x2 + y2 = 4 from P to touch it at A and 

B. The parallelogram PAQB is completed. Find the equation 
of the locus of Q,
Sol. Let P (h, 4) be a variable point. Given circle is 

x2+y2=4 ...(i)

Draw tangents from P (h, 4) and complete parallelogram 
PAQB.
Equation of the diagonal AB which is chord of contact of 
x2 + y2 = 4 is hx + 4y = 4

2 2 
a b

v i/i>x fab
Let centre be (n, <) = [-,- 

\ 2 2
Substituting the values of a and b in Eq. (i), then

2 2— +----- l = -2
2h 2k

/----------X
6 (*2. y?)

1 1 , - +---- 1 = -
h k4r2

1 1
-7 + -7 
a2 b2

Let coordinates of A and B are (Xj, yj and (x2,y2\ 
respectively.
Since, A (xb yj and B (x2, y2) lies on Eq. (ii) 

hx, + 4y! = 4 and hx2 + 4y2 = 4 
/i(x, + x2) + 4(yi+y2) = 8

Since, PAQB is parallelogram
Mid-point of AB = Mid-point of PQ

Xi + x2 _ a + h 
2 ~ 2

yi + y2 _ P + 4 
2 2

1 1
,h2 + k2

Then, from Eq. (i),

X

(x2+/)J(x2+y2)_,r 
xy

- .2x2 (*2+y2)_
■ ' J x2y2

(x2 + y2)2 (x-2 + y-2) = 4r2

A
(a.0)

Length of perpendicular from (2, 2) on AB = radius = CM

2+2-i
. a bm r 

-I “7 + “7 
Ha b2.

Since, origin and (2, 2) lie on the same side of AB
(2 2 ;

• b

JI 2 + .2 
V \a 0 .

1 1
—7 'l----7Ah2 4k2.

2 +y2) = 2r

2 +y2) =0
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X

=> -(iv)and

-.(v)yi + y2 =

(v)

,(vi)*1 + x2 =
ab +

=>

...(vii)

...(viii)

or
=>

(p4-4) = 32

abc (a + b)(b + c)(c + a)

= 2a2b2c2 +a2b2 (a2 + b2) + b2c2 (b2 + c2)

+ c2a2 (c2 4-a2)

1 X
(c2-ab)(a2 + b2) (a2 - bc)(b2 + c2)

abc {(a 4- b) (b + c) (c 4- a) - 2abc}
= a2b2 (a2 + b2) + b2c2 (b2 + c2)

+ c2a2 (c2 +fi2)

abc (a 4- b)(b + c)(c 4- a)
= (a2 + b2)(b2 + c2)(c2 + a2)

Hence, (a2 4- b2)(b2 + c2)(c2 + a2)

= abc (a + b) (b 4- c) (c + a)

• Ex. 34 Show that the circumcircle of the triangle formed 
by the lines ax + by 4- c =0; bx + cy + a = 0 and 
ex +ay + b = 0 passes through the origin if
(b2 + c2)(c2 + a2)(a2 + b2) = abc(b + c)(c + a)(a + b).

Sol. Equation of conic is 
(bx + cy + a)(cx + ay + b) + k (ex + ay + b)(ax 4- by + c) 

4- p (ax 4- by 4- c) (bx 4- cy 4- a) = 0 ...(i) 
where, X and p are constants.
Eq. (i) represents a circle if the coefficient of x2 andy 
equal and the coefficient of xy is zero such that 

be 4- Xca 4- pab = ca + kab 4- pbc 
(a - b) c 4- X (b - c) a 4- p (c - a) b = 0 

(c2 4- ab) + k (a2 4- be) 4- p (b2 4- ac) = 0
or (a-b)c + k (b - c) a+ p (c - a) b = u ...(ii) 
and (c2 4- ab) + X (a2 4- be) 4- p (b2 +ac) = Q ...(iii) 

on solving Eq. (ii) and Eq. (iii) by cross multiplication rule, 
we get

• Ex. 35 If four points P, Q, R, S in the plane be taken and 

the square of the length of the tangents from P to the circle 
on QR as diameter be denoted by {P, QR}> show that

{P,RS} - {P,QS} + {Q, PR] - {Q, RS} = 0 
Sol. Let P = (x1,yi), Q = (x2,y2), R = (x3,y3) and S = (x4,y4) 

Equation of circle with RS as diameter is
(x-x3)(x- x4) 4-(y — y3)(y - y4) = 0 

{P, PS} = (xj - x3)(xi - x4) 4- (y, - y3)(yj - y4) 
Now, equation of circle with QS as diameter is 

(x-x2)(x- x4) + (y-y2)(y-y4) = 0 
{P, QS} = (xj - x2 )(x, - x4) 4- (y, - y2 )(y} - y<)

4- y2 = 4
(b2 -ac)(c2 4-a2)

_ (a2 - bc)(b2 4- c2) 
(c2 - ab) (a2 4- b2) 

(b2 -ac)(c2 + a2)
(c2 -ab)(a2 + b2)

and given, Eq. (i) passes through the origin then 
ab 4- bek 4- ca p = 0

From Eqs. (iv) and (v), we get
be (a2 - bc)(b2 4- c2) + ca(b2 - ac)(c2 4-a2)
(c2 -ab)(a2 +b2) (c2-ab)(a2+b2)

(c2 - ab)(a2 4- b2)ab + (a2 - bc)(b2 4- c2)bc

+ (b2 -ca)(c2 +a2)ca=0

abc2 (a2 4- b2) 4- a2bc (b2 4- c2) 4- b2ca(c2 4- a2)

= a2b2 (a2 +b2) + b2c2 (b2 +c2)

+ c2a2 (c2 4-a2)

abc {c (a2 4- b2) + a (b2 + c2) 4- b(c2 4- a2)}

= a2b2 (a2 4- b2) 4- b2c2 (b2 4- c2)

+ c2a2 (c2 4- a2)

2 are

32
164- h2

or (16 4-h2)(p 4-4) = 32

From Eqs. (iv) and (vi) 
, 8/1

a 4-/1 =---------
16 4-/l2

or (16 4-/i2)(a 4-/i) = 8/i

Dividing Eq. (viii) by Eq. (vii), then 
a 4- h h , 4a 

h = —P + 4 4 p
Substituting the value of h in Eq. (vii) then 

f 16a2' 
I P2 J

=> (a2 4-P2)(P 4-4) = 2p2
Hence, locus ofQ(a, P) is(x2 +y2)(y + 4) = 2y2

Eliminating x from Eqs. (i) and (ii), then 

p - 4yx2 
I h

16 4-16y2 — 32y 4- h2y2 = 4/i2

(16 4- /i2) y2 — 32y 4-16 — 4/i2 =0

32
16 4- h2

From Eqs. (iii) and (v), we get
8/i

164- h2

From Eqs. (iv) and (vi)

P 4-4 =
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(x + 4/ 5). If it

then 3

T<
Bi

2

*xoCl

2

(i)=>

and
Aits radius is given by =

but

Radius = —. -=> = 3

(ii) ,2

6 a =
V3

Let C = (h, k) be the centre of the circle passing through the 
centres Ct (0,2), C2 (—6, - 2) and C3 (-3, - 6).
Then, CCX = CC2 = CC3
=> (CC,)2 =(CC2)2 =(CC3):

where BXB2 = a 
s - a

B2

C2

Equations of common tangents to circle (i) and circle C are

x = -1, y = ± ~ (x + 2), {T, and T2}
-J3

and equations of common tangents to circle (ii) and circle C 
are

V3 = —a
2

Equation of circle with PR as diameter is
(x - xt) (x - x3) + (y - yj (y - y3) = 0 

{Q, PR} = (x2 - xj)(x2 - x3) + (y2 -yi)(y2 -y3) 
Equation of circle with RS as diameter is

(x-x3)(x-x4) + (y-y3)(y-y4) = 0 
{Q,RS} = (x2 -x3)(x2 -x4) + (y2 -y3)(y2 -y4) 
Hence, {P,RS} - {P, QS} + {Q, PR} - {Q, PS} = 0

c Ex. 36 LetTx, T2 be two tangents drawn from (-2,0) on 
the circle C: x2 + y2 =1. Determine the circles touching C 
and having!], T2 as their pair of tangents. Further, find the 
equations of all possible common tangents to these circles 
when taken two at a time.
Sol. In figure OS = 1, OP = 2

sin ZSPO = - = sin 30°
2

x = 1, y = ± ~7=(x + 2)({Tj and T2}

Cj :(x + 4/3)2 + y2 =

The other circle C2 touches the equilateral triangle PBXB2 
externally.

y

a2

m-+ 5 m — ± -7=-=
V39

Therefore, equations of transverse common tangents are
y = ±-^=(x + 4/5)

V39

(41 1Ci = —, 0 and its radius = C.Q = -
( 3 J 3

Radius = —. = 3
2

=> coordinates of C2 are (4, 0)

Equation of C2: (x - 4)2 + y2 = 32

• Ex. 37 Find the equation of the circle of minimum radius 
which contains the three circles

x2 -y2 -4y-5=0

x2 +y2 + 12x + 4y +31 =0 

and x2+y2+6x+12y+36 =0

Sol. The coordinates of the centres and radii of three given 
circles are as given below :

C] = (0,2); = 3 
C2 = (— 6, — 2); r2 =3 
C3 = (-3, — 6); r3=3

P(-2,0)^
39m2 =25 =>

ZSPO = 30°
PAX = PA2 => ZPAxA2 = ^PA2AX

=> APAXA2 is an equilateral triangle.
Therefore, centre Cx is centroid of A PA1A2,C1 divides PQ in 
the ratio 2:1.

_ _4___
3a-----a
2

tan 30° = =>
3

m2 =9 (1 + m2)

1
3

1
/3

To find the remaining two transverse common tangents to 
Eqs. (i) and (ii). If / divides Cj and C2 in the ratio 
H :’r2 = 1/3:3= 1:9.
Therefore coordinates of fare (-415,0).
Equation of any line through I is y - 0 = m 
will touch Eq. (ii)

|m (4 + 4 /5) -0| 
+ rn2)

(”)■

64m2 = 25 + 25m2
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=>

(v sin9?i~l)
=>

From Eq. (ii), P = 3 x —, 3 x — i.e. P =
On solving Eqs. (i) and (ii), we get h =----- , k = -

Now, CP = CC3 + C3P = CC3 + 3

2 ...(lii)

Now, in ACOL,

(0
(i)or

Let

8

P

C,N

■x

or

or

2 
^13

or
and

23
12

23
12

(2,4)

36 15
13’ 13

Remark
If radii of three given circles are distinct say /j < r2 < r3 then the 
radius of the required circle will be equal to (CC, or CQ or CCJ 
+ r3 (vCQ = CCj = CCj)

..(ii)

then ZPOX is minimum when OP is tangent to the circle 
Eq. (i) at P
Let ZPQX=0

P = (OP cos 0, OP sin 0)
i.e. P = (3 cos0,3sin0) ...(ii)
From figure, OM — OL + LM = NC + HP = NC + CP sin0

=> OP cos0 = NC + CP sin0

£
L MK

2

I +3

Hence, equation of required circle is

(x + —
I 18

3+ -^=7949 
736

, 23— 6 + —
12

n 31 -3 + —
18

Equation of tangent to the circle Eq. (i) at P (2 + fl,3) is

(2 + 75) x + 3y - 2 (x + 2 + 75)- 4 (y + 3) +16 = 0

75 x-y-275 = 0 ...(ii)
Let A and B be the centres of the circles in old and new 
positions, then

B 2 (2 + 2cos60°, 4 + 2 sin60°)
(v AB makes an angle 60° with X-axis)

B = (3, 4 + 75)

• Ex. 39 The circle x2 +y2 - 4x - 8y +16 = 0 rolls up the 

tangent to it at (2 + 75,3) by 2 units, assuming the X-axis as 

horizontal, find the equation of the circle in the new 
position.
Sol. Given circle is

2 V

(ft-0)2 +(fc-2)2 =(ft + 6)2 +(fc + 2)2
= (ft+3)2 + (k + 6)2

- 4k + 4 = 12ft + 4k + 40 = 6ft + 12fc + 45
12ft+8fc+36 = 0

3ft + 2k + 9 = 0
6ft - 8k - 5 = 0

2 y 
JP (2 +73, 3) 
a60°

x2 +yz - 4x -8y + 16 = 0

P = (2 + 75,3)

(4 6Now, from Eq. (iii), Q = 12 + -j=, 3 + -j=
• Ex. 38 Find the point P on the circle 
x2 +y2 - 4x - 6y + 9 = 0such that

(i) Z POX is minimum,
(ii) OP is maximum, when O is the origin and OX is the 

X-axis.
Sol. Given circle is

x2 + y2 - 4x - 6y + 9 = 0

(x - 2)z + (y - 3)2 = 22

Its centre is C s (2,3) and radius r = 2
Eq. (i) Let OP and ON be the two tangents from O to the 
circle Eq. (i), then OP = ON = 3

Y

^+0 
iXLof 

r

31
18

3cos0 = 2 + 2sin0
9 (1 - sin20) = 4 (1 + sin0)z

9 (1 - sin0) = 4 (1 + sin0)
• a 5 , A 12sm0 = — and cos0 = —

13 13
_ ( 12 „ 5

< 13 13
Eq. (ii) OP will be maximum, if P becomes the point 
extended part of OC cuts the circle. Let this point be Q 
then maximum value of OP = OQ = OC + CQ~ (715 + 2)

Let Z COX = a
then, Q = (OQ cosa, OQ sina)

= ((2 + 713) cosa, (2 + 713) sina)

OL NC cosa = — = —-
OC OC
3 sina = —== 

713
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2

>2

= 0or

=>

=>

to the circle

+

Sol. The point A lies on the given circle as

or

C

N

- (1 - Via)
A B

and or

a = 2h -
It passes through A .then

and P = -2h -
Sh2 - 2 41ah - [4/i - (1 + Via)]

2

2 2h-=> [4/i + (1 - 41a)] = 0+

-(l + 41a) 2h - or

-(l-41a) -2h- = 0

or

\(h,-h)

1 + 41a
2

I-41a 
2

y-h
2

a + 
h = —

P + 
-h =—

radius = ^22 + 42 - 16 = 2

or

Hence, for two real and different values of h, we must have

and

Equation of the required circle is
(x-3)2 +(y-4-V3)2 =2:

x2 + y2 - 6x - 2 (4 + V?) y + 24 + 8 41 = 0
■

• Ex. 40 Find the intervals of the values of ‘a’for which the 
liney + x = 0 bisects two chords drawn from a point 
fa+41a l-42a>- hr
2x2+2y2 -(1 + V2a)x-(1-V2a)y =0.

'1 + Via 1-Via^
< 2 ’ 2 >

its coordinate satisfy the equation of the circle. Let AB 
and AC are two chords drawn from A. Let M and N are 
the mid-points of AB and AC.
Let coordinate of M be (h, - h) and coordinate of B is (a, p), 
then

x + h 
2

= 2h2 + 2h2 - (1 + 41a) /i + (1 - 41a) h 

4xh - 4yh - (14- 41a) (x + h) - (1 - 41a) (y - h)

= Sh2 - 2(1 + 41a) h + 2(1 - 41a) h 

x [4/i - (1 + 41a)] - y [4/1 + (1 - 41a)] - h (1 + 41a) 

+ h (1 - 41a) = Sh2 — 2(1 +41a) h+ 2(1 - 41a) h 

Sh2 — (1 + 41a) h + (1 — 41a) h — x [4/i — (1 + Via)]

+ y [4/i + (1 - Via)] = 0

1 + 41a l-41a
2 ’ 2

1 + 41a
2

+ 
-2

(-641a)2 -4-8(1 + 2a2)>0

72a2 -32(1 + 2a2)>0 

8a2 — 32>0

a2 - 4 > 0

(a + 2) (a - 2) > 0
Hence, the required value of a (from wavy curve) 

ae(-~,-2) o(2, <~)
Aliter: Equation of chord AB whose mid-point is (h, - h) is 

T=St

2xh — 2yh - (1 + 41a)

l + 41a 
2 

l-41a
2

l-41a>

2 >

Sh2 - 2-Jiah - 2A (1 + -Jia) + +

+ 2h(X-^2a)+^^L = l) 
2 

8/12 — 6 41ah + 1 + 2a2 = 0

xy+x=0
1 + 41a

2
2

I-41a
2

2
1 -41a

2
1-V2a

2
Since, B (a, P) Res on the given circle, we have

2

+ 2 -2h-

16/i2 — 4/1(1 + 41a) + 4/i (1 - 41a)

2 2

-1-----------------F 2/1 (1 — v2a) +-------------
2 2

16/12 - 12 41 ah + (1 + 41a)2 + (1 - 41a)2 = 0 

16/i2 -1241ah + 2+4a2 =0 

8/i2 - 6 41 ah + 1 + 2az = 0
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Hence, for two real and different values of h, we must have
=>

= 1

=>or

=>

tan60° =
given

...(i)

,C (1.2)

we get

N

x +y =a,
\ 7

Surface

In A PCM,

=>

(ii)

y+i + x

Centre of the circle

From Eqs. (ii) and (iii), 5 cot 2a =

=>

=>

=>

5 
2cosa 

2cot2acosa = 1

-2m + 2 + c

5/21
I h
0

and in A PQM

Tangent at P strikes it at the point M and after reflection 
passes through the centre C(l, 2).
Let MN be the normal at M.

Z.PMN = ZNMC = a
PCtan 2a =----
PM

n 5tan 2a =----
PM

PM = 5cot2a

(-6 Jia)2 - 4-8-(l + 2a2)> 0

a2 - 4 > 0 

(a + 2)(a-2)>0 
ae(-~, -2) kJ (2, o°)

5 
From Eq. (i) ±- =

P* 
(-2.-2);

2cos2a , -------- .cos a = 1 
sin 2a

2(l-2sin2a)cosa 
2sinacosa

l-2sin2a = sina 
2sin2a + sina-l = 0 

(2sina-l)(sina + l) = 0 
sina -1 

1 sina = - 
2

a = 30°

• Ex. 41 A ball moving around the circle
x2 +y2 -2x - 4y - 20 =0 in anti-clockwise direction leaves 
it tangentially at the point P(- 2,-2). After getting reflected 
from a straight line, it passes through the centre of the circle. 
Find the equation of the straight line if its perpendicular 
distance from P is 5/2. You can assume that the angle of 
incidence is equal to the angle of reflection. 
Sol. Radius of the circle = CP = J9 + 16 = 5

Let the equation is of surface is y = mx + c

2

'-39 + 275' 
k 4 + 3^3

Tangent at P(—2,— 2) is
—2x-2y-(x —2) —2(y —2) —20 = 0 

3x + 4y + 14 = 0
Slope of PM = -3/4
ZPMQ = 90°- a = 90°-30°= 60° 

m + 3/4 
l-3m/4’

x2 + y2 +

_____  -39 + 275
4+373 “ 4+373

c being intercept on Y-axis made by surface is clearly-ve. 
Hence, the required line is 

_(4j3-3'
4 + 375, 

(4^-3)x-(4+373)y-(39-273) = 0.

\ \a aX-
M

5/2
sin(90°-a) = —

PM
5PM = -^—

2 cos a

• Ex. 42 Find the limiting points of the circles
(x2 +y2 +2gx + c) + X(x2 +y2 + 2fy +</) =0 and show 

that the square of the distance between them is

(c-d)2 -4f2g2 +Hcf2 + Hdg2
f2+g2
Sol. The given circles are

(x2 + y2 + 2gx + c) + X (x2 + y2 + 2fy + d) = 0

2g , 2A .. , (c + Xd)_Q
1 + X1 + X

-g -fl'
1 + X 1 + X, 

Equating the radius of this circle to zero, we get 
g2 , /2X2 (c + Xd)_Q 

(1 + X)2 (1 + X)2 (1 + X)

4m +3 
4 -3m 
4^3-3 

m~4+3j3 

2(l-m) + c
71 + m2

11+ 2J3
c =
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=>

P(r, 0)

Pfri. 9i)/J
.(i) X' *X0

Y'
(ii)

(i)

/. 0[ = 0-a ■(H)

and

(in)2

cos(0 - a)

cos(0-a)
2

=>

»h Az

ia_____
■G(b, 0)

9i 
—b

[f2-d)
[(c - d)2 - 4/2g2 + 4c/2 + 4dg2] 

u2+r)

~fK , f^2
1 + X, 1 + X2

and X2

~g -f^'
1 + X2 1 + X2>

-a,™2£ 
siny

This is an equation of circle in polar form with radius .
siny

a2

+ b2~a2

• Ex. 43 One vertex of a triangle of given species is fixed 
and another moves along circumference of a fixed circle. 
Prove that the locus of the remaining vertex is a circle and 
find its radius.
Sol. Let OPQ be a triangle of given species. Then the angles 

a,p,y will be fixed.

Y

then Xj + X2

Let the polar coordinates of Q be (fpOi), we have to find the 
locus of P(r,0). In Z.OCQ 

„2 4. h2 
cos 0| = —---------

2rf

v 0 = a+0h
using sine rule in &OPQ 

r _ ri 

sinP siny 
rsiny

-----------------“—1 

sinp

Substituting the values of0! and rt from Eqs. (ii )and (iii) 
in Eq. (i)

2br-^l 
sinP

a2sin2p 
sin2y

_ ~g 1 g 
\^1 + Xj 1 + X2

- (g2+r)A1-x2)2
[l + (Xi + X2) + XjX2]2

/ 2 f2\ {(C ~ d)2 - 4/2g2 + 4c/2 4- 4dg2}
=___________________ (/2-d)2___________

2

g2 + /2X2-(c + Xd)(l + X) = 0

(/2 ~ d)X2 — (c + d)X + g2 — c = 0

Let the roots be Xj and X2

 (c + d)  g2 — c
(Z2-rf) f2-d 

(Xj - X2) = -^(X] + X2)z — 4XA2 

= l(c + d^2 4(g2~c)
](f2~d)2 (f2~d) 

 J(c + d)2 - 4f2g2 + 4c/2 + 4dg2

(f2-d)

 (c + d) + t,/(c - d)2 - 4f2g2 + 4c/2 + 4dg2
’ 2(/2-d)

_(c + d)-7{(c-d)2-4/2g2 + 4c/2 + 4dg2}

2(/2-d)
Hence, limiting points are

( ~g -f^i
^1 + X] 1 + X]

Substituting the values of Xj and X2 from Eqs. (ii) and (iii) 
square of the distance between limiting points

H
_r2sin2y

sin2p

2 b2sin2p= r 2+— 
sin y
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g Circle Exercise 1:
Single Option Correct Type Questions

(a)

(d) Data are inconsistent

(C)T7(b)-y

(b)7(^+l)2 + (b + 2)2

(d) +1)2+ (^ + 2)2-3

■ This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct

1. The sum of the square of the length of the chord 
intercepted by the line x + y = n, n 6 N on the circle 
x2 +y2 = 4 is
(a) 11 (b) 22
(c) 33 (d) None of these

2. Tangents are drawn to the circle x2 +yz = 50 from a
point ‘F lying on the X-axis. These tangents meet the 
Y-axis at points ‘P/ and ‘P2’. Possible coordinates of‘P1 
so that area of triangle PP)P2 is minimum, is 
(a)(10,0) (b) (10>/2,0) (c)(-l(h/2,0) (d)(10a/3,0)

3. Equation of chord AB of circle x2 +y2 = 2 passing
PBthrough P(2,2) such that — = 3, is given by

(a)x = 3y (b)x = y
(c)y-2 = V3(x-2) (d)y-3 = >/3(x-l)

4. If q and r2 are the radii of smallest and largest circles 
which passes through (5, 6) and touches the circle 
(x-2)2 +y2 = 4, then rxr2 is

4 41 5 41(a) A (b)^ (c)^- (d)^-
41 4 41 5

5. Equation of circle S(x,y) = 0, (5(2,3) = 16) which touches 
the line 3x + 4y - 7 = 0 at (1,1) is given by
(a) x2 + y2 + x + 2y-5 = 0
(b) x2 + y2 + 2x + 2y-7 = 0
(c) x2 + y2 + 4x-6y + 13 = 0
(d) x2+y2-4x + 6y-7 = 0

6. If P(2,8) is an interior point of a circle
O O Ax + y - 2x + 4y - X = 0 which neither touches nor 

intersects the axes, then set for X is
(a) (-~,-l) (b) (-00,-4)
(c) (96,oo) (d)<j>

7. The difference between the radii of the largest and 
smallest circles which have their centre on the 
circumference of the circle x +y +2x + 4y-4=0 and 
pass through the point (a, b) lying outside the given 
circle is 
(a) 6 

(c)3

8. The number of rational point(s) (a point (a, b) is rational 
if a and b both are rational numbers) on the 
circumference of a circle having centre (k, e) is
(a) atmost one (b) atleast two
(c) exactly two (d) infinite

9. Three sides of a triangle have the equations 
Lr =y-mrx-cr =0; r = 1,2,3. Then
XL2L3 +111,31! +vL!L2 =0, where X ^0,p. i*0,v^Ois 
the equation of circumcircle of triangle, if
(a) X(m2 + ^h) + P(m3 + mi) + v(zni + m2)= 0
(b) X(m2m3 -lj + p^ni! -1) + -1) = 0
(c) Both (a) and (b)
(d) None of the above

10. f( x, y) s x2 + y2 + 2ax+2by + c = 0 represent a circle. If 
/(x,0) = Ohas equal roots, each being 2 and /(0,y) = 0 
has 2 and 3 as its roots, then the centre of the circle is

^2,^ (b) Data are not consistent

(o(-4
11. If(l+ax)n =l+8x + 24xz +... and a line through P(a,n) 

cuts the circle x2+y2=4inA and B, then PA. PB is 
equal to
(a) 4 (b) 8 (c) 16 (d) 32

12. A region in the xy-plane is bounded by the curve
y = -J(25-x2) and the line y = 0. If the point (a, a+1) lies 

in the interior of the region, then
(a) a e (-4,3) (b) a e (-«■,-1) u (3,«>)
(c) a e (-1,3) (d) None of these

13. S(x,y) = 0 represents a circle. The equation 5(x,2) = 0 
gives two identical solutions x = 1 and the equation 
5(1, y) = 0 gives two distinct solutions y = 0,2, then the 
equation of the circle is
(a) x2 + y2 + 2x-2y + 1 =0 (b) x2 + y2-2x + 2y+ 1 =0
(c) x2 +y2-2x-2y-l = 0 (d) x2 + y2-2x-2y + 1 = 0

14. Let 0 < a < — be a fixed angle. If P = (cos 0, sin 0) and
2

Q = (cos(a-0),sin (a - 0)), then Q is obtained from P by
(a) clockwise rotation around origin through an angle a
(b) anti-clockwise rotation around origin through an angle a
(c) reflection in the line through origin with slope tana
(d) reflection in the line through origin with slope tan^j
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are in

(a) (d) None of these

radians at its circumference is
(a) (x + 2)2 + (y - 3)2 =625 (b) (x - 2)2 + (y + 3)2 = 625
(c) (x + 2)2 + (y —3)2 = 18.75 (d) (x + 2)2 + (y + 3)2 = 18.75

(b) 3x2 + 2x-21 =0 
(d) None of these

24. One of the diameter of the circle circumscribing the 
rectangle ABCD is 4y = x + 7. If A and B are the points 
(-3,4) and (5, 4) respectively, then the area of the 
rectangle is
(a) 16 sq units (b) 24 sq units
(c) 32 sq units (d) None of these

25. A, B, C and D are the points of intersection with the 
coordinate axes of the lines ax + by = ab and
bx + ay = ab, then
(a) A, B, C, D are concyclic
(b) A, B, C, D form a parallelogram
(c) A, B, C, D form a rhombus
(d) None of the above

26. a, P and y are parametric angles of three points P, Q and 
R respectively, on the circle x2 +y2 = 1 and A is the 
point (-1,0). If the lengths of the chords AP, AQ and AR 
are in GP, then cos^^, cos^^ and cos^—

(a) AP (b) GP
(c) HP (d) None of these

27. The equation of the circle passing through (2, 0) and 
(0, 4) and having the minimum radius is
(a) x2 + y2 =20
(b) x2 + y2-2x-4y = 0
(c) (x2 + y2 - 4) + X(x2 + y2 -16) = 0
(d) None of the above

28. A circle of radius unity is centred at the origin. Two 
particles start moving at the same time from the point 
(1,0) and move around the circle in opposite direction. 
One of the particle moves anticlockwise with constant 
speed v and the other moves clockwise with constant 
speed 3v. After leaving (1, 0), the two particles meet first 
at a point P and continue until they meet next at point 
Q. The coordinates of the point Q are
(a) (1,0) (b)(0, 1) (c)(—1,0) (d) (0, —1)

29. The circle x2 +y2 =4 cuts the line joining the points
BP

A(l,0) and B(3,4) in two points P and Q. Let — = a and 
PA

BO
— = P, then a and P are roots of the quadratic equation

(a)x2 + 2x+7 = 0 
(c)2x2 + 3x—27 = 0

30. The locus of the mid-points of the chords of the circle 
x2 + y2 + 4x-6y-12 = 0which subtend an angle of—

3

<‘>K

15. The number of points (x,y) having integral coordinates 
satisfying the condition x2 +y2 < 25 is
(a) 69 (b) 80 (c) 81 (d) 'll

16. The point ([P+1],[P]), (where [.] denotes the greatest 
integer function) lying inside the region bounded by the 
circle x2 +y2 -2x-15 = 0 and x2 +y2 -2x-7 =0, then 
(a) P e [-1,0) u [0,1) u [1,2) (b) P e [-1,2) -{0,1}
(c) P e (-1,2) (d) None of these

17. A point Plies inside the circles x2 +y2 -4 =0and
x2 + y2 -8x + 7 =0. The point P starts moving under the 
conditions that its path encloses greatest possible area 
and it is at a fixed distance from any arbitrarily chosen 
fixed point in its region. The locus of P is 
(a)4x2 + 4y2-12x+ 1 = 0 (b) 4x2 + 4y2 + 12x-l = 0 
(c)x2 + y2—3x-2 = 0 (d) x2+ y2-3x + 2 = 0

18. The set of values of c’ so that the equations y = | x| + c
andx2 +y2 — 8j x|—9 =0have no solution is 
(a)(-~,-3)u(3,oo) (b)(-3,3)
(c)(-«,-5^)u(5a/2.oo) (d) (5-72 -4,oo)

19. If a line segment AM = a moves in the plane XOY
remaining parallel to OX so that the left end point A 
slides along the circle x2+y2=a2,the locus of M is 
(a) x2 + yz = 4a2 (b) x2 + y2 =2ax
(c)xz + y2=2ay (d) x2 + y2-2ax-2ay = 0

20. The four points of intersection of the lines
(2x-y + l)(x-2y + 3) = 0 with the axes lie on a circle 
whose centre is at the point
, J 7 5 
(a — -
U 4

(b) 
\4 4.

21. The number of integral values of X for which
2 2x +y + Xx+(1~ X)y+5 = 0 is the equation of a circle 

whose radius cannot exceed 5, is
(a) 14 (b) 18 (c) 16 (d) None of these

22. Let <|)(x,y) = 0 be the equation of a circle. If <$)(0, X) = 0
4 

has equal roots X =2, 2 and 4>(X,0) = 0has roots X = y.5, 

then the centre of the circle is

[2.-] (b)[-,2 I 10J bo .
23. The locus of the point of intersection of the tangents to 

the circle x = r cos 9, y = r sin 0 at points whose
7t parametric angles differ by — is

(a) x2+ y2 = 4(2 - V3)r2 (b) 3(x2+ y2) = 1
(c)x2 + y2 = (2-73)r2 (d) 3(x2 + y2) = 4r2
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g Circle Exercise 2:
More than One Correct Option Type Questions

(a) cot a = (b) cot — =

(d) a = 2 tan

(c) (0, 3)(c)(l,2)

37. An equation of a circle touching the axes of coordinates 
and the line xcosa+ysina = 2 can be 

(a) x2 + y2— 2gx-2gy + g2 = 0, where g =

a
2

(a) c = 10
(c) c = 15

36. From the point A(0,3) on x

AB is drawn and extended to a point M, such that 
AM = 2AB. An equation of the locus of M is
(a) xz + 6x + (y-2)2 = 0

(b) x2+ 8x + (y-3)2 = 0

(c) x2 + y2 + 8x-6y + 9 = 0

(d) x2 + y2 + 6x - 4y + 4 = 0

ysi

. A

(c) x2-y2 =a2-b2

39. The equation of the circle which touches the axis of
x y 

coordinates and the line —+— = 1 and whose centre lies
3 4

in the first quadrant is x2 + y2 - 2Xx - 2Xy + X2 =0, then 

X is equal to
(a) 1 (b) 2
(c) 3 (d) 6

40. If P is a point on the circle x2 +y2 = 9,Q is a point on 

the line 7x+y+3 = 0, and the line x-y + 1 = 0, is the 
perpendicular bisector of PQ, then the coordinates of P 
are

(a) (3,0)

This section contains 15 multiple choice questions. Each 
question has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct.

31. If OA and OB are two perpendicular chords of the circle 
r = a cos 0 + bsin 0 passing through origin, then the locus 
of the mid-point of AB is
(a) x2 + yz = a + b (b)x = ^

b
2

32. If A and B are two points on the circle
x2 +y2 -4x + 6y-3 = 0 which are farthest and nearest 

respectively, from the point (7, 2), then
(a) A =(2 - 242,-3 - 242)
(b) A = (2 + 244-3+ 242)
(c) B = (2 + 241 -3 + 242)
(d) B =(2-242,-3-242)

33. If the circle x2 + y2 + 2gx + 2fy + c = 0 cuts each of the 

circles x2 +y2 -4 = 0, x2 +y2 -6x-8y + 10 = Oand

x2 + y2 + 2x - 4y - 2 = 0 at the extremities of a diameter, 

then
(a) c = -4 (b) g + f = c -1
(c)g2 + f2-c = 17 (d)gf = 6

34. The possible value of X(X > 0) such that the angle 

between the pair of tangents from point (X,0) to the 
circle x2 + y2 = 4 lies in interval I —| is

<2 3 J

(b)(0,72)(a) I 4,2^ 
\V3

(d*W
35. If a chord of the circle x2 +y2 -4x-2y-c = 0 is

/1 /g g\
trisected at the points and L then

<3 3) \3 3J

k 25 25/

41. If a circle passes through the point 3, - and touches
V v2j

x+y = 1 and x -y = 1, then the centre of the circle is 
(a) (4,0) (b) (4, 2) (c) (6, 0) (d) (7, 9)

42. The equation of a circle Cx is x2 +y2 =4. The locus of 

the intersection of orthogonal tangents to the circle is 
the curve C2 and the locus of the intersection of 
perpendicular tangents to the curve C2 is the curve C3. 
Then,
(a) C3 is a circle
(b) the area enclosed by the curve C3 is 8n
(c) C2 and C3 are circles with the same centre
(d) None of the above

2
(cosa + since +1) 

2
(b) x2 + y2 —2gx—2gy + g2 = 0, where g = ----------- :--------

(cosa +sma -1)
2

(c) x2 + y2-2gx + 2gy + g2 = 0, where g = ---------- :------ -
(cosa-sina + 1)

2
(d) x2 + y 2 - 2gx + 2gy + g2 = 0, where g = -----------:--------

(cosa-sina-1)

38. If a is the angle subtended at P(x1,y1) by the circle
S= x2 +y2 + 2gx+2fy + c =0, then

4$i n \ . Ct
/g2 + f2-c) 2

(c) tana = ~c)

1 1
3 3J \

(b) c = 20
(d) c2-40c+ 400 = 0

2 +4x + (y-3)2 = 0, a chord
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(b) ~

(c)^

(c)5 (d) 6

| Circle Exercise 3:

(b) + ^£4 = 0
(d)Mi2L3 + n4l4 =0

(b) 3x + 4y = 38
(d) 7x + 24y =230

43. The equation of a tangent to the circle x2 +y2 =25 

passing through (-2,11) is
(a) 4x+3y =25 
(c)24x-7y +125 = 0

44. Consider the circles
Q = x2 + y2-2x-4y-4 = Oand
C2 s x2 + y2 + 2x + 4y + 4 = 0
and the line £ = x + 2y + 2 = 0, then

value of X is 
(a) 2 (b) 3

(a) L is the radical axis of Q and C2
(b) L is the common tangent of Q and C2
(c) L is the common chord of Q and C2
(d) L is perpendicular to the line joining centres of Q and C2

45. A square is inscribed in the circle
x2 +y2 -10x-6y+30 = 0. One side of the square is 

parallel to y = x+3, then one vertex of the square is 
(a) (3. 3) (b)(7,3)
(c) (6,3 — 73) (d) (6,3+ 73)

Paragraph III
(Q. Nos. 52 to 54)

’ Equation of the circumcircle of a triangle formed by the lines 
= Q = Oand L3 = Ocan be written as

+ AZ2L3 +I1L3Lj = Q where X andp are such that 
coefficient of x = coefficient of y and coefficient ofxy = Q

52. LxL2Z + 'kL2L23 +|1L3L2 =0 represents

(a) a curve passing through point of intersection of £, = 0, 
Lq = 0 and £3 = 0

(b) a circle is coefficient of x2 = coefficient of y2 and 
coefficient of xy = 0

(c) a parabola
(d) pair of straight lines

53. Li = 0, L2 = 0 be the distinct parallel lines, L3 = 0, L4 =0
be two other distinct parallel lines which are not parallel 
to Lj =0. The equation of a circle passing through the 
vertices of the parallelogram formed must be of the form 
(a) XL^ + = 0
(c) X£jl2 + = 0

54. HL1L2 + “kL2L3 +J1L5LJ = 0 is such thatp =0and X is 

non-zero, then it represents
(a) a parabola
(b) a pair of straight lines
(c) a circle
(d) an ellipse

51. lfP = (3,4), then the coordinates of 5 are

(b) (-=1,-^1
I 25 25J

(4-^V 25 25 J

, J 46 63(a)-----I 25 25
, . ( 46 68(c)----- ,—

V 25 25

Paragraph Based Questions
This section contains 7 paragraphs based upon each of the 
paragraph 3 multiple choice questions have to be answered. 
Each of these questions has four choices (a), (b), (c) and (d) 
out of which ONLY ONE is correct.

Paragraph I
(Q. Nos. 46 to 48)

Consider the circle Six2 + y2 - 4x-1 = Oand the line

L:y = lx-1 If the line L cuts the circle at A and B.

46. Length of the chord AB is
(a) 75 (b)V10 (c)2a/5 (d) 5 V2

47. The angle subtended by the chord AB is the minor arc of 
Sis
1 \ n \ 3rc ... 5rc(a) (b) (C (d) —

4 3 4 6

48. Acute angle between the line L and the circle S is
(a); (b)^ (c)^ (d)^

Paragraph II
(Q. Nos. 49 to 51)

Pisa variable point on the line L = Q Tangents are drawn to 
the circle x2 + y2 = 4 from P to touch it at Q and R. The 

parallelogram PQSR is completed.

49. If L = 2x+y - 6 = 0, then the locus of the circumcenter of

APQfi is
(a)2x-y = 4 (b)2x + y=3
(c)x-2y = 4 (d)x + 2y=3

50. If P = (6,8), then area of AQRS is — VX sq units. The
25
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(b)-^

2

(b)x-y = 0
(d) x + 2y = 0

(b) x2 + y2-2x + y = 0
(d) x2 + y2-2x-2y = 0

■ This section contains 10 questions. The answer to each question is a single digit integer, ranging from 0 to 9 (both 
inclusive).

67. The point (1,4) lies inside the circle x2 +y2 -6x-10y + X =0. If the circle neither touches nor cuts the axes, then the 
difference between the maximum and the minimum possible values of X is

68. Consider the family of circles x2 +y2 -2x-2Xy-8 = 0 passing through two fixed points A and B. Then the distance 
between the points A and B is

Paragraph IV
(Q. Nos. 55 to 57)

Given two circles intersecting orthogonally having the length of 
24common chord — unit. The radius of one of the circles is 3 units.

55. If radius of other circle is X units, then X is
(a) 2 (b) 4 (c) 5 (d)6

56. If angle between direct common tangents is 20, then 
sin 20 is

Paragraph VI
(Q. Nos. 61 to 63)

Two variable chords AB and BC of a circle x + y =a 
such that AB = BC = a, M and N are the mid-points of AB 
and BC respectively such that line joining MN intersect the 
circle at P and Q where P is closer to AB and O is the centre 
of the circle.

61. X.OAB is
(a) 15° (b)30°
(c) 45° (d)60°

62. Angle between tangents at A and C is
(a) 60° (b)90°
(c)120° (d) 150°

63. Locus of point of intersection of tangents at A and C is
(a) x2 + y2 = a2 (b)x2 + y2=2a2
(c) x2 + y2 = 4a2 (d) x2 + y2 = 8a2

Paragraph VII
(Q. Nos. 64 to 66)

t2, t2 are lengths of tangents drawn from a point (h,k)to 
the circles x + y = 4,x+y-4x=0andx+y -4y=0 
respectively further, t* = t2 t2 +16 Locus of the point (h,k) 
consist of a straight line f and a circle C] passing through 
origin. A circle C2, which is equal to circle C] is drawn 
touching the line L\ and the circle C\ externally.

64. Equation of Lx is
(a) x + y = 0
(c) 2x + y = 0

65. Equation of C) is
(a) x2 + y2-x-y = 0
(c) x2 + y2-x + 2y = 0

66. The distance between the centres of and C2 is
(a) y/2 (b) 2
(C)2y[2 (d) 4

g Circle Exercise 4:
Single Integer Answer Type Questions

(b) x2 + y2=(a + b)2 
(d) None of these

2 „22 
+y —

i2 , b2 H =7

2 are

\2 2 b2
\-y=7 

2 2

= 7
60. If (BC)2 is maximum, then the locus of the mid-point of 

AB is
(a) x2 + y2 = b2
(c)x2+y2=(a-b)2

. . 4 _ . 4>/6 . . 12 ... 24(a) - (b)----- (c) — (d) —
5 25 25 25

57. If length of direct common tangent is X units, then X2 is
(a) 12 (b) 24 (c) 36 (d) 48

Paragraph V
(Q. Nos. 58 to 60)

Consider the two circles C| :x + y = a and
C2 :x2 + y2 -b2 (a> b) Let A be a fixed point on the circle 
C], say A (a, 0) and B be a variable point on the circle C2. The 
line BA meets the circle C2 again at C. ‘O’ being the origin.

58. If(OA)2 +(OB)2 +(BC)2 = X, then X e
(a) [5b2 -3a2,5b2 + a2] (b) [4b2,4b2 + a2]
(c) [4a2,4b2] (d) [5b2 -3a2,5b2 + 3a2]

59. The locus of the mid-point of AB is
(*)(*"

\ it t 

(c,(x4.
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2

2

78. Match the following

Column II

a+ b = 1

a+ b = 2(q)(B)

(C)

(A) 3

(B) 4
(s) a2 + b2 = 3

(C) (r) 5

(D) (s) 6

Column I
S] andS2 touch internally, then (r — I)2 is 
divisible by

S] andS2 touch externally, then r2 + 2r + 3 
is divisible by

$i and S2 intersect orthogonally, then r2 -1 
is divisible by

S] and Sj intersect so that the common chord 
is longest, then r2 + 5 is divisible by

(q)1

Column II

(p)

■ This section contains 4 questions. Questions 77 and 78 
have four statements (A, B, C and D) given in Column I 
and four statements (p, q, r and s) in Column 11, and 
questions 79 and 80 have three statements (A, B and C) 
given in Column I and five statements (p, q, r, s and t) 
in Column II. Any given statement in Column I can 
have correct matching with one or more statement(s) 
given in Column II.

77. Consider the circles Sj:x2 +y2 -4x-6y +12 = 0 and 
S2:(x-5)2 + (y-6)2 =r2 >1

W. IfC] :x2 +y2 = (3+2^2)2 be a circle and PA and PB are 
pair of tangents on Cj, where P is any point on the 
director circle of Clt then the radius of the smallest circle 
which touches Ct externally and also the two tangents 
PA and PB, is

70. If a circle S(x, y) = 0 touches the point (2,3) of the line 
x+y = 5 and S(l,2) = 0, then radius of such circle is —L

•y X units, then the value of X is

75. The length of a common internal tangent of two circles 
is 5 and that of a common external tangent is 13. If the 
product of the radii of two circles is X, then the value of 
X ■
— is
4

76. Consider a circles S with centre at the origin and radius 4. 
Four circles A, B, C and D each with radius unity and 
centres (-3,0), (-1,0), (1,0) and (3,0) respectively are drawn. 
A chord PQ of the circle 5 touches the circle B and passes 
through the centre of the circle C. If the length of this

X chord can be expressed as -Jk, then the value of — is

Column I

(A) | If ax + by - 5 = 0 is the equation of the chord (p) 
i of the circle (x - 3)2 + (y - 4)2= 4, which
passes through (2,3) and at the greatest 
distance from the centre of the circle, then

units, then the value of X2 is.

71. If real numbers x andy satisfy(x + 5)2 +(y-12)2 = 196, 
2 

then the maximum value of(x2+y2)3 is

12. If the equation of circle circumscribing the quadrilateral 
formed by the lines in order are
2x+3y = 2,3x-2y = 3, x + 2y = 3 and 2x-y = 1 is given 
by x2 +yz + Xx+|iy +v = 0. Then the value of
|X+2p. + v|is

E Circle Exercise 5:
Matching Type Questions

73. A circle x2 +y2 +4x-2-j2y + c = 0 is the director circle 
of the circle C, and C1 is the director circle of circle C2 
and so on. If the sum of radii of all these circles is 2 and 
if c = X72, then the value of X is

74. If the area bounded by the circles x2 +y2 = r2,r = 1, 2 

and the rays given by 2x2 -3xy-2y2 = 0,y>0is — sq
4

Let O be the origin and P be a variable point 
on the circle x2 + y2 + 2x + 2y = 0. If the

I locus of mid-point of OP is x2 + y2 + 2ax
I + 2 by = 0, then

If (a, b) be coordinates of the centre of the (r) a2 + b2 = 2 
smallest circle which cuts the circle 
x2 + y2 -2x -4y - 4 = 0 and
x2 + y2 - lOx +12y + 52 = 0 orthogonally,
then

(D) | If a and b are the slope of tangents which are
i drawn to the circle x2 + y2 - 6V3x -
| 6y + 27 = 0 from the origin, then
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79. Match the following

(A)

(B) a, + a2 = 3
(q) M + L = 20

a{a2 = b(C)M + L = 30

= 1, we get only oneStatement II Solving

(s2
(t)

M - L = 10

M -L = 26

Column I
M + L = 10

83. Statement I Number of circles passing through (1,4), 
(2, 3), (-1, 6) is one
Statement II Every triangle has one circumcircle

Column 11
(p) I a2 + a2 = 4

_____ I

W|

____ I

(s)J
w I

80. Match the following

Column 1
If the straight lines y = a,x + b and 
y = a2x + b(a} *a2) and he R meet the 
coordinate axes in concyclic points, then

If the chord of contact of the tangents drawn 
to x2 + y2 = b2 and be R from any point on 
x2 + y2 = a2, touches the circle x2 + y2 = a2 
(fl] # <j2) > then

If the circle x2 + y2 + 2atx + b = 0 and 
x2 + y2 + 2a2x + b= 0(a, * a2) and be R 
cuts orthogonally, then

a\a2 = 1 
ata2 = b2

real value of m

82. Statement I Tangents cannot be drawn from the point 
(l,X)to the circle x2 +y2 + 2x-4y = Q

Statement II (l + l)2 +(X + 2)2< I2 +22

■ Directions (Q. Nos. 81 to 88) are Assertion-Reason type 
questions. Each of these questions contains two 
statements:
Statement I (Assertion) and Statement 11 (Reason) 
Each of these questions also has four alternative choices, 
only one of which is the correct answer. You have to 
select the correct choice as given below :
(a) Statement I is true, Statement II is true; Statement II 

is a correct explanation for Statement I
(b) Statement I is true, Statement II is true; Statement II 

is not a correct explanation for Statement I
(c) Statement I is true, Statement II is false
(d) Statement I is false, Statement II is true

81. Statement I Only one tangent can be drawn from the 
point (1, 3) to the circle x2 +y2 = 1

|3~m| 

7(1+ m2)

g Circle Exercise 6:
u Statement I and II Type Questions

84. Statement I Two tangents are drawn from a point on 
the circle x2 +y2 =50 to the circle x2 +y2 =25, then

71angle between tangents is —
3

Statement II x2 +y2 = 50 is the director circle of 
x2 +y2 =25.

85. Statement I Circles x2 +y2 = 4 and x2 +y2 -6x+5 = 0 
intersect each other at two distinct points
Statement II Circles with centres CI( C2 and radii rb r2 
intersect at two distinct points if | CiC2|< n +r2

86. Statement I The line 3x - 4y = 7 is a diameter of the 
circle x2 + y2 -2x + 2y-47 =0

Statement II Normal of a circle always pass through 
centre of circle

87. Statement IA ray of light incident at the point (-3, -1) 
gets reflected from the tangent at (0, -1) to the circle 
x2 +y2 = L If the reflected ray touches the circle, then 

equation of the reflected ray is 4y-3x = 5

Statement I The angle of incidence = angle of reflection 
i.e. Zi = Zr

88. Statement I The chord of contact of the circle 
x2 +y2 =lw.r.t. the points (2,3), (3,5) and (1,1) are 
concurrent.
Statement II Points (1,1), (2, 3) and (3,5) are collinear.

Column I

(A) [If the shortest and largest distance from the 
point (10,7) to the circle x2 + y2 - 4x -2y 
|-20 = 0 are L and M respectively, then

(B) ; If the shortest and largest distance from the 
(point (3, -6) to the circle x2 + y2 - 16x 
-12y - 125 - 0 are L and M respectively, 
[then

(C) If the shortest and largest distance from the (r) 
point (6, -6) to the circle x2 + y2 - 4x + 6y I 
-12 = 0 are L and M respectively, then
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2

Circle Exercise 7:
Subjective Type Questions

ak 
(I-*2)’

2=0

98. The circle x2 + y2 =1 cuts the X-axis at P and Q. 
another circle with centre at Q and variable radius 
intersects the first circle at R above the X-axis and the 
line segment PQ at S. Find the maximum area of the 
AQSR.

99. If the two lines ^x + b{y + c1 =0and a2x + b2y + c2 =0 
cut the coordinate axes in concyclic points, prove that 
aia2 = ^1^2 find the equation of the circle.

100. The centre of the circle S = 0 lie on the line
2x - 2y + 9 = 0 and S = 0 cuts orthogonally the circle 
x2 +y2 = 4. Show that circle 5 = 0 passes through two 
fixed points and find their coordinates.

101. Find the condition on a, b, c such that two chords of 
the circle
x2 +y2 -2ax-2by + a2 +b2 -c 
passing through the point (a, b + c) are bisected by the 
line y = x.

102. Two straight lines rotate about two fixed points. If 
they start from their position of coincidence such that 
one rotates at the rate double that of the other. Prove 
that the locus of their point of intersection is a circle.

103. The base AB of a triangle is fixed and its vertex C moves 
such that sin A = k sin B (k 1). Show that the locus of 
C is a circle whose centre lies on the line AB and whose

uk
radius is equal to---------, a being the length of the base

■ In this section, there are 16 subjective questions.

89. Find the equation of the circle passing through (1,0) and 
(0,1) and having the smallest possible radius.

90. Find the equation of the circle which touches the circle
2 2x +y -6x + 6y + 17=0 externally and to which the 

lines x2 - 3xy - 3x + 9y = 0 are normals.

9f. A line meets the coordinate axes at A and B. A circle is 
circumscribed about the triangle OAB. If the distance of 
the points A and B from the tangent at O, the origin, to 
the circle are m and n respectively, find the equation of 
the circle.

92. Find the equation of a circle which passes through the 
point (2,0) and whose centre is the limit of the point of 
intersection of the lines 3x + 5y = 1 and
(2 + c) x + 5c 2y = 1 as c —> 1.

93. Tangents are drawn from P(6,8) to the circle x2+ y2 = r2. 
Find the radius of the circle such that the area of the A 
formed by tangents and chord of contact is maximum.

94. 2x - y + 4 = 0 is a diameter of the circle which 
circumscribed a rectangle ABCD. If the coordinates of A 
and B are A (4,6) and B (1,9), find the area of rectangle 
ABCD.

95. Find the radius of smaller circle which touches the straight 
line 3x - y = 6 at (1, - 3) and also touches the line y = x.

96. If the circle Cr,x2 +y2 =16 intersects another circle C2 
of radius 5 in such a manner that the common chord is of 
maximum length and has a slope equal to (3/4), find the 
coordinates of centre C2.

97. Let 2x2 + y2 - 3xy = 0 be the equation of a pair of 
tangents drawn from the origin O to a circle of radius 3 
with centre in the first quadrant. If A is one of the points 
of contact, find the length of OA.

AB.
104. Consider a curve ox2 + 2hxy + by2 =1 and a point P 

not on the curve. A line drawn from the point P 
intersects the curve at points Q and R. If the product 
PQ-PR is independent of the slope of the line, then 
show that the curve is a circle.
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is equal to

111. A line L' through A is drawn parallel to BD. Point 5 
moves such that its distances from the line BD and the 
vertex A are equal. If locus of S cuts L' at T2 and T3 and 
AC at Tj, then area of A7\T2T3 is

[IIT-JEE 2006, 5+5+5 M]

(b) - sq units

g Circle Exercise 8:
w Questions Asked in Previous 13 Year's Exams

centre is
(a) x2 + yz=^

(c)x2 + y2 = — (d)x2 + yz = -
4 4

114. Tangents are drawn from the point (17, 7) to the circle 
x2 +y2 =169.

Statement I The tangents are mutually perpendicular, 
because
Statement II The locus of the points from which 
mutually perpendicular tangents can be drawn to the 
given circle is x2 +y2 = 33& [IIT-JEE 2007,3M]

(a) Statement I is True, statement II is True; statement II is a 
correct explanation for statement I

(b) Statement I is True, statement II is True; statement II is 
not a correct explanation for statement I

(c) Statement I is True, statement II is False
(d) Statement I is False, statement II is True

115. Consider a family of circles which are passing through
the point (-1,1) and are tangent to X-axis. If (h,k) are 
the coordinate of the centre of the circles, then the set 
of values of k is given by the interval [AIEEE 2007,3M] 
(a)--<fc<l (b)Ar<-

2 2 2

(c)0<k<- (d)Jt>-
2 2

1 2(a) - sq units (b) - sq units

(c) 1 sq units (d) 2 sq units

112. If the lines3x-4y-7 = 0and2x-3y-5 = 0are two
diameters of a circle of area 49k square units, the 
equation of the circle is [AIEEE 2006,6M]
(a) x2 + y2 + 2x-2y-47 = 0
(b) x2+ y2+ 2x-2y —62 = 0
(c) x2 + y2—2x + 2y-62 = 0
(d) x2 + y2 - 2x + 2y - 47 = 0

113. Let C be the circle with centre (0, 0) and radius 3 units. 
The equation of the locus of the mid-points of the 

chords of the circle C that subtend an angle of — at its
3

[AIEEE 2006, 6M]

(b) x2 + y2 =1

■ This section contains questions asked in IIT-JEE, AIEEE, 
JEE Main & JEE Advanced from year 2005 to 2017.

105. A circle is given by x2 + (y-l)2 =1, another circle C
touches it externally and also the X-axis, then the locus 
of its centre is [IIT-JEE 2005, 3M]
(a) {(x,y):x2 = 4y} u {(x,y):y < 0}
(b) {(x,y):x2 + (y - l)z = 4} U {(x,y):y < 0}
(c) {(x,y):x2 = y} u {(0,y):y < 0}
(d) {(x,y):xz = 4y} U {(0,y ):y < 0}

106. If the circles x2 +y2 +2ax+cy + a = 0 and
x2 + y2 - 3gx + dy -1 = 0 intersect in two distinct points P 
and Q, then the line 5x + by - a = 0 passes through P and 
Q for [AIEEE 2005, 6M]
(a) exactly one value of a (b) no value of a
(c) infinitely many values of a (d) exactly two values of a

107. A circle touches the X-axis and also touches the circle
with centre at (0, 3) and radius 2. The locus of the centre 
of the circle is [AIEEE 2005, 3M]
(a) an ellipse (b) a circle
(c) a hyperbola (d) a parabola

108. If a circle passes through the point (a, b) and cuts the
circle x2 +y2 = p2 orthogonally, then the equation of 
the locus of its centre is [AIEEE 2005, 3M]
(a) x2 + y2 -3ax-4by + (a2 + b2 -p2) = 0
(b) 2ax + 2by-(a2 - b2 + p2) = 0
(c) x2 + y2 -2ax -3by +(a2 - b2 - p2) = 0
(d) 2ax + 2by -(a2 + b2 + p2) = 0

Paragraph 
(Q.Nos. 109 to 111)

ABCD is a square of side length 2 units. Cj is the circle 
touching all the sides of the square ABCD and C2 is the 
circumcircle of square ABCD. Lis a fixed line in the same 
plane and R is a fixed point.

109. If Pis any point of Cj and Q is another point on C2, then 
PA2 + PB2 + PC2 + PD2

QA2 +QB2 +QC2 +QD2
(a) 0.75 (b) 1.25 (c) 1 (d) 0.5

110. If a circle is such that it touches the line L and the circle
Cj externally, such that both the circles are on the same 
side of the line, then the locus of centre of the circle is 
(a) ellipse (b) hyperbola
(c) parabola (d) pair of straight line
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(d) (-4,0)

(a) 20(x2 + y2) -36x + 45y = 0
(b) 20(x2 + y2) + 36x - 45y = 0
(c) 36(x2 + y2)-20x+ 45y = 0
(d) 36(x2 + y2) + 20x - 45y = 0

2

= 1

--U— - , 2 ’2j\ 2 2

Paragraph
(Q. Nos. 116 to 118)

A circle C of radius 1 is inscribed in an equilateral triangle PQR. 
The points of contact of C with the sides PQ QR, RP are D, E, F, 
respectively. The line PQ is given by the equation fix+ y- 6 = 0 

(313 3^
and the point D is ----- , - . Further, it is given that the origin

\ 2 2>
and the centre ofC are on the same side of the line PQ.

f16. The equation of circle C is
(a)(x-2^)2 + (y-l)2 =1 (b)(x-213)2 + (y + |

(c)(x-^)2 + (y + l)2 = l (d)(x-73)2 + (y-l)2 = l

117. Points E and F are given by

(b)f— ,-Wo)' 12 2J
(3 n(d) \2 2 J

122. The centres of two circles C, and C2 each of unit 
radius are at a distance of 6 units from each other. Let 
P be the mid point of the line segment joining the 
centres of Cj and C 2 and C be a circle touching circles 
Ci and C2 externally. If a common tangent to C, and C 
passing through P is also a common tangent to C 2 and 
C, then the radius of the circle C is [IIT-JEE 2009,4M]

123. If P and Q are the points of intersection of the circles 
x2 +y2 +3x+7y+2p-5 = 0and
x2 +y2 +2x + 2y-p2 =0then there is a circle passing 
through P, Q and (1,1) for: [AIEEE 2009, 4M]
(a) all except one value of p
(b) all except two values of p
(c) exactly one value of p
(d) all values of p

124. The circle x2 +y2d = 4x + 8y+5 intersects the line
3x - 4y = m at two distinct points if [AIEEE 2010,4M] 
(a) -35 < m < 15 (b) 15 < m < 65
(c) 35 < m < 85 (d) -85 < m < -35

125. The circle passing through the point (-1,0) and
touching the T-axis at (0, 2) also passes through the 
point. [IIT-JEE 2011, 3M]

\ £ J

35(c) “7’7 
K 2 2

I 2

Ji f
2 *2,

113. Equations of the sides QR, RP are [IIT-JEE 2008, (4 + 4 + 4) M]
2 2 1(a)y = —x+1, y = —rx-l (b)y = -=x,y = 0 

V3 -x/3 -v3

(c)y=—x+l,y =-----x —1 (d) y = fix, y - 0
2 2

119, Consider L] :2x + 3y + p-3 = 0; L2:2x+3y + p+3 = 0 
where, p is a real number, and C:x2 + y2 + 6x - lOy + 30 = 0 

Statement I If line Lps a chord of circle C, then line L2 is 
not always a diameter of circle C and
Statement II If line Iq is a diameter of circle C, then line 
L2 is not a chord of circle C. [IIT-JEE 2008, 3M]
(a) Statement I is True, statement II is True; statement II is a 

correct explanation for statement I
(b) Statement I is True, statement II is True; statement II is not a 

correct explanation for statement I
(c) Statement I is True, statement II is False
(d) Statement I is False, statement II is True

J 20. The point diametrically opposite to the point P(l, 0) on the 
circle x2 +y2 +2x + 4y-3 = 0is [AIEEE 2008, 3M]
(a)(3,-4) (b)(-3,4) (c)(-3,-4) (d) (3,4)

121. Tangents drawn from the point P(l,8) to the circle 
x2 +y2 -6x-4y-11 = 0 touch the circle at the points A 
and B. The equation of the circumcircle of the triangle PAB 
is [IIT-JEE 2009, 3M]
(a)x2 + y2 + 4x-6y+ 19 = 0 (b)x2 + y2-4x-10y + 19 = 0 
(c) x2 + y2 -2x + 6y -29 = 0 (d) x2 + y2 -6x- 4y +19 = 0

126. The straight line 2x -3y = 1 divides the circular region 
x2 +y2 < 6 into two parts.

then ““number
of point(s) in S lying inside the smaller part is

[IIT-JEE 2011, 4M]

2 =c2(c>0)

[AIEEE 2011, 4M]

127. The two circles x2 +y2 = ax and x2 +y
touch each other if
(a)|a| = c (b)a=2c
(c)|a[=2c (d)2|a|=c

128. The locus of the mid-point of the chord of contact of 
tangents drawn from points lying on the straight line 
4x-5y = 20 to the circle x2 +y2 =9 is

[IIT-JEE 2012, 3M]

(fi 3
A2 2 

,,p3 3 (c) — -
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(b)

(a) circle of radius 72
(b) circle of radius 73
(c) straight line parallel to X-axis
(d) straight line parallel to Y-axis

137. The number of common tangents to the circles
x2 + y2 -4x-6x-12 = 0andx2 + y2 + 6x + 18y + 26 = Q 
is [JEE Main 2015,4MJ
(a) 3 (b) 4
(c) 1 (d) 2

138. The centres of those circles which touch the circle,
x2+y2-8x-8y-4=0, externally and also touch the 
X-axis, he on [JEE Main 2016,4M]
(a) a hyperbola
(b) a parabola
(c) a circle
(d) an ellipse which is not a circle

139. If one of the diameters of the circle, given by the 
equation, x2 + y2 -4x + 6y-12 = 0, is achordofacircle 
S, whose centre is at (-3,2), then the radius of S is

[JEE Main 2016,4M]

(a) (-5,2) (b)(2,-5)
(c)(5,-2) (d)(—2,5)

133. Circle(s) touching X-axis at a distance 3 from the origin 
and having an intercept of length 2-^7 on Y-axis is (are)
(a) x2 + y2-6x + 8y + 9 = 0 [JEE Advanced 2013, 3M]
(b) x2 + y2-6x + 7y+ 9 = 0
(c) x2 + y2-6x-8y+ 9 = 0
(d) x2 + y2-6x-7y + 9 = 0

134. Let C be the circle with centre at (1,1) and radius = 1 If T
is the circle centred at (0,y), passing through origin and 
touching the circle C externally, then the radius of T is 
equal to [JEE Main 2014,4M]
(a)| O’) 7

2 4
(d)^- 

J2 2

135. A circle S passes through the point (0,1) and is
2 2 jorthogonal to the circles (x-1) +y =16 and 

x2 +y2 = L Then

(a) 5 (b) 10
(c)572 (d) 573

140. Let J?Sbe the diameter of the circle x2 +y2 = 1, where S 
is the point (1,0). Let P be a variable point (other than R 
and S) on the circle and tangents to the circle at S and P 
meet at the point Q. The normal to the circle at P 
intersects a line drawn through Q parallel to RS at point 
E. Then the locus of E passes through the point(s)

[JEE Advanced 2016,4M] 

(W
»(H)

141. For how many values of p, the circle
9 9x + y + 2x + 4y - p = 0 and the co-ordinate axes have 

exactly three common points? [JEE Advanced 2017,3MJ

[JEE Advanced 2014,3M]
(a) radius of S is 8 (b) radius of S is 7
(c) centre ofS is(-7,l) (d) centre ofS is(-8,1)

136. Locus of the image of the point (2, 3) in the line 
(2x-3y+4)+/c(x-2y+3) = 0, ke R, is a

[JEE Main 2015,4M]

Paragraph
(Q. Nos. 129 and 130)

A tangent PT is drawn to the circle x + y =4 at the point 
P(73,1). A straight line L, perpendicular to PT is a tangent to 
the circle (x- 3)2 + y2 = 1

129. A possible equation of L is
(a)x-73y = l {b)x + j3y = l
(c)x-73y = -l (d)x + 73y=5

130. A common tangent of the two circles is
[HT-JEE 2012, (3+3) M]

(a)x = 4 1 (b)y=2
(c) x + Jiy = 4 (d) x + 2^2y = 6

131. The length of the diameter of the circle which touches
the X -axis at the point (1, 0) and passes through the 
point (2, 3) is [A1EEE 2012, 4M]
(a)y (b)^

(c); (d)j
5 3

132. The circle passing through (1,-2) and touching the axis 
of x at (3,0) also passes through the point

[JEE Main 2013, 4M]

, A1 11 
(*) <3 73 J
, J1 1(c) 7=

k3 73
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Answers

17. 4X2 + 4/ + 6x + lOy- 1= 0

86. (b)

96.

J65
2
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Me)
6(a)

11. (c)

Exercise for Session 1
l.(d)
6(c)

H. (b)

Chapter Exercises
2. (a)
8. (a)

14. (d)
20. (a)
26. (b)

31.(b,d) 32. (b,d)
36. (b,c) 37. (a,b,c,d)
41. (a,c) 42. (a,c)
47. (c)
53. (c)
59. (a)
65. (d)
71.(9)
77. (A) -+ (p, s); (B) -> (q, r); (C) -> (q); (D) -> (p, q, s)
78. (A) -> (q, r); (B) -> (p); (C) -> (p) (D) -> (s)
79. (A) -> (q, s); (B)->(r,t); (C) —> (p,s)
80. (A) -> (p, q, s); (B) -> (p, q, s, t); (C) -> (p, q, r, s)
81. (d) 82. (a) 83. (d) 84. (d) 85. (c)
87. (b) 88. (a) 89. (x2 + y2 - x - y) = 0

90. x2 + y2 - 6x - 2y + 1 = 0

91. X2 + y2 ± yjm (m + n) x ± (m + n) y = 0

92. 25.? + 25/ - 20x + 2y - 60 = 0

94. 18 sq units 
9 - 12 
5’ 5 

4V3
98.------sq units

9

3. (a) 4. (d) 5. (d)
8. (a) 9.(d) 10. (b)

13.x2 + y2 ± lOx- 6y+ 9 = 0 

16. x2 + y2 - 4x - 6y = 0

97. 3 (3 + V10)

99. fl] a2 (x2 + y2) + (flj Cj + a2 q)x + (6, o, + b, c{)y= 0

100. (- 4, 4) or | — ,1 |
I 2 2)

101. 4a2 + 462 - c2 - Sab + 4bc- 4ca< 0

105. (d)
lll.(c)
117. (a)
123. (a)
129. (a)
135. (b,c) 136. (a)
141.(2)

15. ?+ /-2x-4y-4=0

16. ?+ y2 - 2x-8y + 15 = 0

I8.(x+ I)2 + (y-3)2 = 4; (- 1, 3); 2

2. (c)
7. (b)

14. x2 + y2 - 6x - 6y + 9 = 0

3.(b)
8. (b)

13.x2 + y2 - y- 16 = 0;| 0,-1;

Exercise for Session 4
l.(c)
6.(b)

11.(d)
14. (i)3x- 4y + 20 = Oand 3x- 4y- 10 = 0 (ii) 4x+ 3y + 5 = 0 

and4.r+ 3y- 25 = 0,
15. centre of the circle (0,1, ± r?2), where r is radius
16.15,-35

5-(a)
10. (c)

( 1
A 2

15. x2 +■ y2-2x-3y-18 = 0
16. (? + y2 - 4x - 2y + 4) = 0

17. ?+ / -6x+ 2y- 15 = 0
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Solutions (5. 6)

2.

(2,0)

i.e.
M

V2 =A / \2(0, 0) 0

Since,

•(>)

—(i)

...(ii)given

BTj

(0.0)
A

(2, 2)P C

R

...(ii)
,..{iii)

2. Tangent at (5-72 cos0,5-72 sin0) is

xcos0 + ysin0 = 5-72 

OP = 5-72 sec 0, OP, = 5-72 cosec 0 

Area (APPjPj) = 2 x area of A OPP]

= 2x-x5-72sec0x5-72 cosec© 
2

100 
sin 20’

Area(APP1P2)min =100
7t 0 = - => OP = 10
4

=> P = (10,0), (-10,0)
3. LetSsx2 + /-2 = 0,Ps(2,2)

S] =22+ 22-2 = 6 > 0

=> P lies outside the circle
PA.PB=(PT)2 =5] =6 

™=3 
PA

1. AB2 = 4AM2 = 4 4-----= 2(8-n2)I 2)
Hence, required sum = 2(8 -12 + 8 - 22) = 22

xfi.------ 3-75
-2' 

I 2 
41 
4

5. Any circle which touches 3x + 4y - 7 = 0 at (1,1) will be of the 
form

From Eqs. (i) and (ii), we get
PA = 42,PB=3y/2

=> AB = PB- PA = 2-72 = Diameter of circle
Hence, chord AB passes through the centre (0,0), y = x

4. LetS = (x-2)2 + y2-4 = 0

Its centre C = (2, 0) and radius r = 2
Distance between C = (2,0) and (5,6) is 7(2-5)2 + (0-6)2

"3^5+2
2

Hence, the difference between their radii is 
PR-PQ = QR =2x3 =6

8. Radius = 7(g - k)2 + (b - e)2

= irrational = k
Circle (x - n)2 + (y - e)2 = k2

S(x,y) = (x -1)2 + (y -1)2 + l(3x + 4y -7) = 0

S(2,3) = 16 =>1 + 4 + 1(11) = 16
1 = 1

So, required circle will be x2 + y2 + x + 2y -5 = 0

6. Let S = x2 + y2-2x+4y -1 = 0

for interval point P(2,8),
4 + 64-4 + 32-1 <0

=> 1 > 96
and x-intercept = 2^/(1 +1) and y-intercept = 2-7(4 +1)

given 2^/(1 + 1) <0 => 1 < -1

and 27(4+1) < 0 => 1 < -4

from Eqs. (i), (ii) and (iii), we get
1 e 0

7. LetS = x2 + y2 + 2x+ 4y-4 = 0

Its centre C £ (-1,-2) and radius r = 3. The points on the circle 
which are nearest and farthest to the point P(a,b) are Q and R 
respectively. Thus, the circle centred at Q having radius PQ will 
be the smallest circle while the circle centred at R having 
radius PR will be the largest required circle.

/P (a, b)
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=>

and

andor

(ax)2 +1 + n(ax) +=>

B
C,

TV

0

n-0)
= 24na =8,

= 24 => 8-a =6or

= -lmor

then,
or = -lm

X

= -lor

orC

5 (a, a+1)P

= 81-12=69

I

Q2(a-B)
>P(9)

\o,(a-0)

Bl 
(-5.0)

|A
(5. 0)

AO
P(2.4)

Equating the coefficients of x and x2, we get 
na(na - a) 

12

Aliter:

12. For interior point OP < 5

Consider a line through origin y = mx. If Q and P are reflection 
of each other with line mirror y = mx 
(Slope of PQ) xm = -1 

f sin0-sin(a-0) 
\cos0 -cos(a -0)7 

f . f20-a)) 
2 cos — .sin -------UJ I 2 J 

fa), fa-20) 
2sm — .sin -------

W k 2 )) 

. a^m —cot — 
k 27

fa m = tan — 
\2

15. Since, x2 + y2 < 25 and x and y are integers, the possible values 
of x and y e (0,± 1,± 2,± 3,± 4). Thus, x and y can be chosen in 
9x9 = 81 ways. However, we have to exclude cases (3, 4), (4,3) 
and (4,4) i.e. 3x4 = 12 cases. Hence, the number of permissible 
values

8(8-a) 
2

a = 2 and n = 4
x — 2 v ”■ 4Equation of line is------= ------ = r, then point
cos0 sin0

(2+rcos0,4 + rsin0) lies on the circle x2 + y2 = 4, 

(2 + r cos0)2 + (4 + rsin0)2 = 4 

r2 + 4r(cos0 + 2sin0) + 16 = 0

PA-PB=r1r2=Y = 16 

PA-PB = (PC)2 =22 + 42-4 = 16

X__ 5
0 (0.0) 

y=0

9. Given + vL^ = 0
=> X(y - m2x - c2)(y - m3x - c3) +p(y - m^x - c3)(y - m,x - q) 

+v(y-m1x-q)(y-m2x-c2) = 0 
for circle coefficient of x2 = coefficient of y2 and coefficient of 
*y = o, 
then, X(m2m3 -1) + ^(^m, -1) + v(m1m2 -1) = 0 
and (m2 + m3)X+ (0^ + znjjp.+ (m, + rr^Jv = 0

fO. vf(x,y) = x2 + y2 + 2ax + 2by+c = 0

/(x,0) = 0 => x2 + 2ax +c = (x-2)2 

a = -2, c = 4
/(0,y) = 0=> y2 + 2by + c = (y-2)(y-3)

2b = -5, c = 6

& = --,c=6 
2

Clearly, that data are not consistent.
11. Given, (1 + ax)" = 1 + 8x + 24x2 +... 

n(n-l)
12 

= 1 + 8x +24x2+...

Ja2 + (a + l)2 <5

2a2 + 2a-24 <0 
az + a-12 < 0

(a + 4)(a-3) < 0 
=> -4 < a < 3 and for I and II quadrant

a + 1 > 0
a > -1

Hence, -1 < a < 3
13. Let S(x,y) = x2 -r y2 + 2gx + 2fy + c = 0

=> S(x,2) = 0
=> x2 + 4 + 2gx+ 4f + c = (x-l)2

g = -l,3+4/ + c = 0 ...(i)
S(l,y) = 0 => 1 + y2 + 2g + 2fy + c = (y-Q)(y -2)

f = -l,l + 2g + c = Q ...(ii)
From Eqs. (i) and (ii), we get

g = -l,f = -l,c = l
/. Equation of required circle is

x2 + y2—2x-2y + 1 =0

14. See the diagram. Since, there is no condition on 0, Q can be 
placed either at Q or Q2 for a particular position of P. So 
option (a) and (b) cannot be definitely true.
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=>

=>

=>

/.Centre is

21. ■ <5

=>
X

(approi)

2
The locus of P is

I

!

19. Let ZAOL=G

=>

(i)

A = (acos0,asin0)
M = (a + a cos0,usin0) 
x = a + acos0 

(x-a) = acos0
y =asin0

16. '.'The point ([P + 1],[P]) lies inside the circle 
x2 + yz-2x-15 = 0, then

[P + I]2 + [P]2 —2[P +1]-15 <0

=>
and

I 
—

2
I + (y—o)

7 5] 
44/ c

and P should move in a circle of radius -
2

([P] + I)2 + [P]2 -2([P] + 1) -15 < 0
=> 2[P]2 —16 < 0 =>[P]2 <8
v Circles are concentric
.'.point ([P + 1],[P]) out side the circle 

xz + y2-2x-7 = 0

([P]+ l)z + [P]z-2([P +1])-7 > 0
([P]+ I)2 + [P]2 -2([P]4-1) —7 > 0

2[P]z-8>0
[P]2 >4

From Eqs. (i) and (ii), we get
4 < [P]2 < 8 which is impossible
.’.For no value of‘P’ the point will be within the region.

17. The circles are x2 + y2 = 22 and(x-4)2 + (y-0)2 =32

x2 + y2 = 2ax

20. Equation of circle is (2x-y + l)(x-2y + 3) + Ixy = 0 
for circle coefficient of xy = 0 
i.e. -5 + 1 = 0,

1=5
.'.Circle is 2x2 + 2y2 + 7x -5y + 3 = 0

2 2 7 5 3 „x+y+-x--y+ -= 0
2 2 2

For the point P to enclose greatest area, the arbitrarily chosen 
point should be Q,o)

3x —
2,

„2

,2=(- 
<2,

=> x2+ y2-3x + 2 = 0.

18. Since,y =|xj+candx2 + y2-8|x|-9 = 0botharesymmetrical 
about Y-axis for x > 0, y = x + c.
Equation of tangent to circle x2 + y2-8x-9 = 0

Parallel to y = x + c is y =(x - 4) + 5-7(1 +1)

=> y = x + (5v/2-4) 

for no solution c > 5-72 - 4,
ce (5-72-4,00)

29
g = -w

f29Centre = (~g,~ f) = I —,2

From Eqs. (i) and (ii), we get 
(x-a)2 + y2 =a2 

x2 + y2 -2ax - 0

X2 [ (1-X):
4 4

X2 + (l-l)2-20^100 

212-21-119^0 
1-^39 

2
=> -72^1^82

1 =-7,-6,-5.... 7,8
22. Let (|)(x,y) s x2 + y2 + 2gx + 2fy + c = 0

0(0, l) = 0+l2 + 0 + 2 fk. + c = 0 

have equal roots,

Then, 2 + 2 = -— and 22 = - 
1 1

:. f = -2 and c = 4
and (XI, 0) e I2 + 0 + 2gl + 0 + c = 0 

lz + 2gX + c = 0

Here, c = 4
I2 + 2gk + 4 = 0

have roots 4/5, 5
^ + 5 = -2g
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(i)

= r

AR = -J((l + cosy)2 + sin2 y) =

=>
=>

are also in GP.
,..(ii)or

—(i) f = ~=>

(■/slope of AB = 0)

(1.0)

D(O.b)

X0

bx+ay=ab

(O.a)

n 
3

c\ 
(a. 0?

4{c2 + 8c + 16} 4- {c2 + 32c + 256} -64c
64

*6

and coordinates of A and B are (-3,4) and (5,4) respectively. 
Equation of 1 bisector of AB is [L = (1,4)]

y-4 = -^(x-l)

x = 1 ...(ii)
Solving Eqs. (i) and (ii), we get the coordinates of the centre of 
the circle as (1, 2)

OL = 7(l-l)2 + (4-2)2 = 2
.*• BC = 2OL - 4 unit

AB =8 unit
.’.Area of rectangle ABCD = 4x8

= 32 sq units.
25. -:OC-OA=ab = OB OD

:.A, B, C, D are concyclic.

Y

For minimum radius c = 0
g = -1, f = -2

Required circle isx2 + y2-2x-4y = 0

28. The particle which moves clockwise is moving three times as 
fast as the particle moving anticlockwise (v speed in clockwise 
3v and in anticlockwise v).

Squaring and adding Eqs. (i) and (ii), then we get 
dr2

x2 + y2 = — => 3(x2 + y2) = 4r2

24. Let MN be the diameter of the circle whose equation is 
4y = x + 7

M

v AP,AQ, AR are in GP, then 
fa"} fp'l fy'lcos — ,cos - , cos — 
Uj \2J \2J

27. Let equation of circle be
x2 + y2 + 2gx + 2jy + c = 0

It pass through (2, 0) and (0, 4), then 4+0 + 4g+0 + c = 0 
(c + 4)

g = -i------- and 0 +16 +0 + 8/4-c = 0

/ 25c2 + 320
. 64

around the circle, the anticlockwise particle will travel j th 

of the way around the circle. So, the second particle will meet 
atP(0,l).
Using the same logic, they will meet at Q(-1,0), when they 
meet the second time.

26. Coordinates of P, Q, R are (cosa.sina), (cosp,sinP) and 
(cosy,sin y) respectively.
and A =(-1,0)

AP = 7((1 + cosa)2 + sin2a) = 2 cosl — I
\2j

AQ = 7(0 + cos£)z + sin2P) = 2 cosf —J
\ 2 J

2cos@

This mean the clockwise particle travels I — I th of the way

23. Circle is x2 + y2

1 4$=> x -cos0----- sin0(2 2

xcosO + ysin0 - x-x/3 sin0 + yj3 cos0 = 2r 

r-V3(xsin0-ycos0) -2r

xsin0 -y cos0 = -^=

= r2cos20 + r2sin20 

x2 +y2 = r2 

Equation of tangent at 0 is 
xcos0 + ysin0 =r 

and at^0 + y^is xcos^0 + ^'j + ysinf0 +

2-c)

4
(c + 16) 

8
Radius r = ^(g2 + f

= ff(c+4)2 , (c + 16)2 c
V 16 64

7C

k 37 ' k
11 + yI -sin0 + — cos0 I = rJ 12 2 )
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or

=>
, P lie on x2 + y2 = 4/.Coordinates of P is

•••(*)

(0.2)
8(3, 4)

'P =>

or
0(-2.0)

Q

and

ABBQ;QA=$:1

.‘.Coordinates ofQ is £—,-—

,2

32. Slope of PC =

(given)

B b.
N

B
C

(-2. 3)

45°

%C

lie on circle,

-3 = 0

7a 
(1.0)

(7. 2)

2 + 4=41.

’(2,0)
(■/x = rcos0,y =rsin0)

•••(*)

n 
cos— =

3

then, 7 + 4=
V 42 
r2 = -541±4 
r = —541 ± 4

7 + 4-.2+4=. 41 41.

BP29. v —=a 
PA

BP-.PA = 0:1

BQ_P
QA 1

OM _y/(xi+2)2 + (yl-3)2
OA~ 5

If tan0 = 1
0 = 45°

Equation of PA is = r

41 41

or
Circle pass through O (origin) 
given Z.AOB = 90°

Z/WX

AB _(P~1)
QA 1

AB-.QA =(p-l):l 
fP-3 -4 A 

.‘.Coordinates of Q is p -—-J

Q lie on x2 + y2 = 4 

(p-3)2 + 16 = 4(p-l); 

=> 3p2- 21p—21 = 0

Hence, a is a root of 3x2 + 2x -21 = 0 
and p is a root of3x2 -2x-21 = 0

30. ’:Z_ACB = — 
3
,2n:. Z.AOB = — 

3

5 
2

25 2 2— = Xj + yj + 4Xi -6yi + 13 
4

4xf + 4y,2 + 16Xj ~24yi + 27 = 0 

/. Locus of mid-point is

x2 + y2 + 4x-6y + ~ = 0

=> (x + 2)z + (y-3)2 =625

31. •/ r = acos0 + Z>sin0 
r2 = a(r cos0) + b(rsin0) 
x2 + y2 ~ax+by 

x2 + y2-ax-by = 0

.’.AB is Diameter of circle Eq. (i), Centre is

.‘.Locus of mid point AB (•/ mid-point of AB is C) 
a b

x = -,y =-
2 2
-3-2 
------- = 1
2-7

3 + a 4
,1 + a’a + i

(a + 3)z + 16 = 4(a + l)2 
3a2 + 2a-21 = o

Y

2

I =(xl+2)2 + (yi-3)2

%
ZAOA4 = XBOM = -

3

Let mid-point of chord AB is (x^yj
:. InAAOM,

or ^-i=p-l 
QA

5/ \ \

0Xn/3\ I 
n/3 5XA/
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36. LetAf(a,p)
/. Points 7 +

M(a, p)

B

A (0. 3)

A

2

P(X,0)0 orX
2 37. xcosa + ysina = 2 or

=3
g

=> or

X <2^2 (9.9)or or

(0.0)
(9.-9)

Q

g

=>

.2

or

it
2

1
42
J_ 
41" x
241 > X >

—(*) 
-(ii) 
-(iii)

• 0
(-2.3)

a2 _
— + 4X —
4

e/2 e/z

-541 ± 4 
41 AM = 2 AB =>AB + BM=2AB

AB = BM

k 2

1=5 
3

r X 2
2 > — > -p2 41

16 1 _ j _ 16
.. a =--------=5 and B = —

3 3 3
(a,p) = (5,5) lie on the circle

52 + 52 —4x5-2x5—c = 0
c = 20

cz-40c + 400 = 0 s2

=> (2±241,-3 + 241)
Taking + ve sign for A, -ve sign for B.

33. Lets = x2 + y2 + 2gx + 2fy + c = 0

Sj=x2 + y2-4 = 0

52 = x2 + y2-6x-8y + 10 = 0

53 sx2 + y2 + 2x-4y-2 = 0

/.Common chords are
S-Sj = 2gx + 2fy + c + 4 = 0
S-S2 = (2g + 6)x+(2f + 8)y + c-10 = 0
S-S3 =(2g-2)x + (2f + 4)y + c + 2 = 0

For cutting the extremities of diameter, chords Eqs. (i), (ii) and 
(iii) pass through the centres of S2 and S3 respectively, then 

c + 4 = 0, (2g+ 6)3+ (2/+ 8)4 +c —10 = 0
and (2g—2)(—1) + (2/ + 4)(2) + c + 2 = 0 
after solving c = -4, g = -2, f = -3

34.

.’.B is the mid point of AM.
/.Coordinates of B are [ —+ -| which lie on 

12 2 )
x2 +4x + (y-3)2 = 0

2

I =0

/N/
/ i/(8/3,8/3)
M/ ! 7(1/3,1/3)

J

B
it - 2it n Q it-<0<— => — —

4 2 3
JI
2

2 
g =-------------------

cosa + sina ± 1
and value g of in IV quadrant

_ gcosa -gsina -2
1

±g = gfcosa - sina)-2
2 g =-------------------

cosa - sina ± 1
Equation of circles in I quadrant 

(x-g)2 + (y-g)2=g

And in IV quadrant is (x-g)2+(y-g)2 =

2it
3

< sin - < —

2 43 
~r<T< — 42 X 2

4 4
—<= <43 43

35. It is clear that N is the mid-point of M and P

__ P(a, ft)

a
2

a2 + 8a + (p-3)2 = 0 
/.Requires locus is

x2 + 8x + (y-3)2 = 0

xz + y2 + 8x-6y + 9 = 0

x y ------- +----- L-----=i 
2seca 2coseca

2 sec a = + ve in IV 
and 2coseca = -ve in IV 
value of g in I quadrant

_ f gcosa + gsina -2^ 
k Vl J
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38. .-.

tan

a = 2 tan'
z

8

(0,-1)

7X —12 = ±5X

X = 1,6

(1.1) X
P

...(>)X0

=>

+ 1 = 0—4^

-1

•(ii)

=>
=>

+

a. or

Y

(0,1)'

=>
=>

41. Circle possible in I region and centre of circle on X-axis. 
If centre is (h, 0), then 

|A-o-i| =
42

Then, centres are (6, 0) and (4, 0)
42. v C2 is the director circle of Cx

.’.Equation of C2 is
x2 + yz = 2(2)2 =8

Again C3 is the director circle of C2. Hence, the equation of C3 
is

( a') cot I — I =

_ 7(g2+/2-c) 
ft h=6,4

\ X

\x+y=1

•^-'*(-9.-0

A

i...(>) i
.••(ii)

39. For condition of tangency 
|4X + 3X-12| 
--— A 

5

JV r-+X/(3, ^7/2)

x2+ y2 =2(8) = 16

43. The equation of tangent in terms of slope of x2 + y2 = 25 is

y = mx ± 5^(1 + m2)

Given Eq. (i), pass through (-2,11), then
11 =-2m ±5^(1 +m2) 

squaring both sides, then we get 
21m2-44m-96 = 0 

(7m-24)(3m+4) = 0
4 24 m = —, —
3 7

There from Eq. (i) we get required tangents are 
24x-7y ± 125 = 0 and 4x + 3y = ±25

Hence, tangents are 24x-7y +125 = 0 and 4x + 3y =25
44. C] = x2+ y2-2x-4y-4 = 0

and C2 = x2 + y2 + 2x + 4y + 4 = 0

.’.Radical axis is Q - C2 = 0 
=> -4x-8y-8 = 0
or x + 2y + 2 = 0 which is L = 0 
(a) Option is correct.
Centre and radius of Q = 0 are (1, 2) and 3.
’.’ Length of 1 from (1, 2) on L = 0 
. |l + 4+2| 7
is —r-—— = —f= A radius 

Vl + 4 75
.’.(b) Option is wrong.
L is also the common chord of Ci and C2.
.’.(c) Option is correct.
’.’ Centres of q = 0 and C2 = 0 are (1, 2) and (-1,-2)
.’.Slope of Line joining centres of circles Q = 0 and C2 = 0 is 

-2-2 4 o /a— = -=2 = m, (say) ;

I 
•

AX 
(3. 0)

40. Let coordinates of P = (3cosa,3sina) 

Let x-coordinate of Q is xb then 
y-coordinate of Q is -7xi -3 

Qs(x1,-7x1-3)
x - y +1 = 0 is the perpendicular bisector of PQ, then 

mid-point of PQ lie on x -y + 1 = 0 
3cosa + Xj 3sina-7x!-3

2 2
8x1 + 3 cosa -3sina + 5 = 0 

24xj + 9cosa -9sina + 15 = 0 
and slope of (x - y +1 = 0) x slope of PQ = -1 

x3sina + 7x, + 3 _
3 cosa - X!

3sina + 7x, + 3 = -3 cosa + Xj 
6X] + 3sina + 3 cosa +3 = 0 
24X1 + 12sina + 12cosa + 12 = 0 

Subtracting Eqs. (i) and (ii), we obtain 
-3 cosa -21sina + 3 = 0 
(1-cosa) =7sina

(1 - cosa)2 = 49(1 - cos2a) 

(1 - cosa)2 = 49(1 + cosa)(l - cosa) 

(1 - cosa)(l - cosa - 49 - 49 cosa) = 0 
. 24cosa = 1 and cosa =----

25
( 72 21^ 

.’.Coordinates of P are (3,0) and---- ,— I.
\ 25 25)

7
2

http://www.344
http://www.344
http://www.jeebooks.in


345Chap 04 Circle

and (say)

= tan 45°

C

D B
Required angle = Z.APB - it -0 = it----2m

45>

A

=>

=£ If 0 be the angle between L and S, then tan0 = = 1

=>

P

0

L=Q

fR

S

C B<5

! fl

—(i) 

-(ii)

-2-3 
l+(-2)(3)

(2, 0) 

o\

771-1

1 + m

O:(5.3) 
-□ 2

771)7772 = “I

Hence, L is perpendicular to the line joining centres of Ci and C2.
(d) Option is correct.

45. Let slope of OA is m,

Then,

M ]/ 
7?

Required angle = ZAPB = K - 0 = rt---- = —
4 4

48. Equation of tangent at A(0,-1) to the circle S is

O.x + (-l).y-2(x+O)-l = 0
or 2x + y + l = 0
.’. Slope (tt!) ) =-2
and slope of line Lis m2 =3

9 = 5
4

Sol. (Q. Nos. 49 to 51)
PQ = PR, 

parallelogram PQRS is a rhombus.

slope of L = 0 is -| = m2

7
^>=±1 
1 + 777

777 - 1 = -777 - 1 

777 = 0

.‘.Equation of OA is y = 3
Solving y = 3 and x2 + y2-10x-6y+ 30 = 0 

xz + 9-10x —18 + 30 = 0 
x2-10x + 21 =0 
(x-7)(x-3) = 0 

x = 3,7

.‘.Mid-point of QR = mid point of PS and QR A-PS 
Therefore, S in the mirror image of P w.r.L QR.

49. Let P(X,6 -2A.) be any point on L = 0
v Circumcircle of APQR always pass through O
:.OP is diameter of circle.

Then, centre is | — ,3 - A, ] So,
\2 )

X □x = — and y = 3 - A

or 2x + y = 3 is the locus of the circumcenter of APQR.

=>
=>
or
.‘.Two vertices are (3, 3) and (7, 3) and other diagonal is ± to 
y = 3 and through centre (5, 3) is x = 5.
Now, solving x = 5 and x2 + y2 -10x-6y + 30 = 0

25 + y2-50-6y+ 30 = 0

y2 -6y + 5 = 0

(y-l)(y-5) = 0 or y = 1,5
.‘.Other two vertices are (5,1) and (5, 5).

So/. (Q. Nos. 46 to 48)
S:x2 + y2-4x —1 = 0

L:y = 3x-l

’2 V
1 ' \
7 2s

,'O

From Eqs. (i) and (ii), we get x2 + (3x -1)2 - 4x -1 = 0 
or 10x2-10x = 0

x = 0 and x = 1
From Eq. (ii), y = -1 and y = 2

A 2 (0,-1) and B s (1,2)
46. AB = 7(0-l)2 + (-l-2)2= V10

47. Xj'Pi/.ACB^'to

/\o

cm = 7= = J^
V10 V2

zx CM 1COS0 = = —
V5 J2

4

777 -1 or ------ = -1
777+I
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-(i)50. Area of AQRS = Area of APQR = d = (given)=>

=>

(given)Area of AQRS =

In AABAf,

2

(given)
S =Hence,

C

(a.O)

A B

M
A P/

I

(9(1
»o

Q C, ,2

or
2

and =>

4-3
QC2

4a/6
25

Here,

From Eq. (i),

68
25

1
5

1
.5

L,=0

3r

r

yfc-r2)
r = 4

RI?
R2 + L2

R = 2, L = = 7(62 + 82 -4) = V96

C2

B =(a + rj cosQ.^sinO) 
and C = (a + r2cos0,r2sin0)

58. 1 = (OA)2 + (OB)2 + (BC)2

= a2 + b2 + (zi -r2)2cos20+(ri -r2)2sin20

= (a2 + fr2) + 0i-r2)2

= (a2 + b2) + 4a2 cosz0 - 4(a2 - b2)

(v B and C lie on x2 + y2 = b 

(a + rcos0)2 + (rsin0)2 = b2 

r2 + 2ar cos0 + a2 - b2 = 0

rt -r2 = y]4a

X =5b2-3az + 4azcos20 
0 < cos20 < 1

X e[5fe2-3a2,5&2 + a2]

Sol. (Q. Nos. 52 to 54)
52. This is third degree equation which satisfy the point of 

intersection of = 0, L? = 0 and L3 = 0.
53. + I1I3L4 = 0 will always pass through the vertices of the 

parallelogram for all X, p. e R ~ {0}
D_________ 1-2=0

Let equation of line AB be
x-a y-0 ------= -------= r 
cos0 sin0

Coordinates of any point on the line AB is (a + rcos0,rsin0), 
then

l4=0j

cos20-4(a2-bz)

L3=0

H(”)
4 
5

sin20 =2sin0cos0 =2x-x Jl- 
5 V

57. Length of direct common tangent = ^(CXC2)2 —(r—3)2 

=7(s)2-(i)2 
= V24 = X

X2=24
Sol. (Q. Nos. 58 to 60)

d x d 
sin(90°—0) = — or cos 4> = — 

r r
d2 d2 

1= — +
9 r2

r \ 
---- \B

54. Since, |1 = 0
So, + XL2L3 = 0

f^(A + ^Tg) = 0
This is the equation of pair of straight lines.

Sol. (Q. Nos. 55 to 57)
Let 2d = length of common chord and ZPCjC2 = (J), then 

. x d smo = —
3

55. X = r = 4
56. -/(CjCz)2 = r2 + 32 = 16 + 9 = 25

C,C2 =5
• a BM sin0 = •—

AB

2X96X^96 _ 192a/6_ 192VX 
4 + 96 25 " 25

X=6
51. LetS =(a,P)

vS is the mirror image of P w.r.t. QR.
Eq. (i) of QR is 3x + 4y = 4, then 

q-3 _ p-4 _ -2(3.3+4.4-4) 
3 4 32 + 42

42 =-----
25
51 68a =---- and 3 =-----
25 25

51
25
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[From Eq. (i)]64. Locus of (h,k) is

-h and [From Eq. (ii)]

or

(’.’ circles Q and C2 touch externally)

T
\B

0
N;

or

2|

(Here, a =60°)

rP
A

Q

B

or

or

or
=>

A'R 
AQ

PR

PQ

59. Let (h, Ar) be the mid-point of AB and let (a,P) be the coordinates 
of B, then

or 
and

-.(i)
-(ii)

-(ii)
...(in)

/60°

(ft2 + k2)(ft + k) - 2(ft2 + k2) - 4ftk = 0 

(ft2 + k2)(ft + k)-2(ft +k)2 = 0 

(ft + k)(ft2 + k2-2(ft + k)) = 0 

ft + k = 0 
ft2 + fc2-2ft-2k = 0

x+y = — 
sin

r\Q

= 4a2

ft-*
2.

Hence, locus of (ft,k) is

(
x — 

\ 2>
60. The locus of mid-point of AB, when BC is maximum is a fixed 

point M on X-axis.
Sol. (Q. Nos. 61 to 63)
61 From the figure OA = OB = AB = a

Hence, x2 + y2 = 4n2

Sol. (Q. Nos. 64 to 66) 
Here, t2=ft2 + k2-4, 

tj = ft2 + k2 - 4ft, 

t2=ft2 + kz-4k 

given t/ = tftf +16 

or (ft2 + k2 - 4)2 = (ft2 + fc2 - 4ft)(ft2 + k2 - 4k) +16 

or (ft2 + k2)2 -8(ft2 + k2) +16 = (ft2 + k2)2 -4(ft2 + k2)(ft + k) 
+16ftk +16

ZOAB= 60°
62. Let T be the point of intersection of tangents.

ZAOC = 120° 
ZATC = 180°—120°= 60°

63. Locus of point of intersection of tangents at A and C is
_2

„2 j_ „2 _ a

<2J 
a2 

sinz(30°)

V y
^SB'

\ 2 b2

+y =7

= 72(3 + 2^2) = 372 + 4

Let ‘r’ be required radius

3a/2 + 4 = 3 + 2>/2 + r +

(72 + 1)
(^ + 1)"

65. Locus of (ft, fc) is

(\:x2 + y2—2x—2y = 0

66. Circle C2 is equal to circle Q
/.Radius of circle C2 - radius of circle Q = 72

.’.Distance between the centres of and C2
— -Ji + -J2 
= 2^2

67. The given circle is
S:(x—3)2 + (y -5)2 = (V(34-X))2

Since, point P(l,4) lies inside the circle 
Sj < 0

=> 1 + 16-6-40 + X <0 
or A. <29
Also, circle neither touches nor cuts the axes, then

3 > 7(34 —X) or X>25 

and 5 > 7(34 - X) or X > 9 

From Eqs. (i), (ii) and (iii), we get
25 < X < 29 

Hence, difference = 29 -25 = 4
68. xz + yz-2x-2Xy-8 = 0

or(x2+ yz-2x-8)-2Xy = 0 

which is of the form S + XL = 0 
All the circles pass through the point of intersection of the 
circle x2 + y2 -2x-8 = 0 and y = 0

Solving, we get
x2-2x-8 = 0

(x-4)(x + 2) = 0
As (-2,0)

and B=(4,0)
Hence, |AB|=6

69. -AQ = BQ = 3 + 2y/2

and PQ = radius of director circle of C,

0 + a 0 + P ------ = ft and----- -  = k
2 2

=> a = 2ft - a and p = 2k
Since, (a,P) lies on x2 + y2 = b2

(2h - a)2 + (2k)2 = b2
/ ~X2 ^2 b2

+ k = —
4

a/ 
<60° ,
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Then,

[From Eq. (i)]or
or

c =

or y = -2x which are perpendicular.

,2

y=-2xor

Let,

X'<or

T

(given)

(i)

...(ii)

,2

(vr1r2 = X)=>

.2 0or
y

Here,

X'+ >x
'0(1.0)

and so on.

(gjven)Also,

1
Ji

Xtc

4

_x
2

■

£2 = 3x-2y-3 = 0 
£4 = 2x-y-l =0

(-1.0)

y-12 
14

2

= 1

Hence, X = 4
74. The rays are given as 2x2 -3xy -2y2 = 0 i.e. 

(2x + y)(x-2y) = 0
x

=>5' = 7
/.Required area

a a
a + -j= + —=-7 +... °° = 2Ji (V2)2

then,
73. Let radius of given circle is a

.’. a = 7(4 + 2— c) = 7(6—c)

Now, radius of circle Q = -^= and radius of circle C2 =

= 1(k(2)2-k(1)z)
4

_3n
" 4

X=3
75. Let radii of circles be rx and r2 and distance between centres is

d, then

•(i)

I

4=2 Ji
a =2-Ji = >j6-c
4+2-4ji = 6-c

and Jd2 ~(i\-r2)2 =13

From Eqs. (i) and (ii), we get
(r1 + r2)2-(r1-r2)2 = (13)2-(5)!

4^=144 or X=36

4
76. Let ax + by = 1

be a chord PQ.

70. Since, A. x + y -5 = 0 is a tangent to the circle at P(2,3), so the 
centre of the circle lies on x - y + 1 = 0. Now Q(l,2) lies on the 
circle.
Equation of right bisector of PQ is x + y - 4 = 0
.-.Centre of circle is point of intersection ofx-y + l= 0 and 

» u- u- (3 5>lx + y - 4 = 0 which is I I

3 5 r— 4----- 5
2 2

72

...(i) 
a

G/2)2

.-. Radius —f= =7x
X=2

Hence, X2 = 4

71. Since, given circle is (x + 5)2 + (y -12)2 = (14)

fx+5
I 14
x + 5 y-12 .------= cos0 and -------- = sin0

14 14
x = 14cos0 -5 and y = 14sin0 + 12

x2 + y2 = (14cos0-5)2+(14sin0 + 12)2

= 196 + 25 +144 + 28(12sin0 - 5 cos0)
= 365 + 28(12sin0-5cos0)

Maximum value of(x2 + y2) = 365 + 28x13 =729

(v-13 < 12sin0-5cos0 < 13) 
1

or maximum value of (x2 + y2)3 = 9

72. Let the given lines are represented by £j, £2, £3 
and £4, then

£j = 2x + 3y-2 = 0
£, = x + 2y -3 = 0

Equation of second degree conic circumscribing a quadrilateral 
whose sides are £j = 0, £2 = 0, £3 = 0 and £4 = 0 is

kL^L^ ~ 0
or (2x+3y-2)(x + 2y-3) + k(3x—2y-3)(2x-y—1) = 0 ...(i)
For circle, coefficient of x2 = coefficient of y2

or 2 + 6k = 6 + 2k
k = l

From, Eq. (i), required circle is
8x2+ 8y2-17x-8y + 9 = 0

2 2 (17^1 (9)
x +y -(7jx"5'+br
. 17 ,9X =-—,p =-!,v =- 

8 8
|X + 4i + v| = 3
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= 1 Let

or
or

or

= 2.

Hence, (i)

. -(ii)
,2

or

or

or

or

—(i)

which pass through (1, 0), then a + 0 = 1
a = 1

and touch circle B with centre (-1,0) and radius 1, then 
|-q + 0 -1| 

7777
a2 + b2=(a + l)2

b2 = 2a + l =3 
b = ^3

From Eq. (i), Equation of chord is x + 73 y = 4

OM = - and OP = 4 
2

PQ = 2PM = 2y/(OP)2 -(OM)2

16--I = 763 =7X
4?

X =63
*-7 
9

77. v S1:(x-2)2 + (y-3)2 = l

Centre C, :(2,3) and radius q:l and S2:(x-5)2 + (y -6)2 = r

Centre C2:(5,6) and radius r2:r
—C]C2 = 372

(A) vS, andS2 touch internally, then
CiC2 = r2 — q
372 = r-l

or (r —1)2 = 18
(B) vS, and S2 touch externally, then

CjC2 = r2 + q
372 =r+l

•or r2 + 2r + 3 = (r +1)2 + 2 = 18 + 2 = 20
(C) -.'^ andS2 intersect orthogonally, then

(QC2)2 = q2 + r2

—18 = r2 +1
or r2 —1 = 16
(D) •.•$ and S2 intersect, the common chord is Sj -S2 = 0
i.e. 6x + 6y + r2 - 49 = 0

Given, common chord is longest, then passes through (2, 3)
=> 12 + 18 + r2-49 = 0

r2 = 19
r2 + 5 = 24

78. (A) Since (2,3) lies on ax + by -5 = 0

2a + 3b-5 = 0
Since, line is at greatest distance from centre

From Eq. (i), a = b = 1
a + b = 2anda2 + b2 =2

(B) Let P be the point (h,k\ then h2 + k2 + 2h + 2k = 0 ...(i) 
/ L L.\

mid-point of OP is I -,- I

h k
x = -, y = -

2 2
or h = 2x, k = 2y
From Eq. (i), 4x2 + 4yz + 4x + 4y = 0

or x2 + y2 + x + y = 0

On comparing, we get 
2a = 1,2b = 1 

a=b = -
2 

a + b = l
(C) Centre of circles are C, :(1,2) and C2:(5,-6) 

“6 — 2
Equation of CjC2 is y - 2 = ———(x -1)

or 2x + y-4 = 0
Equation of radical axis is 8x - 16y -56 = 0
or x-2y-7 = 0
Point of intersection of Eqs. (i) and (ii) are (3, -2) 

a=3,b=-2 
or a + b = 1
(D) Let S = x2 + y2-673x-6y +27 = 0

S, = 02 + 02-0-0 + 27 =27
T = 0.x+ O.y-373(x+ 0)-3(y + 0) + 27 

= -3^x-3y + 27

Eq. of the pair of tangents is given by 
$$ =T2

=> 27(x2 + y 2 - 673x - 6y + 27) = (-373x - 3y + 27)2

or 3(x2 + y2-6T3x-6y + 27) = (T3x + y-9)2

18y2-1873xy = 0

or 18y(y-73x) = 0

the tangents are y = 0, y = -fix 

a = Q,b = j3
then, a2 + b2=3

79. (A)v P=(10,7)

and S = x2 +y2 -4x-2y-20

$ = 100 + 49-40 —14 —20 > 0
,‘.P outside the circle, radius r = 74+1 + 20 = 5
centre C s(2,l)
/.Shortest distance L = CP -r

= 7(10-2)2 + (7-l)2 -5

= 7(64 + 36)-5 = 10-5 =5

And largest distance M = CP + r 
= 10 + 5 =15

M+ L = 20,M-L = 10

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.From
http://www.From


350 Textbook of Coordinate Geometry

Also, = 1,2

,2

or

and

=>

and
= 0

= a2 or b2 = a,a2

=>

=>

and then, 
Also,

1
2
-1

81. Lets = x2 + y2 -1 =0

/. S(l,3) = I2+ 32 — 1 =9 > 0

=> Point (1,3) outside the circle x2 + y2 = 1

/.Two tangents can be drawn from (1, 3) to circle x2 + y2 = 1

=> Statement I is false

(B)v 
and

b = 1,O,G2 = 1
AM >GM

> 4w=\b\Q] + a2

2
a, +a2 > 2|b|, 

b = 1, a, + a2 > 2

/.Area of AABC = -
2

for
and then, a2 + a2 >2

(C)2ggl+2ff1=c + cI
2xaj xa2 + 0~b + b 
a:a2 = b for b = l,a1a2 = 1 
q + a2 > 2 
a2 + af >2

|3-m|
7(1 + m2)

Squaring both sides, we get
9 +m2-6m = 1 + m'

46m = 8 => m = -
3

P=(3,-6)
S = x2 + y2-16x-12y-125

S, =9 + 36-48 + 72-125 <0
/. P inside the circle radius r = 7(64 + 36 + 125) = 15 

centre C = (8,6)
/. Shortest distance L = r - CP

= 15-7(8-3)2+(6 + 6):

= 15-13=2 
And largest distance M = r + CP

= 15 + 13 = 28 
M + L=30, 
M-L = 26 

(C)P=(6,-6)
and S = x2 + y2-4x + 6y-12

Si =(6)2+ (-6)2 — 24—36 —12 = 0 

P on the circle
/. radius r = 7(4 + 9+12) = 5

/. Shortest distance L = 0
and largest distance M = 2r = 10

M+L = 10, M-L = 10
80. (A) Equation of conic 

(y-a,x-b)(y-a2x-b) + Xxy = 0 represent a circle. If 
coefficient of x2 = coefficient ofy2

O,O2 = 1 

AM > GM

=1

2 2
Qi + aj 

2 
al + al >2

(B) Let (a, cos0,a, sin0) be any point on x2 + y2 = of, then 
chord of contact is

x(o, cos0) + y (a, sin0) = b2

which is tangent of x2 + y2 = a2

|0+0-b2|
7 {(«i cos0)2 + (a, sin0)2} 

for

=> A, B, C are collinear 
i.e. no circle is drawn.
Hence, Statement I is false and through three non-collinear 
points in a plane only one circle can be drawn.
/.Statement II is true.

84. •/ Locus of point of intersection of perpendicular tangents is 
director circle.
•/ x2 + y2 = 50 is director circle of x2 + y2 = 25

=> Statement I is false and statement II is true.
85. Here, C, = (0,0), r, = 2

and C2 =(3,0), r2 =2
/. |QC2|=3andr, + r2 = 4
and |r,-r2|=0

=* lri “ral <KjC2|< r, + r2
Hence, circles x2 + y2 = 4 and x2 + y2 -6x + 5 = 0 intersect 
each other at two distinct points.
=> Statement I is true and Statement II is false.

or
or
/.Statement II and Statement II are both true and statement 11 
is correct explanation for statement I.

83. Let A s (1,4), B s (2,3) and C = (-1,6)
4 1
3 1
6 1

=> Statement II is true.
82. vx2 + y2 + 2x-4y = 0

=> (x+l)2 + (y-2)2 =l2 + 22

Let S =(x+I)2+ (y-2)2-I2-2Z

Value of S(1,X) = (1 +1)2 + (X — 2)2 — I2—22 < 0

or (1 + I)2+ (X — 2)2 < I2 + 22
/.Points (1, X) inside the circle.
=> No tangents can be drawn from the point (1, X) to the circle 

x2 + y2 + 2x-4y = 0 

(1 +1)2 + (X — 2)2 <l2 + 22

(X-2)2 <1

—1 < X —2 < 1 
1 <X <3

Qi +a2 

2 
a, + a2 > 2

2
>^af.al =|a,a2|= 1
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and f = --

C2(3,1)

r

IA(-3,-1)
(3.-3)

(x + 3).‘.Equation of incident ray is y +1

= 0

or

—(ii)S = ~

B (0. b)...(in)and n

M

n- c = 0

L

The tangent at B(0,-1) is y = —1 and normal at A to line AB is 
x = -3

8(0,-1)

Y

86. ‘.'Centre of circle (1, —1) lies on3x —4y =7

3x - 4y = 7 is a diameter of circle
x2 + y2-2x +2y - 47 = 0

.•.Statement I is true.
Statement II is always true but Statement I is not a correct 
explanation of Statement I.

87. Statement I is true, line 4y -3x -5 = 0 passes through
A(-3,-1) and its distance from 0(0,0) is 1 unit = radius of circle

—y—►x
(a, 0)

m

x2 - 3xy - 3x + 9y = 0
or (x-3)(x-3y) = 0
or x = 3 and x-3y = 0 ...(i)
but point of intersection of normals is the centre of the circle. 
Point of intersection of normals represented by Eq. (i) is 
(3, 1) which is centre of the required circle. Since, given 
circle and required circle touch each other externally, then 
(if radius of required circles is r)
Sum of radii = Distance between the centres 

r + 1 = 7(3-3)2 + (-3 -l)2 = 4 

r = 3
/.Equation of required circle is

(x-3)2 + (y - l)2 =32

or x2 + y2 -6x-2y + 1 = 0

91. Let OA = a and OB = b then the coordinates of A and B are
(a, 0) and(0, b) respectively.
Since, Z AOB = it / 2
Hence, AB is the diameter of the required circle whose 
equation is

(x - a) (x - 0) + (y - 0) (y - b) = 0 
x2 + y2 - ax - by = 0

Y

=> 4x + 3y + 15 = 0
Statement II is obviously true. 
Hence, both statements are true and but Statement II is not 
correct explanation of Statement I.

88. The given points are >1(1,1), B(2,3) and C(3,5) which are 
collinear as
Slope of AB = Slope of BC = 2
Hence, Statement II is true
The chords of contact are concurrent, then,

Xi 1

x2 yz 1
x3 y3 1

Hence, points(x^yj, (x2,y2) and (x3,y3) are collinear.
Therefore, Both statements are true and statement II is correct 
explanation of statement I.

89. Let the equation of circle be
x2 + y2 + 2gx + 2fy + c - 0

Since, circle Eq. (i) passes through (1,0) and (0,1) then
(1 + c)

1 + 2g + c = 0 => g = ~ —~

(1 + C)
2

Radius of the circle Eq. (ii) = 7(gZ + /2 - c)

= ki+c)21
V 4 4

"1+ c2

2

For minimum radius, c must be equal to zero, then from 
Eqs. (ii) and (iii), 

g = - - and f = -- & 2 J 2

Equation of required circle, from Eq. (i), is 
2 2x + y — x-y = 0

90. The given circle is
x2 + y2 — 6x+ 6y + 17 = 0

Centre and radius of this circle are (3, -3) and ^9 + 9-17 = 1 
respectively. But given the required circle has normals
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PM

or
and

P (6, 8)-.(ii)or m =
0

and n-BM-
r

R

-(iii)n =

then

.2= 2

Area of AQPR = --QR- PM

then = 1

(say)or

or

and

Therefore, the centre of the required circle is -— but

circle passes through (2, 0) 
2

Radius of the required circle

(4, 6)

C'

or
D

1601
625

25

I 2 x — 
k 5.
25x2 + 25y2 - 20x + 2y - 60 = 0

1100 - r21
10

64 1= -J-------=
V 25 625

Hence, the required equation of the circle is 
2

1-5
5 =_

5

,2x2
— {100 - r2 -3r2}

x = Lim 
C->1 3c+ 2
2x = -
5

1-0
25 .

°^Ojr

r
100 )

dzFor maximum or minimum — = 0, then we get r = 5, (r # 10 as 
dr

r^

100,

P is outside the circle)
d2z
dr2

A (say) = ^-2

___ a (1.9)
/; Ak \2 2 /

/ *
: / v .

1 ~3y
5

(2 + c)x+c2 (1 — 3x) = 1
1 -c2 

x =-------------
2 + c - 3c'
 (1 + c) (1 - c)  1 + c

X ~ (3 c + 2) (1 - c) " 3c + 2

1 + c

l-3x

Equation of tangent at (0,0) of Eq. (i) is

0 x+ Q-y - “(x + 0) - -(0 + y) - 0

ax + by = 0
ir a-a + 0 

m = AL = ,

a-0 + b-b

<ja2 + b2
b2

Ja2 + b2
Adding Eqs. (ii) and (iii), we get

m + n = -J(a2 + b2)
From Eqs. (ii) and (iii), we get

a = ± y]m (m + n) and b = ± Jn (m + n)

From Eq. (i), equation of required circle is
x2 + y2 ± y]m (m + n)x ± -jn(m + n) y = 0

92. Solving the equations
(2 + c) x + 5c2y = 1 and 3x + 5y = 1

(2 + c) x + 5c2

2
. - i 1601+ y + — =-----
V 25> 625

= - ve
r = 5

A is also maximum at r = 5.
94. Since, A (4,6) and B (1,9) do not lie on 2x - y + 4 = 0.

(5 15’ 
Let M be the mid-point of AB, then coordinates of M is -, —12 2,

93. Equation of chord of contact (QR) is 6x + 8y - r2 = 0 

_^|6-6 + 8-8-r2| _|100-r2|
V(62 + 82) " 10

OM = l°,+ 0-r2l^ 
V(62 + S2> 10

2
5

1
25

1
25

QR=2-QM = 2^{(OQ)2-(OM)2}

r
• k
i _
2 ~  T

r2-

A2 = r2(100-fy=z
1000

T = {rZ •3 (10° ■r2)2 • ("2r) + (10°"r2)3 ‘2r} 
dr 1000

 2r (100-r2);
1000
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=>Slope of AB =

k=-7 + 2^5

—(i)or r =

(radius)....(ii)

22
Now, AD=2PM=2

= 3 72= 2

and

BY
5A k)

D

C,l

By = \

o >x
3x-y = 6 =>

fa (1.-3)O'

(i)
...(iii)or

-(ii)

1-*
2.

41 k + 2 | = 275 | k + 3 |

21 k + 21 = 75 | k + 31

A k)

(, 15+ 6 — —
I 2.

P< 
(0.0)

5x —
2.

C2

19 9
— 4----
4 4

AB = 7(4-l)2 + (6-9)2 = 3 72

Area of rectangle
ABCD - AB X AD = 3 72 x 3 72 = 18 sq units.

35. Let C (h, k) be the centre of the circle. Let AB and C D be the
lines represented by

3x - y = 6 and y = x respectively.
Clearly, the circle touches AB at A (1, -3).

15 •< I y-7=1-V
which passes through P (h, k), then 

. 15 , 5 , , _k-----= h — or k-h = 5
2 2

and (h, k) lie on 2x - y + 4 = 0 
2h - k + 4 = 0

Solving Eqs. (i) and (ii), we get 
h = 1 and k = 6

^=-1 
1-4

Slope of PM = 1

Equation of PM is,
k + 2 = ± — (k + 3) 

2
/. k = -7-2 75 or

Since, radius from Eq. (ii), 
4 | Ar 4- 2 | 

72
_ 41 —7-2 75 + 2|

’at L: = -7-2 Vs “

= 10 72 + 4 710 = 26.79

, ,. . 4|-7 + 2T5+2|
(radius)^ fc = _7 + 2 vs =--------- ------------

= 10 72 - 4 710 = 15

Hence, radius of smaller circle is 1.5 units.
96. Let the centre of the circle C2 is Q (h, k), equation of the circle 

C2is
(x - h)2 + (y - k)2 = 5Z 

or x2 + y2-2xh-2yk +h2 + k2-25 = 0

C2 = x2 + y2 — 2xh— 2yk + h2 + k2 -25 = 0 

and equation of circle Q = x2 + y2 —16 = 0

Equation of line lto3x-y=6isx + 3y = X which passes 
through (1, -3).
then 1 - 9 = X

X = -8
JLlineis x + 3y + 8 = 0 

which passes through C(h, k) 
then h + 3k + 8 = 0
Now, centre C(h, k) = C(-3k - 8, k) 
Radius CN = L~3^~8~fcl. = CA 

71 + I

= V(-3*r-8-l)2 +(fc + 3)2 

^^l = |fc + 3|7io

Equation of common chord is
C] — C2 = 0 

-2xh-2yk + h2 + k2-9 = 0

or 2hx + 2ky - (h2 + k2 - 9) = 0

Slope of this line = -h/ k
But, it is given that its slope =3/4 

h 3 
””— = 

k 4
or 3k + 4/i = 0 ...(ii)
Let p be the length perpendicular from P (0, 0) on chord (1), 
then

h2 + k2-9
P yl(4h2 + 4k2)

_ (h2+k2-9)
P 2 yl(h2 + k2)

Length of this chord AB = 2 AM
= 2 7(16 - p2)

This chord has maximum length, then p = 0, then from Eq. (iii), 
h2 + k2- 9 = 0 ...(iv)

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeeboh2


Textbook of Coordinate Geometry354

•(ii)

or

— and y - ±

A

R =
7

3

A (say) = -45° >XO

then, (say)

=>

2=>

X' (-1,0) P
0 Q(1.O).M

T ■(>i)

Y

X 
-►

'd2A

.dr2

12
5

4--
3.

_9 12 
. 5’ 5 ,

as 
11 
Xl

7-^4-r2

2

n
vO <a < —

4,

2 tana
1 - tan2 a 

tan2a + 6 tana -1 = 0
tana= 264^4) =_3±7Ij

2

= -3 + V10

= — ( 48 X — -30 X— | <0 
16

On solving Eqs. (ii) and (iv) we get
, 9 , ,12
h = T-k = ± — 

5 5
<9 

Centre of C2 is I—

97. v 2x2 + y2 — 3xy = 0

=> (2x-y)(x-y) = 0
=> y = 2x, y = x
are the equations of straight lines passing through origin.
Now, let the angle between tangents is 2a, 

y

3Now, in AOAC, tana = — = (V10 - 3)

3

.’. A is maximum. Hence, A is also maximum, 

w • 1 r * 1 8 1 IT iilMaximum value of A = - x - x - J <
2 3 2 Vl
2 2 

= - X —7=
3 V3 
4^3

= —— sq units.

99. The equation of any curve passing through 
QjX + by + q = 0 

a2x + by + c2 = 0 
y = 0 and x = 0 is

(qx + by + q)(a2x + by + c2) + Xxy = 0 
where, X is a parameter.
This curve will represent a circle. If the 
coefficient of x2 = coefficient of y2, 

i.e. ^1^2 = ^1^2

and if the coefficient of xy = 0 
then fl! b2 + a2b^ + X = 0 
:. X =-(ajb2 + a2hj)

tan (45° + 2a) =2 
tan45°+tan2a

1 - tan45Q tan2a
1 + tan2a 2 2 tan2a 1------------ = - =>  = - 
l-tan2a 1 2------- 3

(By componendo and dividend© rule) 
1
3

Equation of circle with centre at Q (1, 0) and radius r is 
(x -1)2 + (y - 0)2 = r2 

(0 < r < 2)
Solving Eqs. (i) and (ii), we get

2-r2
x =-----

2
but R above the X-axis.

OA = -^— =3(3 + 715)
(Vio-3) (Vio+3)

98. The given circle is x2 + y2 = 1 ...(i)

with centre at O (0,0) and radius 1. It cuts X-axis at the points 
when y = 0 then x = ± 1 i.e., at P (—1,0) and Q (1, 0).

..y

A = -(4?-r6)
16

:. — = —(16r3 - 6r5) and = —(48r2 -30r4)
dr 16 dr2 16

dAFor maximum and minimum area, — = 0 
dr

3
64^
9 )

2-r2 r^4-r2

2 ’ 2

r /4 - r2
So, SQ = r and MR = —--------

AreaofAQSR = ~QSMR

t 1 r^4 - r2
A = ~r- —--------

2 2

A / s f27(4 “r2)
A (say) =—------

A2 = — (4-rz) = A
16

8
3
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y

xMO

0 B (a, 0)

and

From Eq. (ii), y =

[from Eq. (i)](x+a)

y

given
.2

=>

Hence, locus of C is

radius =and

/ye
A (-a, 0)

I

i

102. Let A a (-a, 0) and B a (a, 0) be two fixed points.
Let one line which rotates about B an angle 9 with the X-axis 
at any time t and at that time the second line which rotates 
about A make an angle 20 with X-axis.

..(i)

.(ii)

2
- 8b2 - 8bc > 0

a
1 -k

m X

+ o-
, + 

oI M
\ ’’ \ajX+b1y+c1=0 

V-Zy^oZ^

=> 4a2 + 4b2 - 8ab + 4bc - 4ac - c2 < 0

Hence, the condition on a, b, c is
4a2 + 4b2 - c2 - 8ab + 4bc - 4ca < 0

2ax
I^k2

This is a circle whose centre is

Substituting the value of X in Eq. (i) then
fax + by + q) (a2x + by + c2)-(a}b2 + a^) xy = 0

=> aIa2x2 + b{by2 + (ajC2 + a^) x+ (b^ + b2c1)y = 0

From Eq. (ii), b]b2 = aya2
Equation of required circle is

flja^x2 + y2) + (a,c2 + x+ (biC2 + b2cl)y = 0

100. Let circle be
S = x2 + y2 + 2gx + 2fy + c = 0 ...(i)

Since, centre of this circle (-g, - f) lie on 2x - 2y + 9 = 0
- 2g + 2f + 9 = 0 ...(ii)

and the circle S = 0 and x2 + y2 - 4 = 0 cuts orthogonally.

2g X 0 + 2f X 0 = c - 4
c = 4 ...(iii)

Substituting the values of g and c from Eqs. (ii) and (iii) in
Eq. (i), then

a2 _ ak 
(1 -*2) “(1 -*2)

O (0,0)

Now, equation of lines through B and A are respectively 
y - 0 = tan0 (x - a) 
y — 0= tan20 (x + a)

2 tan0 . .
------ rr<x+a)1 -tan20

-c2

x2 + y2 + 9x + 4 = 0 and x + y = 0

After solving we get (-4, 4) or [ —-,- |.

101. Chords are bisected on the line y = x. Let (xb xj be the 
mid-point of the chord, then equation of the chord is T = $ 
.’. xxj +yxj -a(x + xx)-b(y + XJ+ a2 + b2-c2 

= x2 + x2 - 2axj - 2bxj + a2 + b 

=> (xj - a) x + (xj - b) y + axj + bx, - 2x2 = 0 

This chord passes through (a, b + c) 
=> (X[ - a) a + (Xj - b) (b+c) + aXj + bxt - 2x2 - 0 

=> 2x2 - (2a + 2b + c) Xj + a2 + b2 + be = 0

which is quadratic in xb Since, it is given that two chords are 
bisected on the line y = x, then xt must have two real roots, 

B2 - 4AC > 0

=> (2a + 2b + c)2 - 4-2 (a2 + b2 + be) > 0 

=> 4a2 + 4b2 + c2 + 8ab+4bc + 4ac -8a2 -8b

x2 + y2 -

xiz + yi2-

1 a2 

(1-k2)2

x2 + y2 + (2f + 9) x 4- 2fy + 4 = 0

or (x2 + y2 + 9x + 4) + 2f (x + y) = 0

Hence, the circle S = 0 passes through fixed point
(v form S' + XP = 0)

a

7 = °

2y 
(x-a) 

= 4 ----------------------------------------------------

(x-a)2

2y (x - a) (x + a)
(x —a)2-y2

=> (x-a)2-y2 =2(x2-a2)

or x2 + y2 + 2ax - 3a2 = 0 which is the required locus.

103. Let the coordinate of Cis (xb yi)
and let the coordinates of A and B are (0,0) and (a, 0)

C^.y!)

(0.0)/ \(a. 0)

_a

, sinA BC 
k =------= —

sinB AC
(BC)2 = k2 (AC)2

=> (Xj - a)2 + y2 = k2 (x2 + yf)

=> (1 -k2) x2 + (1 -k2)yf -2axj + a2 = 0
2aXj a2

1 - k2 + 1 - k‘

2
= 0

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


356 Textbook of Coordinate Geometry

.2

=>

r/2 =

for a = b, h = 0PQPR =

PQPR =
cr

'1

=>
-X0

r

=>

/.Locus is x2 = 10 y - - which is a parabola.
Ifcl /

■X

,2

=>

=>

104. Let P be (xb y,) and line through P (xb y}) makes an angle 0 
with X-axis, then

p (*v yi)

.*. a (xj + r cosG)2 + 2h (x, + r cosG)^ + r sin0)

+ b(y{ + rsinG)2 = 1

I A
^0

.......-.C
k^\ 

io5y\.

ox2 + 2/ix^i + fry2
(a cos20 + h sin20 + fr sin20)

ax2 + 2frX[ yt + fry2 { 
a cos20 + h sin20 + fr sin20

ax2 + 0 + ay2
a cos20 + 0 + a sin20

which is independent of 9.
Then curve ax2 + 2hxy + fry2 = 1 becomes ax2 + 0 + ay2 = 1

2 2 1x+ y= - 
a

is a circle with centre (0, 0) and radius -l=.
Va

105. Let the centre of circle C be (h,k). Then as this circle touches 
axis of x, its radius =|k|

Y.

I (a, P),

(a cos20 + h sin20 + fr sin20) r2

+ 2 (aX] cos0 + frxj sinG + hy} cosG) r 
+ ax2 + 2/iXjy! + fry2 = 0 

It is quadratic equation in r. Let roots of this equation are q and 
r2 then

= xi + y2

Locus of(fr,fc) is, x2 = 2y + 2|y|

Now ify > 0, it becomes x2 = 4y 

and if y < 0, it becomes x = 0 
/.Combining the two, the required locus is 

{(x,y) : x2 = 4y} u {(0,y):y £ 0}

106. si =x2 + y2 + 2ax + cy + a = 0

s2 =x2 + y2-3ax + dy-l = 0

Equation of common chord of circles Sj and s2 is given by 
$i -s2 = 0
=> 5ax + (c-d)y + a + l =0
Given, that 5x + by - a = 0 passes through P and Q 
:. The two equations should represent the same line 

a c-d a+1— —----- =------
1 fr -a
a +1 = -a2 
a2 + a + 1 = 0

No real value of a.
107. Equation of circle with centre (0, 3) and radius 2 is

x2 + (y-3)2 = 4

Let centre of the variable circle is (a,P) 
v It touches X-axis.
/.It’s equation is (x-a)2 + (y + 0)z = p2

Y >

Also, it touches the given circle x2 + (y -1)2 = 1, centre (0,1) 
radius 1, externally
Therefore, the distance between centres = sum of radii 

7(h-0)2 + (fc-l)2 = 1 +|fc|

A2 + fc2-2fc+l=(l+|^|)2 
h2+ k2-2k+l = l + 2\k\+k2 

h2=2k + 2\k\

x-xi _y-y, =f. 
cos0 sinG

Coordinates of any point on the curve is
(xI + r cosG, yi + r sinG). This point must lie on 
ax2 + 2hxy + fry2 = 1

Circle touch externally
=> ctc2 = rt+r2

7<x2 + (P-3)2 = 2 + p
a2 + (P-3)2 =p2 + 4+4p 

a2 = 10(P-l/2) 
( 1>
V 2>

108. Let the centre be (a,P)

v It cuts the circle x2 + y2 - p2 orthogonally 

.-.Using 2gg2 + 2fJ2 = q + c2, we get
2(-<X) X 0 + 2(-p) X 0 = C] - p

Ci^p2

Let equation of circle is
x2 + y2-2ax-2py + p2 = 0
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(-1. DS

Ty
■xX'- QX.

rX'*
c2'

0(1.-1)i

Y

0 (0, 0)

3/jV3

A M(h,l£

Also,

=>

111. Since, S is equidistant from A and line BD, it traces a parabola.

Clearly, AC is the axis, A(l,l) is the focus and 7\

B 
(-1.1),

C 
(-1.-1)

C 
(-1.-D

D 
(1.-1)

, ■> 9:. Locus of (h,k) is x2 + y = -
4

114. Equation of director circle of the given circle x2 + y2 = 169 is 
x2 + y2 =2X169 = 338.

We know from every point on director circle, the tangents 
drawn to given circle are perpendicular to each other.
Here, (17, 7) lies on director circle.
:. The tangent from (17, 7) to given circle are mutually 
perpendicular.

T2T3 = latusrectum of parabola

A (1.D
\t3

P(CL-1)
^y(i'i)

\ Q(V2,0)

----Kax

12

ZAOM = -.
3

OM = 3 cos— = - 
3 2

7hI77=-
2

h2 + k2=- 
4

, ■> 9Locus of (h,k) is x2 + y = -

vertex of parabola.

— 4 X —— 2-^2
V2

;. Area (ATiT2T3) = - x -L x 2-^2 = - = 1 sq units.
2 v 2 2

112. Point of intersection of 3x-47-7 = 0 and 2x-3y-5 = 0is 
(1,-1) which is the centre of the circle and radius = 7 
/.Equation is(x-l)2 +(y +1)2 = 49

=> x2 + yz-2x + 2y-47 = 0

113. Let M(h,k) be the mid-point of chord AB where
2n ZAOB = —
3

PA2+PB2 + PC2 + PD2
Then,—-------------------------

QA2 + QB2 + QC2 + QD2
1 + 1 + 5 + 5

2[(72 -1)2 + 1] + 2((V2 + I)2 + 1)

= — = 0.75 
16

110. Let C be the circle touching circle Q and L, so that Q and C 
are on the same side of L. Let us draw a line T parallel to L at a 
distance equal to the radius of circle Q, on opposite side of L 
Then, the centre of C is equidistant from the centre of Q and 
from line T.
=» locus of centre of C is a parabola.

It passes through
(a,b) => a2 + b2-2a a-2$b + p2 = 0

:. L)cusof(a,P)is
2ax + 2by-(a2 + b2 + p2) = 0

109. Without loss of generally it we can assume the square ABCD 
with its xertices A(l,l), B(—1,1), C(-l,-1), D (1,-1) 
P to be the point (0,1) and Q as (>/2,0).
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H.1)X'+ x

.2

=>

116. Slope of CD = -f=

P(1.0) IO (a. 0)C(—1, —2)

or

= -1 and

P(1. 8);

=>

Clearly the circumcircle of APAB will pass through C and as 
Z.A - 90°, PC must be a diameter of the circle.
.'. Equation of required circle is

(x-l)(x-3) + (y-2) = 0
x2 + y2-4x-10y+ 19 = 0

1
-73

Parametric equation of CD is 
3^3 

x-------
2

115. Equation of circle whose centre is (h,k) 
(x-h)2 + (y-k)2=k2

Y

Let coordinates of R be (a,p), then using the formula for 
centriod of A we get

^ + 2^ + a = ^and3.+ 1)tg=1
3 3

=> a = 0 and 0 = 0
/.Coordinates of R = (0,0)

‘ <2
-713

Li : 2x + 3y + (p-3) = 0;
L?: 2x + 3y + p + 3 = 0

Clearly, L, 11 £2
Distance between 1^ and £^

_ p+3-p+3 _ 

722 + 3!
If one line is a chord of the given circle, other line may 

or may not the diameter of the circle.
Statement I is true and statement II is false.

120. The given circle is x2 + yz + 2x + 4y -3 = 0

Centre (-1,-2)
Let Q(a,p) be the point diametrically opposite to the point
P(l,0),
, 1 + a

then,------
2

0 + P _ _9
2

a = —3, P = —4, So, Q is (-3, - 4)
121. Tangents PA and PB are drawn from the point P(l,3) to 

circle x2 + y2-6x-4y-ll = 0 with centreC(3,2)

i V3 3 I 
Now, coordinates of £ = mid point of QR = —,- and

I 2 2 J
coordinates of F = mid-point of PR = (-73.0)

118. Equation of side QR is y = -73 x and equation of side RP is
y = 0

119. The given circle isx2 + yz + 6x-10y + 30 = 0 Centre(-3,5), 
radius = 2

T
(radius of circle = k because circle is tangent to x-axis) 
Equation of circle passing through (-1,+1) 

(-l-/j)2 + (l-fc)2=it2 

1 + h2 + 2h + 1 + k2-2k = k‘ 
h2 + 2h-2k + 2 = 0 D20 
(2)2 —4X1.(-2K +2) > 0 
4-4(-2fc + 2)>0 

l + 2fc-2>0 => it£- 
2

'-73 3^3 1 3
----- 4----------— + —

2 2 2 2

3

y/3 1
2 2

.'. Two possible coordinates of C are 
'73 3^3 1 3^ 
----+----- ,—I—

V 2 2 2 2)

i.e. (2^,2) or (-73,1)

As (0, 0) and C lie on the same side of PQ 
.•.(5/3,1) should be the coordinates of C.

Remark: Remember (x^yj and (x2,y2) lie on the same or 
opposite side of a line ax + by + c = 0 according as 
—■ * + C > 0 or < 0..’. Equation of the circle is
ax2 + by 2 + c 
(x--73)2 + (y-l)2 = 1

117. APQR is an equilateral triangle, the incentre C must coincide 
with centroid of APQR and D, E, Fmust coincide with the mid 
points of sides PQ, QR and RP respectively.
Also, ZCPD = 30° =>PD = 73
Writing the equation of side PQ in symmetric form we get, 

3y/3 3
x-------y —
------2= 2=?^

-1 2^
2 2

f a/3 3a/3 *“3 3^ 
.’.Coordinates of P =-----F---- ,— + - = (2-73,0)

^ 2 2 2 2)

(-^3 35/3 3 3^ , r v 
and coordinates of Q = I----- + ——,- + - = (v3,3)

12 2 2 2 j
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y

(0.2)

■xX'* o(-1.0)

p

rr

C

and3=-----  => r +1 = 9 => r = 8.=> y

x2+y2=6

*XX'~

=>

We observe that only two points

<5=> c2(o,o)Aslo,

CiC2 - ri - r2

,2
=>

(h.2)

=>
=>
=*

It lies on the circle.
126. The smaller region of circle is the region given by 

x2 + y2 <6 

2x-3y £1

...(ii)

•••(ii)

= H
2

kJ
Mz

T

(-l-h)2 + 4 = h2=>h = y

„ f-5 J) □ 5Centre —,2 and r = -• _ i 2

5
Distance of centre from (-4, 0) is - 

2

C7C2X/1 >

r
fo3) jf1 C . A 
2,- and — satisfyI 4/ U 4>

both the inequations Eqs. (i) and (ii), we get
:.2 points in 5 lie inside the smaller part

127. As centre of one circle is (0, 0) and other circle passes through
(0, 0), therefore

<?•)

_c— <2 "" **
2

121 Let r be the radius of required circle.
Clearly, in AC1CC2,C1C = C^C = r +1 and P is mid-point of CXC2 

CP-LCA
Also, PM ICC,
Now, APMCi ~ &CPC\ (by AA similarity)

MQ _ PC,
PQ ~CC,

1 
3

123. The given circles are
Sj = x2 + y2 + 3x + 7y + 2p — 5 = 0

S2 = x2 + y2 + 2x + 2y-p2 = 0

Equation of common chord PQ is -S2 = 0
=> L = x + 5y + p2 + 2p-5 = 0

=> Equation of circle passing through P and Q is S, + XL = 0
=> (x2 + y2 + 3x + 7y + 2p -5) + X(x + 5y + p2 + 2p -5) = 0

As it passes through (1,1), therefore
=> (7 + 2p) + X(2p + p2 +1) = 0

(p+i)2

which does not exist for p = -1
124. Circle x2 + y2 -4x-8y-5 = 0

Centre = (2,4)
Radius = V4 + 16 + 5 = 5
If circle is intersecting line 3x - 4y = m, at two distinct points. 
=> length of perpendicular from centre to the line < radius 

|6 -16 -
5

|10 + m|<25 
-25<m+10 <25

-35 < m < 15
125. Let centre of the circle be (h, 2) then radius =|h|

Equation of circle becomes (x -h)2 + (y -2)2 = h

As it passes through (-1, 0)
, lal _lal „_|ntc------ = — => c = a

2 2
If the two circles touch each other, then they must touch each 
other internally.

-5
2

1 1
4’ 4
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130.128. Any point P on line 4x-5y = 20 is a,

I2

X'* *X+
P

A

x=2Y'
4x-5y=20

drawn from point P a, is

...(i)= 9x.a + y.

= 2

=>

and

and a ==>

8(2, 3)

X'< -X

(i)

(radius)

= 1 => X = -1 or -5

=>

=>

or

2 '

c^b. o).

M (h, k) 
C(b.p)

=>
=>

4a-20]
5 /

Equation of chord of contact AB to the circle x2 + y2 = 9

129. From Eq. (i)
Equation of L can be 

x-yfiy =1 
x-Jiy =5

/1 
moi

Pg,4a-201
\ 5 I

9h 
h2 + k2

=>
Locus of (h,k) is 20(x2 + y2)-36x + 45y = 0

Sol. (Q. Nos. 129 to 130)
Equation of tangent PT to the circle x2 + y2 = 4 at the point 
P(^,l)isx^ + y = 4

Let the line L, perpendicular to tangent PT be 
x~yV3 + X = 0

As it is tangent to the circle (x-3)2 + y2 = 1

length of perpendicular from centre of circle to the tangent 
= radius of circle.

3 + X
2

Y.

From the figure it is clear that the intersection point of two 
direct common tangents lies on X-axis.
Aslo AP7]C] ~ APT2C2
=> PC] :PC2 =2:1
or P divides QCj in the ratio 2:1 externally
.■.Coordinates of P are (6,0)
Let the equation of tangent through P be

y = m(x-6)
As it touches x2 + y2 = 4

6m

7 m2 + 1
36m2 = 4(m2 +1)

1 
m = ±—r= 

2y/2

.‘.Equations of common tangents are y = ±—^=(x-6) 
2V2

Also x = 2 is the common tangent to the two circles.
131. Let centre of the circle ne (1,4)

[v circle touches x-axis at (1, 0)]
Y

A (1,0)

T

(1. hy Cr2-^

4a-20
5

4a-20~
5 .

Also, the equation of chord AB whose mid-point is(h,k) is 
hx + ky = h2 + k2 ...(ii)

v Eqs. (i) and (ii) represent the same line, therefore 
ft = k h2 + k2 
a ~ 4a-20 “ 9

5
=> 5ka = 4fta-20ft

9ft=a(ft2 + fc2)
20ft a =------ -

4ft —5k
20ft _ 9ft 

4h-5k~ h2 + k2
20(ft2 + ft2) = 9(4ft—5ft)

Let the circle passes through the point B(2,3) 
CA=CB 

CA2 = CB2
(l-l)2 + (ft-0)2 = (l-2)2 + (ft-3)2 

ft2 = l + ft2 + 9-6ft 
, 10 5 ft = — = -

6 3

Thus, diameter is 2ft = —.
3
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=>

X+

r

Xi

^3^ 0. 4) (u)

4/4

X'> ■X

(3.-4)

fi(a. ?)

€

(1.1)

X'+ X

ty,

4 t
(1.-2)'

t'

132,Since, circle touches X-axis at (3, 0)
The equation of circle be

(x-3)2+ (y-0)2 + Xy = 0

:. Required circle is
x2+y2 +14x—2y+ 1 = 0

With centre (-7,1) and radius = 7
136. Intersection point of2x-3y + 4 = 0 and x-2y +3 = 0 is (1, 2)

A (2. 3)

or

i.e.

As it passes through (1, -2)
Put x = l,y = -2

=> (1 — 3)2+(—2)2 + X(—2) = 0 => X = 4

.’.Equation of circle is (x -3)2 + y2 -8 = 0

Now, from the options (5, -2) satisfies equation of circle.
133. There can be two possibilities for the given circle as shown in 

the figure

t
J

or

134.

A (3, 0)

This circle is orthogonal to (x -1)2 + y2 = 16

Le. x2 + y2-2x-15 = 0
and x2 + y2 —1 = 0
.’.We should have

2g(—1) + 2/(0) = c —15
or 2g+ c-15 = 0
and 2g(0) + 2/(0) = c — 1 or c = l
Solving Eqs. (i), (ii) and (iii), we get

c = l,g=7,/ = -l

Equation of circle C = (x-1)2 + (y -I)2 = 1

Radius of T = |y|
T touches C externally 
therefore,
Distance between the centres = sum of their radii

7(o-i)z+(y-i)z-i+|y|

(0-l)2 + (y-l)z=(l+|?|)z

1 + y2 +1 -2y = 1 + y2 + 2|y|

2|y|=l-2y

If y > 0 then, 2y = 1 — 2y => y = —
4

Ify < 0 then, -2y =1—2y=>0 = l (not possible) 
1

135. Let the equation of circle be
x2 + y2 + 2gx + 2fy + c = 0

It passes through (0,1)

Since, P is the fixed point for given family of lines
So, PB = PA

(<X — I)2 + (p—2)2 = (2 — I)2 + (3—2)2

(a-l)2 + (p-2)z = l + l=2
(x-l)z+(y-2)z =(V2)Z

(x-a)z + (y-i>)2 = rz

Therefore, given locus is a circle with centre (1,2) and radius V2.

'Y

:. The equations of circle can be 
(x-3)2+ (y-4)z = 4Z 

(x-3)2+ (y + 4)2 = 4Z 

x2+ y2-6x + 8y+ 9 = 0 

x2+y2-6x + 8y+ 9 = 0

y
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...(i)

—(ii)
0(1, tan 0/2)

X'-* ■0fll
c-

A
r

.'. Equation of line through Q and parallel to RS is y = tan-

=>-X

-(i)

(-2.0)X'-

0 (-3, 2)

5>/2

e,

('.• AB = radius of the given circle) ,2

(0,-2-<3)

...(i) -X

■(ii)

Q V

C(4,4)’

I 
I 
I

------
S(1,0)

0

137. x2 + y2-4x-6y-12 = 0

Centre Cj = (2,3) and Radius, r, = 5 units 
x2 + y2 + 6x + 18y + 26 = 0

Centre, C2 = (-3,-9)
and radius, r2 = 8 units

|QC2|= 7(2+ 3)2 + (3 + 9)2 = 13 units

zi + r2=5 + 8 = 13
ICjCj^n + rj

Therefore, there are three common 
tangents.

138. For the given circle, centre : (4, 4), radius =6

0 tan - = xtanO
2

=> 0A=$j2
Also, AB = 5
Now, in AOAB,

(OB)2 = (AB)2 + (OA)2 = 25 + 50 = 75 
OB =5^3

140. Circle: x2 + y2 = 1

Equation of tangent at P(cos0,sin0) 
xcos0 + ysin0 = 1

Equation of normal at P 
y = xtan0

Equation of tangent at S is x = 1 
1 - COS0 

sin0

201 - tan2 -
x =----------2-

x 0

6 + fc = 7(/i-4)2 + (k-4)2 
v7i — 4)2 = 20k+ 20 

locus of (h, k) is (x - 4)2 = 20(y + 1), which is parabola.

139. Centre of S:O(-3,2) and centre of given circle is A(2,-3)

It is satisfied by the points and

141. (2) Equation of circle can be written as 
(x+ I)2 +(y + 2)2 = p + 5

g
Intersection point E of normal and y = tan-

k J

= O| l,tan-
l 2.

2
-2 2
— ory = l-2x

p(cos 0, sin 0)

Q_x 
.(0,-2r^)

Y
_________ >O Xc 

(0, -4)
' r

Case I. For p = 0, circle passes through origin and cuts x-axis
and y-axis at (- 2, 0) and (0, - 4) respectively.
Case II. If circle touch X-axis, then

X+
(1) 2 =-p=>p = -l

From Eq. (i), we get
(x+ I)2 +(y + 2)2 =2

Cut off T-axis at (put x = 0)
(y + 2)z=3

=> y=-2±73

or (0, -2 ±73)
Case in. If circle touch T-axis, then

(2) 2=-p

==> p =-4
From Eq. (i), we get

(x + I)2 + (y + 2)2 = 1

Cut off X-axis at (put y = 0)
(x + I)2 = - 3 (impossible)

5 L
A (2,-3)

Locus of E:x = -——
2

0
2
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Session 1 

Introduction

Conic Section

p
Axis

Plane

Circle
Circular base

‘0

a

Parabola

0

Suppose we rotate the line l2 around the line lx in such 
way the angle remains constant then, the surface 
generated is a double-napped right circular hollow cone. 
The point V is called the vertex, the line ly is the axis of 
the cone. The rotating line l2 is called a generator of the 
cone. The vertex separates the cone into two parts called 
nappes. The constant angle a is called the semi-vertical 
angle of the cone.

Lower 
nappe

Upper­
nappe

3. Section of a right circular cone by a plane which is 
parallel to a generator of the cone is a parabola.

Plane

The famous Greek mathematician Euclid, the father of 
creative Geometry, near about 300 BC considering various 
plane sections of a right circular cone found many curves, 
which are called conics or conic sections.

/ TO
2. Section of a right circular cone by a plane which 

parallel to its base is a circle.

Yv

Let /j be a fixed vertical line and l2 be another line 
intersecting it at a fixed point V and inclined to it at an 
angle a.

Yv/

Section of a Right Circular 
Cone by Different Planes

1. Section of a right circular cone by a plane which is 
passing through its vertex is a pair of straight lines, 
lines always passes through the vertex of the cone.

I I Plane

Introduction, Conic Section, Section of a Right Circular 
Cone by Different Planes, Conic Section: Definition, Equation 
of Conic Section, Recognisation of Conics, How to Find the 
Centre of Conics, Parabola: Definition, Other forms of Parabola 
with Latusrectum 4a, General Equation of a Parabola, The 
Generalised form (y-k)2 = 4a (x-h), Parabolic Curve

7/2
„/*—Generator
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Plane

Ellipse

O

O'

P(*.y)

Hyperbola

S(a. 0)
Axis

0

3D View

Circle Ellipse

Parabola

M PJ

□
S (focus)

Remark
Parabola has no centre but circle, ellipse and hyperbola have 
centre.

Important Terms
Axis The straight line passing through the focus and 
perpendicular to the directrix is called the axis of the conic 
section.
Vertex The points of intersection of the conic section 
and the axis is (are) called vertex (vertices) of the conic 
section.
Focal Chord Any chord passing through the focus is 
called focal chord of the conic section.
Double Ordinate A straight line drawn perpendicular to 
the axis and terminated at both end of the curve is a 
double ordinate of the conic section.
Latusrectum The double ordinate passing through the 
focus is called the latusrectum of the conic section.
Centre The point which bisects every chord of the conic 
passing through it, is called the centre of the conic section.

M
o
II 
o
+
£
+ 
$

Equation of Conic Section
If the focus is (a,3) and the directrix is ax + by + c = 0, then 
the equation of the conic section whose 
eccentricity = e is SP = ePM

Hyperbola

4. Section of a right circular cone by a plane which is 
not parallel to any generator and not parallel or 
perpendicular to the axis of the cone is an ellipse.

Yv

7(x-a)2 + (y-0)2 = e-

I
SE

Conic Section: Definition
The locus of a point which moves in a plane such that the 
ratio of its distance from a fixed point to its perpendicular 
distance from a fixed straight line is always constant, is 
known as a conic section or a conic.

= e2-(x-a)2+(y-p)2

5. Section of a right circular cone by a plane which is 
parallel to the axis of the cone is a hyperbola.

|ax + by + c | 
/a2+b2) 

(ax + by+c)2 
(a2+b2)

The fixed point is called the focus of the conic and this 
fixed line is called the directrix of the conic. Also, this 
constant ratio is called the eccentricity of the conic and is 
denoted by e.

SPIn the figure, = constant = e

=> SP = ePM

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


366 Textbook of Coordinate Geometry

-(i)

(4x-3y + 1)2 =25

2

25 [(x -1)2 4-(y- 0)2] = 25

or

=>

Here, e = 1
Thus, the given equation represents a parabola. It may 
noted that (1,0) is the focus and 4x - 3y + 1 = 0 is the 
directrix of the parabola.

Remark
1. If conic represents an empty set, then A *0, h2 <ab.
2. If conic represents a single point, the A =0, h2 < ab.

0<e<l; A*0, /i2 <ab 

e > 1; A^O, h2 >ab 

e > 1; A * 0, /i2 > ah; a + h = 0

The nature of the conic section depends upon the position 
of the focus S with respect to the directrix and also upon 
the value of the eccentricity e. Two different cases arise.
Case I (When the focus lies on the directrix)
In this case Eq. (i) represents the Degenerate conic 
whose nature is given in the following table :

Condition Nature of Conic
e>l; A = 0, h2 >ab The lines will be real and 

distinct intersecting at S.
The lines will coincident

The lines will be imaginary.

Case II (When the focus does not lie on the 
directrix)
In this case Eq. (i) represents the Non-degenerate conic 
whose nature is given in the following table :

________Condition________ Nature of Conic_____  
e =1; A * 0, h2 = ab_________ a parabola

an ellipse 

a hyperbola 

rectangular hyperbola

e = l; A = 0, h2 =ab 

e < 1; A = 0, h2 < ab

I Example 1 Find the locus of a point, which moves 
such that its distance from the point (0, -1) is twice its 
distance from the line 3x 4- 4y 4-1 = 0.

Sol. Let P(xltyt) be the point, whose locus is required.
Its distance from (0, - 1) = 2 x its distance from the line 
3x 4- 4y 4-1 = 0.

•J(x, - 0)2 + (Vi + I)2 = 2 x |3x, 4- 4y, 4-11
7(32 4- 42)

=> 5 7x2 4- (7i 4-1)2 = 213Xj 4- 4y, 4-11

Squaring and simplifying, we have
25(x12 4-yI2 4-2^4-1)

= 4 (9x2 4- 16yj2 4- 24x1y1 4- 6Xj 4- 8yj4-l) 

or llx2 4- 39yj2 4- 96x]y] 4- 24X] - 18yj - 21 = 0 
Hence, the locus of(x, y}) is

llx2 4- 39y2 4- 96xy 4- 24x - 18y - 21 = 0

I Example 3 What conic does
13x2 -18xy 4- 37y2 4-2x4-14y -2 = 0 represent?

Sol. Compare the given equation with 
ax2 4- 2hxy 4- by2 4- 2gx + 2fy 4- c = 0 
a = 13, h = - 9, b = 37, g = 1, f = 7, c = - 2,

then, A = abc 4- 2fgh - af2 - bg2 - ch2
= (13) (37) (-2)+2 (7) (1) (-9)

- 13(7)2 - 37(1)2 4- 2(-9)2 
= - 962 - 126 - 637 - 37 4- 162 = - 1600 # 0 

and also h2 = (-9)2 = 81 and ab = 13 x 37 = 481 
Here, h2 < ab
So, we have h2 < ab and A * 0.
Hence, the given equation represents an ellipse.

I Example 4 What conic is represented by the 
equation Vox 4- yjby = 1 ?

Sol. Given conic is Vox 4- Jby = 1

On squaring both sides, we get 
ax 4- by 4- 2 yjabxy - 1 

ax 4- by -1 = - 2 yjabxy

4x -3y 4-1 

7(42 +32)

7(42 4-32)

Recognisation of Conics
The equation of conics represented by the general 
equation of second degree

ax2 +2hxy + by2 + 2gx+2fy + c=0 „.(i)

can be recognised easily by the condition given in the 
tabular form. For this, first we have to find discriminant of 
the equation. We know that the discriminant of above 
equation is represented by A, where

A = abc 4- 2fgh - af2 - bg2 -ch2

I Example 2 What conic does the equation 
25 (x2 4-y2 -2x-i-l) = (4x- 3y 4-1)2represent ?

Sol. Given equation is
25 (x2 4- y2 - 2x 4-1) = (4x - 3y 4-1)2

Write the right hand side of this equation, so that it appears 
in perpendicular distance form, then

/ \2 
4x -3y 4-1

then, Eq. (i) can be re-written as
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=>

•••(*) and

= 6A
2 4

and
>2

then

,2

and

=>
=>

Hence,

X 
4

Again, on squaring both sides, then
(ax + by - l)2 = Aabxy

a2x2 + b2y2 + 1 + 2abxy - 2by - 2ax = 4abxy 
a2x2 + b2y2 - 2abxy - 2ax - 2by +1 = 0 

a2x2 - 2abxy + b2y2 -2ax-2by + l=0
Comparing the Eq. (i) with the equation

Ax2 + 2Hxy + By2 + 2Gx + 2Fy + C = 0 
A = a2, H = - ab, B = b2,G = - a, F =-b,C = 1 

then, A = ABC + 2FGH - AF2 - BG2 - CH2 

= a b — 2a b — a b - a b - a b
- -4a2b2 * 0 and H2 = a2b2 = AB

So, we have A * 0 and H2 - AB.
Hence, the given equation represents a parabola.

I Example 5 If the equation x2 -y2 - 2x + 2y + k = 0 
represents a degenerate conic, find the value of X.

SoJ. For degenerate conic A = 0
Comparing the given equation of conic with 

ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 
a = 1, b - - 1, h = 0, g = -1, f = 1, c = X 
A = abc + 2fgh - af2 - bg2 - ch2 = 0

=> (l)(-l)(X) + 0-1 x(l)2 +1 x(-l)2 - X (0)2 =0
=> - X - 1 + 1 =0 => X = 0

I Example 6 If the equation x2 + y2 -2x-2y + c = 0 
represents an empty set, then find the value of c.

So/. For empty set A * 0 and h2 < ab.
Now, comparing the given equation of conic with 

ax2 + 2hxy + by2 + 2gx + 2fy + cz = 0 
a = 1, h = 0, b = 1, g = -1, f = -1, cz= c 

h2 < ab
0 < 1 which is true

A = abc' + 2fgh - af2 - bg2 - c'h2 * 0

(l)(l)(c) + 0-lx(-l)2-lx(-l)2-0*0
c-2*0 

c *2 
c G R~(2)

I Example 7 If the equation of conic
2x2 + xy + 3y2 - 3x + 5y + X = 0 

represent a single point, then find the value of X.
W. For single point, 

h2 < ab and A = 0
Comparing the given equation with

ax2 + 2hxy + by2 + 2gx + 2fy + c = 0

4
23X „- ------- 23 = 0

4
X = 4

I Example 8 For what value of X the equation of conic 
2xy + 4x - 6y + X = 0 represents two intersecting 
straight lines, if X = 17, then this equation represents?

Sol. Comparing the given equation of conic with 
ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 

a = 0,b = 0, h = l,g = 2,f = -3, c = X 
For two intersecting lines, 

h2 > ab, A = 0 
■.* ab = 0, h = 1 

h2 > ab 
& = abc + 2fgh - af2 - bg2 - ch2 

=0+2x-3x2xl-0-0-X (1): 
= -12-A. =0

X = -12
For X = 17, then the given equation of conic 
2xy + 4x-6y + 17=0 according to the first system but 
here c = 17.

a = 0, b = 0, h = 1, g = 2, f = -3, c = 17, 
A = abc +2f gh - af2 - bg2 - ch2

= 0 + 2x — 3x2x1 — 0-0 — 17 x (1): 
= -12-17 = -29*0

A * 0 and h2 > ab

So, we have A * 0 and h2 > ab.
Hence, the given equation represents a hyperbola.

1 3 5then, a = 2,h = -,b = 3, g = —, f = -, c = X.
2 2 2

v h2 = —, ab = 6 
4

/. h2 < ab
A = abc + 2fgh - af2 - bg2 - ch2

5 3 1= (2)(3)(X) + 2x-x--X-
2 2 2

„ 25 o 9 . 1-2x-----3X-----Xx-
4 4 4

27

How to Find the Centre of Conics
IfS = ax2 +2hxy + by2 +2gx+2fy+c = Q.

Partially differentiating w.r.t.x and y, we get

— =2ax+2hy+2g-, —-2hx +2by+2f 
dx dy

(Treating y as constant) (Treating x as constant)

15 25
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For centre, — = 0 and Centre

or

or

(x,y) =

Since, A =
c

(Repeat 1st member)i.e.

or points or
Pfcy)

zr

x
(a,0)

28x - 4y - 44 and -4x + 22y - 58

0 andFor centre,

2

...(i)

— (ii)

\

or

and

Remark
A parabola has two real foci situated on its axis one of which 
is the focus S and the other lies at infinity, the corresponding 
directrix is also at infinity.

v= 
dx

Parabola: Definition
A parabola is the locus of a point which moves in a plane 
such that its distance from a fixed point (i.e. focus) is 
always equal to its distance from a fixed straight line 
(i.e., directrix).

M 
o 

II 
<u 
+ 
X 
Z

n 
N

(c c 'I u13 u23

< ^33 ^33 J

SP = ^ap+(P^0)2 = pJTap+y
PM = ZN = AZ + AN = a + x

SP = PM

\
Remembering Method 

a 
h

or
On solving Eqs. (i) and (ii) we get, 

x = 2 and y = 3

Centre is (2, 3).
Aliter: Comparing the given conic with 

ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 
a = 14, h = -2, b = 11,g = -22, f = -29,c = 71

Standard Equation of Parabola
Let S be the focus and ZM be the directrix of the parabola. 
Draw SZ perpendicular to ZM, let A be the mid point of 
SZ, then as AS = AZ

So, A lies on the parabola. Take A as the origin and a line 
AY through A perpendicular to AX as Y-axis.
Let AS = AZ = tz > 0
then, coordinate of S is (a,0) and the equation of ZM is

x = -aorx + a = 0
Now, take P (x, y) be any point on the parabola. Join SP 
and from P draw PM perpendicular to the directrix ZM.

Then, 

and
Now, for the parabola
=> (SP)2 = (PM)2 => (x-a)2 +y2 =(a + x)2

y2 = (a + x)2 - (x - a)2 = 4ax 

y2 - 4ax,

which is required equation of the parabola.

'hf - bg gh -af
^ab-h2 ab-h2j

_ p-2)(-29)-(ll)(-22) (-22) (-2) -(14) (-29)'
I (14)(ll)-(-2)2 ’ (14) (11) — (—2)2 ,

= (2, 3)

□_ _
A

h g 
b f 

g f
Write first two rows,

ab-h2,hf-bg,gh-af 

'hf-bg gh - af 
^ab-h2 ab-h2;

OR 
According to first two rows, 

ax +hy + g=0 and hx + by + f = 0. 
After solving we get find the centre of conic.

I Example 9 Find the centre of the conic 
14x2 -4xy + 1ly2 -44x-58y + 71 = 0

Sol. Let f(x, y) b 14x2 - 4xy + lly2 - 44x - 58y + 71 = 0
Differentiating partially w.r.t x and y, then

— = 28x - 4y - 44 and — =
dx dy

dy

28x - 4y - 44 = 0
7x-y-ll = 0

-4x + 22y - 58 = 0

-2x +lly = 29

dS „ , dS? —=0
dx dy

2ax + 2hy + 2g=0 and 2hx +2by + 2/ = 0 
=> ax + hy + g = 0 and hx + by + f = 0
Solving these equations we get the centre

Z hf-bg gh-af' 

ab-h2’ ab-h2 /
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L

Axis
P'

Q' (h, - 2>lah)

2

X' Zs:h.o)
I y

A

L'

5. Focal chord A chord of a parabola which is passing 
through the focus is called a focal chord of the 
parabola. In the given figure, PP' and LL' are the focal 
chords.

r
(vi) Length of latusrectum = LL' = 4a.

Some Terms Related to Parabola
1. Axis The axis of the parabola is the straight line 

which is passes through focus and perpendicular to 
the directrix of the parabola.

y
P Q (h, Z'lah)

_ Focal 
chord

_ Double 
ordinate

-X

□ ’

Laius 
rectum

(0. 0)
A

M
o 
it 

<d + 
X 

~z /S(a,0)w

I Focus

L7
Directrix

For the parabola y = 4ax, X-axis is the axis.

Here, all powers of y are even in y2 = 4ax then, 
parabola y2 = 4ax is symmetrical about its axis (i.e. 
X-axis).

where ‘ t’ is a parameter.
Then, y = 2at and x = at

The equations x = at2 and y = 2at are called 
parametric equations. The point (at , 2at) is also 
referred to as the point‘f.

Remarks
1. Coordinates of any point on the parabola y2 =4ax, may be 

taken as(af2,2at).
2. Equation of chord joining t, andt2 is 2x — (t, +ti)y + 2at]t2=Q.
3. If the chord joining tt,t2 and t3.t4 pass through a point (c,0)

c 
on the axis, then f,f2 

a

Other forms of Parabola with 
Latusrectum 4a
(1) Parabola opening to left (i.e. y2 = - 4ax): (a > 0)

(i) Vertex is A (0,0).
(ii) Focus is S (-a, 0).

(iii) Equation of the directrix MZ is x - a = 0.
(iv) Equation of the axis is y = 0 i.e. X-axis.
(v) Equation of the tangent at the vertex is x = 0 Le. Y-axis.

y
o 

II 
CD
I 
X

■X

Remarks
1. In objective questions use LL'as focal chord and in 

subjective questions use PP'as focal chord.
2. Length of smallest focal chord of the parabola 4a Hence, the 

latusrectum of a parabola is the smallest focal chord.

6. Focal distance The focal distance of any point P on 
the parabola is its distance from the focus S i.e. SP 
Also, SP ~ PM = Distance of P from the directrix.
If P = (x,y)
then, SP = PM = x + a

7. Parametric equations From the equation of the 

parabola y2 = 4ax, we can write — = — = t
2a y

or
If the point (x, y) lie on the parabola y2 = 4ax, then 
the point (x, -y) also lies on it. Hence, the parabola is 
symmetrical about X-axis (i.e. axis of parabola).

2. Vertex The point of intersection of the parabola and 
its axis is called the vertex of the parabola. For the 
parabola y2 = 4ax.
A (0,0) i.e. the origin is the vertex.

3. Double ordinate If Q be the point on the parabola, 
draw QN perpendicular to the axis of parabola and 
produced to meet the curve again at Q', then QQ' is 
called a double ordinate.
If abscissa of Q is h, then ordinate of Q,

y2 = 4ah or y = 2 4ah (for first quadrant) 

and ordinate of Q' is y = -2 Jah (for fourth quadrant) 

Hence, coordinates of Q and Q' are (h, 2 4ah) and 
(h, -2 4ah), respectively.

4. Latusrectum The double ordinate LL' passes through 
the focus is called the latusrectum of the parabola.
Since focus S (a, 0) the equation of the latusrectum of 
the parabola is x = a, then solving

x = a and y2 = 4ax

then, we get y = ± 2a
Hence, the coordinates of the extremities of the 
latusrectum are L (a, 2a) and L' (a, -2a), respectively.
Since, LS = L'S = 2a

Length of latusrectum LL' = 2 (LS) = 2 (L'S) = 4a.
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X' ■x AA X'* X

{L

x2 - - 4ay, a > 0

Y
Y MY

M'cj M

A
X' ■XX'A A z A

I nI r r

x-a = 0 x + a = 0 y + a = 0y -a = 0

x + a a-x y + a a-y

Eccentricity (e)

Equation and Graph of 
the parabola

(vii) Ends of latusrectum are L (-a, 2a) and L' (-a,-2a). 
(viii) Equation of latusrectum is x = - a i.e. x + a = 0. 
(ix) Parametric coordinates is (-at2,2at).

(2) Parabola opening upwards (i.e. x2 = 4ay) :(a > 0)
(i) Vertex is A (0,0).

(ii) Focus is 5 (0, a).
(iii) Equation of the directrix MZ is y + a = 0.

Y

y+a = 0

r
(iv) Equations of the axis is x = 0 i.e. Y-axis.
(v) Equation of the tangent at the vertex is y = 0 i.e. X-axis.

(vi) Ends of latusrectum are L (2a, a) and L' (-2a, a).
(vii) Length of latusrectum =LL'= 4a.
(viii) Equation of latusrectum is y - a i.e. y - a = 0.

Vertex
Focus
Equation of the axis
Equation of tangent at 
vertex______________
Equation of directrix 
Length of latusrectum 
Ends points of 
latusrectum
Equation of 
latusrectum_________
Focal distance of a 
point P(x, y)
Parametric coordinates

x + a = 0 
4a 

(a,±2a)

y + a = 0 
4a

(± 2a, a)

(-at2,2at)

1

(2at,at2)

1

(2at,-at2)

1

(at2,2a t)

1

(0.0) 
(g.o) 

y=o 
x = 0

(Q.Q) 

(~g.o) 

y=o 
x = 0

y -a = 0
4a

(± 2a,-a)

r 
(o.o) 

(O.-g) 

X = 0

x-a = 0
4a 

(-a,±2a)

rK---

Z My-a = Q

(ix) Parametric coordinates is (2at, at2).

(3) Parabola opening downwards (i.e. 
x2 = -4ay): (a > 0)

(i) Vertex is A (0,0). (ii) Focus is S (0, - a).
(iii) Equation of the directrix MZ is y - a = 0.
(iv) Equation of the axis is x = 0 i.e. Y-axis.
(v) Equation of the tangent at the vertex is y =0 Le 

X-axis.

r
(vi) Length of latusrectum = LL' = 4a

(vii) Ends of latusrectum are L (2a, -a) and L' (-2a,-a) 
(viii) Equation of latusrectum is y = - a i.e. y + a = 0.
(ix) Parametric coordinates are (2at, -at2).

7t

2x = 4ay, a>0
2y = 4ax, a>0

Smart Table : The Study of Standard Parabolas
2 y = -4ax, a>0

X'
'X

Y
Z 
""LI

I

■x x,

Z M
__r__
(o.o)
(O.g)

x = 0
y = 0

___ h
Z M
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Slope of AS =

3 fa. b)

■X0 y-1 =0Z

0X' X
A (4,-1)

4

X] = 4

and Ji = 1-1

2

■X0

=>

2

(*.y)

Y
Let Zfxpyj) be any point on the directrix, then A is the 
mid-point of SZ.

4 =

S 
(-1.-2)

Y

j^.y) \
/ S(4,-3) 1

M

=> (x + l)2+(y + 2)2 =

2
_ y»-3 

2
Z = (4,l)

Also, directrix is parallel to X-axis and passes through 
Z(4,l), so equation of directrix is 

y = lory-l = 0
Now, let P(x,y) be any point on the parabola. Join SP and 
draw PM perpendicular to the directrix. Then, by definition

SP= PM 
(SP)2 = (PM)2

., , = |yZ-‘

(x-4)2+(y + 3)2=(y-l): 

x2 - 8x + Sy + 24 = 0 
Aliter:
Here a = AS = 2

Length of latusrectum = 4a = 8
Equation of parabola with vertex (0,0) and open downward 
is x2 = - 8y.
Shifting (4, - 1) on (0,0), we get required parabola

(x — 4)2 = — 8(y + 1)

x2 — 8x + Sy +24 = 0

(x - 4)2 + (y + 3)2

_ \lx+my + n| 
yl(l2 +m2) 

(x-a)2+(y-b)2=-(Zx-+-my + nj2- 

(l2+m2) 
2 2 t2 2=> mx + 1 y - 2 Imxy + x term+y term + constant =0 

rhis is of the form (mx - ly)2 + 2gx + 2fy + c = 0.

This equation is the general equation of parabola.

Remark
Second degree terms in the general equation of a parabola 
forms a perfect square.

I Example 10 Find the equation of the parabola whose 
focus is at (-1,-2) and the directrix is the straight line 
x - 2y + 3 = 0.

W. Let P(x,y) be any point on the parabola whose focus is 
$(-1,-2) and the directrix x - 2y + 3 = 0 . Draw PM 
perpendicular from P(x,y) on the directrix x - 2y + 3 = 0 .

5(x2 + y2 + 2x + 4y + 5)
= (x2 + 4y2 - 4xy + 6x - 12y + 9) 

4x2 + y2 + 4xy + 4x +32y + 16 = 0

e/
* /

General Equation of a Parabola
zt S(a,b) be the focus, and lx + my + n = 0 is the equation 
jfthe directrix. Let P(x,y) be any point on the parabola. 
Hien by definition SP = PM

Y I Example 11 Find the equation of the parabola whose 
focus is (4, - 3) and vertex is (4, -1).

Sol. Let A(4,-1) be the vertex and S(4, - 3) be the focus.
-3 + 1 ----------= oo 
4-4

which is parallel to Y-axis.
Directrix parallel to X-axis.

Y

Then, by definition
SP = PM

(SP)2 = (PM)2

( \2 |x — 2y + 3|
J(l)2+(-2)\

I2 J
,2

* ^x-a)2 +(y-b)2

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


372 Textbook of Coordinate Geometry

j

z sA

then,

[vSP = PA4]

Since,

or

and or

*1
Q

Similarly,

andA

T'"'

Q'

(internally)
(internally).

Focal 
distance = 8
------ -X

o 
II

CM 
+ 
X

or X] = 6

From Eq. (i), yf =8x6
y} = ±4j3

The required points are (6, 4 -</3) and (6, - 4-7?).

4a = 8 => a = 2
.*. Equation of directrix is x + 2 = 0. 
Let P (xt yj on the parabola 

y2 =8x 

yf = 8x, 
SP = 8 
PM = 3

x2

x3

( 2 A , ^,y2 and ^_,y3 .
l4fl J

x
3

I Example 12 The focal distance of a point on a 
parabola y2 = 8x is 8. Find it.

So/. Comparing y2 = 8x with y2 = 4ax
1_______ P(xi.yi) or yj = 3fc

r- Located
....... Fl 'parabola
------- ri--------------->X

or y, = - 3k'
On substituting the values of Xj and yj in Eq. (ii), then 

(- 3fc')2 = 4a (h') 

or 9k'2 = 4ah'

The required locus is 9y2 = 4ax.
Hence, the locus of point of trisection is 

9y2 = 4ax.
Aliter: Let R and T be the points of trisection of double 
ordinates QQ’. Let (h,k) be the coordinates of R, 
then, AL = h and RL = k

RT = RL + LT = k + k =2k.
RQ = TR = Q'T =2k
LQ = LR + RQ = k + 2k = 3k 

Thus, the coordinates of Q are (h, 3k). 
Since, (h, 3k) lies on y2 = 4ax 

=> 9k2 = 4 ah

Hence, the locus of (/i, k) is 9y2 = 4ax.

I Example 13 QQ' is a double ordinate of a parabola 
y2 = 4ax . Find the locus of its point of trisection .

Sol. Let the double ordinate QQ' meet the axis of the parabola 

y2 = 4ax ...(i)
Let coordinates of Q be (x, y,), then coordinates of Q' be 
(Xj -y,) since, Q and Q' lies on Eq. (i), then

yf = 4aXj ...(ii)
Let R and T be the points of trisection of QQ'. Then, the 
coordinates of R and T are

(l-Xj+2-Xj l-(~y1) + 2-y1>
( 1+2 ’ 1+2 ,

<2-x1+l-x1 2-(-y1) + l-y1> 
k 2 + 1 ’ 2 + 1 ,

respectively.
y

(x 

r 3.

I Example 14 Prove that the area of the triangle 
inscribed in the parabola y2 = 4ox is

1
(yi y 2) (y 2' y 3) (y 3 ~ Yi )>where y i»y 3 are

oO
the ordinates of the vertices.

Sol. Let the vertices of the triangle be (xt yl),(x2 y2) and 
(x3.y3).

(xi, yi) ’s a point on the parabola y2 = 4ax.

y2 - 4ax!

= y?
4a

= 21
4a

=zl
4a

Now, vertices of triangle are
fv2 "I r-2 A
l4a J

Since, R divide QQ' in 1: 2 
and T divide QQ' in 2 :1 
For locus, let R(h,k\ then

X, = h and — = k 
3

On substituting the values of Xj and yjin Eq. (ii), then 
(3fc)2 = 4a (h) or 9kz = 4ah

The required locus is 9y2 = 4ax similarly, let T(h',k')

x. = h' and - — = k‘ 
3

y2
14a
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17i

Required area of the triangle = -| 1

= 2x173

=>

one

(i)
2

B

X' -XA

i.e.,

k

N

P(x.y)A

M

axis

=(Latusrectum)

J

(PM)2 = (Latusrectum) (PN)

A2 (

30° 
>30^

2
I = 4a

Equation of directrix isx-y + X = 0 
where, X is constant.
v A is the mid-point of SZ.

SZ = 2SA 
|o-o+ X| 

Vd2+(-i)2)
!M=

&

1 * 1 1
= —1722 72 1 l = —(7i ~72)(72 ~73)(73 ~7i)

8a 2 8a
73 73 1

I Example 15 Find the length of the side of an 
equilateral triangle inscribed in the parabola y2 = 4ox, 
so that one angular point is at the vertex.

Sol. Let ABC be the inscribed equilateral triangle, with 
angular point at the vertex A of the parabola 

y2 = 4ax

Let the length of the side of equilateral triangle = I
AB = BC = CA = I

+y

Equation of Parabola if 
Equation of axis, Tangent at 
Vertex and Latusrectum are 
given
Let equation of axis is ax + by + c = 0 and equation of 
tangent at vertex is bx - ay -I- d = 0.

Equation of parabola is

|y,

The coordinates of B is (I cos 30°,1 sin 30°)

441 r
I2 ’V

Since, B lies on Eq. (i), then -
<2.

I Example 16 Prove that the equation of the parabola 
whose focus is (0,0) and tangent at the vertex is 
x-y + l = 0 is x2 + y2 + 2xy -4x + 4y -4 = 0.

Sol. Let focus is S (0,0) and A is the vertex of the parabola take 
any point Z such that AS = AZ given tangent at vertex is 
x - y + 1 = 0, since directrix is parallel to the tangent at 
the vertex.

ax + by + c

(x-0)2 +(7-0)2

|0-04- 1] 

V(i2+(-d2)
!M = _L
41 41

X, = ± 2
X = 2

[v X is positive since directrix in this 
case always lies in II quadrant] 

Equation of directrix is x - y + 2 = 0.
Now, take P (x, y) be any point on the parabola, draw 
PM J. ZM, then from definition, 

SP= PM
=> (SP)2=(PM)2

_(\x-y + 2\ 

'I 41
=> 2(x2 + y2) = (x -y + 2)2

=> 2xz+2y2 = x2 +y2 -2xy + 4x-4y + 4

x2 +y2 + 2xy-4x + 4y-4 =0

7?
4a

zl
4a

or I = 8a 41(i4T
2

bx - ay + d 
<V(i’2+fl2) j

1
8a

1
2

1
8a
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X' ■xA

Y'

= 4=>
y = k-a => y+a-fc = 0.

...(i)

x = h-a
= A-

■X"SZ'
= A-

Directrix
2*XX' A or

7r

7

Y-axis with its vertex (h,k) its focus is at (h,a+k) and 
length of latusrectum = 4a, the equation of the directrix 
is

Now, when origin is shifted at A’ (h, k) without changing the 
direction of axes, its equation becomes 

(y -k)2 = 4a(x -h)

C +—
A

The Generalised form 
(y—Ac]2 =4a(x-h)
The parabola

This is called generalised form of the parabola Eq. (i) 
and axis A'X"|| AX with its vertex at A' (h, k). Its focus 
is at (a + h, k) and length of latusrectum = 4a, the 
equation of the directrix is

x = h-a => x + a-h = 0
Another form is (x - h)2 = 4a(y -fc) axis parallel to

I Example 17 Find the equation of the parabola whose 
latusrectum is 4 units, axis is the line 3x + 4y -4=0 and 
the tangent at the vertex is the line 4x - 3y+7 = 0.

Sol. Let P(x,y) be any point on the parabola and let PM and PN 
are perpendiculars from P on the axis and tangent at the 
vertex respectively, then

B > x +—
2AJ

/ a
A 1(4,*)

w 
:A'(h,k) 

y=k-a- Directrix
■Z'

B2 
4A2

( A23x + 4y - 4

(3x + 4y-4)2 =20(4x-3y + 7) 
which is required parabola.

y2 = 4ax 

can be written as (y - 0)2 = 4a (x -0). 

The vertex of this parabola is A(0,0)
Y

Remark
The parametric equation of (y-*)z = 4a(x-4)arex = 4 + afz 
and y = k+ 2at.

(PM)2 = (latusrectum) (PN)
f \

4x - 3y + 7
J42 +(-3)21

B2-4ACA
4A

Parabolic Curve
The equations y=Ax2 + Bx + Cand x = Ay2 +By+C 
are always represents parabolas generally called 
parabolic curve.
Now, y = Ax2+Bx+C

= a!x2+-x+- 
A A

2A,

2 (B2 -4AC)

4A2

x +—
I 2A

Comparing it with (x -h)2 - 4a(y-k) it represent a

parabola with vertex at (h,k) =----- ,----------
2A 4A

1
A
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V(h,k)

k

h -Xo M

i.e.,
and

2

and always subtract
/

2

+y

h V(h,k)N Let
k

0 X

~A

...(ii)
...(iii)

+£
A

The optimum distance of its vertex V from OY is
B2 - 4AC

4A

(P2 -4ya) 
4a2

Remarks
1. The optimum distance of vertex from OX or OY can be easily 

obtained using calculus Method.
2. Equation of the parabola with axis parallel to the X-axis is of 

the form x = Ay2 + By + C.
3. Equation of the parabola with axis parallel to the X-axis is of 

the form y = Ax2 + 8x + C

B2 
4A2

B\* y + —

I Example 18 Find the vertex, focus, latusrectum, axis 
and the directrix of the parabola x2 + 8x + 12y + 4 = 0.

So/. The equation of parabola is
x2 + 8x + 12y + 4 = 0

(x + 4)2 — 16+12y + 4 = 0
(x + 4)2 - 12+ 12y =0

(x + 4)2 = -12y + 12
(x +4)2 = - 12(y-1)

x + 4 = X,y-l = y 
X2 =-12/

Comparing it with X2 = -4aY
a = 3

Vertex of Eq. (iii) is (0,0)
i.e. x=o,y = o

x f B = 7U y + —I 2A

= A | y+ —
I 2A

and axis parallel to Y-axis and latusrectum = p-j

and the curve opening upwards and downwards depending 
upon the sign of A and B.

♦Y

and axis parallel to X-axis and latusrectum = ~

and the curve opening left and right depending upon the 
sign of A and B.

Method to Make Perfect Square
If x=ay2±py+y
first make the coefficient of y2 is unity

2 . P Y x=a-ly ±—y+— ■ 
a a

Now, in braces write y and put the sign after y which 
between y2 and y i.e. ± and after this sign write the half

the coefficient of y i.e. —. 
2a

/ o \2
Now, write in braces y ±—V 2aJ

4a2

__PL+I.
4a2 a

The optimum distance of its vertex V from OX is 
B2-4AC

4A
x = Ay2 +By + C

= Ah+ly+^.
1 A A

2

f . 31= a^ y±~I 2aJ

B2 -4 AC 
4A2

B2 -4AC1
4A ( 31X=a y± —

I 2aJk 7
Comparing it with (y - fc)2 = 4a(x - A), it represent a 
parabola with vertex at

I 4A

A
2a

2
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From Eq. (ii),

(3, 2)
S (5, 2)A'

■X0

I Example 19 Prove that the equation ,2or

Since,

y + b = Y, x -Let = X

From Eq. (i),
...(ii)

and

1(3,6)= 0, y + b = 0

y = -b

A
A’(5.2)Vertex of given parabola is S (3,2)(1.2)

♦X0

L'(3-2)

Hence, axis of parabola parallel to X-axis.
fY

On solving Eqs. (ii) and (iii), we get 
k = 2

x
,-b .

J

-(ii)
••(iii)

x + 4=0,y-l = -3 
x ~ -4 , y = -2 

Focus of Eq. (i) is (-4, -2). 
and latusrectum = 4 a = 12.
Equation of axis of Eq. (iii) is X = 0 
:. Equation of axis of Eq. (i) is x + 4 = 0 
Equation of directrix of Eq. (iii) is

Y =3 ory-l = 3 
y-4 = 0

Equation of directrix of Eq. (i) is 
y - 4 = 0.

x + 4= 0,y-l=0 
x = - 4, y = 1 

Vertex of Eq. (i) is (-4,1).
Foucs of Eq. (iii) is (0, -3)
i.e. X=0,Y = -3
From Eq. (ii),

(y - k)2 = ± 4a (x - h) 
latusrectum = 7(3 - 3)2 + (6 + 2)2 = 8

4a = 8
a = 2

/. From Eq. (i),
(y-fc)2 = ±8(x-/i)

Since, (3,6) and (3, -2) lie on the parabola, then 
(6 - A:)2 = ± 8(3 - h) 

(-2 - k)2 = ± 8 (3 - h)

I Example 20 Find the equation of the parabola with 
its vertex at (3, 2) and its focus at (5, 2).

Sol. Let Vertex A (3,2) and focus is 5(5,2)
2-2Slope of AS = —- = 0, which is parallel to X-axis.

Y2 =-2aX
axis of its parabola is Y = 0 
or y + b = 0,
which is parallel to X-axis 
and vertex of Eq. (ii) is X = 0, y =0 

b2-c 
X-------------

2a 
b2 - c x =-------

2a
'b2 -c

< 2fl

I Example 21 Find the equation of the parabola with 
latusrectum joining the points (3, 6) and (3, -2).

-2-6Sol. Slope of (3,6) and (3, -2) is--------= since latusrectum
3-3

is perpendicular to axis. Hence, axis parallel to X-axis. The 
equation of the two possible parabolas will be of the form

...<i)

y2+2ax+2by+c = 0 represents a parabola whose axis 
is parallel to the axis of x. Find its vertex. 

Sol. The equation of parabola is

y2 + 2ax + 2by + c =0

(y + b)2 - b2 + 2ax + c = 0

(y + b)2 = -2ax + b2-c

(y + b)2=-2a x-------I 2a 
b2-c 

2a

The equation is of the form
(y-k)2 = 4a(x-h)

or (y - 2)2 = 4a (x -3)
as (h,k) is the vertex (3,2)

a = distance between the focus and the vertex
= 7(5 - 3)2 + (2 - 2)2 = 2

Hence, the required equation is
(y-2)2 = 8(x —3)

y2 -8x-4y-28 = 0.
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and

...(iv)

...(v)

Hence, length of latusrectum =...(i)

-(ii)
=$

Exercise for Session 1

■

I

12
19

[VC = 4] 
-(iii) 

[vC = 4]

From Eq. (ii),
16 = ±8(3-A), 
h=3±2 
4=5,1

Hence, values of (h, k) are (5,2) and (1, 2). 
The required parabolas are

(y-2)2 =8(x-5)

and (y-2)2 = -8(x-l).

1
19
12

1. The vertex of the parabola y2 + 6x - 2y + 13 = 0 is

(a) (-2,1)
(c) (1,1)

9 = A + B + 4 
A + B = 5

5 = 16A + 4B + C
5 = 16A + 4B+4 
16A + 4B = 1

4 A + B = -
4

On solving Eqs. (iii) and (iv), we get
19 „ 79 

A =----- , B = —
12 12

On substituting the values of A,B and C from Eqs. (ii) and 
Eq. (v) in Eq. (i), then equation of parabola is

19 2 79y =----- x + — x + 4
12 12

I Example 22 Find the equation to the parabola whose 
axis parallel to the Y-axis and which passes through 
the points (0, 4) (1, 9) and (4, 5) and determine its 
latusrectum .

Sol. The equation of parabola parallel to Y-axis is 
y = Ax2 +Bx + C

The points (0,4), (1,9) and (4,5) lie on Eq. (i), then 
4=0+0+C => C = 4 
9=A+B+C

<41,2]
(d)

12 2.

(b)(2,-1)
(d)(1,-1)

2. If the parabola y 2 = 4 ax passes through (3, 2), then the length of latusrectum is
1 2(aU <b)^
0 0

(0)1 (d)^

3. The value of p such that the vertex of y = x2 + 2px + 13 is 4 units above the X-axis is

(a) ±2 (b)4
(c) ±3 (d) 5

4. The length of the latusrectum of the parabola whose focus is (3,3) and directrix is 3 x - 4y - 2 = 0, is

(a)1 (b)2
(c)4 (d) 8

5. If the vertex and focus of a parabola are (3,3) and (-3, 3) respectively , then its equation is
(a) x2 - 6x + 24y - 63= 0 (b) x2 - 6x + 24y + 81= 0
(c)y2 - 6y + 24x - 63= 0 (d)y2 - 6y-24x + 81= 0

6. If the vertex of the parabola y = x2 -8x + c lies on X-axis, then the value of c is

(a) 4 (b)-4
(c) 16 (d)-16

7. The parabola having its focus at (3,2) and directrix along the Y-axis has its vertex at

(a)d^
(0-

A2 2.
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(b)(4,4)

(b)3y+ 2=0
(d)2y + 3=0

8. The directrix of the parabola x 2 - 4x - 8y + 12 = 0 is
(a)y = 0 (b) x = 1
(c) y = -1 (d) x = -1

9. The equation of the latusrectum of the parabola x2 + 4x + 2y = 0 is 
(a)3y-2=0 
(c) 2y - 3 = 0

10. The focus of the parabola x2 -8x + 2y + 7 = 0 is

41)
11. The equation of the parabola with the focus (3,0) and directrix x + 3 = 0 is

(a) y2 = 2x (b) y2 = 3x
(c)y2 = 6x (d)y2 = 12x

12. Equation of the parabola whose axis is parallel to Y-axis and which passes through the points (1,0), (0,0) and 
(-2,4), is
(a) 2x2 + 2x = 3y (b) 2x2 - 2x = 3y
(c) 2x2 + 2x = y (d) 2x2 - 2x = y

13. Find the equation of the parabola whose focus is (5,3) and directrix is the line 3x -4y + 1 = 0.

14. Find the equation of the parabola is focus is at (-6, -6) and vertex is at (-2, 2).

15. Find the vertex, focus, axis, directrix and latusrectum of the parabola 4y2 + 12x - 20y + 67 = 0.

16. Find the name of the conic represented by 1

17. Determine the name of the curve described parametrically by the equations
x = t2 + t + \y =t2-t + i

18. Prove that the equation of the parabola whose vertex and focus are on the X-axis at a distance a and a'from 
the origin respectively is y2 =4 (a'-a)(x - a).

19. Find the equation of the parabola whose axis is parallel to X-axis and which passes through the points (0,4), 
(1, 9) and (-2, 6). Also, find its latusrectum.

20. The equation ax2 + 4xy + y2 + ax + 3y + 2 = 0 represents a parabola, then find the value of a.
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+y

nX' ■x4

y2-4ax

'Y'
.2

...(i)

=>

=>

[from Eq. (i)]=>

Hence,

Remarks
1. The point (x1,y1) lies inside, on or outside y2 = -4ax 

according as y2 + 4ax, <,=,or>0
2. The point (x^y,) lies inside, on or outside x2=4ay according 

as x2 -4 ay, <, = ,or>0
3. The point (x^y,) lies inside, on or outside x2 = -4ay 

according as x2 + 4ay, <. = ,or >0

Parameteric Relation between 
the Coordinates of the Ends of 
a Focal Chord of a Parabola
Let y2 = 4ax be a parabola, if PQ be a focal chord.
Then, P =(atj,) and Q=(atl,2at2)

Since, PQ passes through the focus S(a,0).

Position of a Point (x1f yj with 
Respect to a Parabola y - 4ax
Theorem The point (xj, yx) lies outside, on or inside the 
parabola y2 = 4ax according as

2 -4axi >, =, or<0.

Proof Let P(xj, yx) be a point. From P draw PM A. AX 
(on the axis of parabola) meeting the parabola y2 = 4ax at 
Qlet the coordinate of Q be (xj, y2).

PM

Position of a Point (xq, y-|) with respect to a Parabola y2 = 4ax, 
Parametric Relation between the Coordinates of the Ends of a Focal 
Chord of a Parabola, Intersection of a Line and a Parabola, Equation of 
Tangent in Different Forms, Point of Intersection of Tangents at any 
Two Points on the Parabola, Equation of Normals in Different Forms, 
Point of Intersection of Normals at any Two Points on the Parabola, 
Circle Through Co-normal Points

I Example 23 Show that the point (2, 3) lies outside 
the parabola y2 =3x.

Sol. Let the point (h, k) = (2,3)
Wehave, k2-3h = 32-32 = 9-6=3>0

k2 - 3/i > 0

This shows that (2,3) lies outside the parabola y2 = 3x.

I Example 24 Find the position of the point (-2,2) with 
respect to the parabola y2 - 4y + 9x +13 = 0.

Sol. Let the point (h.fc) = (-2,2)
We have, k2 - 4k + 9h + 13 = (2)'

- 4 (2)+ 9 (-2) +13 = 4-8-18 +13=-9 <0
Hence, k2 - 4k + 9h + 13 < 0
Therefore, the point (-2,2) lies inside the parabola 

y2 - 4y + 9x + 13 = 0.

Since, Q (xj, y2) lies on the parabola

Ti = 4ax

then, y2 = 4axx

Mow, P will be outside, on or inside the parabola y2 = 4ax 
according as

PM >, =, or <QM

(PM)2>, = ,or<(QA4)2 
2 2yt >, = ,or<y2 

2 >, = ,or <4axx

y2 -4aXj >, = ,or <0
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Remark
[•/ AMS GM]p (ati2.2ah)

■XA S (a, 0)

2

=>

...(i)

which is required relation.

and

extremity (a/2.2a/2) becomes Y
4

J L

■X
d S (a, 0)

N L'J

[Replacing t by —1/1]

and
p (at2.

Mj 2

>XA S (a, 0)

2
2

-2a 
t

I— 1 t )

2tl _ 

FT

Q

(i-f)

Q,S,P are collinear.
♦Y

(Q.Q)
A

Pfat2, 2at)

a(l + t2) 
~e~~

fc2 =

t + - S2foralir*0 
t

f 2 1 n I I 1= a|r+ —+ 2| = a|t + - 
t

2^2
t2 -1

+ 
X

Length of latusrectum LL'= 4a.

.*. Semi-latusrectum = - (4a) = 2a. 
2

If sections of focal chord are kx and k2,
then, kx = SP = PM = a + at2 = a(l + t2)

(;2=SQ = QN = a + 4 = r

Remarks
1. The length of focal chord having parameters/, and Z2 for its 

end points isa(/2-f,)2.

2. If /, and /2 are the length of segments of a focal chord of a 

parabola, then its latusrectum is
/, + /2

I Example 26 Prove that the semi-latusrectum of the 
parabola y2 = 4ox is the harmonic mean between the 
segments of any focal chord of the parabola.

Sol. Let parabola be y2 = 4ax
If PQ be the focal chord, if

9 IdP = (at2,2at), then Q = —,
U

.*. Harmonic mean of kx 
2fc,/cz 

ft, + k2 
2 

1 1 ----- — 
fc2 kl 
2
Y = 2a = Semi-latusrectum. 

a

ii
co+
X__

Z

Remark
If one extremity of a focal chord is (at2,2a/,) then the other 

a 2a Y .. fire n 
—, - — by virtue of relation Eq. (i). 
Y J

t2 t 1 
a(l + t2) a(l + tz)

I Example 25 If the point (at2,2at) be the extremity of 
a focal chord of parabola y2 = 4ox then show that the 

/ iV 
length of the focal chord is o t+ - .

k t)
Sol. Since, one extremity of focal chord is P(at2,2at), then the

other extremity is Q| —
V t

J

( iY a / + 2 >4a
I t)

Length of focal chord > latusrectum i.e. The length of 
smallest focal chord of the parabola is 4a. Hence, the 
latusrectum of a parabola is the smallest focal chord.

Slope of PS = Slope of QS
2atx -0 _0-2at. 

2 2afj -a a-at2

‘l =
t,t2(i2-rl)+(t2-ti)=o

t2-t1*0 or tjtjj+lsO 

--it^t2 =-l or

.'. Length of focal chord = PQ
= SP + SQ [v SP = PM and SQ = QN]
= PM+ QN

2 a= at + a + — + a 
t2

1
t2
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d2 = „.(i)

The other end of the focal chord is Q —, -

2

=>
-(H)

-(H)=>
From Eqs. (i) and (ii), d2 -

PJat2, 2at)
J

-Xd S (a, 0)
/

N J

(x-a)=>

or

=>

d =

-(i)

[••• *1'2 = " 1]

Intersection of a Line and a 
Parabola

2a 
t

—(i) 

••■(ii)

- i 1
- = | t + - 

t

Condition of tangency
If the line Eq. (ii) touches the parabola Eq. (i), then Eq. (iii) 
has equal roots

Discriminant of Eq. (iii) = 0

=> (-4a)2-4m-4ac =0

= M = 
(t2 + i)

4a

1 t + -
t

2a
1
t

(0.0)
A

qM
ii

+
X___

Z

. I 1 => I = a t + - 
( t

2

~2

PQ = a(4cot2a +4)
2

= 4a cosec a.

4a3
I

4a2
(//a) =

, 4aJ ,1
I —----- => / “ —

d2 d2
Le. the length of the focal chord varies inversely as the 
square of its distance from vertex.

I Example 27. Show that the focal chord of parabola 
y2 = 4ox makes an angle a with the X-axis is of length 
4a cosec 2a.

Sol. Let P(at2,2atl) and Q(at2,2at2) be the end points of a 
focal chord PQ which makes an angle a with the axis of 
the parabola. Then,

PQ = a (^2 — ^i)
= a[(f2+ti)2"4t1t2]

= a[(t2 + ti)2 + 4]

tana = slope of PQ 
_ 2at2 — 2atj 

at2 -at2

2 
tana =--------

'2 + *i
t2 + t] =2cota

On substituting the value of t2 + r, from Eq. (ii) in Eq. (i), 
then

I Example 28 Prove that the length of a focal chord of 
a parabola varies inversly as the square of its distance 
from the vertex.

Sol. Let P(at2,2at) be one end of a focal chord of the parabola 
y2 = 4ax. The focus of its parabola is S(a,0).

+r Let the parabola be 

and the given line be

On eliminating x from Eqs. (i) and (ii), then

y2 = 4a

y2 = 4ax 

y =mx +c

(|-f)
Equation of focal chord is (i.e. equation of PS) 

„ 2at - 0 . .
y - o = —2— (x -

at1 - a 
2t

(t2 -l)y = 2tx-2at

2tx-(t2 - l)y-2at = 0

If d be the distance of this focal chord from the vertex (0,0) 
of the parabola y2 = 4ax, then

10 - 0 - 2at |

7(2t)2 +(t2 -I)2

=> my2 - 4ay + 4ac =0 ...(iii)

This equation being quadratic in y, gives two values of y, 
shows that every straight line will cut the parabola in two 
points may be real, coincident or imaginary according as 

discriminant of Eq. (iii) >, = < 0 

i.e. (-4a)2-4-m-4ac>, =,<0 or a-mc>,=,<0

a >, =, < me

I
a

a

If length of focal chord = PQ - (I say) 
I = PQ = PS + SQ = PM + QN 
, 2 aI = at + a + — + a 

t2

l = a t2 +-^ + 2 
t2

2
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and

= a

parabola y2 = 4ax.

or

and point of contact is ——
m

i.e.

—(i)or or

a 
mx = —

m

Substituting the value of x from Eq. (i) i.e. x =

Eq. (ii), then
(we should not substituting the value of y from Eq. (i), in 
Eq. (ii) since y is quadratic, substituting the value of x since 
x is linear).

=>
=>

Sol. The given line is lx + my + n = 0
I ny=--x-- 
m m

Comparing this line with y - Mx + c

n + myy2 - 4a -

I Example 30 Show that the line xcosa + ysina=p 
touches the parabola y2 = 4ox, if pcosa + osin2a = 0 
and that the point of contact is (otan2a,-2otana).

Sol. The given line is
xcosa + ysina = p

=> y = -xcota + pcoseca
Comparing this line with y = mx + c.

m = - cot a and c = p coseca 
since, the given line touches the parabola 

ac = — or cm = a 
m

(p coseca )(-cota) = a 
asin2a + pcosa = 0

. ( a 2a A 
m J

Aliter:
Given line 
and the parabola

Remark
If m=0, then Eq. (iii) gives

0-4ay + 4ac=0
=> y = c
which gives only one value of y and so every line parallel to 
X-axis cuts the parabola only in one real point.

=> ly2 + 4amy + 4an - 0 .. (iii)
Since, Eq. (i) touches the parabola Eq. (ii), then roots of 
Eq. (iii) must be coincident and condition for the same is 
B2 = 4AC, 

i.e.,

a 
or x = —

m2
f a 262

Hence, the point of contact is —, — ,(m 0) this 
\m2 mJ

known as m-point on the parabola.

The point of contact Substituting c = — in Eq. (iii), then 
m

I Example 29 Prove that the straight line 
lx + my + n = 0 touches the parabola y2 = 4ox, if 
In = om2.

lx + my + n = 0
y2 = 4ax

a
c = —,m #0 

m

So, the line y = mx + c touches the parabola y2 - 4ax if

c = — (which is condition of tangency).
m

Substituting the value of c from Eq. (v) in Eq. (ii), then
ay =mx +—,m *0 
m

Hence, the line y = mx + — will always be a tangent to the 
m

m
In - am2

.. I . n.. M - ----- and c =-------
m m

The line Eq. (i) will touch the parabola y2 = 4ax, if
a 

c = — => cM = a
M
n
m

2 (a\
my -4ay + 4a — =0 W

m2y2 - 4amy + 4a2 = 0

(my -2a)2 =0 

my - 2a = 0 
2a

y=— m
» 62
; Substituting this value of y in y = mx + — 

• m
2a a

:. — = mx + —
m m

(4am)2 = 4-l4an 

am2 = In

In = am2

[ a 2a j
Vcot2a’ cot a J

(a tan2 a, -2a tana)

-(ii)

-2±^in
I

a 2a
2 ’
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I Example 32 Find the equations of the straight lines

tent(i)

X0

reduces to

Y = m 1-

...(iv)Y ==>

...(ui)

=>

(i) [gives the imaginary values]

-(ii)

in Eq. (ii), then

-(iii)or

=3

4al 
m

Equation of Tangent in 
Different Forms

L *1 m 1 + - =I IJ

l + b- =-a 
IJ

...(i)
•••(ii)

•••(ii)
••(iii)

m

The line Eq. (iv) will touch the parabola Eq. (iii), if 
a 
mA
7J

( bX + m 1 + —
I I

and
The parabola Eq. (ii) is y2 = Sax

or y2 = 4(2a)x
Equation of tangent of Eq. (ii) is

2a y = mx + — 
m

= 4aJ/ 1-— + />■
( mJ

= 2a2

2 or m x - my + 2a = 0
It is also tangent of Eq. (i), then the length of perpendicular 
from centre of Eq. (i) Le. (0, 0) to Eq. (iii) must be equal to

0052°!^

2^ + (/ + l>) = o 
m

al2 + m2(l + b) = 0

m2(l + b) + al2 =0

y2

m
T

m2(l + b) + al2 =0

x2 + y2 = 2a2 

y2 = Sax

touching both x2 + y2 = 2a2 and y2 = 8ox.
So/. The given curves are

y

y2 + y - 4a(l + b) = 0 
m

Since, the line Eq. (i) touches the parabola Eq. (ii), then the 
roots of Eq. (iii) are equal.

2
I -4*1 {-4a(l + h)} = 0

1. Point Form:
To find the equation of the tangent to the parabola 
y 2 = 4ox at the point (x^, yt).

(First Principal Method) Equation of parabola is 
y2=4ax ...(i)

Let P ^XpyJ andQ =(x2,y2)be any two points on 
parabola (i), then

Aliter:
The given line and parabola are

i + Z = l
I m

and y2 = 4a(x + b)
respectively substituting the value of x from Eq. (i)

I mJ

the radius of Eq. (i) i.e. a^2.

,l°-0 + 2al =aJl ~
7(m2)2 + (-m)2

m4 + m2 - 2 = 0

(m2 + 2)(m2 -l) = 0

m2 + 2*0

m2 - 1 = 0
m = ± 1

Hence, from Eq. (iii) the required tangents are 
x ± y + 2a = 0.

4a2 
m4 + m2

x yI Example 31 Prove that the line - + — = 1 touches the 
/ m 

parabola y2 = 4a(x + b), if m2(/ + b)+ al2 =0.
Sol. The given parabola is 

y2 = 4a(x + b)
Vertex of this parabola is (-b, 0).
Now, shifting (0, 0) at (-b, 0), 
then, x = X + (-b) and y = Y + 0 
or x + b = X and y = Y
From Eq. (i), Y2 = 4aX

x V and the line — + — = 1
I m 
X-b Y -------+ — = 1

I m
X-b\

I J
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-(ii)

-(iii)and

(x-Xi) ...(v)y-yi

•••(vi)

(i)

[from Eq. (ii)]

2

■ yby

•(ii)

2

4a

y2 + 7i

Tangent at(xv y,) 

yy1=2a(x + x1) 

yy, = -2a(x + x1) 

xx1 =2a(y + y,) 

xxy = -2a(y+y1)

2. Parametric Form:
To find the equation of tangent to the parabola y2 = 4ax 
at the point (at2,2at) or ‘f.

Since, the equation of tangent of the parabola y2 = 4ax at 
(xi.yjisyyi =2a(x + x1) ...(i)
replacing X] by at2 and yj by 2at, then Eq. (i) becomes 

y(2at) = 2a(x + at2) => ty = x+at2

a x. = —1 2m
Substituting the values of Xj and in Eq. (i), we get 

a y =mx + — 
m

Thus, y = mx + — is a tangent to the parabola y2 - 4ax, 
m

where, m is the slope of the tangent. z x 
The coordinates of the point of contact are —, — . 
Comparing Eq. (ii) with y = mx + c, 

a 
c = — 

m
which is condition of tangency.
when, y = mx + c is the tangent of y2 = 4ax.

mJ

2 
yy} =2ax +yj -2ax}

yy} = 2ax + 4ax} -2axx 
yyx =2ax +2ax, 
yyx =2a(x + x1),

which is the required equation of tangent at (Xj, y,).

3. Slope Form:
To find the equation of tangent and point of contact in 
terms of m(slope) to the parabola y2 = 4ax.

The equation of tangent to the parabola y2 = 4ax at 

(xpyjisyyi =2a(x + Xj).
Since, m is the slope of the tangent, then

2a 2a
m=— => yj = —

7i ™
Since, (xb yj) lies on y2 = 4ax, therefore

2 4a2
7i =4ax, => — = 4ax,

m

2
7i =4aXi

y2 = 4ax2

Subtracting Eq. (ii) from Eq. (iii), then 
?2 ~y2i = 4a(x2 "*i) 

y2 ~7i _

Equation of PQ is

Remarks
1. The equation of tangent at (xv y,) can also be obtained by

replacing x by xxv y by yyv x by 1, y by 7 1 and xy by

-^1 + *1/ an(j wjthout changing the constant (if any) in the
2

equation of curve. This method is apply only when the 
equations of parabola is polynomial of second degree in x 
andy.

2. Equation of tangents of all standard parabolas at (x1t y,).

Equations of Parabolas

y2 = 4ax

y2 = -4ax

x2 = 4ay_____________

x2 = - 4ay 

Remark
The equations of tangent of all standard parabolas at T.

Equations of Parametric Tangent
____ Parabolas coordinates ‘f at‘t’ 

y2=4ax (at2,2at) ty = x + at2

y2 = -4ax (~at2,2at) ty=-x + at2

x2 = 4ay (2at,at2) tx=y + at2

x2 = -4ay (2at,-at2) tx = -y + at2

_y2 -71 
x2 -Xj

From Eqs. (iv) and (v), then
4a 

7~7i =-----------(*“*i)
72 +7i

Now, for tangent at P, Q -» P, i.e. x2 —> xx and y2 —» yj, 
then Eq. (vi) becomes

7-71 =-—(x-Xi) =» yyx-yx=2ax-2axx 
271

4a
2

a 2a
„2 ’
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y2=4ax

y2 = - 4ax

(y~k)2=-4a(x-h)

(h + 2am,k-am2)

Qs(atl,2at2).

[GOA rule]O A...(i)are

and ...(ii)

i.e.

X' o X I Example 33 Find the equation of the common

—(0

(atlt2,a(tl +t2)).

Point of Intersection of 
Tangents at any two Points on 
the Parabola

(atits, a(f 1 + fj))

a c = —
m

(x~h)2 = 4a(y-k)

(x-h)2 =-4a(y -k)

x1 = 4ay

x2 = - 4ay

(y ~ k)2 = 4a(x - h) , , a c + mh-k-\—
m

, , a y = mx-mn + k + — 
m

Let the parabola be y2 = 4ax 

let two points on the parabola are

P = (atj,2atj) and 

Equation of tangents at P (at2,2atx) 

and

. . a c + mh = k----
m

Remembering Method:

G

tangents to the parabola y2 = 4ox and x2 =4by.
Sol. The equation of any tangent in terms of slope (m) to the 

parabola y2 = 4 ax is

a 
y = mx + —

m
If this line is also tangent to the parabola x2 = 4 ay, then Eq. (i) 
meets x2 = 4by in two coincident points.

— fl(tj +t2)i.e. at

AM of2atj and 2at2 

2atx +2at. 

2

GM of at2 and at2

Remarks
1. The geometric mean of the /-coordinates of P and Q 

(i.e. xat2 = at.t2) is the /-coordinate of the point of 
intersection of tangents at P and Q on the parabola. If P and 
Q are the ends points of focal chord, then /-coordinate of 
point of intersection of tangents at P and Q is (—Z2).

2. The arithmetic mean of the y-coordinates of P and 0
(i.e. ?a-' ^at.Z = a(ty + t2)^is they-coordinate of the point of 

intersection of tangents at P and 0 on the parabola.

Q (a^2> 2^2 ) 

t^y = x + at2 

2 
t2y = x + at2

Y'

On solving these equations, we get x = atxt2, y = a(tx +12) 

Thus, the coordinates of the point of intersection of 
tangents at

(aipZatj) and (at2,2at2) are

c+ mh = k-am2

c + mh = k + am2

ay = mx----
m
_2y = mx — am

2y = mx + am

, . ay = mx-mh + k----
m

y = mx - mh + k-am2

y = mx -mh + k + am2

a 
c =-----

m 

c=-am2 

c = am2

( a 2a ]
2 ’ I k m mJ_____

(2am,am2)

(2am,-am2)

f. a , 2a h + — ,k+ — \
k m mJ
(, a . 20^ 
h---r.k+ —
km mJ
(h + 2am,k + am2)

a 2a 
^'m

Remark

Tne equation of tangent, condition of tangency and point of contact in terms of slope (m) of all standard parabolas.

Equation of parabolas Point of contact in terms of Equation of tangent in terms of Condition of tangency
slope (m)slope (m) 

a y = mx+ — 
m
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and

y
ft

(-4bm)2 = 4-1Le„

■X

or
,1/3

0s

=>

...(v)

[from Eq. (ii)]

= c

or 
and 
Now,

••(*)

■(ii)

I Example 34 The tangents to the parabola y2 =4ax 
make angle 0, and 02 with X-axis. Find the locus of 
their point of intersection, if cot©, +cot02 = c .

Sol. Let the equation of any tangent to the parabola y2 = 4ax 
is

Remark
Locus of the point of intersection of the perpendicular tangents 
to the parabola y2 - 4ax is called the director circle. Its equation 
is x + a = 0, which is parabola’s own directrix.

mx + — 
m

!

••■(ii)
(given)

on the parabola

,2/3hl/3

I Example 35. Show that the locus of the points of 
intersection of the mutually perpendicular tangents to 
a parabola is the directrix of the parabola.

=> yj = ac
The required locus is y = ac, 
which is a line parallel to X-axis.

Sol. Let the points P(at2,2atx) and Q(at2, 2at2) 
y2 = 4 ax tangents at P and Q are 

ty = x + at2 
2 

t2y = x + atz

2 = 4 by, we get

y = mx + (a/m) ...(i)
Let (xp yj be the point of intersection of the tangents to 
y2 = 4ax, then Eq. (i) passes through (xp yj.

y, = mx, + (a / m)
or m2Xj - myx + a = 0
Let mx and m2 be the roots of this quadratic equation, then 

m, + m2 = y, / x, and m1m2 = a I x, 
tanOj + tan02 -yj x\ 

tan0,tan02 = a/ xx 
cot0j + cot02 = c 

1 1

Substituting the value of y from Eq. (i) in x 
x2 = 4/^

2 .i nx - 4bmx-------= 0
m

The roots of this quadratic are equal provided
B2 = 4AC

-4ab^
m

16b2m3 + = 0, m 0

m3 =-a/b

m = — a lb
Substituting the value of m in Eq. (i) the required equation is 

a1/3 ufe1/3

<i,',x + t,'3y + ?'Iiz'3=0

v Point of intersection of these tangents is (atxt2, o{tx +12)) 
Let this point is (h,k),
then, h = atjt2 ...(iii)
and k = a(tx +12) ...(iv)

Slope of tangents Eqs. (i) and (ii) are — and —, respectively.
t, t2

Since, tangents are perpendicular, then

*1 *2

or t1t2 = -1
From Eqs. (iii) and (v), we get

h =-a or h + a = 0 
Locus of the point of intersection of tangents is

x + a = 0 
which is directrix of yz = 4ax. 
Aliter:
Let the equation of any tangent to the parabola y2 = 4ax is 

y = mx + a/m ...(i)
Let the point of intersection of the tangents to y2 = 4ax 
then, Eq (i) passes through (xp y,).
:. yt = mxj + al m

2or m Xj - myj + a = 0
Let mp m2 be the roots of this quadratic equation then 

mxm2 = a / Xj = -1
[since, tangents are perpendiculars] 

=> a + Xj = 0
Locus of the point of intersection of tangents is 

x + a = 0 which is directrix of y2 = 4ax.

-------+ —----- --  c 
tan0] tan02
tan0, + tan0, --------- 1---------------£ - c

tan0jtan02

yJxi
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T

and

X' ■X

>Y'

...0)

i.e.

...(iii)

or

l(G -*2)3I-

XX! = 2a(x + Xj)

1. Point Form: To find the equation of the normal to 
the parabola y 2 = 4ax at the point (xt, 34).

Since, the equation of the tangent to the parabola y2 - 4ax 

^(xpyjis

1
2

Remarks
1. The equation of normal at (x1t y,) can also be obtained by 

this method

(at^. afti+tg)

are

...(i)
...(H)

Equations of Normals in 
Different Forms

^2

Expanding with respect to first row
= 1 0(^2 "h2) 2a(t2 -tj 

2 at^t2 ~ h) a^2 ~ fi) 
t2+t, 2 

h 1

= 7fl2^-^)2Kf2-OI

x2 = 4ay

y2=-4ax

Area of APQ/? = |

x2=-4ay

2(G“h)2

,2 2^ 

p/

^l-f2)2l(h-G)l

I Example 36 The tangents to the parabola y2 =4ox 
atP(at12,2otl) and Q(ot2,2ot2) intersect at R. Prove 
that the area of the APQR is a2 Kt, —12)|3.

Sol. Equations of tangents at P(at2,2atl) and Q(atl,2at2) 

t{y = x + at2 
t2y = x + at22

Since, point of intersect of Eqs. (i) and (ii) is

The slope of the tangent at (x j, y t) = 2a / y x
Since, the normal at (xj.y,) is perpendicular to the 
tangent at^.y,).

Slope of normal at (Xj.yj ) = -)/!/2a
Hence, the equation of normal at (Xj, y j) is 

y-X = -^-(x-x1).
2a

x-x1 _ y-y, 
Jx, + hy} + g hx} + by}+f

aY.b.g.f.h are obtained by comparing the given parabola with 
tfx2 + 2hxy + by2 + 2gx + 2fy + c=0 ...(ii)

and denominators of Eq. (i) can easily remembered by the 
first two rows of this determinant 

a* h g 
h b f 
g f c

Since, first row a'(x1) + h(y}) + g(1) 
and second row, h(x,) + b(y,) + /(1)
Here, parabola y2=4ax 

or y2-4ax=0

Comparing Eqs. (ii) and (iii), then we get 
a'=O,b=l,g = -2a/7=O,f=0

From Eq. (i). equation of normal of Eq. (iii) is 
x-*i _ y~Yi 

0 + 0-2a 0+y,+0 

y-yi=-A(x-x,) 
2a

2. Equations of normals of all standard parabolas at (xt y).

Equations of Parabola Normal at (x,, y,) 

y2=^ y_yi=_A(,_Xl)

y-y,=^-(x-x,) 
______2a____________

2a, .y-y,=-----(x-x,)
___________*i  

2a, .y-y1= — (x-Xi) 
*1

Applying R2 —> R2 - Rx and R3 —> R3 - R^ 
2 

ati 2at{ 1
a(t22-t2) 2a(t2-t1) 0 
ah(^2 ~ ^1) a(^2 ~ h) ®

2atj 1
2at2 1

1 = - a
2
1
2
1 = - a
2

= -a2
2
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.(i)y-yi =

then,—(0

or

3

Equation of parabolas

(y-A)2 = 4a(x-h)

(y-A)2 = -4a(x-h) (h-am2,k + 2am)

(x-h)2 = 4a(y-A)

Remark
The equations of normals of all standard parabolas at't'

Equations of 
Parabolas

which is condition of normality when y = mx + c is the 
normal ofy2 = 4ax.

Remark
The equations of normals, point of contact and condition of normality in terms of slope (m) of all standard parabolas.

The equation of normal to the parabola y2 = 4ax at

Normals 
at *f

2. Parametric form:
To find the equation of normal to the parabola y2 = 4ax 
at the point (at2,2at) or f.

Since, the equation of normal of the parabola y2 = 4ax at

3. Slope form:
To find the Equation of normal, condition for 
normality and point of contact in terms of m (slope) to 

n

the parabola y = 4ax

Parametric 
coordinates ‘f

(at2,2at)

(-at2,2at)
(2at,at2)
(2at,-at2)

y = mx-2a—5 
m

c = -2a—? 
m

i Ln 3 
c = k-mh + 2a + —x 

nr

y-k=m(x-h)
-2am-am3

y-k = m(x-h)
+ 2am+am3_____

y-k = m(x-h)

+ 2a + -^
m

Condition of 
normality 

c=-2am-am3_____

c=2am+ am3 
n 3 c=2a + —x 

nr

Equation of normals in 
terms of slope (m) 

y=mx-2am-am3_______
y = mx + 2am + am3 

n 3 y = mx + 2a + —x 
m

y2 = 4ax

y=-4ax
2

x = 4ay

y2=4ax 

y2=-4ax 

x = 4ay 

x2=-4ay

n
x = -4ay

c=k-mh + 2am+am3

c = k-mh-2am-am3

~Ta{X-X'}
Since, m is the slope of the normal,

y, m - ------ => y. =-2am
2a

Since, (x j, y;) lies on y2 = 4ax, therefore 

y2i =4^!

=> 4a2m2

Point of contact in terms of 
slope (m)

(am2,-2am)______________

(-am2,2am)______________

f 2a a A
I m'm2)
(2a _ 3
Im' m2)
(h + am2, k-2am)

= 4axj

Xj = am2

On substituting the values of x, and y} in Eq. (i) we get 
y +2am = m(x - am2)

y + tx =2at + at3 

y -tx=2at + at3 

x + ty=2at + at3 

x-ty=2at + at3

, 2a , 3
h----- ,k + —~

m m .

y=mx-2am-am3 ...(ii)

Thus,y =mx -2am-am3 is a normal to the parabola 
y2 = 4ax, where m is the slope of the normal. The 
coordinates of the point of contact are (am2,-2am) 

On comparing Eq. (ii) with 
y = mx + c 
c=-2am-am

y i 
y-yi =-il(x-x1) 

2a

Replacing x, by at2 and y ] by 2at, then Eq. (i) becomes 
y -2at = -t(x - at2) 
y + tx =2at +at3
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■y

R
AX' ■X

and

=>

y2 = - 4ax y - tx = 2at + at3

[•••/, *t2]
2

‘3, then 
t3 = -(tf + t2) and the line joining ty and t2 passes through a 
fixed point (—2a.O).

or
2. If the normals to the parabola y2 =4ax at the points 4 and t 

intersect again on the parabola at the point t

Since, it meet the parabola again at Q(at2,2a t2), then 
Eq. (i) passes through Q(at%,2at2).

2at2 +2atx + at3

=> 2a(t2-t1) + at1(t22-t?)=0

=> a(t2-t1)[2 + t,(t2+t1)] = 0
a(t2-f,)*0

[v tj and t2 are different]
2 + ti(t2 +tj)=O

Let the parabola be y2 = 4ax.

Let the points on the parabola are

P = (at],2at1) and

Y'

Equations of normals at P(at2,2at^) and Q(at2,2at2) are 

y = -t1x4-2at1 +atf 

y =~t2x + 2at2 +at2
On solving Eqs. (i) and (ii), we get

x = 2a + a(t2 + t2 +tit2) and y = -atlt2(tl +t2) 

If R is the point of intersection, then 
R»[2a+a(t* + t2 + t1t2),-at1t2(t, +t2)] 
(Remember)

Point of intersection of normals at and t
Parabola Equation of normal 

__________at any point ‘f 
/ = 4ax y+tx=2at + at3

Point of Intersection of 
Normals at any Two Points on 
the Parabola

--------------------------- 1 anu i 2

Point of intersection of 
____ normals at and t2____  
(2a + a(t2 + rp2 + tf), 
_________ + t2)) 
(~2a - a(t2 4-txt2 + t2), 
__________ atfc(tx + r2)) 
(-0/^(4+r2), 2a

+ ^(t2 + ^2+zi))

(a'lGOi + t2),-2a
-a(rf + rIr2 + r22))

r2 = -4ay x-ly= 2at + at3

? = 4ay x + ty=2at + at3

Q=(at22,2at2).

Remarks
1. If normals at 7,’ and 72‘ meets the parabola y2 =4ax at 

same point, then t/2 =2.
Proof Suppose normals meet at' T’, then

T f 2 , 2I =“li - — = ~tn ~ —1 t, 2 f2

(1 1)

V2 *1J

^2=2

Relation between't/ and 't2' if Normal 
at't,' meets the Parabola Again at ‘t2
Let the parabola be y2 = 4ax, equation of normal at

P(atp2atj) is
-1

y = -t}x + 2atj +ati

I Example 37 Show that normal to the parabola 
y2 = 8x at the point (2, 4) meets it again at (18, -12). 
Find also the length of the normal chord.

So/. Comparing the given parabola (i.e. y2 = 8x) with 
2 y = 4ax.

/. 4a = 8 => a = 2
Since, normal at (xp y,) to the parabola y2 = 4ax is

y-yi = - 
2a

Here, xx = 2 and = 4.
/. Equation of normal is

y-4 = -i(X-2)
4

t2=-h-^
*1
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y

Y
X' A

P.

■XA

...(i) e

r
=>

If 8 be the angle, then

tan 8 =

+ 1
[from Eq. (ii)]

[from Eq. (i)]

8 = tan

•0)

3

(i)
4a
3a

4
3

t,

2

By given condition, 2atx = at2 
tj = 2 from Eq. (i), t2 = - 3 

then, P(4a, 4a) and Q(9a, - 6a) 
but focus S(a, 0).

Slope of SP =

Sol. Let the normal at P(at2, 2att) be 

y = - t,x + 2atj + at]3. 

/. tan 0 = - tj = slope of the normal,
4a-0
4a - a

tan<|)
2

I Example 38 Prove that the chord
y - xV2 + 4 a 72 = 0 is a normal chord of the 
parabola y2 = 4ax. Also, find the point on the parabola 
when the given chord is normal to the parabola.

Sol. We have, y - x^2 + 4a^2 = 0

i.e., y = xji - 4aJ2 ...(i)

Comparing the Eq. (i) with the equation y = mx + c, then 
m = y/i, c = - 4a7i

Lktl 
t2 - tj

Now, angle between the normal and parabola
= Angle between the normal and tangent at Q 

(i.e. t2y = x + at2)

I Example 39 If the normal to a parabola y2 =4ox, 
makes an angle 0 with the axis. Show that it will cut 

the curve again at an angle tan

-A

ff»i - m2 _ 

1 + mxm2

it meet the curve again Q say (at2,2at2).
2

*2 ~ *1 ~
‘1

0 (at/. 2at2>

I Example 40 Prove that the normal chord to a 
parabola y2 =4ox at the point whose ordinate is equal 
to abscissa subtends a right angle at the focus.

Sol. Let the normal at P(atf, 2atJ meet the curve at Q(at2at2).
:. PQ is a normal chord

and

1- tan©
2

1 12 tanj‘

,2 2^7

2
*2 ~ A

‘1

=> y-4=-x+2
=> x + y-6 = 0
On solving Eq. (i) and y2 = 8x, 

then, y2 = 8(6 - y)

y2 + 8y - 48 = 0
(y + 12)(y - 4) = 0

y = -12 and y = 4 
then, x = 18 and x = 2.
Hence, the point of intersection of normal and parabola are 
(18, -12) and (2,4), therefore normal meets the parabola at 
(18,-12) and length of normal chord is distance between 
their points

= PQ = 7(18-2)2 + (—12 —4)2 = 16^2

2

-7-1 _ 
Jl+tf 
I '1 >

1

-f>(r

Since, -2am - am3 = - 2a>/2 - a( V2)3

= -2a4i - 2ajl = -4a^= c

Hence, the given chord is normal to the parabola y2 = 4ax.

The coordinates of the points are (am2, - 2am) i.e.
(2a,-2^2a).
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tr

■xX' A

Q (af22, 2at2)

and slope of SQ -

Co-normal Points

(0)2- h -2a >0>0 =>

X' X0 P (h.k)

C

Y

Remark
For a=1 normals drawn to the parabola y2=4xfrom any point 
(A A) are real, if h>2.

Y 
-6a-0
9a - a

2 23^

In general three normals can be drawn from a point to a 
parabola and their feet, points where they meet the 
parabola are called conormal points.
Let P (h, k) be any given point and y2 = 4ax be a parabola.

The equation of any normal to y2 = 4ax is
y = mx -2am - am

Y

ZPSQ = n/2
i.e. PQ subtends a right angle at the focus S.

I Example 41 If the normal to the parabola y2 =4ox 
at point t, cuts the parabola again at point t2, prove 
that t2 =8.

So/. A normal at point t{ cuts the parabola again at t2. Then,
2 2t2=-tl-- => t12+t1t2+2 = 0
*1

Since, t1 is real, so (t2 )z - 4 • 1 • 2 > 0
=> t22 > 8

m2,m(for any values of mt, m2, m3) 

(m1m2 + m2m3 + m3mI)>0

= 0,
(2a - h)

a
k mlm2m3 =-— 
a

Hence, for any given point P (h, k), Eq. (i) has three real or 
imaginary roots. Corresponding to each of these three 
roots, we have one normal passing through P (h, k). 
Hence, in total, we have three normals PA, PB and PC 
drawn through P to the parabola.
Points A, B, C in which the three normals from P (h, k) 
meet the parabola are called co-normal points.
Corollary 1 The algebraic sum of the slopes of three 
concurrent normals is zero. This follows from Eq. (ii).
Corollary 2 The algebraic sum of ordinates of thefeets of 
three normals drawn to a parabola from a given point is 
zero.
Let the ordinates of A, B, C be yt, y2, y 3 respectively, then 

yj = -2amx,y2 = -2am2 andy3 =-2am3 
Algebraic sum of these ordinates is

71 +?2 +y3 =~2am1 -2am2 -2am3
= -2a (m1 +m2 + m3)
= - 2a x 0 [from Eq. (ii)]
= 0

Corollary 3 If three normals drawn to any parabola 
y2 = 4ax from a given point (h, k) be real then h > 2a.

When normals are real, then all the three roots of Eq. (i) 
are real and in that case

m2 +m2 +m3 >0

=> (mx +m2 + m3)2 -2

2 (2a - h)
a

h>2a

This is a cubic equation in m, so it has three roots, say 
7771,t?72 andm3.

m, + m2 + m3

If it passes through (h, k), then

k = mh-2am-am

=> am3 +m(2a -h) + k=0

6a 3— — — —
8a 4
4 3v Slope of SP x Slope of SQ = — x---- = -1

Corollary 4 If three normals drawn to any parabola 
y2 = 4ax from a given point (h, k) be real and distinct, then 
27ak2 <4(h-2a)3

Let f(m) = am3 +m(2a-h) + k

mlm2 +m2m3 +m3mx =
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and P = -a = ■(>)

Now,

.(iv)and
<0

2

<0

and

(2a - h) + k = 0+a

3Now,

=>

/. Centroid of AABC is

•(i)=>

-(ii)

k_
2a

+ (2a -h) 
J

I Example 42 Show that the locus of points such that 
two of the three normals drawn from them to the 
parabola y2 = 4ax coincide is 27 ay1 = 4 (x-2o)3.

Sol. Let (h, k) be the point of intersection of three normals to 
the parabola y2 = 4ax. The equation of any normal to 
y2 = 4ax is

h -2a
3a

(h-2a) 
3a

+ m3mi)}

 2h - 4a
3

\

Since,)/, + y2 + y3 =0 (from corollary 2). Hence, the 
centroid lies on the X-axis OX, which is the axis of the 
parabola also.

x, +x2 +x
3

k2

k2

k2

Since, m, is a root of Eq. (i).
am,3 + m[ (2a - h) + k = 0

, \l/3 k
2a

3
-<0 => 27ak2-4(h-2a)3 <0

m1'1’ 
putting m, = I — I

4(h -2a)
27a

27ak2 <4(h-2a)3

Corollary 5 The centroid of the triangle formed by the feet 
of the three normals lies on the axis of the parabola.
If ^(x,,)/,), B(x2,y2) and C(x3,y3) be vertices of AABC, 
then its centroid is

rx, + x2 + x
3

x 
1,0 .

A(2o-a)’ = - 
2a

3k 
2 
27k3 

8
27ak2 = 4(h- 2a)3 

Hence, the locus of (h, k) is
27ay2 = 4(x-2a)3.

3 7i + 72 +73
>

3

+ m2m3 

2a-h
a

x
,0 .

/

= |(am, + am2 + am3)

= -(m, +m2 + m3)

Q 2
= -{(™i + m2 + m3)

-2(m1m2

=tI"(°)2-2’
3

z2/i-4a

3

I Example 43 Find the locus of the point through 
which pass three normals to the parabola y2 = 4ox 
such that two of them make angles a and p 
respectively with the axis such that tana tan0 = 2.

Sol. Let (h, k) be the point of intersection of three normals to 
the parabola y2 = 4ax.

The equation of any normal to y2 = 4ax is

y = mx - 2am - am
If it passes through (hx,k), then 

k = mh- 2am - am3 

am3 + m (2a - h) + k = 0

/z(m) = 3am2 + (2a - h) 

Two distinct roots of f'(m) =0 are 
If h-2ay 

VI > 
f(a)/(P)<0 => /(a)f(-a)<0

(aa3 +a(2a - h) 4- k) (-aa3 - a (2a - h) + k) < 0 

k2 -(aa2 + (2a -/i))2a2 <0

- ^h-2a 
3\

( 4a-2/1

3

ay = mx - 2am - am
If it passes through (h, k), then

k = mh - 2am - am3
=> am3 + m(2a - h) + k =Q
Let the roots of Eq. (i) be m,, m2 and m3.
Then, from Eq. (i), m, + m2 + m3 = 0

(2a - h) m,m2 + m2m3 + m3m, =---------
a

km,m2m3 =----
a

But here, two of the three normals are given to be
coincident i.e. m, = m2.
Putting m, = m2 in Eqs. (ii) and (iv), we get

2m, + m3 = 0
2 k

m, m3 = — 
a

Putting m3 = - 2m, from Eq. (v) in Eq. (vi), we get
o 3 k

- 2m, =----
a

3 km, = —
2a

(h-2a>
3a ,
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and

-(ii)

-(iii)

or

i.e.

=> a

Now, from Eq. (iv), m2 (m^ + m3)+ m3mx

I Example 44 If the three normals from a point to the

[from Eq. (vi)]

...(i)

X' XV

3

(ii)
(i)

01^2 + m2m3 + m3mx =

and 2>

771)^2 + 7n27H3 + 7n37nj

and •••(iv)

-(iii)

•••(iv)

[from Eqs. (iii) and (v)]

•••(vi)

_ (2g - h) 
a 

~(2a-h) 
a

k_
2a

kh . , 
2g

k2 - 4g/i = 0

27n17n2m3

7712

fc 
m2(0-m2)-------

am2
- am2 - k = m2(2a - h)

(- ami - k)3 = ml (2a- h)3

(-2k-k)3 =-(2a-h)3 
a

- 27k3 = - — (/i - 2g)3 
a

27 ak2 = 2 (h — 2a)3
Hence, locus of (h, k) is

27 ay2 = 2(x-2g)3.

2th2 =(°- m2)2 - —
m2

parabola y2 = 4ox cut the axis in points whose 
distance from the vertex are in AP, show that the point 
lies on the curve 27oy2 = 2(x-2a)3.

Sol. Let (h, k) be the point of intersection of three normals to 
the parabola y2 = 4gx. The equation of any normal to 
y2 = 4ax is y = mx - 2am - am3

Y

m3 then from Eq. (i)

m3 then we get
-(ii)

...(iii)

I Example 45 The normals at P,Q,R on the parabola 
y2 =4ax meet in a point on the line y = k. Prove that 
the sides of the APQR touch the parabola 
x2 -2ky = 0.

So/. Any normal to the parabola y2 = 4ax is 

y = mx - 2am - am3
Also, any point on the line y = k is (xp k\
If Eq. (i) passes through (xp k) then k = mxx - 2am - am3 

or am3 + m (2a - xj + k = 0 
If the roots of this equation are thp m 

mx + m2 + m3 = 0
_(2g-Xj) 

g 

k mlm2m3 =----
g

=>

Required locus of (h, k) is y2 - 4ax = 0.

Let roots of Eq. (i) be mx, m2, 
k mxm2m3 =----
g

Also 77i] = tana, 77i2 = tanfl and tana tanfJ = 2
•*. mim2 = 2

From Eqs. (ii) and (iii), 2m3 =----
a 
km, - ------
2a

Which being a root of Eq. (i) must satisfy it 
am} + m3 (2g - h) + k = 0

-- (2g - h) + k = 0 
1 2g

k3 . kh , n ------~k +— + k=Q
8a2

\B C

"/PM

3 2k m2 = — 
a

Then, VA = 2g + am], VB = 2a + ami 
VC = 2a + ami.
Given, VA, VB and VC are in AP.

2VB = VA + VC
=> 4g 4- 2aml =2a+ am] + 2a + ami

=> 2ml = m] + ml

=> 2ml = (m^ + m3)2 - 2mxm3

=> 2ml = (tti1 + m2 + m3 - m2)2 -

z x 77l,77Xo77l^=> m2 (771] + m2 + m3 - m2) + —!—-—- 
m2

(2a-h)
a

Y'

If it passes through (h, k) then
k = mh - 2am - am

=> am3 + m(2a - h) + k = 0
Let roots of Eq. (ii) be mx, m2, m3 then from Eq. (ii)

77i] + m2 + m3 = 0

(2g-h)
a

k mxm2m3 =----
g

Since, Eq. (i) cuts the axis of parabola viz. y = 0 at 
(2a + am2,0).

.•.The normal through (h, k) cut the axis at A (2a + am], 0), 
B(2a + am],0) and C (2a + gm3,0) and let V (0,0) be the 
vertex of the parabola y2 = 4ax.
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Circle Through Co-normal Points

(x - am2)

B
y + 2aml = -=> A

-X0
=> 2

c
[from Eqs. (ii) and (iv)]

(ii)

and

(iv)

= 6x-83

2

Let

and X > 2a =>

.(vi)

Then, 
Comparing with

4
9

To find the equation of the circle passing through the three 
(conormal) points on the parabola, normals at which pass 
through a given point (a, 0).

■(E)

••(’)

...(F)
[from Eq. (i)]

I

/(a.P)

I

-m3) +

„f 10= 2 x-----
I 9

I 4= I 6x - 8 + —
I 3

Also, coordinates of three points P, Q and R are 
(am p - 2am})(am22, - 2am2) and (amj, - 2am3), 
respectively.

The equation of the line PQ is

- amf

(x - am()

2k 
y(0- m3)------= -2x

m3
- yml -2k = - 2m3x 

ym3 - 2m3x + 2k = 0, 
which is a quadratic in m3. 
Since, PQ will touch it, then 

B2 - 4AC = 0 

(-2x)2 - 4-y-2fc = 0 

x2 - 2ky = 0

I I Example 46 Find the point on the axis of the 
parabola 3y2 + 4y - 6x + 8 = 0 from when three 
distinct normals can be drawn.

Sol. Given, parabola is 3y2 + 4y - 6x + 8 = 0
3 (y2 + ^-y^ = 6x - 8 

2?

I 2

y + - = Y, x - — = X 
3 9

Y2 = 2X

y2 = 4aX
1 a = -
2

( 2
any point on the axis of parabola is lx, - -

„ 2 
am2

___ 2_
(m2 + m,)

y (m} + m2) + 2am/m, + m2) = -2x + 2 am2
y (m^ + m2) + 2amlm2 = - 2x

, . 2am,m,m,=> y (mx + m2 + m3 - m3) +-----—-—- = -2x
m3

m}m2 + m2m3 + m3m} =

10 , x----->1
9

19
X 9

Let A (am2, - 2am1), B (am^, - 2am2) and C(am2, -2am3) 

be the three points on the parabola
y2 = 4ax

Since, point of intersection of normals is (a, 0), then 
am3 + (2a - a) m + 0 = 0 

m, + m2 + m3 =0
(2a - a)

a
__0

a
Let the equation of the circle through A, B, C be 

x2 +y2 +2gx + 2fy +c=0

If the point (am2,- 2am) lies on it, then

(am2)2 + (-2am)z + 2g (am2) +2f (-2 am) + c=0

=» a2m4 +(4a2 +2ag)m2 -4afm + c = 0 ...(v)

This is a biquadratic equation in m. Hence, there are four 
values ofm, say ml,m2,m3 andm4 such that the circle 
pass through the points.
A (am2,-2am1 ),B (am2,-2am2), C (am2, -2am3) and

D (am24,-2am4).

mt +m2 +m3 +m4 =0
=> 0 +m4 =0
=> m4 =0

(am4,-2am4) =(0,0)

Thus, the circle passes through the vertex of the parabola 
y2 = 4ax from Eq. (iv), 

0+0+0+0+c=0
c = 0

From Eq. (v), a2m4 +(4a2 +2ag)m2 -4afm = Q

=> am3 +(4a+2g)m-4f = 0

of 23 y + -
V 3

2
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Centroid =

4

[from Eq. (F)]

%

Y

X

.-(ii)

90°

2

[•.'m, + m2 + m3 + m4 =0]

= - Slope of BD

...(iii)
Their slopes 

sign.
.'.The chords of AC and BD are equally inclined to the axis.

fe-""^^□5

4

2

I ™2+™4 7
are equal in magnitude and opposite in

/
0- 

k * I
=(-2a-g,0)

Here y =0, which is axis of the parabola y2 =4ax.

Now, the circle and parabola intersect at P (at2,2at) at 
right angles.
Since, tangent at P (at2,2at) to the parabola y2 = 4ax is 

ty = x + at2
Hence, this tangent must pass through the centre (-g, - f) 
of the circle

- fi = - g + at2

=> fi = g~atZ

Also the point P (at2,2at) lies on the circle (i), then

k 7
= f- {(E/Hj )2 - 2 Em1m2}, - - (Swij)

\4 2 J
f

a
4

I Example 47 A circle cuts the parabola y2 = 4ox at 
right angles and passes through the focus, show that 
its centre lies on the curve y2 (a+2x) = o(o+ 3x)2.

So/. Let the circle x2 + y2 + 2gx + 2fy + c = 0 ...(i)
meet the parabola y2 = 4ax at any point P (at2,2at) cutting 
it at right angles.
We have to find locus of centre of circle Eq. (i),
ie- (-£.-/)
But given circle Eq. (i) passes through the focus (a, 0), then 

a2 + 0 + 2ga + 0 + c = 0 
2 c = - a - 2ag

Now, Eqs. (E) and (vi) are identical.
r_4a+2g _ 4f 

2a-a P

2g = -(2a+a),2/ = -p/2
The equation of the required circle is

x2 + y2 — (2a + a) x — — y = 0
2

[from Eq. (iv)]
Corollary 1. The algebraic sum of the ordinates of the four 
points of intersection of a circle and a parabola is zero.
Sum of ordinates

= -2am1 -2am2 -2am3 -2am
= -2a(ml + m2 +m3 + m4)
~-2a x0 = 0

Corollary 2. The common chords of a circle and a parabola 
are in pairs equally inclined to the axis of the parabola.

\l
i1V I

I

2 (4a2 + 2agp 

a2

Let A, B, C, D be the points of intersection of the circle and 
the parabola with A (am2, - 2am}), B (am2, -2am2) 
C (am2, - 2am3) and D (am2, - 2am 4) then equation of AC 

and BD are

y(mx + m3) = -2x-2amxm3
and y(m2 + m4) =-2x-2am2m4, respectively.

Slopes of the chords AC and BD are
2 ,- and “----------- 1 respectively.

mx + m3 m2 + m4

2

.0
7 ;

Remark
This is likewise true for the pairs of chords AB. CD and AD, BC.

Corollary 3. The circle through conormal point passes 
through the vertex (0,0) of the parabola.
Corollary 4. The centroid of four points; in -which a circle 
intersects a parabola, lies on the axis of the parabola.

f \ 4 \

t=i ‘ r=i

4 ’ 4

Slope of AC - -------------
mx +m3 

_2 
m2 + m 

/
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= g~a

= (3g - a)=>

2

Hence, from Eq. (iii),

Exercise for Session 2

(d)24

(b)V2 (d)-V2

a-2g
a

a ~2g
a

a2t4 + 4a2t2 + 2agt2 + 4aj7 + c = 0
Hence, from Eqs. (ii) and (iii) when we put values for c and ft.

2tz - a2 -2ag =0
(a ~2g

yl a
f2 (a - 2g) = a (3g - a)2 

(-/)2 [a + 2 (-g)J = a (a -3g)2 
(-/)2 [a + 2 (-g)] = a [a + 3 (-g)]: 

Hence, locus of the centre (-g, - f) is the curve 
y2 (a + 2x) = a(a + 3x)2.

1. If 2x + y + X = 0 is a normal to the parabola y2 = - 8x, then the value of X is

(a)-24 (b) —16 (c)-8

2. The slope of a chord of the parabola y2 =4ax which is normal at one end and which subtends a right angle at
the origin is 
(a)-l (b)V2 (c)--l

V2 V2

3. The common tangent to the parabola y2 =4ax and x2 =4ay is

(a)x+y + a = 0 (b) x + y - a = 0 (c)x-y + a = 0 (d)x-y-a = 0

4. The circle x2 + y2 + 4Xx = 0 which X e R touches the parabola y2 = 8x. The value of X is given by

(a)Xe(Q~) (b)XeHO) (c)Xe(1~) (d)Xe(-~,1)

5. If the normals at two points P and Q of a parabola y2 = 4ax intersect at a third point R on the curve, then the
product of ordinates of P and Q is
(a) 4a2 (b) 2a2 (c) - 4a2 (d) 8a2

6. The normals at three points P, Q, R of the parabola y2 = 4ax meet in (h,k). The centroid of &PQR lies on

(a)x = 0 (b)y = 0 (c)x = -a (d)y = a

7. The set of points on the axis of the parabola y2 - 4x - 2y + 5 = 0 from which all the three normals to the 
parabola are real, is
(a) (X, 0);X>1 (b)(X, 1);X > 3 (c)(X,2);X>6 (d)(X, 3);X>8

8. Prove that any three tangents to a parabola whose slopes are in harmonic progression enclose a triangle of 
constant area.

9. A chord of parabola y2 = 4ax subtends a right angle at the vertex. Find the locus of the point of intersection of 
tangents at its extremities.

10. Find the equation of the normal to the parabola y2 = 4x which is

(a) parallel to the line y = 2x - 5. (b) perpendicular to the line 2x + 6y + 5 = 0.

11. The ordinates of points P and Q on the parabola y2 = 12x are in the ratio 1 : 2. Find the locus of the point of 
intersection of the normals to the parabola at P and Q.

12. The normals at P,Q,R on the parabola y2 = 4ax meet in a point on the liney = c. Prove that the sides of the 
&PQR touch the parabola x2 =2cy.

13. The normals are drawn from (2X, 0) to the parabola y2 = 4x. Show that X must be greater than 1. One normal is 
always the X-axis. Find X for which the other two normals are perpendicular to each other.

a2t4 + 4a2t2 + 2agt2 + 4ag - 4a21

=> a2t4 + 2agt2 + 2ag - a2 = 0

at4 + 2gt2 + 2g - a = 0

a(t4 -l) + 2g(t2 + l) = 0
(t2 + l)[a(r2 - l) + 2g] = 0 But t2 + 1 # 0

a(t2-l) + 2g=0 => t2 = a ~ 2g
a
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[vPQ:QR = X:l]

0
= 4a

7

R(h.k)
Equation of PT is

'Q
y-yi =

y =

=> cm = a = a

2

i.e. i

—(i)

where

and
Aliter:
Let the parabola be y2 = 4ax

Remark
S = 0 is the equation of the curve, S, is obtained from S by 
replacing x by x, and y by y, and T = 0 is the equation tangent at 
(x1,y,)toS = 0.

Ify2 -4axx >0, then any point P (xx,y}) lies outside the 
parabola and a pair of tangents PQ, PR can be drawn to it 
from P. We find their equation as follows.
Let T (h, k) be any point on the pair of tangents PQ or PR 
drawn from any external point P (xp y,) to the parabola

2y = 4ax.

=> (kk + y! )2 - 4a (kh + xt) (X +1) = 0
=> (k2 - 4ah) k2+2[kyx-2a(h +xx)]k

+ (yf-4ax1)=0 ...(ii) 

Line PR will become tangent to parabola Eq. (i), then roots 
of Eq. (ii) are equal

4 [kyx -2a(h + xx )]2 - 4 (k2 - 4ah) (y2x - 4axx) = 0 
or {kyx -2a(/i + X!)}2 = (k2 -4a/i)(y2 -4axx)

Hence, locus of R (h, k) i.e. equation of pair of tangents 
from f^Xpy!) is

{yyi -2a(x + X!)}2 =(y2 -4ax)(y2 -4OX,)

T2=SS1 or SSX=T2

Session 3
Pair of Tangents SS1 = T2, Chord of Contact, Equation of the Chord Bisected at 
a Given Point, Diameter, Lengths of Tangent, Subtangent, Normal and Subnormal, 
Some Standard Properties of the Parabola, Reflection Property of a Parabola, 
Study of Parabola of the Form (ax2 + Py)2 + 2gx + 2fy + c = 0

Let P (Xp y!) be any point outside the parabola. Let a 
chord of the parabola through the point P (xp y j) cut the 
parabola at Q and let R (h, k) be any arbitrary point on the 
line PQ (R inside or outside).
Let Q divide PR in the ratio k: 1, then coordinates of Q are 

'kh + xx kk + yx' 
k X +1 X +1 ?

Since, Q lies on parabola Eq. (i), then
' kk + yj

k +1

Pair of Tangents SS, = T2

'hyx -kx^ 
h-xx

' kh + Xj 

k +1

k~yi

h- xx

which is tangent to the parabola
y2 = 4ax

. ac = —
m

'hyx -kx1>
< h~xi >

* (k-yl)(hyl-kxx) = a(h-x1)2

Locus of (h, k), equation of pair of tangents is
(j-?i)(xyi -x1y) = a(x-x1)2

(/-4ax)(y2 -4axj)= {yyi ^(x + Xj)}

SSj =T2

S = y2 - 4ax, Sj = y2 - 4axx

T = yyx -2a(x + xf).

k-yi 
<h~xi>

(x-xj
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Chord of Contact

■1*2

Now,

= |a|

XA
= |a|Chord of contact

...(■) X =

(*)=>

...(ii)

0

X'* >x„.(i) /A

0 (at,2,2at,) ft (h2, k2)
Y

*XX'

fl (at22,2ata)
=>

Y

1 
l«l

Sol. Given parabola is
2y = 4 ax

X'*<----
P^ 

(xi.yi)

Let P = (x1,y1)
and the tangents from P touch the parabola at Q(at2,2at]) 
and ft(af2, 2at2) then Pis the point of intersection of 
tangents.

x^atjtg and y, = a(t,+ t2)

tjt2 = — and tj + t2 = — ...(h) 
a a

QR = 7(at,2 - at})2 + (2atx - 2at2)2

= ^a2(t1-t2)2 [(tj + t2)z + 4]

= I a || t, - t2

= HV«'i + '2)2
"y? 4xi "I
I*2 J

on the parabola y2 = 4ax,

<4

Y
Since, Q (hx, kx) and R (h2, k2) lie 
therefore

Aliter:
Equation of QR is yy, = 2a (x + xx)

x _ yy, - 2axt 
2a

The ordinates of Q and R are the roots of the equation 

y2 = 4a

k2 = 4ahx and k} = 4ah2 

fc2 ~ fci = 4a (h2 — hx)
(k2 + kx)(k2 - kx) = 4a(h2 - hx)

yyi-^i |
2a J

y2 =2 (yy1-2ax1)
2y - 2yyx + 4axx = 0

kx+k2 = 2yx and kxk = 4axx
(fc2 - kx) = J(kx + k2)2 - 4kxk2

= 7(4y? - 16axi) = 2V(yi2 “ 4flXi)
Y /

The chord joining the points of contact of two tangents 
drawn from an external point to a parabola is known as the 
chord of contact of tangents drawn from external point.
Theorem The chord of contact of tangents drawn from a 
point (Xj,yj) to the parabola y = 4ax is

yyt = 2a(x + x1).
Proof Let PQ and PR be tangents to the parabola y2 = 4ax 
drawn from any external point P(xx,yx), then QR is called 
chord of contact of the parabola y2 = 4ax.

Y

Y

Let Q =(x',y') and R =(x",y")
Equation of tangent PQ is

yyf = 2a (x +x')
and equation of tangent PR is 

yy"=2a(x+x") ...(ii)
Since, lines Eqs. (i) and (ii) pass through (xj, y j), then 

y1y'=2a(x1 +x')and y1y,,=2a(x1 +x")
Hence, it is clear Q(x',y') and R(x",y") lie on 

yyx =2a(x + Xi)
which is chord of contact QR.

I Example 48 Tangents are drawn from the point 
(XpyJ to the parabola y2 =4ox, show that the length 

of their chord of contact is — J(y2 -4ax1)(y12+4o2). 
|a|

\yl{(tx + t2)2+ 4}

~ 4t,t2} 7{('i+'2)2+4}
7~2 T

1“ J
[from Eq. (ii)]

yj(y2 - 4axx) y](y2 4- 4a2)
H ’ l«l ’

7(y? ~ 4axi)(yi2 + 4q2)

x -a
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...(Hi)=>

,2
0^2'y?)=J(*2 -fc,)2 + [from Eq. (iii)]

Pfxi.yi)

7(/ + 4fl2) [from Eq. (ii)]

I Example 49 Prove that the area of the triangle

where

orEquation of the Chord Bisected 
at a Given Point
Theorem The equation of the chord of the parabola 
/ - 4ax which is bisected at (xx, y3) is 

yy, -2a(x + x i

or

vhere.T = yy, -2a(x + Xj) andSj = y2 -4axP

T = SP
T = yyi ~2a(x + xj andSj = y2 -4axr

)=7i -4ax,

Proof Since, equation of the parabola is
y2 =4ax ...(i)

Let QR be the chord of the parabola whose mid-point is 
PCxpyJ.

formed by the tangents drawn from (x1,y1) to y2 = 4ox 
and their chord of contact is (y2 - 4OX! )3?/2 /2o.

Sol. Equation of QR (chord of contact) is
yyi =2a(x + Xj)

=> yy1-2a(x + x1) = 0
7 PM = Length of perpendicular from P( xp yj) on QR

_ I yiyi ~ 2a (xt + x,) I _ Kyf - 4OXJI

7(yi2 + 4fl2) 7(W + 4fl2)
[Since, P(xp y,) lies outside the parabola. So, y2 - 4ax^ > 0]

2y = 4 ax

2y1(k2 -kl) = 4a(h2 - hx)

2a
Now, QR

4a2

l | a |
_ 2 7(y,2 - 4 ax J 

2|n|

= 77 7(y? -4axi)(yi2 + 4fl2) 
I «l

-x2)

I Example 50 Find the locus of the mid-points of the 
chords of the parabola y2 =4ox which subtend a right 
angle at the vertex of the parabola.

Sol. Let P (h, k) be the mid-point of a chord QR of the parabola 
y2 = 4 ax then equation of chord QR is

T=Sl
yk - 2o(x + h) = k2 - 4ah

=> yk - 2ax = k2 - 2ah ...(i)
If A is the vertex of the parabola. For combined equation of 
AQ and AR making homogeneous of y2 = 4 ax with the help 
of Eq. (i).

Now, area of APQR = ^QR-PM

= 2 A ~ 4aX1) + 4°2) 2 ^2
2I°I V(yi+4a)

= (7? -4axl):

Equation of QR is y - y t = — (x - x,)
7i

2
=> yyj-yj =2ax-2ax1

=> yyi-2a(x + x1)=yf-4axi

[subtracting 2axt from both sides]

i3/2 /2a, if a > 0

y2 = 4ax
( , n \ yk - 2ax
^k2 — 2ah>

, Fl ---- -------(Wa)
Since, Q and R lie on parabola (i), 

2 12y2 =4ax2 and y3 =4ax3 

y?-y2=4a(x3

=> 73 ~72 _
X3-X2 y3+y2

4a
=-----[vP (x,, yt) is mid-point of QR]

271

= — = Slope of QR 
x3~x2 yT

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


400 Textbook of Coordinate Geometry

(0,0) A

M
X' A

...(i)

Q (x2.y2)/ r

M(xvyJ

2

or

...(iii)

3

[from Eq. (iii)]

Remarks
1. The point in which any diameter meets the curve is called 

the extremity of the diameter.
2. Any line which is parallel to the axis of the parabola drawn 

through any point on the parabola is called diameter and its 
equation isy-coordinate of that point.
If point on diameter (x^), then diameter is y = yv

Q
But if M (xj, yj be its middle point its equation must be 
also

-y = mx + c
----------- X

Diameter
The locus of the middle points of a system of parallel chords 
is called a diameter and in case of a parabola this diameter 
is shown to be a straight line which is parallel to the axis of 
the parabola.
Theorem The equation of the diameter bisecting chords 

of slope m of the parabola y2 = 4ax is y = —.
m

Proof Let y = mx + c be system of parallel chords to 
y2 = 4ax for different chords c varies, m remains constant.
Let the extremities of any chord PQ of the set be P(x],y1) 
and Q(x2,y2) and let its middle point be M(h, k).

Y

2^2
Hence, locus of the mid-point is y = —. 

m

On solving equations

y2 = 4ax and y=mx + c.

m J
my6 - 4ay + 4ac - 0

4a 
7i +y2 = — 

m

Since, ZQAR- 90°
Coefficient of x2 + Coefficient of y2 =0 

k2 - 2ah + 8a2 = 0

Hence, the locus of P (h, k) is y2 - 2ax+8a2 = 0.

P (Wi)

Aliter:
Let (h, k) be the middle point of the chord y = mx + c of the 
parabola y2 = 4ax then

T = Sj => ky - 2a(x + h) = k2 - 4ah
.2a .2aslope = — = m => = —

k m

y2 (k2 - 2ah) - 4akxy + 8a2x

y2 = 4a

I Example 51 Show that the locus of the middle points 
of normal chords of the parabola y2 = 4ax is

y4 - 2a (x - 2a) y2 + 8a4 = 0.
Sol. Equation of the normal chord at any point (at2,2at) of the 

parabola y2 = 4 ax is
y + tx = 2at + at3

yi +y2
2 m

[•/ (h, k) is the mid-point of PQ]

Hence, locus of M(h, k) is y = —.
m

2 =0

From last two relations, ——= 
-2a

2 
7i ~ _

-2a
2
*^- = 2a + a 

-2a

T = Sl
Wx -2a(x + xj = y2 - 4aXj

77i - 2ax = y2 - 2axx .-(ii)
v From Eqs. (i) and (ii) are identical, comparing, them 

1 t 2at + at3
7i “2a 7? ~ 2aXj

2^2 From first two relations, t = —- 
7i
2at 4- at 
y2 - 2axl

2a + at2

( _ \2 -2a

< 7i >
yf - 2aXj _ 2ay2 + 4a3

y4 - 2ax1y2 = - 4a2y2 - 8a4

y4 - 2a (Xj - 2a) y2 + 8a4 = 0 

Hence, the locus of middle point (xp y,) is
y4 - 2a (x - 2a) y2 + 8a4 = 0.
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(fe'm)

The diameter meets the parabola y2 = 4ax at

-fl

■XS

Coordinates of A is

...(i)

...(Li)or

and

... (iii)

or

Corollary 1. The tangent at the extremity of a diameter of 
a parabola is parallel to the system of chords it bisects.

(at? 2at2)

y = mx + c
Diameter

2a 
yi =—■ m

2a

a 2a 
m?' m

2a y=—x +
7i

f a A
= 4a — + X + Ycos0I «,2

Equation of diameter is
y = 2a/m => y = a(t} +t2) 

Now, tangents at P(at2,2atx) and Q (atl,2at2) meet at a 
point [atj t2, a (tt +12)] which lies on Eq. (i).
Aliter
Let equation of any chord PQ be y = mx + c.
If tangents at P and Q meet at R (x1, y^), then PQ is the 
chord of contact with respect to R (xl>y1).

Equation of PQ is

where, m = tanO
then, the equation of tangent AT at A is

a y - mx + —.
m

Now, let P be any point on the parabola Eq. (i), whose 
coordinates referred to Vx and Vy are (x,y) and referred 
to diameter AB and tangent AT are (X, Y).
then
Now,

which is identical to y = mx + c
2a m = —
71

Hence, locus of R (xp y1) is y = —, which bisects the 
chord PQ. m

Corollary 3. To find the equation of a parabola when the 
axes are any diameter and the tangent to the parabola at the 
point where this diameter meets the curve.
Let the equation of the parabola be

y2 = 4ax ...(i)

Let AB be the diameter of the parabola Eq. (i), then its 
2a equation is y = — 
m

Y

2axx

7i

2 m =----------
(tj+'l)

, t2 2aQ

X = AQ and Y = QP [since, PQ|| AT]
VN = VL + LN = VL + AM = VL + AQ + QM

= — + X + QP cos0 
m2

x = — + X + Y cos0 
2 m

PN = PM + MN = PM + AL

= QPsin0 + — 
m

y = Ysin0+ — 
m

From Eqs. (ii) and (iii) coordinates of P are
/ 2a~\
—+ X + Ycos0,Ysin0 + —Im2 mJ

Now, P lies on Eq. (i).
/ 9 \2
Ysin0 + —V mJ

) T p

Z Q \M
____ h_

N

-----— Diameter

7 m

Let y = mx + c (c variable) represents the system of parallel 

chords, then the equation of diameter of y2 = 4ax is y = —.
m

'a 2a 
<m2’ m J

and tangent is y = mx + — which is parallel to y = mx + c. 
m

Corollary 2. Tangents at the end of any chord meet on the 
diameter which bisects the chords.
If extremities of the chord be P (at2,2atx) and Q (at2,2at2) 
then its slope 

2at2 - 2at, m = —-------- i
at2 - at2

y = mx + c

Since, A is the extremity of the diameter 
a 2ay 

m2' m,

a
2
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i.e.

>XX' N

Then,

and

-.(ii)

Lengths of Tangent, Subtangent, 
Normal and Subnormal

Now, tangent at Q is

■■■

Y'
PT = Length of Tangent 

PG = Length of Normal 
TN = Length of Subtangent 
NG = Length of Subnormal

or f-l=2cot0 
t

Let the parabola y2 = 4ax. Let the tangent and normal at 
P(x,y) meet the axis of parabola at T and G respectively 
and let tangent at P (x, y) makes angle y with the positive 
direction of X-axis.

Y

G

=> y2sin20+ — + — V sinO
m2 m

4a2
=-----+ 4aX + 4aY cos0

2 m
=> y2 sin2 0 + 4a2 cot2 0 + 4a cos0y

= 4a2 cot2 0 + 4aX + 4aY cos0 [vm = tan0]

=> y2sin20 = 4aX

y2 =(4acosec20) X,

which is the required parabola referred to diameter and 
tangent at the extremity of the diameter as axes.

I Example 53 Find the length of tangent, subtangent, 
normal and subnormal to y2 =4ox at (at2,2at).

Sol. v Equation of tangent of (at2,2at) of parabola yz = 4ar is 
ty = x + at2

Slope of this tangent m = -

Remark
The quantity 4acosec20 is called the parameter of the diameter 
AQ. It is equal to length of the chord which is parallel to AT and 
passes through the focus.

acosec20 = a(l + cot20) = a + acot20

=a+A
m

= a+VL = SP
( 1\2

But length of focal chord if P(at22at) is [vS(a,0)]alt + I.

It meets the diameter through P i.e. X-axis or y = 0, then 
Eq. (iii) reduces

0 = x + Xt2

=> x = - Xt2 = PB

Similarly, - Xt2 = PC

(PA)2=(-Xt1t2)2 = X2f12t2

= (—Xt2) (—Xt2) [from Eqs. (iv) and (v)]
= PB ■PC

and
If A (0,0) is the vertex of the parabola.

PN=y
PT = PN cosec y = y cosec y
PG = PN cosec (90° - y) = y sec y
TN -PNcoty = y coty
NG = PN cot(90° - y) = y tany

where, tany = — = m [slope of tangent at P (x,y)] 
y

I Example 52 If the diameter through any point P of a 
parabola meets any chord in A and the tangent at the 
end of the chord meets the diameter in B and C, then 
prove that PA2 = PB • PC.

Sol. The equation of the parabola referred to the diameter 
through P and tangent at P as axes is

yz = 4 Xx ...(i)

where, X = a cosec20 [from previous corollary] 
Let QR be any chord of the parabola Eq. (i). Let the 
extremities Q and R be (Xt2, ZXtJ and (Xt2,2Xt2).
Then, the equation of QR is

y(t1 + t2)-2x-2Xt1t2=0
It meets the diameter through P i.e. X-axis or y = 0, then 
Eq. (ii) reduces

0 - 2x - 2X tjt2 = 0
x = - Xt]t2 = PA 

tjy = x + Xt2

2t 
t2-1

. t) 

= a{(2cot0)2+ 4} 

=4acosec20=4-SP

tane=^2 
at2-a

a t + - =aI t)

T A
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...(i)

, also focus S
7

y
(at?2at)

Q

V S(a,0)

(say)

7. -090°
(say)slope of SQ =and■XW)

—(i)

(say)i

is

...(ii)

My 0

(say) ■xT v S(a,0)

x+a=0 Directrix

Its slope e 
z

and adding Eqs. (i) and (ii), we get
(x + a)(l + t2) =0 => 1 + t2 *0

x + a = 0, which is directrix.
(2) The portion of a tangent to a parabola intercepted 
between the directrix and the curve subtends a right 
angle at the focus.
The equation of the tangent to the parabola y = 4ax at
P (at2,2at) is

Z 
x+a=0

Directrix

2at-Q
.2

u i 1Its slope - = m

(1) The tangents at the extremities of a focal chord 
intersect at right angles on the directrix.
The extremities of a focal chord PQ are

P = (at2,2at) and Q = —, 
U2

P

then coordinates of Q are - a, 

is(a,0).

= m2

Let tangent makes angle y with positive direction of X-axis 
1 tany = -

then t = cot y
Length of tangent at

(at2,2at) = 2at cosecy
= 2at 7(1 +cot2 y) = 2at -j(l + t2)

Length of normals at
(at2,2at) = 2at sec y = 2at 7(1 + tan2 y)

= 2a 7(t2 +t2tan2y) = 2a 7(t2 + 1)

Length of subtangent at (at2,2at) = 2at cot y

= 2at2

Length of subnormal at (at2,2at) = 2at tany
= 2a

Some Standard Properties 
of the Parabola

t2 -1

-2t

Let parabola is y2 = 4ax

Tangent at P (at2,2at) is 

ty = x + at2

2 ty = x + at

Let Eq. (i) meet the directrix x + a = 0 at Q, 
f 2 \at -a 

t

ty -x + at2

♦y

2a"

, a
— = x + — 

t2
-ty = xt2 + a

-t=m2
m}m2 = “1

Z.PTQ = 90°

2a"
ty

mjm2 =-l
i.e. SP is perpendicular to SQ i.e. Z.PSQ =90°
(3) The tangent at any point P of a parabola bisects 
the angle between the focal chord through P and the 
perpendicular from P to the directrix.
Let the tangent at P (at2,2at) to the parabola y2 - 4ax 

meets the axis of the parabola i.e. X-axis or y =0 at T. The 
equation of tangent to the parabola y2 = 4ax at P (at2,2at) 

is

Slope of SP = 
atL - a

2t
= ~2------ =mi
r -1
at2 - a

t
-a-a

and tangent at Q 
U2

_y
t " ' i p (at?2at) 

ey
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Also, and

[alternate angles]But

P(at?2at]

■XS(a,0)

...(H)

Directrix

2

Y
M £

y
p(a$2at) X'+

T A

■XX' GZT V

I

x+a=0
M y

Directrix
Y'

x+a=0

M

Y'

All rays of light coming from the positive direction of 
X-axis and parallel to the axis of the parabola after 
reflection pass through the focus of the parabola.

Reflection Property of Parabola
The tangent (PT) and normal (P/V) of the parabola

y2 = 4ax

at P are the internal and external bisectors of ZSPM and 
BP is parallel to the axis of the parabola and 
ZBPN = ZSPN.

H
0

90° X
S 

Ja.O)

SA

.*. Coordinates of H is (0, at) 
and SP - PM = a + at2 => OS = a 

and SH = -J(a -0)2 +(0 - at)2 = ya 

or(SH)2 = a{a(l + t2)} = OS-SP.

+ a2t2

Light ray

- Reflected ray

------------- -X

Hence, SP = SG=ST
(6) If S be the focus and SH be perpendicular to the 
tangent at P, then H lies on the tangent at the vertex 
and SH2 = OS ■ SP, where O is the vertex of the 
parabola.
Let P (at2,2at) be any point on the parabola

y2 = 4ax ... (i)

then, tangent at P (at2,2at) to the parabola Eq. (i) is 

ty = x + at2

It meets the tangent at the vertex i.e. x = 0. 
+Y

SG =VG-VS = 2a + at2 -a 

= a + at2

ST = VS+ VT = a + at2

SP = PM = a + at2For coordinates of T solve it with y =0.
T(-at2,0)

ST = SV + VT = a + at2 =a(l + t2)

SP = PM = a + at2 =a(l + t2)

SP = ST, i.e. ZSTP = ZSPT
ZSTP = ZMPT

ZSPT = ZMPT
(4) The foot of the perpendicular from the focus on any 
tangent to a parabola lies on the tangent at the vertex.
Equation of tangent at P (at2,2at)

On the parabola y = 4ax
2 is ty = x + at

=> x - ty + at2 =0

Now, the equation of line through S (a, 0) and 
perpendicular to Eq. (i) is 

tx + y = A,
Since, it passes through (a,0). 

ta + 0 = A,
Equation tx + y = ta or t2x 4- ty - at2 =0

By adding Eqs. (i) and (ii), we get
x(l + t2)=0

=> x=0 [vl + t2 *0]

Hence, the point of intersection of Eq. (i) and (ii) lies on 
x = 0 i.e. on Y-axis (which is tangent at the vertex of a 
parabola).
(5) If S be the focus of the parabola and tangent and 
normal at any point P meet its axis in T and G 
respectively then ST = SG = SP.
Let P (at2,2at) be any point on the parabola y2 = 4ax, 
then equation of tangent and normal at P (at2,2at) are

ty = x+at2 and y = -tx +2at + at2, respectively.

Since, tangent and normal meet its axis in T and G.
Coordinates ofT/andGare(-at2,0)and(2a + at2,0) 

respectively.
aw.
—

N
( Light ray

-—<-------Light ray
——------ Light ray
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=>

-(ii)

y = b
i.e. (ax+ py + A)2 =(a2+p2)

JX’ XA

r
= 7(a2+P2)

7

= 4p

7

and 4p =Y

Latusrectum is 4p =

y-b = -

a— x-
P

4ab 
(4a2 - b2)

1

7(“2+p2)

s Ja.O)

I Example 54 A ray of light is coming along the line 
y=b from the positive direction of X-axis and strikes a 
concave mirror whose intersection with the xy-plane is 
a parabola y2 = 4ox. Find the equation of the reflected 
ray and show that it passes through the focus of the 
parabola. Both a and b are positive.

Sol. Given parabola is y2 = 4ax

\ K-6)
/ /a\<_ 

a\

2 tana 
1 - tan2 a

I Example 55. Find the length of latusrectum of the 
parabola (o2 + b2)(x2 + y2) = (bx + ay -ab)2.

Sol. Given equation may be written as
a2x2 + a2y2 + b2x2 + b2y2 = b2x2 + a2y2 +a2b2

+ 2abxy - 2a2by -2ab2x

(
2a x + —- , I

-------- Normal
180°-a

• 180°-2a

Study of Parabola of the Form
(ax+Py)2 +2gx+2fy+c = 0

r&2 "iEquation of tangent at P —, b is yb = 
l4a J

f X-------I 4aJ

_px-ay + p.

7<a2 +P2) 
1

V(a2 + P2)
Axis is Y = 0 or ax + py + A = 0.
Equation of tangent at vertex is

X = 0 or Px - ay + p = 0.
Vertex is the point of intersection of

X = 0 and Y = 0
i.e. Px - ay + p = 0 and ax + Py + A = 0.
Equation of directrix is X + p = 0.
Equation of latusrectum is X - p = 0.
Focus Since, axis and latusrectum intersect at the focus S 
its coordinates are detained by solving

X - p = 0 and Y = 0.

Then, Eq. (i) reduce in the form 
< \2

ax + py + A 
/a2 +P2' ,

which is of the form Y2 = 4pX 

_ ax + Py + A

7(a2 +P2) ’

( \
Px - ay + p 

J(a2+02)

2tzSlope of tangent is —.
bHence, slope of normal = - — = tan (180° - a). 

2a
b■ ■ tana = —

2a
Slope of reflected ray = tan (180° - 2a)

= - tan 2a

Given equation can be written as
(ax+Py)2 = -2gx-2fy-c

Now, add an arbitrary constant A in the square root of the 
second degree terms. Then the equation will be of the form 
i.e. (ax+Py + M2=xf,(M+y/2(M+/3W ...(>)

Now, choose A such that the lines

Cix + Py + A = 0 and xj\ (A) +yf2(X) + /3(A) =0 
are perpendicular

2-± 
2a

4a2
Hence, equation of reflected ray is 

4ab 
(4a2 -b2)

=> (y-b)(4a2 - b2) = - (4ax - b2)
which obviously passes through the focus S (a, 0).

i.e. (slope of ax + Py + A = 0) x (slope of 
xf,(X)+y/2(X)+/3(X)=0)=-l 

/.W_ , 
f2W

=> afI(X)+py2(X)=0
Now, substitute the value of A in Eq. (i) from Eq. (ii).
Multiply and divide (a2 + p2) in LHS of Eq. (i)

/ x2
ax + Py + A 

. 7a2+P2
and RHS of Eq. (i) by ^(a2 + P2)

i.e. xft (X) + yf2 (X) + f, (X)

V(a +p2)
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/V S(0,0)

(a2+b2)

.2

-X4 p - 0

Therefore, the latusrectum = 4p =

(b)3

(d) 45°

2

(d) None of these

f
2

M 
o
II

X 
4- 
3

Exercise for Session 3

f 
ax - by

2a b

J(a2+b2)

2 2

Remark
Consider the equation of parabola is y2 =4ax.

i.e. (MP)2 = (Latusrectum) NP.

i.e. if P is any point on the given parabola, then 
(the distance of P from its axis)2 = (Latusrectum) 
(The distance of P from the tangent at its vertex).

ab

J a2 + b 
2ab 

Jtf+b2)

3. If (a, b) is the mid-point of chord passing through the vertex of the parabola y2 = 4x, then

(a)a = 2b (b)2a=b (c)a2 = 2b (d)2a=b

4. The diameter of the parabola y2 = 6x corresponding to the system of parallel chords 3x - y + c = 0 is

(a)y-1=0 (b)y-2=0 (c)y+1=0 (d)y+2=0

5. From the point (-12) tangent lines are drawn to the parabola y2 = 4x, the area of triangle formed by chord of 
contact and the tangents is given by
(a) 8 (b) 8V3 (c) 8^2

6. For parabola x2 + y2 + 2xy - 6x -2y + 3 = 0, the focus is

(a) (1-1) (b) (-1,1) (c) (3, 1) (d) None of these

7. The locus of the mid-point of that chord of parabola which subtends right angle on the vertex will be
(a) y2 - 2ax + 8a2 = 0 (b) y2 = a(x - 4a) (c) y2 = 4a (x - 4a) (d) y2 + 3ax + 4a2 = 0

x2 + y

Since, ax - by = 0 and bx + ay - = 0 are perpendicular.

(c)| (d)|

2. The angle between the tangents drawn from the origin to the parabola y2 =4a(x - a) is

(a) 90° (b) 30° (c) tan

a^x" - 2abxy + b2y2 = - 2ab2x - 2a2by + a2b2
. ■ \2 i I, ab]
(ax - by) = - 2ab I bx + ay-----

\ 2 y

l(4p) = 
2

Aliter:
Given equation may be written as

2  (bx + ay - ab)2 
(a2 + b2)

 \bx + ay - ab| 

7(x-0)2+(y-0)2
 | bx + ay - ab |

J(a2 + b2)
which is of the form SP = PM.
Since, distance from focus S to (bx + ay - ab=0) = — (4p)

y
N

1. are slopes of the two tangents that are drawn from (2, 3) to the parabola y2 =4x, then the value of
1 1 .— + — is

m2

(a)-3

/ \2 
ax - by

\2

= - 2ab^(a2 + b2)
f, abbx + ay - ~ 

V(«2+*>*)
, ab}bx + ay - ~ 

) ^(a2+b2)

which is of the form Y2 = - 4 pX.

-2a b 

J(a2+b2

1
2
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I
tan

I

x2 = 4ay and y2 = 4ax is x + y + a = 0.

J

i

(c, 0) on the axis, then
72=^4 =-c/a

8. A ray of light moving parallel to the X-axis gets reflected from a parabolic mirror whose equation is 
(y - 2)2 = 4(x + 1). After reflection, the ray must pass through the point

(a) (-2,0) (b)(-1,2) (c)(0, 2) (d) (2,0)

9. Prove that the locus of the point of intersection of tangents to the parabola y2 = 4ax which meet at an angle a is 
(x +a)2tan2a = y2 -4ax.

10. Find the locus of the middle points of the chords of the parabola y2 = 4ax which pass through the focus.

11. From the point P(-\ 2) tangents are drawn to the parabola y2 = 4x. Find the equation of the chord of contact. 
Also, find the area of the triangle formed by the chord of contact and the tangents.

9 If the normals to the parabola y2 = 4ax at the points and 
t2 intersect again on the parabola at the point 
t3’, thent/2 =2;t3 = -(t1 +t2)and lhe line joining fj andf2 
passes through a fixed point (-2a, 0).

10 If the length of a focal chord of y2 = 4ax at a distance b 
from the vertex is c then b2c = 4a3.

^2

+ /2

3 If a be the inclination of a focal chord with axis of the 
I

11 From an external point only one normal can be drawn.
12 If a normal to y2 = 4ax makes an angle ©with the axis of 

y2 = 4ax then it will cut the curve again at an angle of
tanQA 
~2~J

13 The orthocentre of any triangle formed by the three 
tangents to a parabola y2 =Aax Y/, 't2 and 't‘3 lies on the 
directrix and has the coordinates 
(-a,a(f1+t2 + t3+t1t2t3)).

14 Normals at the end points of the latusrectum of a parabola I 
y2 = 4ax intersect at right angle on the axis of the parabola j 
and their point of intersection is (3a, 0).

15 A line ray parallel to axis of the parabola after reflection 
passes through the focus.

parabola then its length is 4acosec2a.
4 If tangents of y2 = 4ax at P(tA) and Q(t2) meets at R, then 

area of APOP is a2^ - f2)3.

5 The foot of the perpendicular from the focus on any 
tangent to a parabola lies on the tangent at the vertex.

6 The area of the triangle formed by three points on a 
parabola is twice the area of the triangle formed by the 
tangents, at these points.

7 The equation of the common tangent to the parabolas 
x2 = 4ay and y2 = 4ax is x + y + a = 0.

I

8 If the chord joining t2 and t3, t4 pass through a point
i
i

Shortcuts and Important Results to Remember
1 Second degree terms in the equation of a parabola 

should make perfect squares.
• 2 If /, and /2 are the lengths of segments of a focal chord 

then the latusrectum of the parabola is
'1
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(d) None of these

If

Y

y = 44(0.4)

H.2) (0.2)

X
(0.0)

2

Y

\
3

21 I

XX'

or

t
4

JEE Type Solved Examples: 
Single Option Correct Type Questions

■ This section contains 10 multiple choice examples.
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct.

The focus is (0,2).
The point of intersection of the curve and y = 4 is (0,4). From 
the reflection property of parabola the reflected ray passes 
through the focus.
Therefore, x = 0 is the reflected ray.

-2-VT-V2--1 O

Y'

• Ex. 1 A ray of light travels along a line y = 4 and strikes 

the surface of curves y2= 4(x +y), then the equation of the 

line along which the reflected ray travels is
(a) x = 0 (b) x = 2
(c) x + y = 4 (d) 2x + y = 4

So/, (a) The given curve is (y-2)2 = 4(x +1)

Its vertex is (0,2) and <2=3, 
its focus =(3,2).
Hence, for the required parabola; focus is (3,4), vertex =(3,2) 
and a =2,
Hence, the equation of the parabola is 

(x-3)2 = 4(2)(y-2) 

x2-6x-8y+25=0

=> 

for

• Ex. 2 A parabola is drawn with focus at (3,4) and vertex 
at the focus of the parabolay2 -12x - 4y + 4 =0. The 

equation of the parabola is
(a) x2 - 6x - 8y + 25 = 0 (b) y2 - 8x - 6y + 25 = 0

(c) x2 - 6x + 8y - 25 = 0 (d) x2 + 6x -8y - 25 = 0

So/, (a) y2-12x-4y + 4 = 0 => (y-2)2 = 12x
I 3(3.4) w
A (3,2)

=> 
for 
then [y] = l
••• [x2] = l

1<x2<2

xg(-^,-1]u[1,V2)

2<y <3, then [y] = 2

then, [x2] =2 =>2 <x2 <3

xe(-A-V2]u[72,^)
The graph of the region will not only contain of the parabola 
y = x2 but [x2] = [y ] contain points within the rectangles of side 

1, 2,; 1,72-1; 1,73 - 72 etc.

Hence, a, b, c are incorrects.

J 1 'V.
1 VS’VT 2

• Ex. 4 Let us define a region R in xy-plane as a set of 

points(x,y) satisfying[x2 ] =[y] (where [x] denotes greatest 

integer < x), then the region R defines
(a) a parabola whose axis is horizontal
(b) a parabola whose axis is vertical
(c) integer point of the parabolay = x

(d) None of the above
Sol. (d)v[x2] = [y]

If 0<y<l, 
then, [y] = 0 

[x2] = 0 

0<x2<l 

xe(-l.l) 
i<y<2,

• Ex. 3 Two parabolas have the same focus. If their 
directrices are the X-axis and the Y-axis, respectively, then 
the slope of their common chord is 

4 3(a)±1 (b)± (C)±
3 4

Sol. (a) Let the focus be (a, b)

Then, equations are(x-a)2 +(y-b)2 =y2 and 
(x - a)2 + (y - b)2 = x2

S, =(x-a)2+(y - b)2-y2 = 0

and S2=(x-a)2+(y-b)2 - x2 = 0

.'. Equation of common chord Sj - S2 = 0 gives 
x2-y2 = 0 or y = ±x

Hence, slope of common chord is ± 1.
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7

Da

= x

=x

or

XX' Q,
and r

Distance between tangents (d) =

(given)

(c) (d)

and

or

...(iii)
then,

Let

A s

then
and a =

then [from Eq. (i)]=>

-2m
~r

\ 
4am 
~L

5
4

...(i)

...(ii)

m>0
d<4

+^2)
m

As
we get

2

I ,-2a

• Ex. 6 Let the line lx + my = 1 cut the parabola y2 = 4ax 
in the points A and B. Normals at A and B meet at point C. 
Normal from C other than these two meet the parabola at D, 
then the coordinate ofD are

(a) (a, 2a)

A and B lie on lx + my = 1 
/(amj2) + m(-2amj) = 1 

l(am%) + m[-2am?) = 1 

Subtracting Eq. (ii) from Eq. (i), then 
la(mf -m^)-2am(m1 

a(mj -mJ^O 
/(m, + 77i2)-2m = 0 

2m rr^+m^ —

D=(ami, ~2amj) and C=(h,k) 

Equation of normal in terms of slope 
y =Mx-2aM-aM3 

aM3-(h-2a)M + k = 0 

m, + = 0
2m 
y + m3 = 0

„ 1 m—2----
m

• Ex. 7 Ifd is the distance between the parallel tangents 
with positive slope toy2 = 4x and 

x2 +y2 - 2x + 4y -11 =0, then

(a) 10 < d < 20 (b) 4 < d < 6
(c)d<4 (d) None of these

Sol. (c) Tangent to the parabola y2 = 4x having slope m is

1 y=mxi— 
m

and tangent to the circle (x -1 )2 + (y + 2)2 = 42 having slope m is 

y + 2 = m(x -1) + 4^/(1 + m2)

4^(1 + m2) —

V(1+m2)

2a"
’“J

Hence, Radius (r) = | AB

2am2

I I2

2m 
m’”T

-2m

I 3 3k
-- ,------ (given x-value of A is positive) 

^y 1 -k 1 - kj

A=(a,ka2)^(a,a2-3)

• Ex. 5 The minimum area of circle which touches the 
parabolas y = x2 +1 and x =y2 +1 is

(a) — sq units (b) — sq units
16 32

(c) — sq units (d) — sq units
8 4

Sol. (b) The parabolas y - x2 +1 and x=y2 + 1 are symmetrical 
about y = x.
Therefore, the tangent at point A is parallel to y

then

... I 4am 4a(b)|—’T.

24am 

‘ 7

Sol. (d) Let A =(amf -2amj) and B a (a m^, -20/713)

Now,
=>

• Ex. 8 Two parabolas C and D intersect at two different 
points, where C is y - x2 - 3 and D is y = kx2. The 

intersection at which the x value is positive is designated 
point A , and x = a at this intersection the tangent line I at A 
to the curve D intersects curve C at point B, other than A. If 
x-value of point B is 1, then a is equal to

(a)l (b) 2 (c) 3 (d) 4
Sol. (c)C:y=x2 -3 and Dry =kx2

Solving C and D, then 
kx2 = x2 -3 

2 3x =----- ,
1-k
3k 

y=—k

( I---------

/
D = a

\
(2 \4am 4am

7(1 +m )

dy n
—=2x=l
dx

1x = -, y =
2

. f1 5>A= -,-
\2 4>

n (5 1'Bd
k4 2

_1 Ifl 5? J5 1V 3>/2
~2y{2 4J U 2J ~ 8

A 2 971
Area = nr = — sq units

32
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= kxa

[from Eq. (i)] ...(ii)=>

or

From Eq. (ii),

=>

=>

=>
(va#l,a#-2)

,3and

=>

2=>

=>

Let

or

=>

2 2

■ This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct.

d >2a-2c 
2a<2c + d

...(•)

-(ii)

ax = —
2

Hence, the corresponding point on the parabola is (1,2)
/(Xj - x2)2 + (3 + 7(1 - x2) - 74xjz = ^Xi-x2)2+(y}-y2)2

= Distance between (1,2) and (0,3) - radius
=7(l + l)-l=(>/2-l)

(x, -x2)2 + (3 + 7(1 -xf)-^)^^-!)2

min- [(x, - x2)2 + (3 + yj(l-xf) ~74x2)2]=3 -2-72

tangent 7’ at A to the curve D is 
y + Q2~3 

2

• Ex. 11 The locus of the mid-point of the focal radii of a 
variable point moving on the parabola y2 = 4ax is a 

parabola whose
(a) latusrectum is half the latusrectum of the original 

parabola
(b) vertex is 0 j

(c) directrix is X-axis
(d) focus has the coordinates (a, 0)

on the parabola y2 = 4ar

d n n --------2>0 
a— c

JEE Type Solved Examples:
More than One Correct Option Type Questions

I a I =2a x —
I 2J

which is a parabola with vertex -, 0 and latusrectum is 2a,

• Ex. 9 minf^ -x

2 ( 3 )y + a -3=2ax 1 —- 
\ a J

B «(1,-2) (a *1)

2 - - I

d -2a-am2 + 2c + cm2 = 0
(a -c)m2 = d -2a + 2c

2 d-2a + 2c 
m =------------

(a-c)

y2 1
a 7

2 I 3 -2 + a-3 = 2a| 1—- 
k a2.

a3-2a2 -5a + 6 = 0

(a-l)(a + 2)(a-3) = 0
a =3

a3-5a=2a2-6
2 _ C. — A

Sol. (a, b, c, d) Let P(at2,2at) be a point
with focus S(a, 0)

Now, mid-point of focal radii SP is -(t2 + l),at .
\ 2 J

x = -(r + l) and y = at

\2 J
directrix is x -—=— i.e. x = 0 (Y) and focus | - + -, 01 i.e. (a, 0)

2 2 U 2 J

or y2y2=2ax-a2

• Ex. 10 The condition that the parabolas y2 = 4c (x-d) 

and y2 = 4ax have a common normal other than X-axis 

(a>0,c>Q) is
(a) 2a<2c + d (b) 2c < 2a + d
(c) 2d <2a + c (d) 2d < 2c + a

Sol. (a) Normals of parabolas y2 =4axandy2 = 4c(x-d) in terms 
of slope are

y = mx-2am-am

y = m(x-d)-2cm-cm

Subtracting Eqs. (ii) from (i), then
md-2am-am3 + 2cm+ cm3 = 0

x2 G R, is
(a)4V5 + 1 (b) 3 — 2V2 (c) 75 +1 (d) 75 -1

So/, (b) Let y, =3 + 7(1 -xf) and y2 = fix2

or x2 + (y, -3)2 = 1 and y2 = 4x2

Thus, (Xj.yJ lies on the circle x2 + (y -3)2 = 1 and (x2,y2) lies 
on the parabola y2 = 4x.

Thus, the given expression is the shortest distance between 
the curve x2 + (y-3)2 = l and y2 =4x.

Now, the shortest distance always occurs along the common 
normal to the curves and normal to the circle passes through 
the centre of the circle.
Normal to parabola y2 =4x is y = mx-2m-m3. It passes 
through centre of circle (0,3).
Therefore, 3 = - 2m - m3 => m3 + 2m + 3 = 0 which has only one 
real value m - -1.
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and m2 = 0

are

X'
A

C?2

X'
(i)=>

Now,

Similarly,

curves

...(i)

Sol. (a,b, c)'.'y = x|x| =

2Equation of circle is ...(h)

...<i)

1 
t — 

t

t--=2cota 
t

a x —
2

(v radius = distance between focus and directrix)

2
1 t —
t

2

+ 4
2

= a

Let focal chord P,P2 makes an angle a with X-axis, then

2at-
tana =------

r
Length of latusrectum of required parabola = L12 = 1 
:. Equation of the required parabola is (y - 0)2 = ± l(x - 2) 

=> y2 = x-2ory2 = -x4-2

x2, 
-x2,

(d)
I 2

andx=--
2

• Ex. 14 LetV be the vertex and L be the latusrectum of 
the parabola x2 = 2y + 4x - 4. Then, the equation of the 
parabola whose vertex is at V, latusrectum L/2 and axis is 
perpendicular to the axis of the given parabola.

(a) y2 = x - 2 (b) y2 = x - 4

(c) y2 = 2 - x (d) y2 = 4 - x

Sol. (a, c) Given parabola is x2 =2y + 4x - 4

=> (x-2)z=2y

Vertex of the parabola is (2, 0) and length of latusrectum =2 
V(2,0)andL=2

I I

(b)K-a 
12

• Ex. 15 Consider a circle with its centre lying on the 
focus of the parabola y2 = 2ax such that it touches the 
directrix of the parabola. Then a point of intersection of the 
circle and the parabola is

(c)^-pd

Sol. (a, b) Given parabola is y2 = 2ax

Focus and equation of directrix are S 
respectively.

2

I +(y-0)2=a

2a

2 a at2--
t

• Ex. 13 The equation of the line that touches the 
y = x | x | and x2 +j[y - 2)2 =4, where x*Q, is

(a) y = 4>/5x 4-20 (b)y = 4>/3x - 12

(c)y=0 (d)y = - 4^5x - 20

x>0
x<0

v Equation of tangent in terms of slope (m) of x2 = 4ay is
________„~2y -mx-am

/'/axis of 
parabola y

(2,0)

• Ex. 12 lfP}P2 and two focal chords of a parabola

y1 = 4ax at right angles, then

(a) area of the quadrilateral P1Q1P2Q2>s minimum when 
the chords are inclined at an angle it 14 to the axis of 
the parabola.

(b) minimum area is twice the area of the square on the 
latusrectum of the parabola.

(c) minimum area of quadrilateral PiQ^Qj cannot be 
found.

(d) minimum area is thrice the area of the square on the 
latusrectum of the parabola.

Sol. (a, b) Let coordinates of P, are(at2,2at), then coordinates of P2 
a 2a A 
?’"7/

PjP^a^t+y

= a{4cot2a+ 4} = 4a cosecza [from Eq. (i)J 

Q1Q2= 4a cosec2(90 - a) = 4a sec2a

.-.Area of quadrilateral PjQP^ = (f^KOiG:)

=8a 2sec2a cosec 2a =32a2 cosec 2a

.•.Minimum area =32a2 =2(latusrectum)2 and is inclined at

a = Jt/4 (v cosec 2a = 1)

Also, line (i) touches the circle x2 4- (y -2)2 = 4, then 

|24-am2| -o

Vo+m2)
4 4- a2m1 4- 4am2 = 4 4- 4m2

2 4-4a
m=~

Put 4a = 1 for y = x2, x > 0, then m2 = 48

and put 4a = -1 for y =-x2, x< 0, then m2 =80

Common tangents are
y =0, y = 4a/3x-12 and y = 4-75x4-20
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From Eq. (i),

or

XAO

'(1.2)M

B

-X

2

12

=>

or

JEE Type Solved Examples: 
Paragraph Based Questions

(b)(x + 2)2 =8(y-2) 

(d) (x - 2)2 = 2(y — 2)

-xlxl 
2

From Eqs. (i) and (ii),

(x—
I 2

Its radius is 7(4 + 1-3) = 41.

18. (a) Area bounded by AOPA = Area of AAOB + Area of OPBO 

f Y

1 f2V =-xixl+ [ — dy~
2 Jo 4

i L h + 1
K = --------

k 2 .
The required equation of image is (x +1 )2= 4(y -1).

17. (c) v Focus is S(l, 0) and P is (1,2).

Equation of circle touching the parabola at (1, 2) is 
(x -1)2 + (y - 2)2 + A( x - y +1) = 0 it passes through(1,0).

a 3ax = x *-----
2 2

4
(b) — sq units

/JV 16(d) — sq units

r -ii2 
y 82= — = —=-squmt 
12 12 3L JO

Paragraph II
(Q. Nos. 19 to 21)

LetandC2 be respectively, the parabolas x2 -y-land 
y2 = x -1. Let P be any point on and Q be any point on 
C2. LetP-i andQ, be the reflections ofP andQ, respectively 
with respect to the line y = x.

19. P, and lie on

(a) C, and C2 respectively (b) C2 and C, respectively
(c) Cannot be determined (d) None of these

z
(1.2)

2
I + 2ax = a2

2 2y =a

y = ± a
Hence, required point of intersection are ± a^.

Therefore, 4 + 2X = 0orX = -2
Thus, the required circle is 
(x-1)2 + (y —2)2-2(x-y + 1) = 0 
or x2 + y2-4x-2y+ 3 = 0

2 3a2 A
=> x +ax------ = 0

4

(*.’ for x = - y = imaginary)

AO

■ This section contains 2 Solved Paragraphs based upon 
each of the paragraph 3 multiple choice question. Each 
of these questions has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct.

Paragraph I
(Q.Nos. 16 to 18)

Tangents are drawn to the parabola y2 — 4x at the point P 

which is the upper end of latusrectum.

16. Image of the parabola y2 = 4x in the tangent line at 

the point P is 
(a)(x + 4)2 = 16y 

(c)(x + 1)2 = 4(/-1)

17. Radius of the circle touching the parabola/2 =4xat 

the point P and passing through its focus is
(a) 1 (b)V2 (c)41 (d)2

18. Area enclosed by the tangent line at P, X-axis and the 
parabola is 
/ s 2 
(a) — sq units 

. . 14 (c) — sq units

So/. Upper end of latusrectum is P (1,2)

.*. The equation of tangent at P (1,2) is
y-2=2(x+l)=>x-y + 1 = 0

16. (c) Any point on the given parabola is (t2,2t). The image of 
(h, k) of the point (t2,2t) on x - y +1 = 0 is given by

h-t2 k-2t -2(t2-2t+l) 
1 " -1 1+1 

h=2t-l andfc = t2 + l 
2

+ 1 => (A + l)z = 4(fc — 1)
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(Ans. 20(b))

(a)PQ (c) 2PQ

and ...(i)

[from Eq. (i)]

y=x

JB PC+QC>
(0,1) c2

0
(1.0)

y2=x-1

^3 f2 + 1

^2 h + h 1

JEE Type Solved Examples:
Single Integer Answer Type Questions
■ This section contains 2 solved examples. The answer to 

each example is a single digit integer, ranging from 0 to 
9 (both inclusive).

.2

.2

.2

•••(ii)
...(in)

20. If the point P(A, A2 +1) and Q(p2 4-1, pi), then and

Qi are
(a) (X2 +1, A) and (p2 +1, p) (b) (A2 +1, A) and (p, p2 +1)
(c) (A, A2 + 1) and (p, p2 + 1) (d) (A, A2 +1) and (p2 + 1, p)

21. Arithmetic mean of PP} and QQ, is always

less than

1 t,
1 h (2
1 h *3

c.

flf2

at2
,2

.•.Area of AABC = -
2

• Ex. 23 If the orthocentre of the triangle formed by the 
points tv t2, t3 on the parabola y2 = 4ax is the focus, the 

value o/| ft2 + t2t3 + t3f | is

a2
~ ~ I ^2^3 — ^2) I

1 3 
(b)-PQ (c) 2PQ (d)-PQ

2 2
Sol. Since, the reflection of a point (p, q) with respect to line y = x is 

(g.p)-
Let P(A A2 + 1) and Q(p2 + l,p) be points on C, and C2, 
respectively.

Reflection of P(A, A2 +1) with respect to line y = x is 
P/A2 +1, A) and reflection of Q(p2 + l,p) with respect to line 
y = xisQ(p,p2 + l). 

x2=y-1 y

|=a2|

= a2

2 a(t2 + t3) 1 
Area of APQR = -| at3t| a(t3 + t,) 1 = ^-| t3tj £3 + ^ 1 |

2 afa a^ + tj 1

• Ex. 22 Points A, B, C lie on the parabola y2 = 4ax. The 
tangents to the parabola at A, B, C taken in pairs intersect at 
points P, Q, R, then, the ratio of the areas of the dsABC and 
SPQR. is
Sol. (2) Let (at2,20^), (at2,2at2) and (at3,2at3) be the points A, B 

and C respectively.

2at, 1 
2at2 1 

at3 2at3 1

K^i ~tz)(t2 -t3)(f3 — *i)|

Coordinates of P, Q and R are (at2t3, a(t2 +13)), (atfi, a(t3 + tf), 
(atjtj.a^ +t2)) respectively, then

Q 
-----*X

=>
and
On adding Eqs. (ii) and (iii), then

PC + QC>PA + QB

4PP‘ + ieQ
ffP,+QQ)
. 2 J

2 J
PQ>(AMofPPiandQQ)a\

.*. Pl and Q are (A2 + 1, A) 

and (p,p2 + l)

Also, Pt and Q lie on y2 = x -1 

and x2=y-l.

Hence, Pj and Q lie on C2 and Q , respectively. (Ans. 19(b))
21. (a) v A is mid-point of PP, and B is mid-point of QQ.

PA=-PP. 
2

QB=^QQl

PC>PA
QC^QB

1
2

a
2‘ J 

2
= yl(‘l-'2)('2-'3)a3-‘l)l

= - x Area of AABC 
2

Area of AABC
Area of APQR

a2
2
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F

= -l
k

= -l D

Similarly, ...(ii)

Given

X'- ■X
A (-t2,0) O

(q) 3

(r) 4

2

[v4a=32]or

Column II

(P) 2

JEE Type Solved Examples: 
Matching Type Questions

where 
or

■

(af|, 2atj)

S\ 
(a.O)

Y

C 
(atj, 2at3)

On subtracting Eq. (ii) from Eq. (i), then
4 + 01^2 + ^3 + ) = ~ 1 ^2 ■*" ^3 + = “5

I ^2 + ^3 + tyl I =

A(t2,2t2)and A'(t*,2t3), 

t2 = -3, t3=3
A(9, -6) and A'(9,6)
AA' = 12 units

A = 12

■6

8
(?)
(t)

2
/3 + t2

■ This section contains one solved example. Example 24 
has three statements (A, B and C) given in Column I and 
five statements (p, q, r, s and t) in Column II. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column n.

2t,_ 
Vtf-i
4t1 + t12(t2 + t3) = t2 + t3

4t2 + t2(t3 + t1) = t3 + t1

2

>4a

Sol. (5) v SA is perpendicular to BC[S is focus (fl, 0)] 

2fltt — 0^ ( 2at3-2atf

< af3 ~at2 >

Sol. (A) ->(p, r, t); (B) -> (p, r, t); (C) -> (p, q, r, s)
(A) Let P(at2,2at) be any point on the parabola y2 = 4ax and 
S(a, 0) be the focus, then the other end of focal chord through 

P will beQl —,----- I.

A^t2 23/0 
T\P

= ;(2t!)(20

Then, length of focal chord PQ = a^t + y

t + ->2 => a| t + - 
t k r.

PQ> 32
A=32

(B) Equation of tangent to parabola y2 = 4x at P(f2,21) is 
ty=x+t2 

t2e[l,4]

Area of AAPN=- (AN) (PN)
2

• Ex. 24 Match the following.

Column I
(A) If PQ is any focal chord of the parabola y2 = 32x 

and length of PQ can never be less than A units, 
then A is divisible by

(B) A tangent is drawn to the parabola y2 = 4x at the 
point ‘P’ whose abscissa lies in the interval [1,4]. 
If maximum possible area of the triangle formed 
by the tangent at ‘P’, ordinate of the point ‘P’ and 
the X-axis is A sq units, then A is divisible by

(C) The normal at the ends of the latusrectum of the 
parabola y2 = 4x meet the parabola again at A and 
A'. If length AA' = A unit, then A is divisible by

at2 - a

3

A=2t3=2(t2)2

t2e[l,4]

Amax occurs, when t2 = 4 
3

Araax =2(4)2 =16 sq units

A = 16 ■
(C) Given parabola y2 = 4x. Now, the ends of latusrectum are
P(l, 2) and Q(l, - 2) or P(t2,2t) and Q(t2,2t,), where t = 1, = -1.

2
We know that the other end of normal is given by t2 --t —
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circle, then

...(i)=>

Subjective Type Examples

we get

...(i)
3

-(ii)

■ In this section, there are 16 subjective solved 
examples.

JEE Type Solved Examples:
Statement I and II Type Questions
■ Directions (Ex. Nos. 25 and 26) are Assertion-Reason 

type questions. Each of these question contains two 
statements:
Statement I (Assertion) and
Statement II (Reason)
Each of these examples also has four alternative choices, 
only one of which is the correct answer.
You have to select the correct choice
(a) Statement I is true, Statement II is true; Statement II is a 

correct explanation for statement I.
(b) Statement I is true, Statement II is true; Statement II is not a 

correct explanation for Statement I.
(c) Statement 1 is true, Statement II is false.
(d) Statement I is false, Statement II is true.

On differentiating w.r.t. t, we get
3t2 + (2-X)>0,forX<2

The cubic Eq. (i) has only one real root.
Statement I is true.

Hence, both statements are true but Statement II is not correct 
explanation for Statement I.

=> 
and 
=>

2 = X2

• Ex. 27 The two parabolas y2 = 4a(x - /) and 

x2 -4a(y -If) always touch one another, I and l} being 

variable parameters. Prove that the point of contact lies on 

the curve xy -4a2.

Sol. Let (h, k) be the common point and if the parabolas touch 
each other, then the tangents at (h, k) should be identical. 
Their equations are

ky = 2a(x-l + h) 
2ax-ky=2a(l-h) 

hx=2a(y-li + k) 
hx~2ay =2a(k-lf)

X>-
2

Hence, both statements are true and Statement II is correct 
explanation for Statement I.

• Ex. 26 Statement I If there exist points on the circle 
x2 + y2 = X2 from which two perpendicular tangents can be

drawn to the parabola y2 = 2x, then X > —.

Statement II Perpendicular tangents to the parabola meet 
at the directrix.
Sol. (a) Statement II is true as it is property of parabola. Equation 

2 1of directrix of parabola y -2x is x-—.

• Ex. 25 Statement I Through the point (k, X +1), X < 2, 

there cannot be more than one normal to the parabola y2 = 4 x. 

Statement 11 The point(X, X +1) cannot lie inside the 
parabola y2 =4x.

Sol. (b) Let S =y2 - 4x

A Sj=(X+1)2-4X=(X-1)2>0
Point (X X +1) cannot lie inside the parabola y2 = 4x.

:. Statement II is true.
Now, equation of normal at (t2,21) is y + tx=2t +13 passes 
through (XX+ 1).
=>

Any point on directrix is (- pyj >now *^s P°hit exists on the

• Ex. 28 Show that the area formed by the normals to 
y2 = 4ax at the points tvt2, t3 is

ia2!^ -t2) (t2 -t3)(t3 -tJ|X2, where +t2 + t3).

Sol. Equation of normals at P, Q, R are 

y =-t1x + 2at1 -batj3

X + 1 + tX = 2t + t3 

t3 + (2-X)t-(X + l) = 0

On comparing the coefficients of x and y in Eq. (i) and (ii), 
2a k 
■■ ■■ — —--------

h 2a
=> hk = 4a2

Hence, the locus is xy = 4a2,

which is independent of I and Ij.

1
;+y

y! = X!-ho
4
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Nc
M

,3

,2and

m = ±

m = ±

IGi-GXG~GXG“*i)I^2

2

Required area =

A(x.y)

2

D+

= m

2 =>

2(a - c) - b 
c-a

,3

.3
X 

C (a.O)(0,0) 
Y'

h 1 
G 1 t2 
G 1

1 = -a
2

= ±a‘
2

G
1 

210^1

G
fy 1 2fi

1 2t2
1 2t3

• Ex. 29 Prove that the two parabolas y2 - 4ax and 

y2 = 4c(x - 6) cannot have common normal, other than the 

axis unless b/(a-c)>2.
Sol. Given parabolas y2 = 4ax and y2 = 4c(x - b) have common 

normals. Then equation of normals in terms of slopes are 
y = mx-2am-am 

and y = m(x-b)-2cm-cm

respectively then normals must be identical, compare the 
coefficients

• Ex. 30 If on a given base BC, a triangle is described such 
that the sum of the tangents of the base angles ism, then 
prove that the locus of the opposite vertex A is a parabola. 
Sol. Let the given point B and C be (0, 0) and (a, 0), respectively.

Given, tan a + tan 3 = m (constant)

fY

y = - t2x + 2at2 + at2, y = -t3x + 2at3 + at,, respectively.

(at2.2afd_____ _

-2- —b- 
c-a

CT 
(at22. 2a/j)

ay=amx-mx2 

which is the equation of parabola.

b 
-2-------->0

c-a
b 

-2 +----- >0
a-c

-U2
a— c

a2

\^2 ~ GXG “ G XG ~G)I

1 h
1 t2

2K^1 “ ^2 " G)(G “ 01(^1 + ^2 +

ay ----------— m 
x{a -x)

2!(G "'f2)(f2 GXG tj)|A.

1 -Qat^+at?)
1 -{2at2 + afy 

h 1 ~{2at3 + atl)
2

2
1 

= -a
2

= -a2
2

Aliter
Equations of sides of &LMN formed by the normals are 

y + t]X-(2atj + at’) = 0

y + t2x-(2at2 + at2) = 0

y + t3x-(2at3 + at3) = 0

tj 1 2G + G3 
t2 1 2t2 + t2 
G 1 2t3 + t3

a2_________

2I(G—GXG ~ GXG ~ g)I
a2

2|(G— GXG ~ h)(fi ~G)l
{0 — (tj — t2)(t2 — t3)(G — tj)(tj +12 + t3)}

■2I(G-GXG“G)(G-G)I(*1 + G + G)2

3 
2am + am

mb + 2cm + cm3

m [(c - a)m2 + (b + 2c -2a)] = 0,

m * 0 [-/other than axis]

2 2a - 2c - bm=------------ ,
c-a

X'«—
8

y+~^ 
x a-x

^(at3,2at3)

Subtracting them two by two, coordinates of L, M and N are 
L = {2a + a(tj + t1t2 + t2), — atjt2(t| + t2)} 

M = {2a + a(t2 + t,t3 + f2), - at1t3(t1 + t3)} 

N = {2a + a(t2 + t2t3 + t2), - at2t3(t2 +13)}

Area of &LMN
1 2a + a(t2 + t]t2 + t2) -atjt2(tt + t2) 1

= || 2a + a(f2 + t,t3 + t32) -at^t, + t3) 1 |
2 2a + a(t2 + t2t3 +13) -aGG(G + G) 1

On applying R2 —> R2 - Kj and R3 —> R3 - Rl
2 + (t2 + t,t2 + t2) + 1

= —| (t3 — t2)(tj + t2 + t3) tj(t3 —12)(t, + t2 + t3) 0 |
2 (G-tJ^ + G + G) G(G-O(«i + G + G) 0

Expanding by last column 
a2

=—I(G-GXG-G)I(«i + G + G) I

1
2

a2
2
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■p

X'*
0 $(1.0)

(0,0)

(a. P)

then

=>

.(Hi)

M

XA GS (a.O)

—(i),3

—(i)

then SK

or

the required locus is

which has latusrectum double that of given parabola.

!

I

• Ex. 31 A parabolic mirror is kept along y2 = 4x and two 
light rays parallel to its axis are reflected along one straight 
line. If one of the incident rays is at 3 units distance from the 
axis, then find the distance of the other incident ray from the 
axis.
Sol. Let the incident rays be PA and QB.

After reflection, both rays passes through the focus S(l, 0).
tY A

• Ex. 32 Prove that the length of the intercept on the 
normal at the point P(at2,2at) of a parabola y2 = 4ax made 

by the circle on the line joining the focus and point P as 

diameter is ay]Q + t2) .

Sol. Let the normal at P(at2,2at) cut the circle in K and the axis 
of parabola at G then PK is required intercept.

SP = PM = a + at2

Y

-a2t2(l + t2) =a 2(1 + t2)

• Ex. 34 The normal at point P on a given parabola meet 
the axis of parabola atQ. Then prove that a line through Q 
and perpendicular to this normal always touches a fixed 
parabola whose length of latusrectum is same as that of 
given parabola.
Sol. Let the equation of parabola is

2y = 4ax.

1 , y -0=-(x-2a-at )

Therefore, AB is a focal chord.
, ( 1 -2^Let A be (t2,2t), then B be —, — .

U2 t J
Given, 2t=3 t=3/2

2 4
Hence, distance of B from the axis of parabola is — = - units. ( 2 'I(y-P)2 = -4a ^--a

y2 -2fJy + P2 = -y2 + 4aa

2y2-2py+ pz-4aa = 0

Since, two parabolas (i) and (ii) touch each other.
Hence, roots of Eq. (iii) are equal i.e. Discriminant = 0
=> “B2-4AC = 0"

(-2P)2 = 4 • 2 - (P2 -4aa)

=> 4p2=32aa

p2 =8aa

y2 =8ax9\\
90>

Let P(at2,2at)

Normal at Pis y + tx = 2at + af

v Normal meet the axis of parabola (i.e. X-axis), then 
Q(2a + at2,0).

Now, equation of the line through Q and perpendicular to the 
normal is

Tl 
0

• Ex. 33 A parabola of latusrectum 4a, touches a fixed 
equal parabola, the axes of the two curves being parallel; 
prove that the locus of the vertex of the moving curve is a 
parabola of latusrectum Ba.
Sol. Let the given parabola is

y2 = 4ax „.(i)

If the vertex of moving parabola is (a, P), then equation of 
moving parabola is

(y-p)2 = -4a(x-a)

y2
On substituting the value of i.e. x = — in Eq. (ii),

4a—X

O

Directrix (x+a=0)

Since angle in a semi-circle being right angle. 
ZSKP = 90°

and normal at P(at2,2at) is

y=-tx + 2at + at

=> tx +y-2at-at3 = Q

:. SK is the perpendicular distance from S(a, 0) to the normal (i),

y]t2 + l

:. In ASPK, (Pfc)2 =(SP)2 -(SK)2

= a2(l + t2)2

PK=ayj(l + t2)

4
3
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and

From Eq. (i),

From Eq. (ii),

pQ
.PC

AT

Q' O(f2)

Similarly

Let

Similarly, 150 m P (75, 20)

20 m

Z

if V is origin

i.e. (75,17) P lies onCoordinates of P is - (150), 20-3and

Eq. (i), thenP

■XX'- or
A

From Eq. (i),

r

Coordinates of P and Q are
(d + KP cos Q KP sin 0) 
(d - KQ cos 6, - KQsin 0).

y

S
1

A0 
K(d,0)

• Ex. 35 TP andTQ are any two tangents to a parabola 
and the tangent at a third point R cuts them in P' and Q', 

prove that = 1.
TP TQ

Sol. Let parabola be y2 = 4ax and coordinates of P and Q on this 
parabola are P = (at2,2at}) and Q=(atl,2at2); T is the point of 
intersection of tangents at tj and t2.

.’. Coordinates of T = {atj, t2, a (tj +12)} 
P'slatjtj.a^ + t,)} 
Q'={at2t3,a(t2 + t3)} 

TP':TP = k:l 

 
*1 -*2 

 
?Q h~t2

TP TQ

TP' = t3~t2 
TP t^-t.

— + 
2

• Ex. 37 If the distribution of weight is uniform, then the 
rope of the suspended bridge takes the form of parabola. The 
height of the supporting towers is 20 m, the distance between 
these towers is 150 m and the height of the lowest point of 
the rope from the road is 3 m. Find the equation of the 
parabolic shape of the rope considering the floor of the 
bridge as X-axis and the axis of the parabola as Y-axis. Find 
the height of that tower which supports the rope and is at a 
distance of 30 m from the centre of the road.
Sol. Here MZ is the road let V is lowest point of the rope given 

VZ =3 m.

1
(KQ)2

_______3f
M Road

Let MZ is X-axis and let MVS is K-axis.
Taking X and K-axes as shown in the given figure, the equation 
of parabola is of the form

2
x = 4ay

1
~d2

= , which is independent of 0
4a

_y-o_ 
sin0 r

• Ex. 36 Prove that on the axis of any parabola there is a 
certain point ‘K’ which has the property that, if a chord PQ

 of parabola be drawn through it, then —-— + —-— is the 
PK2 QK2

1
\kq)2

same for all positions of the chord.
x — d 

Sol. Any line passing through X is------
cos©

=> ty = x-2a-at2

=> ty =(x-2a)-at2

which is clearly tangent to the parabola 
y2 = 4a(2a-x).

1 
(KP)2*

For d =2a 
1 

(KP)2

Points P and Q lie on y2 = 4ax then

(KP) 2 sin2 0 = 4a(d + KP cos 0)

(KQ) 2sin2 0 = 4a(d - KQcos®) 

 4acos0+ y(16azcos

(75)2=4a(17)

56254a =-----
17

2 5625 x2=----- y
17

Ji) 

...(ii)

:20 + 16adsin20)
2sin20

 -4a cos 0 + ^(16a2 cos2 0 + 16adsin2 0)

2sinz0
2a cos2 0+ dsin20

2ad2

1
2
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(ii)

[vAPlAQ]
h = + 3 = 5.72 m

x

=>

Any point on this tangent will be x',
[V16t1t2 = -1]

w.r.t.

circle x2 + y2=a2 is xx'-Fy-
-(iii)

=>

,(iv)

and

and

2

.*. 4 4-
x2;

*2

„.(i)

-(ii)

f x /
Hence, 41 — 14- — 

ly2.

2x(

Again
=>

2X,_

+f— l>2.

Sol. Tangent at (x,,y,) on the parabola y2 = 4ax 

yyt=2a(x+xt)

ayi/2x.

2 

= 4

2

= 0.

• Ex. 40 Equilateral triangles are circumscribed to the 
parabola y2 = 4ax. Prove that their angular points lie on the 

conic (3x + a) (x + 3a) = y 2.

Sol. Let coordinates of P and Q are (at,2,2at,) and (at%,2at2), 
respectively.

x = -
yi
a2

x =-----
*i

The fixed point is (x2,y2).
a1

• • X2 — " <
*1

Now, shifting the origin (0, 0) to M (0,-3), 
then equation of parabola in new form is 

xz =------(y-3)
17

Again, let the required height of supporting tower at a distance 
of 30 m from the centre of road be h metres, then the coordinates 
of the top of this tower are (30, h) referred to given axes

from Eq. (ii), (30)2= — (h-3) 
17
900x17 

5625

*1

-az/x, J

2

I =0.

• Ex. 39 A variable chord PQ of the parabola y = 4x 

subtends a right angle at the vertex. Find the locus of the 
points of intersection of the normals at P and Q. 
Sol. Parametric point on the parabola 

y = 4x2 is(l,412)

Let P(^,4t,2)andQ(l2,412), 

if A is vertex of the parabola, then 
Slope of AP x Slope of AQ = -1 

4t,X4t2=-l 
1 V2 =---16

Equations of normals at P and Q are 
x+4tly = tl + 16^ 

and x + 4tjy -t2 4- 1612

Let the normals (i) and (ii) intersect at (h, k\ then 
on solving Eqs. (i) and (ii), then we get 

kJ + ^2 + t2+^2) 
4 

^1 + 16(1* 4-#4-16tjt2 
4 

_ 1 4-16((q 4-12)2 —2t,l2) —1 
4 

= 4k + t2)24-| 
I o

Ar=4(t,4-t2)24-| 

h = -16^(1,4-12) 
11 = 1,4-12

On eliminating 1, and 12 from Eqs. (iii) and (iv), we get 

Jt = 4h2 4- - 
2 

=> 2fc = 8/i24-l

Hence, locus of (h, k) is 2y =8x2 4-1.

• Ex. 38 Tangent is drawn at any point(x-l,y]) on the 

parabola y2 = 4ax. Now tangents are drawn from any point 

on this tangent to the circle x2 + y2 =a2 such that all the 

chords of contact pass through a fixed point(x2,y2)- Prove 

that 4 — 4- —

2a(x' + x,) | 

h J
Equation of chord of contact of the point xz, 

I h J
2a(x/4- x,) _^2

?1
xx y, 4- 2ayx 4- 2ayx, = a y,

=> , (2ayx,-a2y,)4-x'(xy, 4-2ay) = 0

which is family of straight lines passing through point of 
intersection of

2ayXj -a2y, = 0 and xy, 4- 2ay = 0

2x,

2ay _( 2a 

?!
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•••(iv)

and
-(v)

...(vi)
Given, tan60° =

.(vii)

=>

2

= 1=>

= 1.

= 1.

■••(>)

X'« X<B

•••(ii)

mrr^ =-lY'

(i)

Hence,
(iii)

x2 
locus of the focus of the parabola is—+

= - la.

1 + f^

+ k2 = b2-a2

Equation of circle on AB as diameter is 
x2 + y2 =a2

The equation of a circle of radius b and concentric to circle (i) is 
x2 + y2 = b2 ...(ii)

Let S(A, k) be the focus of the parabola which passes through 
>1(- a, 0) and B(a, 0).
Let equation of tangent to circle (ii) be 

xcos0 + ysin0=6.

2
I X— 4— 

a

m+ — t*0 
m

x+a+b=0

, , J 10 =(x + a + fe) m + —
k m.

XV' l\ s

This is taken as directrix, then
SP = PM

BS = BM=s(h- a)2 + (k - 0)2 =(a cos 0 - b)2

AS = AN
=> (h + a)2 + (k-0)2 =(acos0+ b)2

On adding Eqs. (iv) and (v), then
a2cos20+ b2=h2 + k2 + a2

On subtracting Eq. (iv) from Eq. (v), then

4ab cos 0 = 4ah or cos 0 = - 
b

Tangents at P and Q are = x + at? and t^y=x + at2, 
respectively.

Slope of tangents at P and Q are — and —, respectively. 
*1 ^2

Let one angular point of equilateral triangle is A.
A=(atit2,a(t1 + t2))

11
h *2

1+1.1 
fj t2

(73)2(l + V2)2=(t2-ti)2

=> 3(l + t1t2)2=(t1+t2)2-4t1t2

For locus of A, put atjt2 = x and a(tj + t2) =y, then

3[1 + - 
\ a.

y2=3x2 + 10ax + 3a2

(3x + a)(x + 3a)=y2

• Ex. 42 Two straight lines are at right angles to one 
another and one of them touches y2 = 4a(x +a) and the 

other y2 = 4b(x + b). Prove that the point of intersection of 

the lines lies on the line x + a + b = 0.

Sol. We know that any tangent in terms of slope (m) of the 

parabola y = 4ax is y = mx + —.
m

Replacing x by x + a, we get

y ~ m(x 4- a) + — which is tangent to 
m

y2 = 4a(x+ a)

Similarly, tangent in terms of slope of y2 = 4b(x + b) is

y = m,(x+ b) + —

Given tangents are perpendicular, we have
1 

or mj = - — 
m

• Ex. 41 A parabola is drawn to pass through A and B, the 
ends of diameter of a given circle of radius a and to have a 

) directrix a tangent to a concentric circle of radius b, the axes 
' being AB and the perpendicular diameter. Prove that the 

x2 y2 
locus of the focus of the parabola is— + —--

b b2 —a

Sol. Let AB be taken along X-axis, it mid-point O as origin and a 
line through O perpendicular to AB as Y-axis.

Y

From Eqs. (vi) and (vii), we get

^- + b2=h2-kk2 + a2 
b2

h2(b2-a2)

h2 k2
a1+ b2-a2

Hence, the locus of S(h, k) is 
2 2x y -7+ / , 

a2 b2-a2

then Eq. (ii) becomes y = - _ bm
m

On subtracting Eqs. (i) and (ii), then
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| Parabola Exercise 1:
Zinnia Antinn Pnrrart TvmSingle Option Correct Type Questions

(a)

(a) —

F
A

XD

(d)(c)

(d) 2V3(b)4

(d)p>2

1 1 I
2 2J

+ y2 + 2px = 0, pe R, touches the

E

= a2

(d)|—,0 | wfo,- 
k 2 J I 2

(d)l 
a

(b) -2.0 
2e

, ' 4>/6
(0 —

15. From a point (sin 0, cos 0), if three normals can be 
drawn to the parabola y2 = 4ax, then the value of a is 

(a)[?1 
(c)[2,1

8. If a ^Oand the line 2bx + 3cy + 4d =0 passes through 
the points of intersection of the parabolas y2 = 4ax 
and x2 = 4ay, then 
(a) d2 + (2b + 3c)2 =0 
(c)d2 + (2b -3c)2 =0

9. A parabola y =ax2
and (P, 0) both to the right of the origin. A circle also 
passes through these two points. The length of a 
tangent from the origin to the circle is

(b)ac2 (c)- (d)j£
V a a N a

10. Two mutually perpendicular tangent of the parabola 
y2 = 4ax meet the axis at Py and P2. It S is the focus of

the parabola, then —— + —— is equal to 
SP,

7. The circle x2-J ;'2 
parabola y2 = 4x externally, then 
(a) p > 0 (b) p < 0 (c)p > 1

C

(b)^+1

(b)ac2

■ This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct
1. A common tangent is drawn to the circle

x2 +y2 = a2 and the parabola/2 =4bx. If the angle 
which this tangent makes with the axis of x is —, then 
the relationship between a and b is (a, b > 0) 
(a) b = 41a (b) a = b4i (c) c = 2a (d) a-2c

2. The equation of parabola whose vertex and focus lie 
on the axis of x at distances a and a, from the origin 
respectively, is
(a)y2 = 4 (a, - a) x (b) y2 = 4 (a, - a)(x - a)
(c) y2 = 4 (a, - a) (x - a,) (d) y2 = 4aa, x

3. If parabolas y2 = ax and
25[(x-3)2 + (y + 2)2] =(3x- 4y - 2)2 are equal, 
then the value of a is
(a) 3 (b) 6 (c) 7 (d)9

4. ABCD and EFGC are squares and the curve y = XVx 

passes through the origin D and the points B and F. 
TL x- FC .The ratio — is

BC

G
, x V3 +1 4i + 1 .. 45 +1
(a)— (b)__ (c)— .. 2

5. Let A and B be two points on a parabola y2 = xwith 
vertex V such that VA is perpendicular to VB and 0 is 
the angle between the chord VA and the axis of the

k r TL 1 rl^l • parabola. The value ofJ---- - is
|VB|

(a) tan0 (b) cot2 0 (c) tan3 0 (d) cot3 0

6. The vertex of the parabola whose parametric
equation is x = t2 -1 +1, y = t2 + t+1,teR, is 

(a) (1,1) (b) (2, 2) (c) (3, 3) (d)fl,2|

(a)- <b>-
4a a

11. If the normal to the parabola y2 = 4ax at P meets the 
curve again at Q and if PQ and the normal at Q make 
angles a and 0 respectively with the X-axis, then
tan a (tan a + tan (3) has the value equal to 
(a) —2 (b)-1 (c)-l (d) 0

12. If the normals to the parabola y2 = 4ax at three 
points P, Q and R meet at A and S is the focus, then 
SP- SQ • SR is equal to
(a)(5A)2 (b)(SX)5 (c)a(S/l)2 (d)a(SX)3

13. The length of the shortest normal chord of the 
parabola y2 =4ax is
(a) 2a 42J (b) 9a (c)aV54 (d) 18a

14. The largest value of a for which the circle x2 + y2 

falls totally in the interior of the parabola 
y2 =4(x + 4) is

(a) 443

(b) d2 + (3b + 2c)2 = a2
(d)d2 + (2b + 3c)2 = a2

+ bx + c crosses the X-axis at (a, 0)

c
a

1
SP2

(c)- 
a
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(b)(3,-2V3)

(d)4

(c)>V2 (d)>V3(b)>-F

(a) (0, oo)

(d)^(c)2?(b)-^(d)8(c)6

\
..

24. Consider the parabola y2 = 4x. Let A = (4, - 4) and 

B=(9,6) be two fixed points on the parabola. Let C be 

a moving point on the parabola between A and B 
such that the area of the triangle ABC is maximum. 
Then the coordinates of C are

\4 J 
(c)(3,2^) (d)(4,4)

25. Through the vertex 0 of the parabola/2 =4ax, two 

chords OP and OQ are drawn and the circles on OP 
and OQ as diameters intersect at R. If 0V02 and 4>are 
the angles made with the axis by the tangents at P 
and Q on the parabola and by OP, then the value of 
cot©! +cot02 is
(a) - 2 tan $ (b) 2 tan (j)
(c) 0 (d) 2 cot 0

26. AB is a double ordinate of the parabola/2 = 4ax. 

Tangents drawn to the parabola at A and B meet the 
/-axis at and B} respectively. If the area of 
trapezium AA}B}B is equal to 24a2, then the angle 

subtended by at the focus of the parabola is 
equal to
(a) tan-1 2 (b)tan-13

16. If two different tangents of/2 = 4x are the normals 

to x2 = 4 by, then 

(a)|6|<-U

(d)f —, •»
12

(b) <
I 2

(a)|fc|<^j (b)|b|<4

(C)|i,|>272

17. The shortest distance between the parabolas
2/2 = 2x -1 and 2x2 = 2/ -1 is 

(a)-l= (b)±
2V2 2

18. Normals at two points (xp yj and (x2,/2) of the 

parabola y2 = 4x meet again on the parabola, where 

x, + x2 = 4, then | y} + y2 | is equal to
(a)V2 (b)2Vi (c)4a/2 (d) 8 41

19. A line is drawn from A (- 2,0) to intersect the curve 
y2 = 4x at P and Q in the first quadrant such that

— + —— < —. Then the slope of the line is always 
AP AQ 4

(a) <4 c:- ' 
V3 V3

20. An equilateral triangle SAB is inscribed in the 
parabola /2 = 4ax having its focus at S. If chord AB 

lies towards the left of S, then the side length of this 
triangle is
(a) a (2 -41) (b) 2a (2-41)
(c) 4a (2 -41) (d) 8a (2-73)

21. Let C be a circle with centre (0,1) and radius unity. P 
is the parabola / = ax2. The set of values of a for 

which they meet at a point other than origin is
. A1 f
(C) 7 7 \4 2.

22. Let S be the focus of/2 = 4x and a point P be moving

on the curve such that its abscissa is increasing at the 
rate of 4 units/s. Then the rate of increase of the 
projection of SP on x + / = 1 when p is at (4, 4) is 

(a)-V2 (b)-4= (c)-1 (d)V2
V2

23. If P is a point on the parabola /2 = 3 (2x - 3) and M is

the foot of perpendicular drawn from P on the 
directrix of the parabola, then the length of each side 
of the equilateral triangle SMP, where S is the focus 
of the parabola, is 
(a) 2 (b) 4

(c) 2tan 1 2 (d) 2tan-1 3

r iT27. If the 4th term in the expansion of px + — ,neN
V x)

5 2is - and three normals to the parabola / = x are 

drawn through a point (q,0), then

(a) q = p (b)q> p (c) q < p (d) pq = 1

28. The set of points on the axis of the parabola
y2 -4x - 2/ +5 =0 from which all the three normals 

to the parabola are real is
(a)(k,0);k > 1 (b) (/r, 1); > 3
(c) (k, 2); k > 6 (d) (k, 3); k > 8

29. The triangle formed by the tangent to the parabola 
/ = x2 at the point whose abscissa is x0 (x0 e [1,2]), 

the V-axis and the straight line y = Xq has the 

greatest area if x0 is equal to
(a)0 (b)1 (c) 2 (d) 3

30. The set of points (x, /) whose distance from the line 

/ = 2x + 2 is the same as the distance from (2,0) is a 
parabola. This parabola is congruent to the parabola 
in standard from / = kx2 for some k which is equal to

4 12 4s 4s(a)(b)-£ (c)^ (d)^
V5 V5 4 12
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,2

Parabola Exercise 2:
More than One Correct Option Type Questions3

■ This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which MORE THAN ONE may be correct.

31. Equation of the common tangent to the circle
x +y =50 and the parabola y = 40xcanbe 
(a)x + y-10 = 0 (b)x-y + 10 = 0
(c)x + y + 10 = 0 (d)x-y-10 = 0

32. Let PQ be a chord of the parabola y2 = 4x. A circle 

drawn with PQ as a diameter passes through the 
vertex Vof the parabola. If area of APVQ = 20 unit2, 

then the coordinates of P are
(a) (16,8) (b)(16,-8)
(c)(- 16,8) (d)(-16,-8)

33. Let y2 = 4ax be a parabola and x2 + y2 +26x=0 be a 

circle. If parabola and circle touch each other 
externally, then
(a) a > 0, b < 0 (b) a > 0, b > 0
(c) a < 0, b > 0 (d) a < 0, b < 0

34. Tangent is drawn at any point (xv yj other than the 

vertex on the parabola y2 = 4ax. If tangents are 

drawn from any point on this tangent to the circle 
x2 +y2 =a2 such that all the chords of chords of 

contact pass through a fixed point (x2,y2), t’ien

(a) xva, x2 are in GP (b) —,aty2 are in GP

(c)~ 4, —, — are in GP (d) x,x2 + y,y2 = a 
Y2 *2

35. Let P, Q and R are three co-normal points on the 
parabola y2 = 4ax. Then the correct statement(s) is/at

(a) algebraic sum of the slopes of the normals at P, Q and R 
vanishes

(b) algebraic sum of the ordinates of the points P, Q and R 
vanishes

(c) centroid of the triangle PQR lies on the axis of the 
parabola

(d) Circle circumscribing the triangle PQR passes through 
the vertex of the parabola

36. Let P be a point whose coordinates differ by unity 
and the point does not lie on any of the axes of 
reference. If the parabola y2 =4x + 1 passes through 

P, then the ordinate of P may be
(a) 3 (b) - 1
(c)5 (d) 1

37. If a point P on y2 = 4x, the foot of the perpendicular

from Pon the directrix and the focus form an 
equilateral triangle, then the coordinates of P may be 
(a)(3,-2>/3) (b)(-3,2>/3)
(c)(3,2>/3) (d)(-3,-2V3)

38. The locus of the foot of the perpendicular from the 
focus on a tangent to the parabola y = 4ax is
(a) the directrix (b) the tangent at the vertex
(c) x = a (d) x = 0

39. The extremities of latusrectum of a parabola are (1, 1)
and (1, -1). Then the equation of the parabola can be 
(a) y2 = 2x - 1 (b) y2 = 1 — 2x
(c) y2 = 2x - 3 (d) y2 = 2x - 4

40. If from the vertex of a parabola y2 = 4ax a pair of 

chords be drawn at right angles to one another and 
with these chords as adjacent sides a rectangle be 
made, then the locus of the further angle of the 
rectangle is
(a) an equal parabola
(b) a parabola with focus at (8u, 0)
(c) a parabola with directrix as x - la = 0
(d) not a parabola

41. If two chords drawn from the point (4, 4) to the 
parabola x2 = 4y are divided by the line y = mx in the 

ratio 1 : 2, then
(a) m e (- - 73) (b) m G (-«»,- 71 - 1)
(c) m G (73, °o) (d) m G (73 -1, °°)

42. Through a point P(- 2,0), tangents PQ and PR are
drawn to the parabola y2 =8x. Two circles each 

passing through the focus of the parabola and one 
touching at Q and the other at R are drawn. Which of 
the following point (s) with respect to the triangle 
PQP lie (s) on the common chord of the two circles? 
(a) centroid (b) orthocentre
(c) incentre (d) circumcentre

43. The set of points on the axis of the parabola
, f 1

(y — 2) =4 x — from which three distinctI 2j
normals can be drawn to the parabola are
(a) (3, 2) (b)(1,2)
(c) (4, 2) (d) (5, 2)
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(d)8(c)6

(c)4 (d)8

2

45. A. quadrilateral is inscribed in a parabola, then
(a) the quadrilateral may be cyclic
(b) diagonals of the quadrilateral may be equal
(c) all possible pairs of adjacent sides may be perpendicular
(d) None of the above

■ This section contains 8 paragraphs based upon each of 
the paragraph 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct.

Paragraph I
(Q. Nos. 46 to 48)

Consider a parabola P touches coordinate axes at (4,0) and 
(0,3).

46. If focus of parabola P is (a, b), then the value of b - a is

(a)_L (b)l (C)l (d)2|
25 25 25 25

47. Length of latus rectum of parabola P is
< \ 72 144(a) — (b)--125 125
. . 288 ,576c)--  (d --125 125

48. Equation of directrix of parabola P is
(a)4x + 3y = 0 (b)3x+4y = 12
(c)3x + 4y = 0 (d)4x+3y = 12

Paragraph II
(Q. Nos. 49 to 51)

LetC be the locus of the circumcentre of a variable triangle 
having sides Y-axis, y = 2 and ax + by = 1, where (a, b) lies on 
the parabola y2 = 4Xx.

g Parabola Exercise 3:
“ Paragraph Based Questions

Paragraph III
(Q. Nos. 52 to 54)

Consider a parabola (P) x2 -4xy + 4y2 -32x +4y +16=0.

52. The focus of the parabola (P) is

(a) (2,1) (b)(-2,1) (c)(-2,-1) (d)(2,-1)

53. Length of latusrectum of the parabola (P) is

(a) — (b) — (c) — (d) -=
V5 V5 V5 V5

54. Equation of directrix of parabola (P) is
(a) x -2y - 4 =0 ' (b) 2x + y - 3 = 0
(c) x - 2y + 4 = 0 (d) 2x + y +3 = 0

Paragraph IV
(Q. Nos. 55 to 57)

If I and m are variable real numbers such that
5l2 -Aim + 6m2 + 31 = 0, then the variable line lx +my = 1 

always touches a fixed parabola, whose axis is parallel to the 
X-axis.

55. If (a, 6) is the vertex of the parabola, then the value of 

| a - b | is
(a) 2 (b) 3
(c)4 (d)5

56. If (c, d) is the focus of the parabola, then the value of

is
(a)1 (b) 2 (c) 4 (d)8

57. If ex + f =0 is directrix of the parabola and e, f are 

prime numbers, then the value of | e - f | is
(a) 2 (b) 4
(c)6 (d) 8

Paragraph V
(Q. Nos. 58 to 60)

Cj is a curve y2 - Ax, C2 is curve obtained by rotating Cv 

120° in anti-clockwise direction C3 is reflection ofC2 with 
respect toy = x andSp S2, S3 arefocii ofCv C2 andC3, 
respectively, where O is origin.

44. Three normals are drawn from the point (14, 7) to the 
curve y2 -16x-8y =0. Then the coordinates of the 
feet of the normals are
(a) (3,-4) (b)(8, 16)
(c) (0,0) (d) (2,2)

49. For X = 2, the product of coordinates of the vertex of 

the curve C is 
(a) -8 (b) - 6

50. For X = —, the length of smallest focal chord of the

curve C is

(a) j (b) 2

51. The curve C is symmetrical about the line
3 3(a)x=-| (b)y = -j

(c)*=| (d)y=|
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(C) 1

2

■ This section contains 10 questions. The answer to each 
question is a single digit integer, ranging from 0 to 9 (both 
inclusive).

70. Two tangents are drawn from the point (- 2, -1) to the 
parabola y2 = 4x. If 0 is the angle between these 
tangents, then the value of tan0 is

71. If the distances of two points Pand Q from the focus of 
a parabola y2 = 4x are 4 and 9 respectively, the 
distance of the point of intersection of tangents at P 
and Q from the focus is

72. The tangents and normals are drawn at the 
extremities of the latusrectum of the parabola
y2 = 4x. The area of quadrilateral so formed is X sq 
units, the value of X is

73. Three normals are drawn from the point (a,0) to the 
parabola y2 = x. One normal is the X-axis. If other 
two normals are perpendicular to each other, then 
the value of 4a is

3 
(d)- 

2

g Parabola Exercise 4:
u Single Integer Answer Type Questions

(d) 1

(b)3
(d)5

Paragraph VI
(Q. Nos. 61 to 63)

Tangent to the parabola y = x2 + ax +1 at the point of 
intersection of the Y-axis also touches the circle x2 +y2 = c2. 

It is known that no point of the parabola is below X-axis.

61. The value of 5c2 when a attains its maximum value is

(a) 1 (b) 3
(c)5 (d) 7

62. The slope of the tangent when C is maximum, is
(a)-1 (b) 0 (c) 1 (d) 2

63. Let A be the minimum area bounded by the tangent 
and the coordinate axes, then the value of8A is
(a) 1 (b) 2 (c) 4 (d) 8

Paragraph VII
(Q. Nos. 64 to 66)

A parabola (P) touches the conic
x2 + xy+y2 -2x-2y +1=0

at the points when it is cut by the line x + y + 1=0.

64. If equation of parabola (P) is
ax2 + 2hxy +by2 + 2gx + 2fy + c =0, then the 

value of | a + b + c + f + g + h | is
(a) 8 (b) 10 (c) 12 (d) 14

65. The length of latusrectum of parabola (P) is
(a) 41 (b)3V2 (c)5V2 (d)?V2

66. If (a, b) is the vertex of the parabola (P), then the 

value of | a -b | is
(a)0 (b)i

Paragraph VIII
(Q. Nos. 67 to 69)

y = 3x is tangent to the parabola 2y = ax

67. The minimum value of a +b is
(a) 2 (b)4 (c)6 (d) 8

68. If (2,6) is the point of contact, then the value of 2a is

(a) 2 (b) 3 (c)4 (d) 5

69. If b =18, then the point of contact is
(a) (13) (b)(2,6)
(c)(3,9) (d)(6,18)

58. If(t2,2t) are parametric form of curve Cv then the 

parametric form of curve C2 is

(a) | - (t2 +2\/3t),-(V3t2 +2t)|
<2 2 J

(b) | -(- t2 + 2^31), - (V312 + 2t)|
U 2 )
/ -1 -I

(c) - (- f 2 + 2V3 f), — (— Vs f2 + 2t)
\.2 2 )

(d) | -(-t2 +2>/3t),-(-V3t2 -2t)1
U 2 J

59. Area of AOS2S3 is 

<’4

60. lfS1(x1,y1),S2(x2,y2) and S3(x3,y3), then the value of 

Xx2 +Sy2 is

(a) 2
(c)4

2+b.
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(B) 1(q)

(C) 2(r)

(D) (s) 3

number

(A)

(4,4)(B) (q)

(C) (r)

(s)

l_____
(-2,1)

the coordinates of point P will be

J_____
j (r) Perfect number

74. AB is the chord of the parabola/2 = 6x with the 
vertex at A. BC is drawn perpendicular to AB meeting 
the axis at C. The projection of BC on the axis is X 
units, then the value of X is

75. The parabolas y = x2 - 9 and y = Xx2 intersect at 
points A and B. If length of AB is equal to 2a and if 
Xa2 +|1 = a2, then the value of p, is

76. Let n be the number of integral points lying inside 
the parabola y2 = 8x and circle x2 +y2 =16, then the 
sum of the digits of number n is

82. Match the following.
_____ ______ Column I 
The common chord of the circle x2 + y2 = 5 
and the parabola 6y= 5x2 + 7x will passes 
through the point (s)
Tangents are drawn from point (2,3) to the 
parabola y2 = 4x Then, the points 
of contact are
From a point P on the circle x2 + y2 = 5, the 
equation of chord of contact to the parabola 
y2 = 4x is y = 2(x - 2). Then,

I (s) Even number 

perpendicular drawn from its focus to

i(9,-6)

Column II
7p)"11.2)

If the tangents drawn from the point (0,2) to 
the parabola y2 =4 ax are inclined at an angle 
3n—, then the values of a are
4  

If two distinct chords of a parabola, y2 = 4 ax 
passing through (a, 2a) are bisected on the line 
x + y=l, then the length of latusrectum can be 
If the focus of the parabola x2 - ay + 3 = 0 is 
(0,2) and if two values of a are ah a^ such that 
O| > Oj, then the value of — is

02

■ This section contains 3 questions. Each question has four 
statements (A, B, C and D) given in Column I and four 
statements (p, q, r and s) in Column II. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column II.

80. Match the following.  
Column I Column II

I j
(A) The number of common chords of the , (p) Prime number 

parabola x = y2 -6y + 11 and
y=x2 -6x+ His

(B) AB is a chord of the parabola y2 = 4x ! (q) Composite
with vertex A. BC is drawn
perpendicular to AB meeting the axis

I at C. The projection of BC on the 
axis of the parabola is 

(C) The maximum number of common 
normals of y2 = 4ax 
and x2 = 4 by is

------- 1 __
(D) If the locus of the middle of point of

| contact of tangents drawn to the 
parabola y2 = 8x and the foot of

.... - •

the tangents is a conic, then the length 
 of latusrectum of this conic is

P(4, - 4) and Q are points on the parabola 
y2 = 4x such that the area of bJPOQ is 6 sq 
units, where O is the vertex. Then, the 
coordinates of Q may be1------------------------------------------------

g Parabola Exercise 5:
Matching Type Questions  

81. Match the following.  
Column I Column II

(A) If the parabola x2 = ay makes an intercept of I (p): -2
length V40 on the line y-2x = I, then the 
'values of a are I I

77. Radius of the largest circle which passes through the 
focus of the parabola/2 =4xand contained in it, is

78. If the circle (x-6)2 + /2 = r2 and the parabola
y2 =4xhave maximum number of common chords, 
then the least integral value of r is

79. The slope of the line which belongs to the family of 
lines (1 + a)x + (a -1)/ + 2(1 - a) = 0 and makes 
shortest intercept on x2 - 4/ + 4 = 0 is
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Parabola Exercise 7:
Subjective Type Questions
1 In this section, there are 15 subjective questions.

91. If the tangent to the parabola y2 = 4ax meets the axis 

in T and tangent at the vertex /tiny and the 
rectangle TAYG is completed, show that the locus of 
G is y2 + ax =0.

52. If incident ray from point (-1,2) parallel to the axis of 

the parabola y2 = 4x strikes the parabola, find the 

equation of the reflected ray.

93. Prove that the normal chord to a parabola at the 
point whose ordinate is equal to the abscissa 
subtends a right angle at the focus.

94. Find the shortest distance between the parabola 
y2 = 4x and circle x2 +y2 - 24y +128 =0.

95. Show that the locus of a point that divides a chord of 
slope 2 of the parabola y2 =4x internally in the ratio 

1 : 2 is a parabola. Find the vertex of this parabola.

86. Statement I The conic Vox +Jby =1 represents a 

parabola.

Statement II Conic
ax2 + 2hxy +by2 + 2gx + 2fy +c - 0 represents a 

parabola, if h2 = ab.

87. Statement I The lines from the vertex to the two 
extremities of a focal chord of the parabola y2 = 4ax 

are perpendicular to each other.

Statement II If extremities of focal chord of a 
parabola are (at2,2at}) and (atj, 2at2), then t}t2 --1.

88. Statement I Length of focal chord of a parabola 
y2 =8x making an angle of 60° with X-axis is 32/3.

Statement II Length of focal chord of a parabola 
y2 = 4ax making an angle a with X-axis is 

4a sec2 (a/ 2).

89. Statement I Straight line x + y = X touch the 
parabola y = x - x2, if k =1.

Statement II Discriminant of (x -1)2 = x - x2 is 

zero.

90. Statement I Length of latusrectum of parabola 
(3x + 4y + 5)2 = 4(4x + 3y + 2) is 4.

Statement II Length of latusrectum of parabola 
y2 = 4ax is 4a.

| Parabola Exercise 6:
Statement I and II Type Questions

■ Directions (Q. Nos. 83 to 90) are Assertion-Reason type 
questions. Each of these questions contains two 
statements:
Statement I (Assertion) and
Statement II (Reason)
Each of these questions also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below :
(a) Statement I is true, Statement II is true; Statement II is a 

correct explanation for Statement I
(b) Statement I is true, Statement II is true; Statement II is not a 

correct explanation for Statement I
(c) Statement I is true, Statement II is false
(d) Statement I is false, Statement II is true

83. Statement I The equation of the common tangent to 
the parabolas y2 = 4x and x2 = 4y is x + y +1 =0.

Statement II Both the parabolas are reflected to 
each other about the line y = x.

84. Statement I Two perpendicular normals can be
<5 \

drawn from the point —, - 2 to the parabola

(y + 2)2 =2(x-1).

Statement II Two perpendicular normals can be 
drawn from the point (3a, 0) to the parabola y 2 = 4ax.

85. Statement I The line y = mx + — is tangent to the
m

parabola/2 = 4ax for all values ofm.

Statement II A straight line y = mx + c that intersects 
the parabola y2 = 4ax one point is a tangent line.
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@ ^rabola Exercise 8:
Questions Asked in Previous 13 Year's Exams

y =

(a) 71/3
(c) 71 / 6

(b) 7t 12 
(d) 71/4

(a)(x + y)2 = (x-y-2) (b)(x-y)2 = (x + y + 2) 
(c)(x-y)2 = 4(x + y-2)(d)(x-y)2 =8(x + y-2)

109. The equations of the common tangents to the 
parabolas y = x2 and y = - (x - 2)2 is/are
(a)y = 4(x-1) (b)y = 0 [IIT-JEE 2006,5M]
(c) y = - 4(x - 1) (d) y = - 30x - 50

■ This section contains questions asked in IIT-JEE, AIEEE, 
JEE Main & JEE Advanced from year 2005 to 2017.

106. Tangent to the curve y = x2 + 6 at a point (1, 7) 
touches the circle x2 +y2 + 16x + 12y + c = 0 at a 
point Q. Then the coordinates of Q are

[IIT-JEE 2005, 3M]
(a) (-6,-11) (b)(-9,-13)
(c)(-10,-15) (d)(-6,-7)

107. Let P be a point (1, 0) and Q a point on the locus 
y2 = 8x. The locus of mid-point of PQ is

[AIEEE 2005, 3M]
(b)x2 +4y + 2 = 0
(d)y2 -4x + 2 = 0

(a) x2 - 4y + 2 = 0
(c)y2 +4x + 2 = 0

108. The axis of a parabola is along the line y = x and the 
distance of its vertex from origin is 41 and that from 
its focus is 2V2. If vertex and focus both lie in the 
first quadrant, the equation of the parabola is

[IIT-JEE 2006, 3M]

110. The locus of the vertices of the family of parabolas
a3x2 a2 x----+--------2a is [AIEEE 2006, 4.5M]

, , 3 105 2 ... 3(a) *y = — (b) xy = -64 4
, \ 35 /jx 64(c) xy = — d xy = —16 105

111. Angle between the tangents to the curve
y = x2 -5x + 6 at the points (2, 0) and (3, 0) is

[AIEEE 2006,4.5 M]

101. A family of chords of the parabola y2 = 4ax is drawn 
so that their projections on a straight line inclined 
equally to both the axes are all of a constant length c; 
prove that the locus of their middle points is the 
curve (y2-4ax)(y 4-2a)2 +2a2c2 =0.

102. The normals at P, Q, R are concurrent and PQ meets 
the diameter through R on the directrix x = -a. Prove 
that PQ touches [or PQ envelopes] the parabola
y2 +16a (x + a) =0.

103. If the normals to the parabola y2 = 4ax at three 
points P, Q and R meet at A and S be the focus, prove 
that SP-SQ-SP = a(SA)2.

104. From a point A common tangents are drawn to the 
circle x2 +y2 =(a2 /2) and the parabolay2 = 4ax. 
Find the area of the quadrilateral formed by the 
common tangents, the chords of contact of the point 
A, with respect to the circle and the parabola.

105. Prove that the any three tangents to a parabola 
whose slopes are in harmonic progression enclose a 
triangle of constant area.

96. Show that the locus of the points of intersection of 
tangents to y2 = 4ax, which intercept a constant 
length don the directrix is(y2 -4ax)(x +a)2 =d2x2.

97. Through the vertex Oof the parabola y2 =4axtwo 
chords OP and OQ are drawn and the circle on OP 
and OQ as diameters intersect in R. If and 02 are 
the angles made with the axes by the tangents at P 
and Q to the parabola and 0 is the angle made by OR 
with the axis of the parabola, then prove that
cotO, + cot02 +2tan(|) = 0.

98. Three normals with slopes m},m2 and m3 are drawn 
from a point Pnot on the axis of the parabola
y2 = 4x. If m}m2 = a, results in the locus of P being a 
part of the parabola, find the value of a.

99. Find the locus of centres of a family of circles passing 
through the vertex of the parabola y = 4ax and 
cutting the parabola orthogonally at the other point 
of intersection.

100. TP and TQ are tangents to the parabola y2 = 4ax. The 
normals at P and Q intersect at R on the curve. Prove 
that the circle circumscribing the A TPQ lies on the 
parabola 2y2 = a (x - a).
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2

(b) directrix is at x = 0

(d) focus is (a, 0)

(b)-

[AIEEE 2011,4M]

I 

I

(a)(0, 2)
(c)(0, 1)

(a) 4
(c) 8/3

(b)(1,0)
(d) (2, 0)

(b) (0, 2) 
(d)(-2,0)

[IIT-JEE 2010, 3M]

(d)J
r

x = 2 as the directrix. The vertex of the parabola is at 
[AIEEE 2008, 3M]

(c)4V3

I
116. A parabola has the origin as its focus and the line

x = 2 as the directrix. The vertex of the namhnla is (b>4 
3V2
J3

(d) — 
4

117.The tangent PT and the normal PN to the parabola 
y2 = 4ax at a point P on it meet its axis at points T 

and N, respectively. The locus of the centroid of the 
&PTN is a parabola whose [IIT-JEE 2009,4M]

f 2a 
(a) vertex is —, 0 

I 3 ,

112.Consider the circle x2 + y2 =9 and the parabola 

y =8x. They intersect at P and Q in the first and 
fourth quadrants, respectively. Tangents to the circle 
at P and Q intersect the X-axis at R and tangents to 
the parabola at P and Q intersect the X-axis at S.

(i) The ratio of the areas of the APQS and APQR is
(a)1:V? (b)1:2
(c) 1 : 4 (d) 1 : 8

(ii) The radius of the circumcircle of the APRS is
(a) 5 (b) 3^3
(c)3V2 (d) 2a/3

(iii) The radius of the incircle of the APQR is
[IIT-JEE 2007, (4 + 4 + 4) M]

(b)3 
(d)2

x2
113. Statement I The curve y - --------+ x +1 is symmetric

with respect to the line x = 1 because

Statement II A parabola is symmetric about its axis.
[IIT-JEE 2007, 3M]

(a) Statement I is true, Statement II is true; Statement II is a 
correct explanation for Statement I

(b) Statement I is true, Statement II is true; Statement II is 
not a correct explanation for Statement I

(c) Statement I is true, Statement II is false
(d) Statement I is false, Statement II is true

114. The equation of a tangent to the parabola y2 =8xis

y = x + 2. The point on this line from which the other 
tangent to the parabola is perpendicular to the given 
tangent is [AIEEE 2007, 3M]

(a) (-11) 
(c)(2,4)

115. Consider the two curves
Cf.y2 =4x, C2 : x2 + y2 -6x + 1=0, then

[IIT-JEE 2008, 3M]

(a) and C2 touch each other only at one point

(b) C1 and C2 touch each other exactly at two points

(c) C, and C2 intersect (but do not touch) at exactly 
two points

(d) and C2 neither intersect nor touch each other

(c) latusrectum is -y

118. Let A and B be two distinct points on the parabola
y2 = 4x. If the axis of the parabola touches a circle of 

radius r having AB as its diameter, The slope of the 
line joining A and B can be 

1 1 2
(a)-- (b)- (c)-

r r r

119. If two tangents drawn from a point P to the parabola 
y2 = 4x are at right angles, the locus of P is

, . /c. [AIEEE 2010,4M1(a)2x + 1 = 0 (b)x = -1 J
(c) 2x - 1 = 0 (d) x = 1

120. Consider the parabola y2 =8x. Let A, be the area of 

the triangle formed by the end points of its 

latusrectum and the point on the parabola

and A2 be the area of the triangle formed by drawing 
tangent at P and at the end points of the latusrectum.

A,
Then,— is [IIT-JEE 2011, 4M ]

A2

121. Let (x, y) be any point on the parabola y2 = 4x. Let P 

be the point that divides the line segment from (0, 0) 
to (x, y) in the ratio 1 : 3. Then, the locus of P is

[IIT-JEE 2011.3M]
(a)x2=y (b)y2=2x

(c)y2=x (d)x2=2y

122. Let £ be a normal to the parabola y2 = 4x. If L passes 

through the point (9, 6), then L is given by
[IIT-JEE 2011, 4M]

(a) y - x + 3 = 0 (b) y + 3x - 33 = 0
(c)y + x-15 = 0 (d)y-2x + 12 = 0

123. The shortest distance between line y - x = 1 and curve 

x = y2 is

(a)—
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3

[JEE Main 2014,4 M]

(d)(lV2)

(a) 3

[JEE Advanced 2014, (3 + 3) M]

(b)

(b)(a)

(d)(c)

124. Let S be the focus of the parabola y2 = 8x and let PQ 

be the common chord of the circle 
9 9

x +y - 2x - 4y = 0 and the given parabola. The 

area of the APQS is [IIT-JEE 2012,4M]

(o;

first quadrant and the area of the &OPQ is 3^2, then 

which of the following is (are) the coordinates of P?
[JEE Advanced 2015,4M]

(b) (9,3^2)

131. Let O be the vertex and Q be any point on the 
parabola x2 = Sy. If the point P divides the line 
segment OQ internally in the ratio 1 : 3, then the 
locus of Pis [JEE Main 2015,4M]

2 /L\ 2---- - x

(a) x2 + y2 - 4x + 8y + 12 = 0

(b) x2 + y2 - x + 4y - 12 = 0

(c) x2 + y2 -- + 2y-24=0
4

(d) x2 + y2 - 4x + 9y + 18 = 0

136. The circle C, : x2 + y 2 =3 with centre at O, intersects 
the parabola x2 = 2y at the point P in the first 
quadrant. Let the tangent to the circle Ct at P 
touches other two circles C7 and C, at P, and /?,, 
respectively. Suppose C2 and C3 have equal radii 2V3 
and centres Q2 ar,d Q3, respectively. If Q2 and Q3 l'e 
on the X-axis, then [JEE Advanced 2016,4M]

(a) Q2Q3 = 12
(b) R2P3=4^6

(c) area of AOR2R3 is 6-J2

(d) area of APQ2Q3 is 4 Vi

(a)(4,2V2)

<1 1 "I
(c) 7’"TU V2J

135. Let P be the point on the parabola y2 =8x, which is 
at a minimum distance from the centre C of the circle 
x2 +(y +6)2 =1, the equation of the circle passing 
through C and having its centre at P, is

[JEE Main 2016,4M]

2 r-

3

alt2 +1)2 
2t3 

a(t2 + 2)2 
t3

(b)6 (c) 9

Paragraph
(Q. Nos. 129 and 130)

Let a, r, s and t be non-zero real numbers. Let P{at2 2at),

Q —,----- L R(ar2t 2ar) and S(as2,2as) be distinct points
U2 t )

on the parabola y = 4ax. Suppose that PQ is the focal 
chord and lines QR and PK are parallel, where K is the 
point (2a, 0).

129. The value of r is

(a) - - (b) ——

130. If st = 1, then the tangent at P and the normal at S to 

the parabola meet at a point whose ordinate is
(t2 +1)2

2t3
a(t2 4-1)2

t3

(d) — 
t

Paragraph
(Q.Nos. 125 and 126)

Let PQ. be a focal chord of the parabola y 2 = 4ax. The 

tangent to the parabola at P and Q meet at a point lying on 
the line y = 2x + a, a > 0. [JEE Advanced 2013, 3+3 M]

125. If chord PQ subtends an angle 0 at the vertex of 
y2 = 4ax, them tan© is equal to

2 r- 2 r~ 2 r-(a)^V7 (b)-^ (c)^Vs
3 3 3

126. Length of chord PQ is

(a) 7a (b) 5a (c) 2a (d) 3a
127. The slope of the line touching the parabolas y2 = 4x

and x =-32y is 

(a) 1/8 (b) 2/3
(c) 1/2 (d) 3/2

128. The common tangent to the circle x2 +y2 =2 and 

the parabola y2 = 8x touch the circle at the points 

P, Q and the parabola at the points R,S. Then, the 
area of the quadrilateral PQRS is

[JEE Advanced 2014, 3 M]
(d)15

(a)xz=y (b)y2

(c)y2=2x (d)x2=2y

132. If the normals of the parabola y2 = 4x drawn at the 
end points of its latusrectum are tangents to the 
circle (x -3)2 +(y + 2)2 = r2, then the value of r2 is

[JEE Advanced 2015,4M]

133. Let the curve C be the mirror image of the parabola 
y2 = 4x with respect to the line x + y + 4 = 0. If A and 
B are the points of intersection of C with the line
y = - 5, the distance between A and B is

[JEE Advanced 2015,4M]

134. Let P and Q be distinct points on the parabola
y = 2x such that a circle with PQ as diameter passes 
through the vertex O of the parabola. If P lies in the
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[JEE Advanced 2016,4M]

Answers
28.(b) 30. (d)

6- (d) 88. (c)87. (d)88. (c)

98. (2)

2

109. (a, b)108.(d)106.(d) 107.(d)

138.The radius of a circle, having minimum area, which 
touches the curve y = 4- x2 and the lines, y = |x| is 

[JEE Main 2017,4M]

3. (b)
9. (d)

15. (d)
21- (d)

6. (c)
12.(b)

111. (b)
115. (b)

50. (c)
56. (b)
62. (b)
68. (b)
74.(6)

113. (a)
119. (b)

2-(b)
8. (a)

14. (d)
20. (c)

4. (b)
10. (b)

6. (a)
12. (c)
18. (c)
24. (a)

41. (b,c,d)
47.(d)
53. (c)
59. (b)
65. (d)
71.(6)
77. (4)

4. (d)
10. (b)
16. (a)
22. (a)

5.(d)
11. (a)
17. (a)
23. (c)

84. (a)
90. (d)

40. (a,c)
46. (d)
52.(d)
58.(d)
64. (c)
70.(3)
76. (8)

42. (a.b,c,d)
48. (c)
54.(d)
60. (b)
66. (a)
72.(8)
78. (5)

Chapter Exercise 
l.(a) 
7-(a) 

13. (a) 
19. (d)

4. (a) 
10. y1 = 2o(x-a)

137. Let P be the point on the parabola y2 = 4x which is at 
the shortest distance from the centre 5 of the circle 
x2 + y2 - 4x -16y 4-64 =0. Let Q be the point on the 
circle dividing the line segment SP internally. Then,
(a) SP = 2/5

(b) SQ:QP = (>/5 4-1): 2

(c) the x-intercept of the normal to the parabola at P is 6

(d) the slope of the tangent to the circle at Q is ~

5. (c) 6. (c)
11. y=x- 1,872 sq units

(a) 4(714-1)

(b) 2(5/2 4-1)
(c) 2(71- 1)
(d) 4(72-1)

139. If a chord, which is not a tangent of the parabola 
y2 =16x has the equation 2x 4- y - p, and mid-point 

(h, k), then which of the following is (are) possible 
value(s) of p, h and k ? [JEE Advanced 2017,4M]
(a) p = 2, h = 3, k = - 4
(b) p = -\h = \k = -3
(c) p =— 2, h =2, k = ~ 4
(d) p = 5, h =4, k = - 3

85. (a) 
92. x=l
95. 1

19 9.
99. 2/ (2y* + x2 - 12ax) = ax(3x-4a)'

.A. 15a2104. —— sq units

110.(a)
114.(d)
120.(2) 121. (c)
125.(d) 126.(b) 
131.(d) 132.(2)

.. f-7 5> (-17 5\15.1 —I; I---- , — t y=
U 2) L 2 2/

16. Parabola
10 2 2 _ 68 519.x=- y -5y+—; —

5 5 2

Exercise for Session 2
1. (d) 2. (b, d) 3. (a)
7. (b) 9. x+4a = 0

11./ = — (x-6)2 
343

27. (b) 28. (b) 29. (c)
33. (b,d) 34. (b,c,d) 35. (a,b,c, d) 36. (a, c)
39. (a,c)

25. (a) 26. (c)
31.(b,c) 32. (a,b)
37. (a,c) 38. (b,d)
43. (a,c,d) 44.(a,b.c) 45. (a.b)

51. (d)
57. (d)
63. (b)
69. (d)
75. (9)

49. (b)
55. (b)
61. (a)
67. (c)
73.(3)
79. (0)
80. (A) ->(q,r,s); (B) ->(q,s); (C) ->(p); (D) ->(q)
81. (A) —»(p,q); (B) —>(p,r); (C) ->(q,r,s); (D) ->(s)
82. (A) -> (p,r); (B) -> (p.q); (C) -> (r); (D) -> (p,s)
83. (a)
89. (c)

94. 4(5/5 -1)

Exercise for Session 1
1. (a) 2. (d) 3. (c) 4. (b) 5. (c)
7. (b) 8. (c) 9. (c) 10. (b) 11. (d)

13. 16x2+ 9/ + 24.xy-256x-142y+ 849 = 0 
14.4?+ /-4iy + 104x+ 148y-124 = 0

5 A.,
-;x+ — = 0; 3 
2 4

17. Parabola

20.4

116.(b)
122. (a,b,d)123. (a)
127.(c) 128.(d)
133. (4) 134. (a,d)

135. (a) 136. (a,b,c) 137. (a,c,d) 138. (d) 139. (a)

Exercise for Session 3
1. (b) 2. (a) 3. (d)
7. (a) 8. (c)

4. (a) 5. (d)
10. (a) y= 2x-12 (b) y= 3x- 33

13. X = -
2

112. [i] (c) [ii] (b) [iii] (d)
117. (a,d) 118. (c,d)

124. 4 sq units
129. (d) 130. (b)

5
2
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Solutions or

[v kpO]

or

or

...(i)

Here,

= a
XX'

V
=>

=>

Similarly, VB =or

6. v

■J(x - 3)2 + (y + 2)2
or

or

or

For vertex,= 2 = 6
or

y

y2=4x

(i) X'- X(0.0)

YThen

- p < 0 or p > 0

x~y
41 >
x -

1. Equation of tangent ofy2 = 4bx is 
b y = mx + — 
m

it m - tan — = 1
4

From Eq. (i), y = x + b
For common tangent y = x + b is also tangent of circle 
x2 + y2 = a2, then 

| 0-0 + b| 
7m 

b = a42

x + y -2 j
V2 J

y „ , x + y -2 „ , +- = 0 and 7=— = 0 
'2 a/2

x = y and x + y =2
x = y = 1

Hence, vertex is (1,1).
7. It is clear from figure

a > 0, b > 0]

2. The coordinates of vertex and focus of required parabola are 
(a, 0) and (a„ 0) respectively. Therefore, the distance between 
the vertex and the focus is AS = at - a . So, the length of 
latusrectum is 4 (ar - a). Thus, the equation of the required 
parabola is

(y - 0)2 = 4 (a, - a) (x - a)
y2 = 4 (fl] - a) (x - a).

3. The parabolas are equal if the lengths of their latusrectum are 
equal.
The length of latusrectum of y2 = ax is a

The equation of second parabola can be written as 
_<3x-4y -2^

5 J
Here, focus is (3, - 2) and the equation of directrix is 
3x - 4y - 2 = 0.

Length of latusrectum= 2 x Distance between focus and 
directrix

kj _ 1 +
X2 ~ 2

FG _ Vs + 1
BC ” 2

5. Coordinates of A and B are
(VA cos 9, VA sin 9) and (VB sin 9, - VB cos 9) respectively 

v A and B lie on y2 = x, then (VA sin9)2 = VA cos 9

9-4X-2-2
V(9 + 16)

Thus, the two parabolas are equal if a = 6.
4. Let DC = CB = BA = AD = k

Coordinates of B are (k, k), 
which lie on y = XVx 

k = X4k 

k = X2

BC = k = X2

Also, let CG = GF = FE = EC = kj
/. Coordinates of F are (X2 + k}, kj), 
which lie on y = XVx

K =x7(Xz + kt) 
k2 = X4 + X2k]

sin2 9 
sin 9 
cos2 9

-------= cot U
|VB|

x = t2-t+l,y = t2 + t+ l

x + y = 2t2 + 2 and y - x = 2t 

2 (x + y - 2) = 412 = (2t)2 = (y - x)2 

(x-y)2=2(x + y-2)
/ .. _.\2

= ^2

- X2ki - X4 = 0

X2 ± # + 4X4)
2
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...(i)

[•/ a * 0]

y

...(ii)
-X

S(P.O)
...(iii)T

(i)

•••(ii)

or

13.

Now,
+

+
= 4a

tf-2)2= 16aX'+ >X
4

For = 0 => t] = 2

^®min ~.3

and
On putting

Equation of normal at P is 
y + tx x = 2at] + at?

1_ 
a

(0,0

.3
-=2aV27

8. The point of intersection of the parabolas y2 = 4ax and 
x2 = 4ay are (0, 0) and (4a, 4a) but a * 0.

Now, 2bx + 3cy + 4d = 0 passes through (0, 0) and (4a, 4a).
Therefore, d = 0 and 2b (4a) + 3c (4a) = 0 i.e., 

2b + 3c = 0 
or d2 + (2b + 3c)2 = 0

9. v (OT)2 = OA ■ OB

= a-P

or OT = JaTp

Parabola cuts X-axis at a and (3.
a, P are the roots of ax2 + bx + c = 0

aP = - 
a

From Eqs. (i) and (ii), we get
0T^

10. ’.'Two perpendicular tangents meet a point on directrix. 
Now, equations of tangents at (at2,2atJ and (at?, 2 at2) are 
t$ = x + at? and tjy = x + at?, respectively.

A = (- at?, 0), P2 s (- at?, 0)

=> SPi = a (1 + t2), SP2 = a (1 + t?) and tjt2 = -1
1 J__ 1 1

SPj + SP2 ~

= a 2 tj + — 
k hJ

](t? + I)3

t?

+ I)3
t?

JUM2)2

(AB)2 = 16a2

------ o
A(a,0)"

a (1 + t?) 

1

a 1 + —
I t?.

=- 1 .+..i _
a (1 + t?) a (1 + t?) 

11. Let P b (at?, 2atj) and Q s (at?, 2at2)

a (1 + t?)

1___
a (1 + t?)

d (AB)2 
dtt

d (AB)2 
dt, 

For which (AB)2 is minimum, thus 

16a2 (2 + 1):
4

1 
..t2-

meet the curve again at Q, then 
2 t2 = -1, - - 
h

Here tan a = - tj and tan p = -t2, from Eq. (i) 
_ 2

- tan p = tan a +-------
tan a

=> tan a (tan a + tan P) = - 2
12. Let A = (a, p)

The equation of normal at (at2,2at) 
y + tx = 2a t + at3

(a, P) lie on Eq. (i), then 
at3 + (2a - a) t - p = 0

Let tb t2 and t3 be the roots of Eq. (ii), then 
at3 + (2a - a) t - P = a (t - tj) (t -12) (t - f3)

Let P b (at?, 2atj), Q s (at?, 2at2) and R = (at?, 2at3)

Since, the focus is S (a, 0)
SP =a(l + t2), SQ = a(l + t2) 

SR = a (1 + t?)

t = i = in Eq. (iii), we get

- ai + (2a - a) i - p
= a (i - tj) (i -12) (i -13)

or | (a - a) i - P | = a | i - tj 11 i -121 i -131 
7(a - a)2 + p2

= a,l(l + t?) 7(1 + t?) 7(1 + t?) 

a ((a - a)2 + P2) = a (1 + t2) • a (1 + t?) • a (1 + t?) 

a (SA)2 =SP SQ SR

or SP • SQ • SR = a (SA)2

Let AB be a normal chord, where A s (at?, 2atx) and 
2 2B = (at2,2at2), we have t2 = -1,----

A
AB = J(at? - at?)2 + (2atx - 2at2)2

= a | f, - f2 | 7(fi + l2)2 + 4
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/. Shortest distance = AB
2.2 2 2

=>

15. sin0>|2a| [v h>2a]

Givena e
or

[•■• '1*2=21

(i) or

or

or
—(ii)

then

or

y

Q

P
or X'+ X

=>
and

andor
Now,

_£ I 2
- , then coordinates of B on 2x = 2y - 1 is;. A =

given that

=>
2x2=2y-1 y=x

ora
orft

[•.• cos 0 is decreasing and tan 0 is increasing in 0, —2y2=2x-1

(m) > 73Slope

dx

3
4

1
2

1
2

3
4

It]
21

1 _ 1 
~ 78 ~ 2^2

^<9 
A(-2,0) 0

H + r2 
rxr2

cos 0
2

2

+

3 1
4* 2

B.l*,’ 
k2 4

1 . _ .— +---- = -+ — =
AP

± = 1 
2y
3

x = - 
4

1

0 < | 2a | < 1 or 0 < | a | < |

<2 = 1
Xj = at2 = t2 and = 2a t{ = 2t] 

x2 = at2 - t2 and y2 = 2a t2 - 2t2 

Xj + x2 = 4 => t2 + t2 = 4 

(t1 + t2)2-2t1t2 = 4

(*i + *2)2=8

I A + *2 I = 78
| 2t, + 2t2 | = 278

I yi+ y2\= ^78 = 472

19. Let any point at distance r from A on the parabola is 
(- 2 + r cos 0, r sin 0), 
r2 sin2 0 = 4 (- 2 + r cos 0) 

r2 sin2 0 - 4r cos 0 + 8 = 0

( 1 1 = |-----F —
VU6 16.

18. We know that normals at (at2, 2^) and (atf, 2at2) meet again
on the parabola. Then t}t2 = 2
Here,
and

16. Tangent to y2 = 4x in terms of m is
1 y = mx + —
m

and normal to x2 = 4by in terms of m is
b 

y = mx + 2b + —
m

Eqs. (i) and (ii) are same, then

- = 2b + 
m m

=> 2 b m2 -m + b = 0

For two different tangents
D>O=>1 -8b3 >0

in<-A= 2J2
17. The given parabolas 2y2 =2x - 1 and 2x2 = 2y - 1 are

symmetrical about the line y = x. The shortest distance occurs 
along the common normal which is perpendicular to the line 
y = x.
Therefore, the tangent at point A on 2y2 = 2x -1 is parallel to 
y = x. Therefore, 

4y^=2 
dx

14. On solving 
x2 + y2 = a2 and y2 = 4 (x + 4) 

x2 + 4 (x + 4) = a2

or x2 + 4x + 16 - a2 = 0

If the circle and parabola touch each other, then 
D = 0=>16-4-l-(16-a2) = 0 

a2 = 12 or <2 = 2y/3

Let P and Q are distances zj and r2 from A, then 
4 cos 0 

r,+r2=“TT sin 0
8 

rir2 = — 
sin2 0

1 1 . 1
AQ n r2

1 1 1---- H < — 
AP---AQ 4

cos 0 1 
2 4

cos 0 < - 
2

tan 0 > 73
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>oor

or
A

X'-
MO or

8

V =(12 - 1) i + (2X) j ...(i)
or

y
p(X2, 2X)

(0.1) M
v

Xo' (1.0)S x+y=1

[taking +ve sign]
and

[given]The projection of V on n = y

(ii)

Given,

...(iii)
or

or

[from Eq. (ii)]

■XX'-
Y’

1
A

i
i

I
i

23. Given parabola is
.2

= - 73 ± 2
[v tj = - 2 - 73 rejected]

AB = 4ati = 4a (2 - 73)
,2

n =(0 -1) i + (1 - 0) j 

= -i +j

—(X2 — 1) + 2X
72

x2 =

/=s[x--I 2

20. Coordinates of A are (a -1 cos 30°, I sin 30°)
♦ Y

2a-1
a2

2a -1 > 0
1

a > -
2

y = 0 or y = 2 - — 
a

iY

— =4 
dt

I1 1a e °°U J
22. V = (X2-1)1+(2X-0)j

i.e. x = 0
f 3 3Let the coordinates of P be - + - t2,3t
U 2

2X —= 4
A

V n 
y=— 

|n|

60^

or

Thus,

Here,

21. C: x2 + (y -1)2 = 1 and P: y = ax'

Putting x2 = — in x2 + (y — I)2 = 1 
a

=> A(X2-1) = 4 = 
dt

When P = (4, 4),
We have X = 2, therefore

^=> 
dt

From Eq. (ii),

3 6
The equation of directrix isx-- + - = 0

1 2On substituting y = 2 — in y = ax , then 
a

ax2 =2-1
a

, (2-2X) —
dy = dt 
dt 72

= (2-4)x1_ 
72

lY'

A r /73 1 A= a------- , -
2 2 

which lies ony2 = 4ax, then 

/2 
4

------------ ►X
S(a,0)

^ + (y-l)z=l 
a

y2 - 2y + - = 0 
a

1- 1— = 4a a-------=>/2 + 8a73/— 16a2 = 0I 2 J
l _-8aj3 ± 7(192a2 + 64a2)

2
 -8a^ ± 16a

2
= 4a (2 - -ft)

Aliter:
Let A = (at2,2atj) and B = (at2 - 2atr).

Slope of SA = tan (180° - 30°)
2a t.—= - tan 30° 

at2 - a

tf-l
t2 + 2yfiti -1=0’ or

t, = 2 - 73
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y

MM-2-*) (v OR IRQ60°(0,31) M

XX'- Slope of OR = - = tan 00 S (3,0)

Therefore,
A2

Ai

or
X'* X

M

B
Y

y
8 (9,6)

C,

X'* X
D

or

= 2 or y = 1, then x = -

...(■)

y

,3
X

=>
Similarly,

<60°; 
60°/

O

Bi

6 + 4
9-4

*

1

27. Given, -
2

1
P = 2

dy = 
dx

| = 6C3p3=20p3

or

Length of each side = MS
= ^9(1 + t2) = 736 =6

24. The area of AABC is maximum if CD is maximum, because AB 
is fixed.

x
Since, LHS of Eq. (i) is independent of x 
.'. n-6 = 0=>n=6
From Eq. (i),

Hence, coordinates of C are 1 j.

25. v Tangent at P (at2, 2a tj) is = x + at2.

tan 0i = —

2
— = slope of AB 
y

VS(a,0)

2,2%)

tan 02 = — 
^2

V Angle in a semicircle is 90’.
ZORP = ZORQ = 90°

%

Y

"Y
It is clear that tangent drawn to the parabola at C should be 
parallel to AB.
For y2 = 4x

dy2y — = 4 
dx

2

y

Hl
Given, parabola is y2 = x

Here, 4a = 1
1 a = —
4

Since, three normals are drawn from point (q, 0),
„ 1

:. q > 2a or q > - or q > p
2

,n-3xn-6

3

=> P, R, Q are collinear.
2 

Slope of PQ =-------
ti + h

(h + t2)
2

or tj + tz = - 2 tan 0
=> cot 9] + cot 02 = - 2 tan 0

26. Let A = (at2,2at) and B = (at2, - 2at)

The equations of tangents at A and B are 
ty = x + at2 and - ty = x + at2.

These tangents meet the Y-axis atAj (0, at) and B^O, - at) 
respectively.
Area of trapezium

AAlB1B = -(AB + AjBj) x OM 
2

24a2 = i (4at + 2at)xat2

24a2 =3a2t3 => t3 =8

t = 2
/. Coordinates of At and Bj are (0,2a) and (0, - 2a) respectively.
If ZOSAI = ZOSB, = Q then

2a tan 0 = — = 2
a

0 = tan-1 2

Hence, subtended angle = 20 = 2 tan-1 2
3

I —= C3-p

X'-<-£

MS = MP 
y/(9 + 9t2) = | 11 

2 2

9 + 9t2 = - (1 + t2)2 
4

1 + t2 = 4

= "C3(px)n-3|

1
4
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228.
=>

= YLet

or

i.e., - (0

.2

= 5^2

m = ± 1X
0

:. Slope of PV =

4

= 7(x-2)2 + (y-0)230. [given]

X'* V=>

or x'

V
...<i)

12
V5

or

.'. t = 1, 4 or t = - 1, - 4
Hence coordinates of P are (1, 2), (16, 8), (1 - 2), (16, - 8)From Eq. (i),

(x + 2y - 2)2 = (24x - 12y - 12)

f 2x - y - 1
i I 45
2x-y - 1

45

y2 - 4x - 2y + 5 = 0

(y - I)2 - 4x + 4 = 0

(y-I)2 = 4(x - 1) 

y -1 = K and x -1 = X

2 
(0,-Xo)

Equation of QV is y = x

116 _ g
Solving it with y2 = 4x, we get Ql —, —

=>

Let
then, y2 = 4X comparing with Y2 = 4ax

a = 1
•.’All three normals to the parabola are real and meet on the 
axis of parabola, then

X > 2a and Y = 0
x -1 > 2 and y - 1 = 0

x > 3 and y = 1
or (k, l);Ar>3

29. Let P (x0, Xq) be any point on the parabola y = x‘
+ y

2

P(x0X^

y = —x2
12

2 . 10y = 40x is y = mx +— 
m

which is also tangent of circle x2 + y2 - 50, then 
10 
m

+ 1)

m4 + m2 - 2 = 0

(m2 + 2)(m2 - 1) = 0 

m2 = 1, m2 + 2 * 0 or

From Eq. (i), common tangents are 
y = x + 10 and y = - x - 10 

or x -y + 10 = 0 and x + y + 10 = 0
32. Let coordinates of P be (t2,2t) 

2t - 0 2 
t2 -0 t

Slope of QV is - *

, 12X2=-^y or 
45 

12
31. Equation of tangent of parabola

2y =40xisy = mx + —

Area of APVQ = 20 (given)
, t2 2t
-| 16 -8 |=20
2 *>r t

4 t+-=±5
t

=> t2 - 5t + 4 = 0 or t2 + 5t + 4 = 0

x + 2y - 2
4~5

i±^«x.45

T

Equation of tangent at P (x0, Xg) is 

xx0 = ^(y + xo)

=> 2xx0 - y - x02 = 0

Tangent meets the y-axis at T (0, - x%).

Hence, the area of the triangle AP7Q = | x PQ x QT

= x x0 x 2x02 = x03

which increases in the interval [1,2] and hence is greatest 
when x0 = 2.
(2x-y + 2
I 45

(2x - y + 2)2 = 5 (x2 + y2 - 4x + 4)

■2 + 4y2 + 4xy = 28x - 4y - 16

(x + 2y)2 = 4 (7x - y - 4)

v x + 2y = 0 and lx - y - 4 = 0 and are not perpendicular.
A (x + 2y + X)2 = (2X + 28) x + (4X - 4) y + X2 - 16

Now, (slope of x + 2y + X = 0) x (slope of
(2X + 28) x + (4X - 4) y + X2 - 16 = 0) = - 1

lx (2X + 28) _ t 
2 (4X - 4)

2X + 28 = - 8X + 8
10X = -20

X = -2

1
2
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•■•(0

>xX' -* S(a, 0)0)
=>

a>0

>XX'- S(a, 0) H>.0)

V

Let any point on this tangent is X,

2

=>

=>

(-1,2/) A .60°
So, the fixed point is —— , therefore

60°
■>

O S(1,0)
Clearly,

2Also,

or
tan60° =

A
?2

Let

and

r3=l»l
=> t = ± -75
.’. Coordinates of P are (3, ± 2*J$)

V

a>0

Slope of AP = 0 and slope of AS = -1 

o-(- 0 
1 + 0

2 / \

I +

-t4

X + at2 
t

=>  4, A, A are in G.P.
?2 X2

Also, yty2 = 2a2 => —, a, y2 are in G.P.
2

(aty - a2) + X • ^x + -j = 0

which is family of straight lines passing through the point of 
intersection of

33. Parabola is y2 = 4ax and circle is (x + b)2 + (y - 0)2 = b2 

If parabola and circle touch each other externally, then

a

, y^y2=2a2
2

*1*2 + yiy2 = a

*=-t4 , *=2t
*2 V2

If a > 0, - b < 0 and if a < 0, -b>0 
or a > 0, b > 0 and a < 0, b < 0

34. Let(x,,yi) = (at2,2at)

Equation of tangent at (at2,2at) is ty = x + at2

X + at2'

The chord of contact of this point w.r.t the circle x2 + y2 = a 
is

= a2

35. Equation of normal in slope form is
y - mx - 2am - am3, 

if normals meet at (h, k), then 
am3 - (h - 2a)m + k = 0 

P =(am2,-2an\), Q = (ami, -ZamJ 

R =(aml, ~2am3) 

mj, m2, m3 are the roots of Eq. (i), then 
m, + m2 + m3 = 0 -(ii)

i.e. algebraic sum of the slopes of the normals at P, Q and R 
vanishes.
From Eq. (ii)

- 2am, - 2am2 - 2am3 = 0 
i.e. algebraic sum of the ordinates of the points P, Q and R 
vanishes.
Also, y-coordinate of centroid of APQR is zero 

centroid lies on X-axis
and circle circumscribing the triangle PQR always passes 
through the vertex of the parabola.

36. Let P = (X, X + 1), where X 0, -1

or P = (X, X -1), where X * 0,1
The point (X, X +1) is on y2 = 4x + 1, therefore 

(X + I)2 = 4 X + 1 

X2 - 2 X = 0

X = 2
Therefore, the ordinate of P is 3
and the point (X, X -1) is on y2 = 4x + 1, therefore 

(X — I)2 = 4(X) + 1 

X2 - 6X = 0

X = 6
Therefore, the ordinate of P is 5,

37. From figure,

aty - a2 = 0 and x + — = 0 P (/2, 2/)

x2

-a a
k t‘ t 

a

X]X2 =-a2
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...(i)=>
and -(ii)

PM

+XX'^- 0 S (a. 0) =>

or

r

= -i

...(ii)

and

2.

1
0 •

X

=>

or
0

or

R

or

=>

>Q(x.y)

x2=4y
Jp(4,4)

(*1. Xi)
X'-<---------

3mk - 4
2

1.4 + 2. x,
1 +2

1 + 2

.'. Slope of OP x Slope of OR = -1
2 2 —x—=—1 
t

t2 + ~-8 = --8 
a

38. Let Af(ot, P) be the foot of the perpendicular from the focus 
S(o, 0) on any tangent to the parabola at P(at2,2at).

i.e. ty + x + at2

a - tp + at2 = 0

X

•.

A
m < - <3 - 1 

m>>/3 -1

Hence, m e (-°°, - -Ji -1) u (-73 -1, °°)

42. The given parabola is y2 = 4(2)x 

=> a = 2
Since, P(- 2, 0) lies on the directrix and the axis.

Since, SM is perpendicular to the tangent
1 P-0- x -------
t a-a

=> at + p-at = 0
On solving Eqs. (i) and (ii), we get

a = 0
The locus of Af(a, p) is the tangent at the vertex.
i.e. x = 0

39. Given that the extremities of the latusrectum are (1,1) and

(1, -1), then 4a = 2 or a = -
2

So, the focus of the parabola is (1,0).
Hence, the vertex can be | -, 0 | or (-, 

<2 ) 12
Therefore, the equations of the parabola can bey2=2^x-| 

ory2 =2fx--l
I 2)

4
(,=-7

.. .. r r, f160
Now, coordinates of R are —------

U2 t .

v Q(xi- yi) lies on the parabola x2 = 4y, then 

pX-4 
I 2 
912 - 241(1 + m) + 48 = 0

For two distinct chords D > 0
=> (24)2 (1 + m)2 -4-9-48 >0

(1 + m)2 > 3

1 + m<-y/3

31-4 
x'=—

3 ml - 4 
y'=—

y2 = 4ax - 32a2

y2 = 4a(x -8a)

which is equal parabola and focus (9a, 0) and directrix
x - 8a = - a

or x - 7a = 0.
41. Let point of intersection of the line y = mx with the chord be 

(1, ml), then

1 =

yy=mx ■

l = + 
a r

2a t

=>y2 = 2x -1 or y2 = 2x - 3.

40. Let P = (at2,2at) and R = (at2,2att)

OP TOR

OPQR is a rectangle.
.’. Mid-point of OQ = mid-point of PR

2 16ax = at2 + —
r

n 843 y = 2at-----
t

From Eqs. (i) and (ii), we get

16
t2
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0

*x
S(2. 0}

R

L
B

XQ, A (4. 0)

M

43. Given parabola is (y - 2)2 = 4 x —

Let

=>
=-l=> x

...0)

= -lx

...(«)

=>

(t + i)(2r-3)(2r + 1) = o =>or

•(iv)

46. Focus is (a, b).

Let S(a, p) be the focus of the parabola.
v Portion of a tangent to a parabola intercepted between the 
directrix and point of contact subtends a right angle at the 
focus.

■

The chord of contact of tangents is QR as x = 2 (i.e. L.R.)
V Common chord of two circles is X-axis.

ZQPR = 90°
Circumcentre is 5(2, 0) on X-axis and orthocentre is P(- 2, 0) 

on X-axis.
Centroid and incentre also lies on X-axis,

(•/ orthocentre, centroid, circumcentre and 
incentre are collinear).

I

1 5x — >2 or x > —
2 2

(0,3)/

?Xs(a, P)

■45°

P-o 
a-4

The diagonals of the quadrilateral may be equal as the 
quadrilateral may be an isosceles trapezium.
A rectangle cannot be inscribed in a parabola.

Sol. (Q. Nos. 46 to 48)
Let A = (4, 0) and B = (0,3).
v OA and OB are mutually perpendicular tangents to the 
parabola. Therefore, O will lie on the directrix of the parabola

x = 3,4,5
Hence, points are (3, 2), (4, 2) and (5, 2).

44. The given parabola is y2 - 16x - 8y = 0

=> (y - 4)2 = 16(x + 1)

Shifting the origin to the point (- 1, 4) the equation of parabola 
becomes y2 - 16x

then the coordinates of the point (14, 7) becomes (15, 3).
/. Equation of any normal to the parabola is Y + tX = 8/ + 4t3. 

Since, it passes through (15, 3)
3 + 15t = 8t + 4t3

ZOSA = ZOSB = -
2

Now, OS 1 SA => Slope of OS x Slope of SA = - 1
' p-o
ka-0

=> a2 + p2 - 4a = 0

Again, OS ± SB => Slope of OS x Slope of SB = -1

P-o"
a - 0,

=> a2 + p2 - 3P = 0
From Eqs. (i) and (ii), we get

4a = 3p ...(iii) i
Since, tangents AO and BO at A and B to parabola are at right 
angles, therefore AB will be a focal chord of the parabola. 
Equation of AB is

* + y =
4 3

, n 12 b -a =P~ a =— 
25

4t3-7t-3 = 0
3 1

t = -l,-,--
2 2

Corresponding points are (4, - 8), (9,12) and (1, - 4).
Hence, the coordinates of the feet of the normals w.r.t. the 
original system of coordinates are (3, - 4), (8, 16) and (0, 0). 

45. As a circle can intersect a parabola at four points, the 
quadrilateral may be cyclic.

X'-<--------- <
(-2, 0) F

x--=X,y-2 = Y 
2

Parabola is Y2 = 4X

Any point on axis of parabola is (x, 2) for three distinct normals
X >2.1

P-3^ 
a - 0,

The tangents will have slope m = ± 1 and the equations are 
y = x + 2 and y = - x - 2.

1 =»“♦&=!
4 3

=> 3a + 4p = 12
From Eqs. (iii) and (iv), we get

36 . o 48a = — and p = —
25 25

. _ f . (36 48>.. Focus of parabola is —, — .
U5 25)

1
2
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22
47. AS =

('•’A = 2]

and BS =

= 4

51. Lety - - = y, x + 2A = X

48. v

...(0

P

XX'- o

Qs

Circumcentre =
=> y2 = 4px=>

5

where, X =
...(ii)

and

-(i)

=>

•••(ii)

3- —
25

9
5

16
5

=>
Sol. (Q. Nos. 49 to 51)

Since, (a, b) Lies on parabola, y2 = 4Ax

b2 = 4aA

It is clear that &PQR is right angled at P(0,2).
.Y

vA = —
32

(a 48l + o-----
I 25/

~2

3
5”i

3
y = 2

=>
Hence, Eq. (i) becomes

(x - 2y - 4)2 = 24x + 12y = 12(2x + y)
2 z_ 12 ( 2x + y 

~ 45
x - 2y - 4

4~5
3

=>^75-

4 — —
25

0-“
25

If/ be the semi-latusrectum, then I = HM of AS and BS
2 5 5 125— =---- 1— =------
/ 16 9 144
f _ 288
“ 125

2/ = ™
125

'I 111-, 2 and R = 0, — .) I b)

y2 =—X
8A

Curve is symmetrical about Y = 0

and length of latusrectum is —.
8a

From Eqs. (i) and (ii), we get 

(y-l)(y-2) = £ 
oA 

2 1 =^-(x + 2A) 
oA 

. 3 A
.*. Vertex is - 2A, -

I 2)

3
49. Product of coordinates of vertex = - 2A x - = - 3A 

2
= -3x2
= -6

:.1+1
2b)

y~~' + Tt,

x(y-l)

Sol. (Q. Nos. 52 to 54)
Given parabola (P) can be written as 

(x-2y)2 =32x - 4y - 16

On adding 2(x - 2y)A + A2 both sides, it becomes

(x - 2y + A)2 = 32x - 4y - 16 + 2(x - 2y)A+ A2

= 2(A + 16)x - 4(A + l)y + A2 -16 ...(i)

We choose A such that lines
x - 2y + A = 0 and 2(A + 16)x - 4(A + l)y + A2 -16 = 0

are perpendicular to each other. It requires 
1^2(A+16)_ t
2 4(A + 1)

A+ 16 = -4A-4

A = -4

O\ 
y^2\

R

x - 2y - 4
45
2x + y y =

45 
12

~ 75
52. Equation of axis is y =0

=> x - 2y -4 = 0
and equation of latusrectum is X = p

2x + y _ 3
45 ~ 45

=> 2x + y - 3 = 0

On solving Eqs. (i) and (ii), 
focus is (x, y) =(2, - 1).

50. Length of smallest focal chord = Length of latusrectum 
1 

~8A

So, its circumcentre is the mid-point of Q and R, where 
l-2/>

a
.1-2b
I 2a
1 -2b 

x =------- ,
2ab

2b = —
y-i

R 4 
Slope of OS = — = - 

a 3
3

Slope of directrix LM = —

3 
:. Equation of directrix is y = - - x

3x + 4y = 0.

3
2
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53. Length of latusrectum = 4p =

(0

-(ii)
•(«)

•••(iii) =>

...(iv)

S3: -

55. ‘/Vertex is

1

2

60. Sx12 + Sy12=(l)2 +

Now,
-2<a<2

1
2

1
2 4

So/. (Q. Nos. 55 to 57)
Any parabola whose axis is parallel to the X-axis will be of the 
form

=>
56. For focus,

V3
-—x -

2

Sol. (Q. Nos. 58 to 60)
q:y2 = 4x

S,:(l,0)
Let z = x + iy and zt = X] + iyi
If Z] is obtained by rotating z, 120° in anti-clockwise direction, 
then

r ’V + --
l 2/

2

+

1
2/[
2

3
4

— -f- -----
2 J

1 - mq - Ip 
m

2 / 5>l 
k 3;

57. For directrix ( x + - i + 2 = 0 
k 3;

=> 3x + 11 = 0 given ex + f = 0
e =3,7 = 11

| e - /1 =| 3 -111 =8

— _ 1 J . 4Here, c = - and d = -
3 3

d - c = 1
2<'-el=2

x + - = 2 and y - - = 0 
3 3

(1 4) 
Coordinates of focus are .

k3 3 J

 V3
2 i
1
2

= squnit

12
V5

54. Equation of directrix is X +p = 0
2x + y 3

=> —+ ~r = 0
V5 V5

2x +y + 3 = 0

58. ’:(t2,2t) are parametric form of curve Q.

From Eq. (i), 
■Ji y , X >Ji 2 — x- —= 2tand----------- y = t ,
2 2 2 2

we get x = (-12 + 2^t), y = | (- -Jit2 - 2t)

.‘. Parametric coordinates of C2 are

|12 + 2-Jit), - (- -Jit2 - 2t) |.
<2 2 J

59. AreaofAOS^

D < 0 
a2 -4<0

(y - q)2 = 4X(x- p)

Now, lx + my = 1 can be written as
(y-q) = -~ (x-p)+| 

m k
Eq. (ii) will touch Eq. (i), then

1 - mq - Ip  X 
m  J_

m
-1 + mlq + l2p - m2X

pl2 + qlm - Xm2 -1 = 0

But given that
5l2 — 4lm + 6m2 + 3/ = 0

On comparing Eqs. (iii) and (iv), we get 
p  q  ~ X  -1 
5 ~-4~ 6 " 3

5 4 . np = —,q = -,k = 2
3 3

So, the parabola is
( 4
I3” I
_5 £ 

3’ 3;
5,,4Here, a = — and b = - 
3 3

a-b=-3
|a -b|=3

= x2 + ax + 1 is below the

J3 

2 /
1 3 3 1 n= 1 + - + - +0 + - + - =3
4 4 4 4

So/. (Q. Nos. 61 to 63)
Since, no point of the parabola y 
X-axis.

k2 
y
2 J

For focus - — - —y = 1 and —x - — =0.
2 2 2 2

Z1 =ze2R,/3=(x+iy)

J -Ji y
I 2 2.

'3
2

'3
2

2

2 >
v C3 is reflection of C2 with respect to y = x.

J3_ _f|
2 ’ 2 J

J_x_^yX 
<2 2 ,

.‘. Equation of curve C2 is 

/ x -Ji 
I 2 2 

■J3
2 '

 1
2
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,2=>

=>

= c

(ii)=>

.(iii)=>

[from Eq. (iii)]= 0

[given]Vertex is

—(0

[for minimum area a = 2]

=>

•••(ii)

-(iii)

> y[ab=367. v [from Eq. (ii)]

(0

1
2

Sol. (Q. Nos. 64 to 66)
The conic is S s x2 + xy + y2 - 2x - 2y + 1 = 0

and the line isL = x + y + l= 0
It is required to find equation of the parabola (P) which 
touches the conic S = 0 at those (two) points, where the line 
L = 0 intersect the conic. Obviously at these points the 
parabola is in double contact with the conic.
.'. The equation of any such conic is 0 = 5 + XL2 = 0

=> (x2 + xy + y2 - 2x - 2y + 1) + X(x + y + l)2 = 0

a + b
2

=> a + b>6
Minimum value of a + b is 6.

*-y
-J2

2

I = 7^2

-- |1| = 
a

Therefore, the area of the triangle bounded by the tangent and 
the axes is

61. The maximum value of a is 2.
The equation of the parabola is y = x2 + 2x + 1.

It intersect the /-axis at(0,1).
.'.Equation of tangent at (0,1) is

= 0-x+(x + 0) 4-1
2

=> y =2x + 1
=> 2x-y+l=0
Since, 2x -y + 1 = 0 touches the circle x2 + y2 = c2, then

0-0 + 1
^4 + 1

=>
From Eqs. (i) and (ii), we get

1
2|a|

A = - 
4

8A=2

14x + 14y - 1
V(14)2 + (14)2 

x= y, 14x + 14y = 1 
1x = y = —

28

2(3x) = ax2+b

[substitute the value of y = 3x in 2y = ax2 + b] 

ax2 -6x + b = 0

D =0
[•/ y = 3x is tangent to 2y = ax2 + b] 

36-4ab=0
ab =9

2y =ax2 +- 
a

=> (1 + X)x2 +(1 +21)xy +(1 + X)y2

+ 2(X - l)x + 2(X - l)y+X+ 1 = 0 
It will be a parabola, if h2 = ab

-(1 + 2X)2=(1 + X): 
4

1 + 4X + 4X2 = 4 + 8X + 4X2

4
Hence, from Eq. (i), the required parabola is 

(x2 + xy +y2 - 2x - 2y + 1) - - (x + y + l)2 = 0 
4 

x2 - 2xy + y2 - 14x - 14y + 1 = 0

64. Comparing parabola (ii) with
ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 

.-. a = 1, h = -1, b = 1, g = - 7, f = - 7, c = 1 
Now, | a + b + c + / + g + b| = |l + l + l- 7 - 7-11 = 12

65. The parabola (P) can be written as
(x-y)2=(14x + 14y — 1) 

/
14x + 14y -1 

J(14)2 +(14)2,

.'. Length of latusrectum is 7-^2.

66. For vertex,

=>

As it touches the circle x2 + y2 = c2, then 
1

/a2 + 1)

i.e. c is maximum, when a = 0.
Therefore, the equation of the tangent is y = 1.

Slope of the tangent is 0.
63. Equation of tangent is 

y = ax + 1 
ax -y = - 1

X + ^ = 1
(1)

-,-|=(a,b)
28 28>

| a - b | = 0
Sol. (Q. Nos. 67 to 69)

V y = 3x is tangent to the parabola
2y = ax2 + b

1 
C = -7= 

V5
5c2 = 1

62. Equation of the tangent at (0,1) to the parabola 

y = x2 + ax + 1 is 

^i = 0-x + -(x+ 0)+l
2 2

y = ax + 1
ax-y +1 = 0

^ = 0.
V2
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r
L( 1.2)

=>
0

69. Fort =18

From Eq. (ii),

...(iv)From Eq. (iii),

=>

*1=2.

= -l=>

4a =3
-XX'-

0

Y Y
B

&
m} - m2 e XX'-

A
and

tan0 = = 3

=>

6 units

A. = 6

2 
t

>------►X
N (3,0)

(-2.-1)

1 
a —

2.

(SR)2 = SP-SQ = 4X9 = 36

.-. SR =6
72. The four lines form a square. The tangents at L(l, 2) and 

L'(l, -2)arex-y + l = 0 and x + y + 1 = 0. They intersect at 
M(-l,0).

1=>a >-
2

912 = 4a + — 
a

n\-m2
1 +

3/2
1-1/2

□__
d.O)

\L' (1.-2)
Y

The area of the square
MLNL' is (ML)2 = (1 + l)2 + (2 - 0)2 = 8 sq units

X = 8
73. Parabola is y2 = x

1;. a = —
4

The normal at t is

tan6 = — 
AD

68. v (2,6) is the point of contact.

From Eq. (iii), we get

f 3 \
74. Let Bas -t2,3t 

<2 J
and let BD1 AC and ZDAB = 0

71. Let S be the focus and point of intersection of tangents at P and 
QisR.

The normals are perpendicular => tjt2 = -1

t3 t 
tx + y = — + -

4 2
It passes through (a, 0).

t3 t 
ta = — + -

4 2
1' a —
2.

t2 =

4a2 - 12a + 9 = 0

(2a-3)2 = 0

2a =3

3tr, 
2

:. Projection of BC on the axis = DC
= BD tan 0 = 3t^-^j =

1 Ia — — , t2 = 2 
2J

Let m], m2 be slopes of the tangents, then
= 75 = 7(1 + 8) = 3

a ~ 2 2
1

™lm2 = “ “

3 
Here, a = -

1
a = -

2
x2

2y = —+18
2

On solving y = 3x and Eq. (iv), we get
x2 

6x = — + 18
2

x2 -12x+36 = 0

(x-6)2 = 0

x = 6, theny =3x = 18

Point of contact is (6,18).

70. Equation of tangent in terms of slope (m) of the parabola

yz = 4xisy = mx + —.
m

v Point of intersection of tangents is (- 2, -1), then

— 1 = — 2m + —
m

2m2 - m - 1 = 0

V,. M,

H.of
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.2=>

X = ±

=> a =

,2.

[given]=>

X'- X0

r

xo
[vl x2 x3 = 1 + 2 + 3 = 6]

(B) v

[•.y=4x] e 90°+0
0 XX. cA

Y

[vr#0]Hence,

L

Focus is (0, 2).
Now, the shortest intercept of the line on the parabola which 
passes through the focus is latusrectum. The axis of the given 
parabola is the Y-axis.
Therefore, the latusrectum is parallel to the X-axis.

Slope = 0
80. (A) The given parabolas are symmetrical about the line y = x 

as shown in the figure
Y

LC = Projection of BC on X-axis
= BL tan 0 = y tan 0

78. For maximum number of common chords, the circle and the 
parabola must intersect at four points.
Now, solving the given curves, we have 

(x-6)2 + 4x = r2 

=> x2-8x + 36-r2 = 0

The curves touch, if D = 0
=> 64 - 4-l-(36 - r2) = 0

=> r2 =20
r = 2y[5

Hence, the least integral value of r for which the curves 
intersect is 5.

79. Given parabola is

= r2

75. The parabolas are y 
=> ~2

tan 0 = — 
x 

+ Y
Let radius of circle be r.

Centre of circle is (1 + r, 0).
=> Equation of circle is (x -1 - r)2 + y2

=> (x -1 - r)2 + 4x = r2

=> x2 + 2(2 - 1 - r)x + 2r + 1 = 0

=> x2 + 2(1 - r)x + 2r + 1 = 0 

It would have same roots due to symmetry.
D = 0

4(1 -r)2 -4-l-(2r + 1) = 0

r = 0,4 
r = 4

3

Xa2 + 9 = a2

x2 = 4(y - 1)

They intersect each other at four distinct points. 
Hence, the number of common chords is

4C2 = — = 6 
1-2

Which is perfect number

= x2 - 9 and y = Ax2.

- 9 = Ax2 => x2(l - A) = 9 

x!=-2_ 
1-A.

3

Ta77*)
Now, from the symmetry about Y-axis, 

AB = 2a = , 6 -

a2(l - A) = 9 

a2 + p. = a2 

p=9
76. Given, y2 - 8x < 0, x2 + y2 < 16 and x > 0.

For x = 1,
y2 <8andy2 < 15=^y2 <8

y = 0, ± 1, ± 2
5 points.

For x = 2,
y2 <16, y2 <12 => y2 <12

y = 0, ± 1, ± 2, ± 3
7 points

For x = 3,
y2 <24,y2 <7=>y2 <7

y = 0, ± 1, ± 2
5 points

Hence, total points is 17.
/. n = 17
Sum of digits of n is 8.

77. Focus of the parabola y2 = 4x is S(l, 0).

x‘

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


446 Textbook of Coordinate Geometry

[from Eq. (i)J

.(iv)or

Given,

=>

| tan 01

Here,
X

S(a. 0)A
|-H =

=>
Y

and
2

2h = aor

,2

So, mid-point is

[va =2]

+ at + a = 1or

x2=ay

=>

XX'- 0
Y

or
(iu)

...(ii)

I 3= a y-- 
k a.

(xi.yi)3
■^A

2k = 3at
2fc
3a

2k2 = 9ah

2
| 0 + a |

|a| = 2
a = ± 2

or
or 0 < Length of latusrectum <4

Length of latusrectum can be 1 or 2 or 3 from the given 
values.
(D) The given parabola is

x2 - ay + 3 = 0

On solving Eqs. (i) and (ii), we get
x2 = a(2x + 1) => x2 - 2ax - a =0

Let coordinates of A and B are (xj, y,) and(x2, y2) respectively, 
then

Aliter:
Observe that one tangent is the Y-axis, the other tangent is at 

0 = — and its equation is ty = x + at

for t = 1, we get y = x + a
=> a = 2 from the symmetry a = - 2 is also possible.

(C) Let the other end be at (at2,2at)

f at2 +a 2at + 2a
2 ’ 2 ]

\
which satisfy x + y = 1

at2 + a
cr ---------+ at + a = 1

2
=> at2 + 2at + 3a -2 = 0

Since, two distinct chords are possible, so D > 0.
4a2 - 4a(3a - 2) > 0

-8a2 + 8a > 0

8a(a - 1) < 0
0 <a <1

0 < 4a < 4

or

/. Locus of mid-point is 
2yz =9ax

9a Length of latusrectum = —

= -x2 
2

= 9

81. (A) Given parabola is x2 = ay

and the given line is y - 2x = 1 
Ay

4D ^4a2 + 4a)
I *1 - x21 =----= ------ ------- =

a 1

x2

Also A, B lie on y - 2x = 1
yj - 2X] = 1 and y2 - 2x2 = 1
X2 “ yi = 2(xz -Xi)__________

Length of AB =J(x2 - xj2 +(y2 - yj2

=>/5 | Xj - x21 [from Eq. (iv)]

= 2^5 -J(a2 + a) [fr°ra Eq- Ml

2y/5 J(a2 +a) =V40

a2 + a = 2

a2 + a - 2 =0

(a + 2) (a - 1) = 0
a = — 2,1

y = y x —
x

= /
X

= 4 [vy2 = 4x]

(C) Normals to y2 = 4ax and x2 = 4by in terms of m are
by = mx - 2am - am and y = mx + 2b + —

m
For common normal,

. b 32b + —- = - 2am - am
m

or am5 + 2am3 + 2bm2 + b =0

It is clear that at most five common normals.
(D) Let middle point of P and B be (h,k), then 2h = at2

+y

(*>• y2)

=>
(B) If tangents are drawn from (X], yt) to the parabola y2 -4ax 
and angle between tangents is 0 then

= 7(y2-4ax,)
I X! + a |

3 71
X] = 0, yj = 2, 0 = —, then(O.at) B

2-J(a2 + a)
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Let

=> =>

Here,

Required point is 1 + -, - 2 , i.e. -, - 2 .

=>

+ 2 cot 6or y

or

(given]1 = 6

or

[vt2 + 2t + 3 * 0]

1
2

•(i)
■(ii)

(t + 3)(t-l) = 0
t = 1 or - 3

For focus X = 0, T = -
4

Then, 
Hence, the point Q are (1,2) or (9, - 6).

3 
x=X,y-- = T 

a

m = -1
Equation of common tangent isx + y + l = 0.

Statement II is also true and it is correct explanation of 
Statement I.

84. The vertex of (y + 2)z = 2(x — 1) is (1, - 2) and equation of axis 
is y = - 2.
Here,

Then, the parabola is
X2~aY

t2-3t+2 = 0

(t-l)(t-2) = 0
t = 1 or 2

2=> my - 4ay + 4ac = 0

If line Eq. (i) intersect the parabola y2 = 4ax at one point, then 

B2 = 4AC 

(- 4a)2 = 4-m-4ac 
a 

c = — 
m

From Eq. (i), equation of tangent is 
a 

y = mx+ — 
m

Statement I and Statement II are individual true and 
Statement II is correct explanation of Statement L

86. v Tax + ^/by = 1

On squaring both sides, then 
ax + by + 2yjabxy = 1 

(ax + by -1) = - 2^/abxy

Again, on squaring both sides, we get 
a2x2 + b2y2 + 1 + 2abxy - 2ax - 2by + 1 = 4abxy 

=> a2x2-2abxy + b2y2-2ax-2by + l = 0

4a =2
1 . 3a = - => 3a = -
2 2

:. Focus is [ 0, - + - J given focus is (0,2) 
k a 4)

„ ............... L . 3
< 2

Hence, both statements are true and Statement H is correct 
explanation for Statement I.

85. ■<’ y = mx + c

and y2 = 4ax

From Eqs. (i) and (ii),
2 a (y -c>l 

k m 7

® I • r ■ z. .x 
J I » ' /
4/
3 a „- + - =2 
a 4

a2 -8a + 12 = 0

(a - 6) (a -2) = 0 
a =2,6 

aj = 6, a2 = 2

— =3 
a2

82. (A) Points (1,2) and (-2,1) satisfy both the curves.

(B) Equation of tangent at (t2,2t) on y2 = 4x is 

ty = x + t2

It passes through the point (2,3), then 
3t = 2 + t2

83. Equation of tangent to y2 = 4x is
1 y = mx + — 
m

it is also tangent to x2 = 4y, then 

x2 = 4^mx + — j
2 4x - 4mx - — = 0 

m
It discriminant = 0

2 1616m + — = 0 
m
m3 = -1

. 3 ax = 0,y-- = - 
a 4

or
or
The point of contact is (1,2) or (4, 4).
(C) Let cos 0, 75 sin 0), then the chord of contact of the
parabola y2 = 4x w.r.t. P is

y • 75 sin 0 = 2(x + 75 cos 0)

2x
75 sin 0

On comparing with y = 2(x - 2), then
75 sin 0 =1 and cot 0 = - 2

75 sin 0 = 1 and 75 cos 0 = - 2

Hence, coordinates of P are (- 2,1).
(D) Let coordinates of Q be (t2,2t).

Now, the area of AOPQ is
t2 2t
4-4

2t2 + 4t = ± 6

t2 + 2t ± 3 = 0

t2 + 2t - 3 = 0

5
2
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= a

= a

87. Slope of AP = =
89.

andand slope of AQ = m2 =

.2

X'- XA S(a.O)

r

88. Length of focal chord PQ = a t + - —(i)

Y
2

1 -
XT A

Y

a
X'- XA S(a,0)

■■•(0

2|-

1 
t

...(>) 

-(ii)

(at?2at)

2

= 32/3

X'
- = tan(a/2)

2t
t2 -1

« 2a2at + —
and tan a =-------- — =a

t2

_______ 1_______ 1
sin(a/2)cos(a/ 2) J

2
= 4a cosec2 a

0,^>

4 
mlm2 =----  * ~ 1

tlt2
Ay

2_ 
sin a

For a = 60°, 4a = 8 and 
, ( 2 '

PQ = S cosec 60° = 8l -j=

:. Statement I is true and Statement II is false.
x + y= X=i>y=X-x

y = x - x2

From Eqs. (i) and (ii), we get 
A-x = x-x2

=> x2 - 2x + X = 0

v Eq. (i) touch the parabola Eq. (ii), then 
B2 - 4AC = 0

(-2)2 -4-l-X = 0

X = 1
=> Statement I is true.
From Statement II,

(x — I)2 = x — x2

=> 2x2-3x+1 = 0

:. Discriminant = (- 3)2 - 4 ■ 2 • 1 = 1 * 0

.'. Statement II is false.
90. v 3x + 4y + 5 = 0 and 4x + 3y + 2 = 0 are not perpendicular 

to each other.
.•.Latusrectum#4
r. Statement I is false and Statement II is true.

91. Let P(at2,2at) be any point on the parabola y2 = 4ax.
Then, tangent at P(at2,2at) is ty = x + at2.
Since, tangent meet the axis of parabola in T and tangent at the 
vertex in Y"

A Coordinates of T and Y are (- at2, 0) and (0, at) respectively. 
Let coordinates of G be (X]_ yj. 
Since, TAYG is rectangle.
v Mid-points of diagonals 7Y and GA is same.

x, 4- 0 _ -at2 + 0 
2 ” 2

x, = - at2

at2

From Eq. (i)
PQ = a(cot (a/2) + tan(a / 2))2

/ . \2

1 y' 1 J

Also, P, S, Q are collinear, then
2at] - 0 _ 0 - 2at2
2---------- Fafj - a a - at2

t} -tit22=-t2t2 + t2

(fi -12) + t^ - f2) = 0
tj - t2 * 0,1 + tif2 = 0

^=-1
Hence, Statement I is false and Statement II is true.

2

Now, comparing with
Ax2 + 2Hxy + By2 + 2Gx + 2Fy + C = 0

A = a2, H = - ab, B - b2,G = ~ a, F = - b,C = 1

.-. A = ABC + 2FGH - AF2 - BG2 - CH2

= a2b2-2a2b2-a2b2-a2b2-a2b2

= - 4a2b2 o

and H2 = AB

Hence, Eq. (i) represent a parabola.
Statement I is true and Statement II is false.

2at} - 0 _ 2 
at2 - 0 ti
2at2 ~ 0 _ 2
at2 — 0 t2

1
t
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••-(ii)and Vi

YX] = - a
(0,12;

=>

X' X0

y

(-1.2)
^(1.2) 3

-XX'
[•■• t2 + 2t + 6 * 0]S(1,0)

Y'

= 2

-(i)

(af?2at)
X' *X4

XX'

(afi ,2a?,)

h =

k =and

[from Eq. (i)]
or

(say)

(say)and slope of SQ =
3h = 3 + 1

=>

94. The centre and radius of the given circle are (0, 12) and 4, 
respectively.
Now, the shortest distance always occurs along the common 
normal.

Coordinates of A are (4, 4).
Shortest distance = AP = AC -CP = V80 - 4 = 4(45 -1) 

95. Let P (t2, 2 tx) and Q (tf, 212) be extremities of the chord with 
slope 2.

and
Eliminating tj

.’. mim2 = -1
Hence, SP and SQ are perpendicular to each other
i.e. Z.PSQ = 90°

and

The reflected ray passes through the focus (1,0).
Hence, the equation of the reflected ray is x = 1.

93. Let PQ be a normal chord to a parabola at P(at2,2at).
Since, the ordinate and abscissa of P are equal.
=> at2 = 2at, t * 0

t = 2

3k-2
2

2

I “2

Let R (ft, k) be coordinates of the point which divides PQ in the 
ratio 1: 2, then

3k-2
2

9kz - 16k - 4h + 8 = 0

,2 16k 4h 8k------------- + - = 0
9 9 9

2t, -2t2
t2 -t22

ti + t2 = 1

y

3
- = m2
4

2h~ + t22 
3 

4t( + 2t,
3

3/1 = 2^ + (1 -q)2 
3k = 4t, + 2 (1 - tj) 
3h = 3t2 -2t, + 1 

3k = 2t, + 2

—a J
yf =-axj

=> y2 + aX] = 0

Hence, the locus of G(x]( yj is y2 + ax = 0.

92. Equation of incident ray parallel to axis of parabola (X-axis) is 
y = A, which pass through (- 1, 2), then 2 = A,
:. Equation of incident ray is y = 2
Incident ray strikes the parabola y2 = 4xat (1, 2). Let A = (t2,2t)

Equation of normal at A is y + tx = 2t + t3, 

which passes through (0, 12), then
12 + 0 = 2t + t3 => f3 + 2t - 12 = 0

or (t - 2) (t2 + 2t + 6) = 0
t = 2

2/

&2t2)
Y'

yj + 0 0 + at 
2 2

Eliminating t from Eqs. (i) and (ii), we get 
/ \2

P__
/p(h,k)

Since, normal at P (at2,2at) meet the parabola at Q (at2,2atj).
2

or t! =-2-1
or q = -3
:. Coordinates of P and Q are (4a, 4a) and(9a, -6a), respectively.
. Cl CCD 4fl-0 4

Slope of SP =--------= - = m<
4a - a 3
-6a - 0
9a - a
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2

yi + y2 =
and

and

y

P

XX' A S(a,0)

0 4a

= da -a
k

and= d

Now, let

and
,(u) i.e.

a
and R= d

tan(|) = -=> (k2 - 4ah)(h + a)2 = h2d2

Hence, required locus is
(y2 - 4ax)(x + a)2 = d2x2.

a
S'

1+*
a.

-a, 
k

a
V

<-l)-1)

Given, 1RS'| = d

‘t

but given
=>

a j 2 ■
— q f2 ~ ~ W + h = d

R

T

h-2- 
k 9.

2>
x — .

9J

k-8
9,
2

and

then, point of intersection of circles are O (0,0) 

—4atjf2 2otit2(ti + t2) 
(fi + f2)2 + 4’ (tj + f2)2 + 4,

Since, OR makes an angle 0 with the X-axis. Therefore, 
fi + f2]

2 J
Now, cot 0! + cot 02 + 2 tan<j> - tx + t2 ~ (fj + f2) 

= 0

I 8Locus of R (h, k) is I y - -

— ((fi - f2)(l + fit2)) = d 
fif2

fl7{(fi + f2)2-4f1f2}(l + f1f2)

f]f2

h h
k2{(h - a)2 + 4ah} - 4ah(h + a)2 = d2h2

(fc2 - 4a/i)(h + a)2 = d2h2

Hence, locus of T(h, k) is
(y2 - 4ax)(x + a)2 = d2x2.

97. Let P(at2,2atj) and Q(at2> 2at2) be two points on the parabola 
2y = 4ax

The equations of tangents at P and Q are 
tjy = x + at2 

t2y = x + at2
A 1 A 1

tanO, = —, tan 02 = —
fi f2

Equations of circles with OP and OQ as diameters are 
(r - 0)(x - at2) + (y - 0)(y - 2atJ - 0 

(x - 0)(x - at2) + (y - 0)(y - 2at2) = 0 respectively. 

x2 + y2 - axt2 - 2atjy = 0 

x2 + y2 - axt2 - 2at?y = 0

Let the point of intersection of tangents at P at Q is T then 
T = (atfa, a(t} + t2)) 
T=(h,k) 
h = at]t2 and k = a(t1 + t2) 

h , k tjt2 = - and tj + t2 = — 
a a

From Eqs. (i) and (ii), we get 

If k2_ 4h 
2~ a 

a

r f2
f2

4
~ 9

-f 
9 k
8 2 which is a parabola with vertex I- I.

96. Let coordinates of P and Q on the parabola y2 = 4ax are 
(at2,2ati) and (at2,2at2).

Equation of tangents at P and Q are 
t^ = x + at2 and t^ = x + at2

Let these tangents meet x + a = 0 at R and S, then coordinates 
( ^,2 _ 1X^1 ( ^-iX\

of KandSz are -a, 
k 

respectively.

A x+a=0

Aliter:
Let point of intersection of tangents at P and Q is T(h, k) then 
equation of pair of tangents TP and TQ is

SSj =T2

=> (y2 - 4ax)(k2 - 4ah) =■ [ky - 2a(x + h)]2 ...(0

Let the pair of tangents cut the directrix x + a = 0areinl?and 
5, then substitute x = - a in Eq. (i), then we get

hy2 -k(h- a)y + a{(/i + a)2 - k2] = 0

Now let coordinates of R and S be
(-a.y,) and (-a,y2).

k(h-a) 
h

a{(h + a)2-k2} 
yiy2 =--------- ---------

|/?S|=d
(RS)2 =d2

(yi -y2)2 = d

(Xi + y2)2 - 4yiy2 = d2
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y+

>x
P(h.k)

r

...(i)

('•' m1m2 = a)
=>

=>

[vy#0]

=$

-Gi + M2=>

[’■* V2 - 2] ~.(i)

and

...(ii)(ii)

0

Eqs. (i) and (ii) both pass through (xI( yj which is the centre of 
the circle

...(Hi)

...(iv)

- ------------
(amj, -2am2)

______ 1______
-y!2-a(4a-3x,)

(ami, ~2am2) B

ty - at = — 
2

98. Any normal of the parabola y2 = 4x with slope m is 

y = mx - 2m - m3

___2

It passes through P, then
k = mh - 2m - m3

=> m3 + (2 - h)m + k = 0

Thus, zn1m2m3 = -k
am} = -k

kmi =----
a

v m3 is a root of Eq. (i), then
k3 ( k\~ + (2-h)\--\ + k = 0 
a3 k. aj
k3 + (2 - h)ka2 -ka3 = 0

Locus of P(h, k) is
y3 + (2 - x)ya2 - ya3 = 0

y2 + (2 - x)a2 - a3 = 0 
(Pdoes not lie on the axis of the parabola) 
=> y2 = a2x - 2a2 + a3

If it is a part of the parabola y2 = 4x 

then, 

and

= (t1 + t2)2
at2 x-----I 2.

tx + 2y = ~ + 2at

Also, the coordinates of R being the point of intersection of 
normals at P and Q are

(2a + a (t2 + t22 + t^), - atxt2 (tj + t2))

(4a + a (t2 + t2z), - 2a (tt + t2))

Now, Z.TPR = Z.TQR = 90°
=> Z.TPR + Z.TQR = 180°
=> Quadrilateral PTQR is a cyclic quadrilateral, therefore centre 
of the circle circumscribing the &TPQ is at the mid-point of TR. 
Let its coordinates be (h, k), then

2h = 2a + 4a + a (t2 + t2)

2/1-6a

a
2h - 2a ,
---------=ai + f2)

a
2k = a (ti + t2) - 2a (tt + t2)
2fc .-~=(tl + t2)
a

tyi=xx + at2

and 2tXj + 4yt = at3 + 4a t

Multiplying Eq. (iii) by t and subtracting Eq. (iv), we have 
t2y, + t(4a - 3xt) - 4y} = 0 ...(v)

Also, from Eq. (iii), at2 - tyt + x, = 0 ...(vi)

Eliminating t from Eqs. (v) and (vi), we get 
t2 _ t

x,(4a - 3x,) - 4y2 -4ayl - x^ 

On simplyfying, we get
2yi2(2yz + x2 - 12ax,) = aX](3X] - 4a)2

Hence, required locus is
2y2(2y2 + x2 - 12ax) = ax(3x - 4a)2.

100. Let P (at2,2att) and Q (at2, 2at2) be two points on the parabola 
y2 = 4ax such that the normals at P and Q intersect at a point 
R (aT2,2aT) on the parabola y2 = 4ax, then

2 2T = - tj---- = -12----- , then t}t2 = 2
t2

•/ Tangents at P and Q intersect at T (attt2, a (f, + t2)) 
i.e. T (2a, a (tj + t2)).

a2 = 4

-2a2 + a3 = 0

a2(a - 2) = 0
a-2 = 0, a#0 

a = 2
99. Let P(at2,2at) be any point on y2 = 4ax. Then, vertex A(0,0).

The equation of tangent at P is
ty = x + at2 ...(i)

Tangent at P will be normal to the circle, AP is a chord whose
., ... (at2 , . .2

mid-point is at s‘°Pe 1S “•

Equation of the line passing through mid-point of AP and
perpendicular to AP is

2
t

k
a
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From Eqs. (i) and (ii), then

then, (i) Xmlm2 =

0
-XO and

nA
...(0

...(H)

=>

Sum of roots = — = 0

[m3 is parameter]

Now, from Eq. (ii),

+ (k2 - 4ah) = 0 ...(in)

P(h)
= c

=>
(f2)O

...(iv)=>
(t3)P

hh + hh + Vi = —

and

2r
J2

■A (h,k)
----- X

M- 
x+a=0

k 
hWi - ~ a

r2.

2/1-2a 
a

(PM 
nA?//

102. Equation of normal at (am2, -2am) is
3y = mx -2am - am

If the three normals of P, Q, R meet at (/i, k), then 
am3 + m(2a - h) + k = 0

Enij = 0

(2a - h) 
> 

a
-km1m2m3 = — 
a

Solving with the equation of parabola
2y = 4ax, we get

(k + r sin 6)2 = 4a(h + rcos0)

=> r2sin20 + 2r(ksin0-2acos0) + k2 - 4ah = 0

which is quadratic in r.
The roots of the quadratic equation will be equal but of 
opposite sign as (h, k) is the mid-point.

2(ksin0 - 2a cos0)
sin20

ksin0 - 2a cos0 = 0
n 2a tan 0 = —

k

2k2 = a(h - a)

Hence, locus of(h, k) is 2y2=a(x-a).

101. Let the equation of straight line (h, k) as its mid-point, 
x - h y - k ------- =------- = r 
cos0 sin0

Any point on the line Eq. (i) is (h + rcos0, k + rsin0). 
9-7t/4 /

P = (am2, -2aml)

Q = (am2,-2am2)

R = (am3, -2am3)

Equation of PQ is
-y (mi + m2) - 2(x + am1m2) 

and equation of diameter through R is 
y = -2am3 ..-(«)

Point of intersection of Eqs. (i) and (ii) is on the directrix and 
hence it must be (- a, -2am3) and it satisfies Eq. (u), then 

2am3(ml + m?) = 2(- a + am1m2) 
=> m3 (~m3) = -1 + mtm2

2 - mtm2 = 1 - m3

;. Equation of PQ becomes
-y(0 - m3) = 2(x + a - am%)

2am3 + m^y - 2(x + a) = 0

Its envelope is given by the discriminant of this quadratic 
equated to zero.
.'. (y)2 - 4-2a- {-2-(x + a)} = 0

=> y2 + 16a (x + a) = 0

103. Equation of normal at ‘t’ is y = - tx + 2at + at3.

Let A be (h, k), then k = - th + 2at + at3

or at3 - t(h - 2a) - k = 0 ...(0

Let the coordinates of P, Q, R are (at2,2atj), (at2,2at2),(at2,2at}) 
respectively, then from Eq. (i),

Y

t, + t2 + t3 = 0
f h -2a

a

r2sin2 0 + (k2 - 4ah) - 0 

4a2
(4a2 + k2)

Length of the chord will be 2r. Angle between the two lines 
will be (0 - 7t /4) and the projection of the chord on the given 
line will be 2r cos(0 - 7114) = c 

2r 
-j= (cos 0 + sin 0) = c 

/ \ 
k + 2a

J4a27k2> 
2r\k + 2a)2 = c2(4a2 + k2) 

2r2 c2
(4a2 + k2) (k + 2a)2

From Eqs. (in) and (iv), we get 

+ (k2 - 4ah) = 0
2a2c2

(k + 2a)2

=> (k2 - 4ah) (k + 2a)2 + 2a2c2 = 0

Hence, the locus of the middle points is
(y2 - 4ax) (y + 2a)2 + 2a2c2 = 0.
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Hence coordinates of S are

= a

= a3 1 + 0 + 2 +

(0

Coordinates of R are

=>

t = ± 1

P
R

A

s
0 are

and

...(iv)

and

Since, 

Similarly, 

and

S 
(a,0)

PQ = 4a
Equation of tangent at P(a, 2a) is 

x-y + a = 0 ...(iii)
[from Eq. (i)]

h -2a 
a

h-2a
a

a a
2 2

then,
then, coordinates of P and Q are (a, 2a) and (a, -2a) 
respectively.

h - 2a ------- + 1
a

RS' = a

Hence, quadrilateral PQRS' is trapezium whose area

= -(PQ+ RS')x( a +
2 k 2 J

t2 -1 = 0

I 21 _ a

2t4 =(1 + t2) 

(t2 -l)(2t2 + l) = 0 

2t2 + 1 * 0

SP = PM = a + at2

SQ = a + at%

SR =a + at3

•*. SP-SQSR = a(l + t,2) ■ a(l + t22) • a(l + t32)

= a3{l + (t2 + t22 + tf) + (tffi + t22t32 + t32 t2) + t22 t32)}

3 {l + (t] + t2 + t3)2-2(t1f2 + t2t3 + t3tI)

+ (*i*2 + t2t3 + t3'i)Z “2^^ + t2 + t3) + fat^)2}

I2 A 
|-0+?

= 4<?

1 . , 3a 15a2
= - x (4a + a) x — = —— sq units.

= a3
I2 k2 
l+7

r i 111Slopes of these tangents are —, —, — 
q t2 t3

but given slopes are in HP.
h>t2, f3 are in AP if d is the common difference. Then,

t2 — ft = d, t3 — t2 = d
and t3-q=2d ,..(i)
Let the tangents at Q and R meet at P', R and P meet at Q\ P 
and Q meet at R'.

P = {fl^3>a (t2 + f3)}
Q' = {af3fb a (t3 + q)}
P = {af]t2, a (q + t2)}

Aliter:
Here, centre of the circle is the vertex of the parabola and both 
circle and parabola are symmetrical about axis of parabola. In 
this case the point of intersection of common tangents must lie 
on the directrix and axis of the parabola
i.e. A(-a, 0).
Chord of contact of circle w.r.t. A(-a, 0) is

a2 
x(-a) + y-Q = —

a 
x = —

2
a a | , , , _ _

- and chord of contact of
2 2)

parabola w.r.t. A(-a, 0) is
y-0 = 2a(x-a)

i.e. x - a
Coordinates of P is (a, 2a)
Area of quadrilateral

PQRS' = 2 {Area of APAS - Area of SRAN]
11 „ 1 a a]= 2{--2a-2a---------- -
[2 2 2 2J

a2 15a2
— =----- sq units
4 4

105. Let parabola be y2 = 4ax and let P (at2,2att), Q (at2,2at2) and
R (at2, 2at3) are three points on the parabola.

v Tangents at P, Q and R on parabola y2 = 4ax
2 2= x + af(, t^ = x + at2
'ft$y = x + at3

= a{(h-a)2+ (k-0)2} = a(SA)2

104. Equation of tangent at P(at2,2at) is
9 9ty = x + at => x - ty + at = 0

which is also tangent to the circle 
x2 + y2=a2/2 ...(ii)

then, length of perpendicular from centre of Eq. (ii) to Eq. (i) 
radius of the circle

Let R be (xh yj
then, equation of tangent at P(xb yj on Eq. (ii) is 

a2
+ 37i = —

Hence, Eqs. (iii) and (iv) are identical.
-<i _ 7i _ a• • --  = ---  — —
1 -1 2

( Q (2^

1
2
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(2^2 cos 45°, 25/2 sin 45°) i.e. (2, 2).

Y1

= -{at2t3{a (t3 + f,)-^ + t2)} + ...+...}

n xX'~

“M(^3 ~ fl)

[by using Eq. (i)]
Y'

=>

=>

=> ,2 4i)
-(i)

...(ii)

.2

Substitute x =----- in Eq. (i), we get

(i) Coordinates of vertex are

a =

4)=>

35a
16

=>

?(x.y) 
—Xs (2, 2J

3
4a’

35a
16

M
0

108. Coordinates of 5 are

SP = PM
(SP)2=(PM)2

r(* + y)'
L V2

2(x2 + y2 - 4x - 4y + 8) = x2 + y2 + 2xy

=> y=2x+5
This tangent also touches the circle.

x2 + y2 + 16x + 12y + c = 0 

Now, solving Eqs. (i) and (ii), we get
x2 + (2x + 5)2 + 16x + 12(2x + 5) + c = 0 

=> 5x2 + 60x + 85 + c = 0

Since, roots are equal, so
B2 -4AC = 0

(60)2 - 4 x 5 x (85 + c) = 0
85 + c = 180 

5x2 + 60x + 180 = 0
60 

x =----- = -6
10

Hence, point of contact is (-6, -7).
107. \-P= (1,0), let Q = (h,k) 

such that k2 = 8/1 

Let (a, p) be the mid-point of PQ.
h +1 0

=>

=> x2 + y2-2xy-8x-8y + 16 = 0

(x - y)2 =8(x + y-2)

109. Equation of tangent to y = x2 is
1 

y = mx----m
4

Equation of tangent to (x - 2)2 = - y is

2(-d)(-d)(2d)

2 2
=> h = 2a-l, fc=20
From Eq. (i), we get

(2p)2 =8(2a-l)

P2 = 4a-2

=> p2 - 4a + 2 = 0

:. Required locus is y2 - 4x + 2 = 0.

3
For locus let x =----- and y = -

4a

Remark
n? (t2 -13) = (f3 -t2) = (6 -12) (t2 -t3) (t3 - m
Corollary Area of triangle of P(aty,2aty), Q(at2,2at2) and 
P(at3> 2at3) is a2(t, - t2){t2 - t3)(t3 - /,) = A (say)

It is clear from just previous example the area of the triangle 
inscribed in a parabola is twice the area of the triangle 
formed by the tangents at the vertices.

106. Equation of tangent at (1, 7) to y = x2 + 6

-(y + 7) = x-l + 6
2

Area of AP'Q'R'=

(x - 2)2 + (y - 2)2

XA45° r2E t2f3 (t3 - t2)

1 ?
y = m(x -2) + -m

=> y = -7

3
0 => x =-----

4a

105.". xy = —, which is the required locus.
64

111. v y = x2 - 5x + 6

Equation of tangent at (2, 0) is

= x-2 --(x + 2) + 6
2 2

y = -x + 2

at2t3 a (t2 + t3) 1
at3t} a(t3 + tj) 1
arit2 a (ti + r2)

V Eqs. (i) and (ii) are identical. 
=> m = 0 or 4
:. Common tangents are y = 0 and y = 4x - 4 = 4 (x -1).

110. Given parabola is
3 2 2ax ax „y =----- +--------2a
3 2

dy 
For vertex — = 

dx

a x
2

3
4a
35a

1
2 ‘

1 = -a
2

1 2= -a
2
1= -a
2

= a2d3, which is constant.
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,(ii)

xX’

(1.-2

116. Vertex is (1,0).
Y

x=2
XX'

(9.0) (0.0)
■Xs (2. 0)

rr
117.

h ==>

(0.0)

= 2^2

=>

=>
=>

•■■(*)As

= 2

X

( .2

M = Mid-point of AB -

8 
2y/2

X 
N(2a 4-at2,0)

Equation of circumcircle is
x2 + y2 - 8x + 2^2y -9 = 0 

Hence, radius is 3-73.

Aliter:

7Q\ 
Z(1-2^)

2ax-----
3 .

and equation of tangent at (3, 0) is
=> y = x -3
’/Eqs. (i) and (ii) are perpendicular.
/. Angle between tangents is Jt / 2.

112. (i) Coordinates of P and Q are (1,2^2) and (1, - 2^2).

y

.(1.0)
A

/S'
<O

G = (h, k)

2a 4- at'
3

.2 5
. '1 + *2

>

3/1-2a
a

Required parabola is
9y2 (3x-2a)
4a2 a

p7 Z(1.2V5)

9k2
4a2

3
a

2a A
x------

3 J

2 . 2<lf 
-, k-— 

3
y

V 2 
:. r = | ti + t21 => tj + t2 = ± r 
Now, from Eq. (i),

2 
slope of AB = ± -. 

r

Area of APQR =i-4->/2-8 = 16^2

Area of APQS = | • 4^2 • 2 = 472

/. Ratio of area of APQS and APQR is 1: 4.
(ii) Equation of circumcircle of APRS is

(x + l)(x-9) + y2 + Xy = 0

It will pass through (1, 272), then

- 16 + 8 + X 2^2 = 0 => X =

16^/2
r"8^

113. y = — ~ + x+l =, =
Z Li Lt

=> It is symmetric about x = 1.
Hence, both statement are true and Statement II is correct 
explanation of Statement I.

114. ’/Point of intersection of two perpendicular tangents to the 
parabola lies on directrix of the parabola.
/. Equation of directrix is x + 2 = 0.
So, point is (- 2, 0).

Let Z.PSR = 6 => sin6 =
2V3

PR =6^2 =2R-sinG =>R=3^.

(iii) Radius of incircle is r = —.
s

115. The circle and the parabola touch each other at x = 1, i.e. at the 
points (1,2) and (1, - 2) as shown in figure.

f \ (3.0)

.1.0)

( Sy
(-3,0)l<xz\

2 4a
y =TI 

2t2 A/. Vertex = I —, 0 ; Focus = (a, 0). 
k 3 J

118. Slope of AB = = —-—
(t2-t2) a2 + fi)

y

A = 16>/2

s = 6>/2+6V2 + 4^ =8^
2
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Y

Q

Pip, t)
XX'-

0

X'- X
'0

Y't'(2.-4)
Y'

1 + 2
‘2

Hence, shortest distance = PQ =

...(i)

and ,(ii)

A(t2, 2t) 0(2,4)

XX'
0 X'

...(i)

119. The locus of perpendicular tangent is directrix, i.e., x + 1 = 0 or 
x = -1.

120. Ax = Area of &PLL'
1
2

(0.0)P

Y'

^|t(2.4)
• 2^

\2 /

= x - 1 and y2 = x is along the

Now, equation of AB is y = 2x + 1, 
equation of AC is y = x + 2 and 
equation of BC is y = - x - 2 
On solving above equations, we get

A(l, 3), B(- 1, - 1) and C(- 2, 0)

A2 = - 
2—1 + 2

(1.2)
90]

3 _3^ 
"WT 8

1 , 1 nl 1 1— = 1 => f = - => P - 
2t 2 <4 2

C\
8

Let Q be the point (2 £2, 4t), then it will satisfy the equation of 
circle.

(2t2)2 + (4t)2 - 2(2tz) - 4(4t) = 0

=> 4t4 + 12 f2 —161 = 0

=> t(t - 1) (t2 + t - 4) = 0 => t = 0 or 1

For t = 0, we get point P, therefore t = 1 gives point Q as (2,4). 
Here, P(0, 0) and Q(2, 4) are end points of diameter of the given 
circle and focus of the parabola is the point 5(2, 0).

ZPSQ = 90°
Hence, area of APQS = lx2x4 = 4sq units.

=> m3 -Im + 6 = 0

=>(m - 1) (m -2) (m + 3) = 0
=> m = 1,2, - 3
From Eq. (i), equations of normals are

y = x - 3, y = 2x -12, y = - 3x + 33 
=> y-x + 3 = 0,y-2x + 12 = 0, y + 3x-33 = 0

123. The shortest distance betweeny 
normal ofy2 = x.

= -x8x|2--] = 6sq unitss
2 \ 2)

-----x
S (2,0)

From Eqs. (i) and (ii), we get
x = y2

122. The equation of normal to
y2 = 4x is y = mx - 2m - m3

As it passes through (9, 6), then
a 

6 = 9m - 2m - m

Let P(t2, t) be any point on y2 = x.
x t Tangent at P is y = — + -.

Slope of tangent = —
21

and tangent at P is parallel to y - x = 1 
1 4’2j

1-1-1 
2 4

7a +1)
124. We observe that both parabola y2 = 8x and circle

x2 + y2 - 2x - 4y = 0 pass through origin say P(0, 0).

*y

A-=2
a2

121. Let A(x, y) = A(t2,2t) be any point on the parabola y2 = 4x, then 

t2 
x = —

4 
2t

lY

5^ 
ap\

3-0
= 3 sq umts
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Y

p
Y P(afi,2at) XX'-

^"Zoj90°
00 Xie- rS(a,0) s

= 2

= - 2a + a
=>

=>
-2.

tan0 =

5

Sol. (Q. Nos. 129 and 130)

Also,

■(i)

=>.2=>

...(ii)

=>

=>

=>

1 t-~ 
t

1 
t

2
3

32 
m

2a 
t

2

- a
2

+ 4

t +

Tangents at P and Q are
ty = x + at2 and ty = xt2 + a

which intersect each other at R| - a, a t - -
I k C

126. PQ = a\ t + -
k t.

J = a(l + 4) = 5a vt-l=-l 
t

As R lies on the line y = 2x + a, a > 0 
( a| t — 

tj 
1 

t--=-l 
t

127. Equation of tangent of y2 = 4x in terms of slope is 
1 y = mx + — 
m

v Line Eq. (i) touches x2 = - 32y

2 I 1x = - 32 mx + — 
k /n,

2 + 4
♦ 3

R

X'-*—

0-2at 
2a - at2

-2t
2 -12

£ 
m

Vd+™!) 
4 

m2(l + m2) 

m4 + m2 -2 = 0 

(m2 + 2)(m2 -l) = 0 

m = ± 1
.*. Required tangents are y = x + 2 and y = - 
Their common point is T(- 2, 0).
Chord of contact PQ to circle is 

x(- 2) + y-0 = 2 
=> x = -l
Hence, coordinates of P and Q are (- 1,1) and (-1,-1) and 
chord of contact RS to parabola is 

y-0 = 4(x-2) 
=> x = 2
Hence, coordinates of R and S are (2,4) and (2, - 4). 
.•.Area of trapezium PQRS = ^(2 + 8) x 3 = 15 sq units

If it is common tangent to parabola and circle, then
2 2 2

y = mx + — is a tangent to x + y =2.
m

= -l 
t. .<•

Sol. (Q. Nos. 125 and 126)
v PQ is the focal chord of y2 = 4ax.

Coordinates of P and Q are (at2, 2at) and 4, - 
kC

2
125. v Slope of OP = - and slope of OQ = -2t

- + 2t 
t
1-4

f a -2a} 
v PQ is a focal chord, then QI —, —y—I.

QR || PK => rriQR = mPK
2a 

2ar + —
t _ 

! a
~T2

2
1 “ 

r —
t

[vr + | * 0, otherwise Q will coincide with R]

2 -12 = - rt + 1

t2 -1 
r =------

t

-- I
~3 Vk

9 >90°
2 

tan 6 = — a,
3

r

ar2

3 _ 1 
m = —

8
m = 112

2
128. Let the tangent to, y2 = 8x be y = mx + —. 

m

2 32=> x + 32mx + — = 0
m

For touching roots of Eq. (ii) are equal.
D = 0

(32m)2 = 4-1-

129. r =-----
t
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=>

[vst = i]

[vf2<0]

y =

x: o

x0

Then,

= 3^2

t2

=>

=>

,2 [•.•A>0]or

= r => r =2

= 2^2, 42.

(say)

(*+4) = -=>
=>

=>

-(ii)

1
2

37Q(4f.2f2)
1^7

134. Let pjtj I and Q y, t2J such that t; > 0

[•/ P lies in first quadrant] 
v Circle with PQ as diameter passes through the vertex 0(0,0) 
of the parabola.

ZPOQ = 90°
=> Slope of OP x Slope of OQ = - 1 

2 2-X —= -l 
tl t2

tyt2 = - 4

h = — = t and k = — => 2k = h2 
4 4

:. Required locus of P is x2 = 2y.

132. End points of latusrectum of
y2 = 4x are (1, ± 2).

Equation of normal to y2 = 4x at (1, 2) is 
2 

y-2 = --(x-l)

=> x + y -3 = 0
As it is tangent to circle (x - 3)2 + (y + 2)z = r'

|3 -2-31 __ _ _2 _ 
+ 1)

133. Let (t2,2t) be any point on y2 - 4x. Let (h, k) be image of(t2,2t) 
with respect to the line x + y + 4 = 0, then

h-t2 _k-2t -2(t2 + 2t + 4) 
1 1 1 + 1

h = - (2t + 4) and k = - (t2 + 4)
2' h + 4

=> (h + 4)2 = - 4(k + 4)

Locus of (h, k) is (x + 4)z = - 4(y + 4).

Curve C is (x + 4)2 = - 4(y + 4)

Now, intersection of C with y = - 5, then 
(x + 4)2 = - 4(- 5 + 4) = 4 

x + 4 = ± 2 => x = - 6,- 2
/. A(-6, - 5) and B(-2, - 5) 

AB = 4

Now, area of AOPQ = 342 

tl 
2 t 
2

~t\tz(t\ -12) = ± 3^2 
4

^-t2=±34i
tj + — = ± 342 

h
ti + - = 3^2 

A
t2 - 3^ + 4 = 0

v 341 ±45 
1 ~ 2

Point P can be (4,2^2) or (1, 42).

135. Let P(2t2, 4t) and C(0, - 6).

(CP)2 = 4? +(4t + 6)2 =z

^ = 0 
dt

16t3 + 2(4t + 6)-4 = 0 

t3 + 2t + 3 = 0

(t + 1) (t2 - t + 3) = 0

t = -l 
P(2,-4)

Equation of circle is
(x - 2)z + (y + 4)2 = (2 - 0)Z + (- 4 + 6)2 

=> x2 + y2 - 4x + 8y + 12 = 0

130. Tangent at P is ty = x + at2

Normal at S is y + sx = 2as + as3

Putting the value of x from Eq. (i) in Eq. (ii), then 
y + s(ty - at2) = 2as + as3 

y + (st)y - a(st)t = 2as + as3 
2a a y + y - at = — + — 
t t3 

« r 2 c 2y = a t + - + -r 
k t t3J 

a(tz + I)2 
2t3

131. Let any point Q on x2 = 8y is (4t, 2t2) and given P(h, k) divides 
OQ in the ratio 1:3 (internally).

Y

1
4

(tl
I2
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138. Centre of circle=>
y

c
xX' o

r

= r

=>

or

or

-.(i)

=>

or
Hence,

sq = 
QP

T = Sl 
ky - 8(x + h) = X2 - 16/i 

8x - ky = 8h-k2

(0. 4) 

r
V 1/ 
-YM

736. vCj: x2 + y2 = 3 and parabola x2 = 2y, then 

y2 + 2y - 3 = 0 => y = 1- 3
P(j2,1) [’/ P lies in first quadrant]

Now, tangent at P(V2,1) on the circle C} is

= -1 or t3 =8 => t = 2 
t‘-2

or
Now comparing Eq. (i) and 2x + y = p, then 

8 -k Sh-k2 — =-----=--------
2 1 p

k = - 4 and 4p = 8h - k2 

k--4 and p = 2h - 4 
p = 2, h = 3, k = - 4

A

Alternate (c) Equation of normal at P(4, 4) is

y _ 4 = _ i(x _ 4) 
£

=> y-4 = -2x + 8
=> 2x + y = 12
/. Intercept on X-axis is 6.
Alternate (d) Slope of tangent at Q = Slope of tangent at 

p.l
2

Let ft or Qj(O, X)
|0,+ X~3|=2^

7(2 + 1)
|X -3|=6

X = 9 or - 3
=> 02(0, - 3) and 0,(0,9).

Alternate (a) Q2Q3 = 12

Alternate (b) R2R3 = Length of external common tangent

= a/(QA)2-(2^ + 2^)2
= 7(144 - 48 = 4^6

1 10+0 — 31 
Alternate (c) Area of &OR2R3 = - x P2P3 x .

2 7(2 + 1)

= - X 4^6 X ~^= = 6^2
2 73

Alternate (d) Area of APQ2Q3 = “ x Qaft x

= -x 12 x 72 = 672
2

137. Let P(t2,2t), S(2,8) and r = 7(4 + 64-64) = 2

We know that, shortest distance between two curves lies along 
their common normal. The common normal will pass through 
centre of circle.

Slope of PS = Slope of normal to the parabola 
y2 = 4xatP(t2,2t)

_ 2r — 8

C = (0, 4 - r) 
CM = r 

|10-(4-r)|
^2

4-r = r^j2
4 

= ~r=-------72 + 1
= 4(72-1)

139. (a) Equation of chord of parabola y2 = 16x whose mid-point 
(h, k) is

•• P(4,4)
Alternate (a) SP = ^(2 - 4)2 + (8 - 4)2 = 275

Alternate (b) SQ = r = 2
SQ _ 2

SP-SQ 275 -2

- 1 x + 1) = 75 + 1
” (75 - 1) (75 + 1) " 4

SQ:QP=(75+ 1):4
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Session 1

Ellipse Definition

=>

or

(-.-CA=CA')

(O.b) 8

CX'* S'He.O)
(a.O)

(0,-b) 8'

x = -a/e x = a!eY'
2

Ellipse Definition, Standard Equation of Ellipse, 
Tracing of the Ellipse,Focal Distances of a Point, 
The Shape of the Ellipse x2/a2 + y2/b2 = 1, When b > a, 
Mechanical Construction of an Ellipse,

An ellipse is the locus of a point which moves in a plane 
such that its distance from a fixed point (i.e. focus) is a 
constant ratio from a fixed line (i.e. directrix).
This ratio is called eccentricity and is denoted by e.
For an ellipse 0 < e < 1

...(0
-(ii)

I
M

(from figure) 
(vCA = CA)

i
M' J......

Z' (
A'\ 

H.o)

8 (x,y)

■s (ae.O) ZA

( a '
veI e >

Standard Equation of Ellipse
Let 5 be the focus and ZM the directrix of the ellipse. Drow . 
SZ1ZM. Divide SZ internally and externally in the ratio 
e: 1 (0 < e < 1) and let A and A' be these internal and 
external point of division

SA = eAZ
SA' = eA'Z

SP ---- = e or
PM

Then, adding Eqs. (i) and (ii), 
SA + SA'= e(AZ + A'Z)

AA' = e (CZ -CA + CA' + CZ) 
AA' = e(2CZ)

2a = 2eCZ 
CZ = al e

The directrix MZ is x = CZ-a!e
a
— x =0 
e

and subtracting Eqs. (i) from (ii), then
SA' -SA = e(A'Z - AZ) 

(CA' + CS) - (CA - CS) = e (AA')
2CS = e(AA') I 
2CS = e(2a)

CS = ae
The focus S is (CS, 0) i.e. (ae, 0) 

Now draw PMA.MZ

Then, 
and
Clearly A and A' will lie on the ellipse
Let AA' = 2a and take C the mid point of AA' as origin

CA = CA' = a ...(in)
Let P(x, y) by any point on the ellipse referred to CA and 
CB as co-ordinate axes

x2 +a2e2 -2aex +y2 = a2 -2aex +e2x2 

x2(l-e2)+y2=a2 (1-e2) 

x2 
------F 
a2

2 (PM)2

(x - ae)2 + (y -0)2 =e

(SP)2 = e

------ = 1 
a2 (1-e2)

^X 
Axis

fa y
I* J

(x -ae)2 + y2 -(a-ex)2
2 2 o___ . .2 2
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463Chap 06 Ellipse

or

2

C

S'

Y

or

or

7(a2e2 + b2} = ^(a2 -b2 + b2) = aor

2 Tracing of the Ellipseor

or

or •••(0
or

or
a

where,

Remark
Two ellipse are said to be similar if they have the same value of 
eccentricity.

Generally,
The equation to the ellipse, whose focus is the point (h, k) 
and directrix is lx + my + n =0 and whose eccentricity is e, 
is

The equation being the same as that of the ellipse 
when S(ae,0) is focus and MZ i.e. x=ale is directrix.
Hence, coordinates of foci are (±ae,0) and equations 
of directrices are x = ± a / e.

Remarks
1. Distance between foci 5S'=2aeand distance between 

directrices ZZ'=2al e
2. If e=0

then

1 
N

Equation of the ellipse is 
2 2^ + 2L = 1 

„2 A2 a b
1. The ellipse (i) cuts X-axis at A (a, 0) and A' (-a,0) and 

cuts Y-axis at B (0, b) and B' (0, - b).
2. The Eq. (i) does not change when y is replaced by - y 

and x is replaced by -x, Hence ellipse (i) is 
symmetrical about both axes

i.e.
4. The distance of every focus from the extremity of minor axis is 

equal to a 
i.e.

6a 0)

The Foci and Two Directrices 
of an Ellipse
On the negative side of origin take a point S' which is 
such that (a.0)

= e2.

~~y—=i
a2 (1-e2)

2 22L+r=1,
2 b2

b2 = a2 (1-e2)

(x-ft)2+(y-k)2 (lx +my + n)2 
(I2 + m2)

(x + ae)2 +(y -0)2 = e

CS = CS' = ae
and another point Z', then

CZ = CZ' = - 
e

Coordinates of S' are (-ae, 0) and equation of second 

directrix (i.e., Z'M') is x = ~- 
e

Let P(x, y) be any point on the ellipse, then 
S'P = ePM' 

(S'P)2 = e2 (PM')2
2

B P(x.y)

b2 = a2(l-0) 
b2 = a2

2 2X V then equation of ellipse — + = 1 changes in circle
a2 b2

i.e. x2 + y2 = a2
2 2

3. Since, +4=1
a2 b2

y2 x2 _ a2 -x
IT 7 7“ 
y2 _ (a-t- x)(a — x) 
b2 a2

Y

(PN)2 _ A'N-AN
b2 a2

(PN}2 _b2 _(BQ2
AN-A'N~a2 (AC}2

(PN}2: AN■ A'N::(BC}2:(AC}2

2 2
3L+2L=i 
„2 Ji2 a b

| where, b2 = a2 (1-e2)

This is the standard equation of an ellipse, AA' and BB' 
are called the major and minor axes of the ellipse. 
(Here b < a) and A and A' are the vertices of the ellipse.

"x+-

(x + ae)2 +y2 = (ex + a)2 

x2 (1-e2) + y2 -a2 (1-e2) 

x2 -2 — + 
a2

2

,2
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464 Textbook of Coordinate Geometry

...(ii)y = ± b
or

...(iii) oror

or

or

if i.e.

2 2

if

(for first quadrant)

(for fourth quadrant)

M'

*XA1 IAC

L'B'

[v£>2 =a2 (1-e2))

respectively.

Ellipse (i) is a closed curve lies entirely between the lines 
x = a and x = - a and the lines y = b and y = - b.
Since, when x increases, then y decreases from Eq. (ii) and 
when y decreases, then x increases from Eq. (iii).

Some Terms Related 
to an Ellipse

Is7

y
B

(.♦. 0>-e2 >-l) 

(or 1 > 1 — e2 >1-1)

(or 0 < 1 - e2 < 1)

(a>&)
1. Centre : All chords passing through C is bisected at C 

Here C = (0,0)

M

Z

Remark 
2 2x£ v

Area of the ellipse — + = 1 is nab.

a ;

= b2

7.2
+ —= 1 or k2 = b2(l-e2) 

b2

Remark
The major and minor axis together are called principal axes of 
the ellipse.

5. Double ordinates : If P be a point on the ellipse 
draw PN perpendicular to the axis of the ellipse and 
produced to meet the curve again at P'. Then PP' is 
called a double ordinate.
If abscissa of P is h, then ordinate of P,

2 r 2z_=i_L 
b2

2. Foci: S and S' are two foci of the ellipse and their 
coordinates are (ae, 0) and (~ae, 0) respectively.

3. Directrices : ZM and Z' M' are two directrices of the 

ellipse and their equation are x = — and x = - —
e e

a

y = -^a2-h2) 
a

and ordinate of P' is

a
Hence, coordinates of P and P' are

k a
respectively.

6. Latusrectum The double ordinates LL' and LjL/ 
are latusrectums of the ellipse. These line are 
perpendicular to major axis A' A and through the fod 
S and 5', respectively.
Length of the latusrectum
Now let LL' = 2k
then LS = L'S = k
Coordinates of L and L' are (ae, k) and (ae, -k) lies on 
the ellipse

-x2 >0

a2e2 

a2

2 2x y Let the equation of the ellipse — + — = 1 
.2 12a b

VK b2)

From Eq. (ii), it follows that (y is real)

1- —>0 or a2 
a2

or x2 <a2 or -a < x <a

Also from Eq. (iii), it follows that (x is real) 
2

l-^_>0 or b2 -y2 >0 ory2 <b2 
b2

4. Axes : The lines AA' and BB' are called the major 
and minor axes of the ellipse 

0 <e <1 
0<e2 <1 

0<l-e2 <1

a (1 — e ) <a 
a2 ✓ „2 b <a

b<a

2 2x y — +—= 1
2 »2a b

3. The equation (i), may be written in either of the form
7 zA 
1-^- 

l °2
17

x = ± a

a2 -h2) and

P 

■^5
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(vk>0)

or

Li =

or

2

Q
=>

P

N~tC

Remark
Latusrectum

1
2

or
or

1

(2b)2 
(2a)
(2b)2 _ (Minor axis)2

a (2a) (Major axis)
=2a(1-e2)=2ef--ae|

(e J
= 2e (distance from focus to the corresponding directrix)

7. Focal chord : A chord of the ellipse passing through
its focus is called a focal chord.

X'^

1 
or —

SQ

Remark
Semi latusrectum is the harmonic mean of the segments of focal 

1 1 2achord or — + — = (a> b), where PQ is the focal chord and S
SP SQ b2

is the focus.

8. Vertices : The vertices of the ellipse are the points 
where the ellipse meets its major axis.
Hence, A and A' are the vertices

A = (a,0) and A' = (-a,0)

I Example 1 If PSQ is a focal chord of the ellipse 
16x2 + 25y2 = 400, such that SP = 8, then find the 
length of SQ.

2 2
Sol. The given ellipse is 16xz + 25y2 = 400 or — + — = 1

25 16

I Example 4 If P (x,y) be any point on the ellipse 
16x2+25y2 =400 and F, = (3,0),F2 = (-3,0), then find 
the value of PF1 +PF2.

Sol. We have, 16x2 + 25y2 = 400 
2 2x y => — + ^ = 1

52 42
v Coordinates of foci an ( ± ae, 0)

(± V(a2 - ^2).oJ
i.e. (± 7(25-16), 0) or (±3,0)

Thus, F, and F2 are foci of the ellipse.
PFj + PF2 = Length of major axis

= 2o = 2x5=10
9. Parametric equation of the ellipse : The circle 

described on the major-axis of an ellipse as diameter 
is called the auxiliary circle of the ellipse.
Let the equation of ellipse be 

2 2

2 A2 a b

Equation of its auxiliary circle is
x2 + y2 = a2 (v AA' is diameter of the circle)

i' =

k-bl
a

2k = — = LL' 
a

2uLength of latusrectum LL' = LiLl' =---- and end of
points of latusrectum are a

T f 7'
L = ae, — ; L =I a )

f b2>| .-ae,— ; LI a)
respectively.

a 2
2b = a

4b2 = a2

4a2 (l-e2) = a2

4e2 =3
73 

e = —
2

Example 3 If the distance between the directrices is 
thrice the distance between the foci, then find eccentricity 
of the ellipse.

So/. Given, — = 3(2oe) => e2 = - 
e 3

1 J__ 2a
SP SQ ~ b2

1 1 2(5) 5- +--- = -L-2 = -
8 SQ 16 8

SQ = 2

Example 2 If the latusrectum of an ellipse is equal to 
half of its minor-axis, then find its eccentricity.

So/. 7 Latusrectum = (minor axis)

( *2)
ae,-----I a)

f fr2l-ae,------I a)
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2

or

P is in I quadrant

=cos andb 2
.2

Now, QC? =
+ 0=cos

cos

cos

-coscos

+ COScos

y = b sin<|)
Coordinates of P are (a cos0, b sin0). We have
x = a cos 0, y = b sin (J) are called parametric equations 
of the ellipse.
This point (a cos (J), b sin0) is also called the point ‘0’.

Remark
The equation of the chord joining the points 

PMacosfy.bsint^) 
Q = (acos(j)? dsin02) is 

0i + 02^ + ySjn (4>i + 4>2 
2

if focal chord pass through (ae,0), then 
tan^^tan^J=^-

±e-1
± e+1

01 ~ 0 2
2

01 - 02 
2

01 + 02 |
2 J I 

01 + 02^
2 J

± e-1
± e+ 1

01 + 02
2
0i ~ 02T

2 J
0i + 02^

2 J
r 01 ~ 02
I 2
f <t>i — 4> 2
I 2
tan(y)tan(^)=(:

tan(^L)tan(^X'

and
x 
-cos
a

If its focal chord, then it pass through (ae,0) or(-ae,0), then

± ecos

= ±e-
1

Remark
Circle described on focal length as diameter always touches the 
auxiliary circle.
Proof

2 2
Consider ellipse ^-+Z_ = 1

a2 b2
Let P be (acos 9, bsinO)
andSbe(aeO)

SP = ePM=e\--acosO |
<e )

= (a-aecos 0)
The auxiliary circle x2+ y2 = a2 having center

Q (0,0) and radius =a

e-1 
e+ 1J 

and if focal chord pass through (-ae, 0), then 
e+1^1 
e-1 J

e-T 
e+1,

2 2
^ + ^ = 1

2 b2
y2

4-2—= 1
b2
y2 = b2sin2 0

y = ± b sin0

Let Q be a point on the auxiliary circle x2 + y2 = a 
such that QP produced is perpendicular to the X-axis. 
Then P and Q are the corresponding points on the 
ellipse and the auxiliary circle respectively.
Let ZQCA=0 (O<0<27t)
i.e. the eccentric angle of P on an ellipse is the angle 
which the radius (or radius vector) through the 
corresponding point on the auxiliary circle makes 
with the major axis.

Q= (a cos0, a sin0)
Now x-coordinate of P is a cos0

Let y-coordinate of P is y, then (a cos0, y) lies on the 
ellipse

a
2 2ia cos 0

a2

The circle having SP as the diameter has center 
ae+acos0 6sin0A 

2 ’ 2 J
.. SP a(1-ecos0) radius r9 =— = —------------2 2 2

ae+acosO'l fbsin0y
2 J J

= -Ja2 (e + cos 0)2 + a2 (1 - e2) sin2 0 
2 v

= | -J(e2 + cos2 6 + 2ecos 0 + sin2 0 - e2 sin2 6)

= |7(e2cos2 0+ 2ecos 0+1)
a

= -(1 + ecos 0) 2
= /j-'2

Hence, the circle on SP as diameter touches the auxiliary circle 
internally.
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I Example 5 Find the eccentric angle of a point on the

=>

=s

or

or

e =

Focal Distances of a Point

(<)

MZ

M'

C *X

r (o.o)

Now SP = ePM = e

A’tQ.-b)

Z’and S'P = ePM' = e M'

and

B'
'Y

12 A4

Z

Another definition of ellipse : An ellipse is the locus of 
a point which moves in a plane such that the sum of its 
distances from two fixed points in the same plane is 
always constant.

2 
V5.

A(Q.b)

(O.beX

(CP)2 = 5

6 cos2 0 + 2 sin2 0=5 
6(1- sin2 0) + 2sin2 0 = 5

sin2 0 = —
4

+ b

= a +exl
SP + S'P = (a -ex1) +(a + exj)

= 2a = AA' = major axis
Hence, the sum of the focal distances of a point on the 
ellipse is constant and is equal to the length of the major 
axis of the ellipse.

r
The foci S and S' are (0, be) and (0, - be) respectively
The directrices are MZ and M'Z' are 

b . b y = — and y = — 
e e

are respectively,

Remark
SP and S'P are also called focal radii of the ellipse 

SP = a-ex, and S'P = a+ex}

I Example 6 An ellipse having foci at (3, 3) and (-4,4) 
and passing through the origin, then find eccentricity 
of the ellipse.

So/. The ellipse is passing through O (0,0) and has foci
P (3,3) and Q (-4, 4), then

OP + OQ = 2a and PQ = 2ae 
PQ  750 _ 5

OP + OQ 3^2 + 4^2 7

= a - ex j
a
- + Xi 
e

In this case major and minor-axis of the ellipse along 
Y-axis and X-axis respectively.
then AA' = 2b and BB' =2a

y

2
=1, when b>a

~B *X 
(a.0)

x2 y2
ellipse — + — = 1. Whose distance from the center of 

the ellipse is
Sol. Any point on the ellipse is P (4f> cos 0,4i sin 0)

Where, 0 < 0 < 2it and C (0,0) is center, given CP =

X'*-H7(-£)
a 
--Xj 
e

The sum of focal distances of any point on the ellipse is 
equal to the major axis. The ellipse is 

2 2

a2 b2

The foci S and S' are (ae, 0) and (~ae, 0).
The equations of its directrices MZ and M'Z' are x = a/e 
and x = -a/e
Let P (xx, y j) be any point on Eq. (i)

8

X'^-p

sin 0 = ± - = ± sin — 
2 6

_ Tt 571 7n 1171u = — , — , —,----
6 6 6 6

The Shape of the Ellipse 
x2 y 
a2 ’ 2
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Mechanical Construction of an Ellipse

Smart Table : Difference between both (Horizontal and Vertical) Ellipses will be clear from the following table

Vertical ellipseHorizontal ellipse

Y

Z M
M' M P

■XX'- IscBl

Z’ M'A'
Y'

(0.0)Centre (0.0)

(± a,0)Vertices (0,±b)

Length of major axis 2b2a

Length of minor axis 2b 2a

(0,± be) or(0,± y](b2 - a2))(± ae, 0) or (± y](a2 - b2), 0)Foci

2 be or 2 y[(b2 - a2)Distance between foci

Equation of directrices

Distance between directrices

b2 = a2 (1-e2) a2 = b2 (1 - e2)Relation between a, b and e

Length of latusrectum

End points of latusrectum

Focal radii SP = b-ey^S'P-b+ ey} andSP + S'P = 2bSP = a-exltS'P = a + ex} andSP + S'P-2a

(a cos 0, bsin 0), 0 < 0 < 2nParametric Coordinates (a cos 0, b sin 0), 0 < 0 < 2it

Tangents at the vertices y = ± bx = ± a

Let S and S' be two drawing pins and let an inextensible string whose ends at S and S' 
and length is equal to sum of SP and S'P i.e. 2a, where P is point of pencil. The point of 
pencil move on paper and the fixed ends always tight. So as to satisfy these conditions it 
will trace out the curve on the paper. This curve is an ellipse. Hence the locus of the 
point of pencil is an ellipse.

2a 
e

X'*-
Z'

Equation and graph of 
the ellipse —>

x^ 
a2

2b 
e

Basic fundamentals

a2 J

x = ± - 
e

—X 
Z

y--±b-
e

or 2a (1 - e2) 
a

±ae,± — 
a

± —,± be 
b

2 ae or 2 yj(a2 - b2)

^-or2b (1-e2)

*'2 L

-— = 1 ;a < b 
b2

C 
A

v2+ — = 1; a > b 
b2
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2

=>

= 1=>

(given)(Here b > a)

2 = cos=>

...(i)

y = ±

cos

...(iii)cos

-(iv)and

Y

lYl

*XX'* 0

la 
n4i
mb
n41

x-y+3 = O.
Sol. Let P (x, y) be any point on the ellipse whose focus is

S (-1,1) and the directrix is x- y + 3 = 0. Draw PM 
perpendicular from P (x, y) on the directrix x - y + 3 = 0. 
Then by definition

and the given line islx +my+ n= 0
or lx + my = - n ...(ii)
Now, Eqs. (i) and (ii) represent the same line, so comparing 
them, we get

0 + 9
2

0 + 9
2

x - y + 3 
72

0 ~9
2

+ —sin 
b

sm — + 9 
\ 4
mb

I Example 10 If a chord joining two points whose 
eccentric angles are a,p cut the major axis of an 
ellipse at a distance d from the centre. Show that 
tan(a/2) tan(p/2) = (d - o)/(d + a), where 2a is the 
length of major axis.

n

la

1
•*. e =

V3
Vertices = (0, ± b) = (0, ± 73)

and foci are (0, ± be) = (0, ± 1)
and equation of the directrices are y = + b/e 

75
(1/73)

y = ± 3

I Example 8 Find the equation of an ellipse whose 
1

focus is (-1,1), eccentricity is - and the directrix is

71 X I --- F <}) I = —
4 J

V0=-+9
2

n x i y - i71 x i 71 — + 0 + — sm — + 9 = cos —4 J b \.4 J 4

2 = 3(l-e2) => e

x it ,i y . I it . I 1 or — cos — + <p+ — sm— + <p=-y= 
a

x or — cos
a

(SP)2 = e

PW
SP = ePM

(x + 1)2 + (y-l)2 =y 
4

8(x2 + y2 +2x-2y+ 2)

= x2 + y2 + 9 - 2xy + 6x - 6y 

7x2 + 7y2 + 2xy + lOx - lOy + 7 = 0 
which is the required equation of the ellipse.

• I71 X 1 sm — + 9 = - 
\4 J

Squaring and adding Eqs. (iii) and (iv), then
>2 2 m2k2 la- mb 
----7“ "I = 1 
2n2 2n2

l2a2 + m2b2 = 2nz

2 (PM)2I Example 7 Find the lengths of major and minor axes, 
the coordinates of foci, vertices and the eccentricity of 
the ellipse 3x2 + 2y2 =6. Also, find the equation of the 
directrices.

Sol. The equation of ellipse is 
3x2 + 2y2 = 6 

2 2
^ + ^ = 1 
2 3

x2 | y2 
(72)2 + (75)2

Comparing this equation with 
2 2

^+^=1 
2 >2a b

•*. a = 75, b — y/3
Length of major axis = 2b = 275 

and Length of minor axis = 2a = 2^2

If e be the eccentricity, then a2 = b2 (1 - e2)
1
3

I Example 9 Show that the line lx + my + n = 0 will cut 
the ellipse x2 / a2 + y2 /b2 =1 in points whose 
eccentric angles differ by (rc/2), if a2l2+b2m2 -2n2.

Sol. Let eccentric angles are 9 and 0, then

0-9 = -
2

0 = — + 9 
2

The line joining the point * 0 ’ and ‘ 9 ’ is
x
— cos
a

1
2

y
b

Tl

4

it

4
7t

4

it

4

It

4
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Slope of BS is =
...(i)

P(a)

X'- ■Xc W)

2 2

,(ii)= COS

+ 0 = cos

cos
or (let a > fe)cos

cos - cos
or

B+ coscos

IAA' SS‘

B'

•W
and

Let a > b
=>

A'

x
— cos 
a

a + P"!, y
2

d 
a

Since, it cuts the major axis of the ellipse at a distance d 
from the centre i.e. passes through the point (d, 0), then 
d — cos 
a

— sin 
b

a +p
2

a + P
2 

a + p
2

a + P
2

d - a 
d + a

a-P 
2

/.According to the question 
BB' = SS' => 2b = 2ae 

b = ae 

a 
b2 = 5a 

.2 _ „2

5(0,31

I SY-ae.Q) C (ae,0)S )A

B'(0,-b)
/.The ends of minor axis are B (0, b) and B' (0, - b). If the 
eccentricity of the ellipse is e, then the foci are S (ae, 0) and 
S' (-ae, 0)

I Example 11 If the angle between the straight lines 
joining foci and the ends of the minor axis of the

x2 y2
ellipse —+^— = 1, is 90°. Find its eccentricity, 

a b 
2 2x ySol. The equation of the ellipse is — + = 1

a£ b*

(a ~P
I 2
a - ps

2
a 4- P^

2 ;
ra - P
< 2 
ra - P 
k 2

(By componendo and dividendo)
2 sin (a/2)sin(p/2)
2 cos(a/2) cos(P/2)

= tan (a/2) tan(P/2)

tan(a/2) tan (P/2) = -—-
d + a

I Example 12 Find the equation of the ellipse referred 
to its centre whose minor axis is equal to the distance 
between the foci and whose latusrectum is 10.

Sol. Let the equation of the ellipse is 
2 2x y — + — = 1 
2 l2 a b

Then, the foci are S (ae, 0) and S'(- ae, 0), length of minor

axis BB'=2b and length of latusrectum = — 
a

From Eq. (i), we have

fc = -7=V2

2

Sol. Let the equation of the ellipse be 
2 2

_2 l2 a b
Y

...(ii) 
also we have b2 = a2 (1 - e2) ...(iii)
Putting the value of b from Eq. (i) in Eq. (iii), we have

a e = a (1 — e ) 
e2 = 1 - e2 

2e2 =1
1 e = -= 

V2

Q(P)
r

The equation of the line joining ‘a’ and ’P’ on the ellipse 
Eq. (i) is

b — 0 _ b 
0- ae ae 
b — 0 b and slope of BS is m2 =------- = —

0 + ae ae
•/ The angle between BS and BS' is 90°, 
/. mjm2 = - 1

& b=> ------x — = -1
ae ae

. j.2 _ 2 2b = a e
_2 z. a2\ _ .2.2a (1 — e ) = a e 

l-e2=e2

2e2 =1
1 e = -7= 

V2
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Y
[from Eq. (ii)]

B

(h.k)

2 *x
b‘a

(ii)or

=> b = 3kand

+ b2 = I2

ab

or

y

'P(4V3,5)

X'^ *xc

..•(i)or

and r

=>
From Eq. (ii)

1
2

1
2

b
a

Area of A PQR
Area of A ABC

b2 = 5 x 10 = 50
„2

w.
and PB = —

3

5« = ^
2

a= 10

I Example 15 Find the lengths and equations of the 
focal radii drawn from the point (4>/3,5) on the ellipse 
25x2+ 16y2 =1600.

Sol. The equation of the ellipse is 
25x2 +16y2 =1600

2 2
^-+*- = 1 
64 100I Example 14 The extremities of a line segment of 

length / move in two fixed perpendicular straight lines. 
Find the locus of that point which divides this line 
segment in ratio 1 : 2.

Sol. Let PA : PB = 1:2

PA = -
3

k = -sin 6 
3

3k = I sin0
, 21 h = — cos0

3

3h , ---  = I COS0 
2

Squaring and adding Eqs. (i) and (ii), then

9^ 
4

or 9h2 + 36k2 = 4/2
Locus of P (h, k) is

9x2 + 36y2 = 4/2

a2

or
:. Locus of P(h,k) is 

9x2 + 36y2 = 4/z

a2
9/l . 2 t2
---- + 9k = r

4
9h2 +36k2 = 4/2

OX 
h"

Aliter:
Let A = (a, 0) and B = (0, b)
•/ P (h, k) divide AB in the ratio 1:2 (internally), then

, 1.0 + 2.a 3hh =--------- => a = —
2

I Example 13 Prove that the ratio of area of any 
x2 y2 

triangle PQR inscribed in the ellipse — + p- = 1 and 

that of triangle formed by the corresponding points on 
the auxiliary circle is -. 

a
Sol. Let the three points on the ellipse be P(acos a, b sin a), 

Q (a cos P, b sin P) and R (a cos y, b sin y).
Then, the corresponding points on the auxiliary circle are 
A (a cos a, a sin a), B (a cos p, a sin P) and 
C (a cos y, a sin y), then 

a cos a 
a cos 
a cos y 
a cos a 
a cos 
a cos y

A

1.0 + 2.a 
1+2

, l.b + 2.0
k =----------

1 + 2

tsin a 1 
P b sin P 1

b sin y 1
a sin a 1

P a sin P 1
a sin y 1

cos a sin a 1 
cos p sin P 1 
cos y sin y 1 
cos a sin a 1 
cos P sin P 1 
cos y sin y 1

x yPutting the values of a and b in — + = 1, the equation of
a2 b2

required ellipse is
2 2

^ + *- = 1
100 50
x2 + 2y2 = 100
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Here, b > a
i.e.

(x - 4^3)y-5 =

y-5 =

=>
i.e. (0,6) or

and S' is (0, - be)

Exercise for Session 1

2. The equation = t represents an ellipse, if

(d)

2 2

6 2

(d) end of minor axis(b) centre (c) end of major axis

6-5
0-4^3

-4yl3

a2 = 64, b2 = 100

a2 = b2 (1 - e2)

64 = 100(1 —e2)
=> e=3/5 :
Let P(x1,y1)s(4^5) ••

be a point on the ellipse, then SP and S' P are the focal radii
SP = b- ey} and S' P = b + ey} 

3 3SP = 10- - x 5and S'P = 10 + - x 5 
5 5

=> SP = 7 and S'P = 13
Also, Sis (0, be)

i.e. 0,10 x -
5

0, -10 x -
5

- 4 fiy + 20 73 = x 
or x + 4^iy - 24 73 = 0 

and equation of S' P is

i.e. (0,-6)
Equation of SP is

~ X V
o. The eccentric angle of a point on the ellipse — + — = 1, whose distance from the centre of ellipse is 2, is

6 2
(a)-5 (b)5 (c)^ (d)^

a2 x2 v2
■ 7. If tana tanfJ = - then the chord joining two points a and p on the ellipse -7 + ^7 = t will subtend a right 

angle at 
(a) focus

x2 
10-a

x2 v21. The length of the major axis of the ellipse —=- + ^ = 1, is three times the length of minor axis, it eccentricity is 
az b

(a)-i (b)-i (c)— (d)^?
V2 V3 3 5

—-—^(x - 4^3) 
0-4 V3

-4 yfcy + 20 Ji = - llx + 44^3

11X-4 yfiy-24 Ji = 0

+-zL
4 -a

(a)a<4 (b)a>4 (c)4<a<10 (d)a>10
 x2 y2

3. The eccentricity of an ellipse -7 + = t whose latusrectum is half of its major axis, is
a : Ij

<a>75 <b>^ <C)T

4. If the eccentricity of an ellipse is then its latusrectum is equal to its

(a) minor axis (b) semi minor axis (c) major axis (d) semi major axis

5. If the distance between the foci of an ellipse is equal to its minor axis, then its eccentricity is

(a)5 (b)4 (cT (d)4
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11.

o x2 y2 x2 y2
o. If the eccentricity of the two ellipses ~ = 1 and — + ~ 1 are equal, then the value of alb is

<a)75 (b)T3
(d)2?

□ 6
n X2 y2
9. The ratio of the areas of triangle inscribed in ellipse —? + = 1 to that of triangle formed by the corresponding

a b

points on the auxiliary circle is then the eccentricity of the ellipse is

(a) \

(c)-L (d)4V2 V3

10. If PSQ is a focal chord of the ellipse 16x2 + 25y2 =400 such that SP = 16, then the length SQ is

<a>5 <b’s9 9
(C)| (d)^

9 9
2 2x yLet P be a variable point on the ellipse — + = 1 with foci at S and S'. If A be the area of triangle PSS', then

the maximum value of A is
(a) 12 sq units (b) 24 sq units
(c) 36 sq units (d) 48 sq units

12. If S and S' are the foci of an ellipse of major axis of length 10 units and P is any point on the ellipse such that
the perimeter of triangle PSS' is 15 units, then the eccentricity of the ellipse is
(a) (b)J

2 4
(c)— (d)^

25 4

13. Find the latusrectum, eccentricity, coordinates of the foci, coordinates of the vertices, the length of the axes and 
the centre of the ellipse

4x2 + 9y2 -8x -36y +4=0

14. The distance between the foci of an ellipse is 10 and its latusrectum is 15; find its equation referred to its axes 
as axes of coordinates.

15. Find the equation of the ellipse whose axes are parallel to the coordinate axes having its centre at the point 
(2, -3) one focus at (3, -3) and one vertex at (4, -3).

16. Find the equation of the ellipse whose foci are (2,3), (-2,3) and whose semi-minor axes is V5.

17. Show that the equation (1 Ox - 5)2 + (1 Oy - 5)2 = (3x + 4y -1)2 represents an ellipse, find the eccentricity of the 
ellipse.

18. Find the locus of the extremities of the latusrectum of the family of ellipses b
major axes.

2x2 + y2 =a2b2 having a given

,2

b

(b)^-
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Session 2

[from Eq. (i)]

or

S

*xc
B'

Y'

then,

...(i)

Let

PM >, = or, < QM

Position of a Point with Respect to an Ellipse, 
Intersection of a Line and an Ellipse, Equation of 
Tangent in Different Forms, Equations of Normals 
in Different Forms, Properties of Eccentric Angles 
of the Co-normal Points, Co-normal Points Lie on 
a Fixed Curve

Position of a Point with 
Respect to an Ellipse

PM
O(xi,y2)

\2 , 3 n- - 1 = — >0 
140

>, = or,<y2
2 2

— >,=or, < —
b2 b2

2 2V,— >, = or, < 1---- -
b2 a2

Theorem : Prove that the point P(x1, y j) lies outside, on, 
2 2x yor inside the ellipse-----h — = 1 according as

a2 b2
2 2

X, Vi— + — -l>, = or, <0 
a2 b2

Proof: From point P(xx, y 1) draw perpendicular PM on 
AA' to meet the ellipse at Q(x}, y2).

y

Remark
2 2 2 2

LetS^+<L-1lthenS,=^ + 4-1 
a b a b

The point (Xp y,) lies outside, on or inside the ellipse S =0 
according as S, >,= or<0.

I Example 16 Find the position of the point (4,-3)
relative to the ellipse 5x2 + 7y2 = 140.

x2 yz
Sol. The given ellipse can be written as — + -—1 = 0

28 20

Since, Q{x1, y2) lies on the ellipse
2 2

^+^=1
a2 b2

2 2

2 J,2a b
2 2

l2 z,2b a
Now, point P lies outside, on or inside the ellipse
according as

2 2

28 20
_(4)\

' 28 20

2 2

—>,=or,<l, 
2 U2 a b

2 2
x. Vi— + — -1>, = or, <0 
a2 b2

Hence, the point P(xl,y1>) lies outside, on or inside the 
2 2x yellipse — + — = 1 according as 

a b
2 2

— + — -1 > 0, = or, < 0
2 » 2a b
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25 16

+ />2)in

or

or

x = ±

From Eq. (i),

2

—(i)

.-(ii)

as m-point on the ellipse.

(iii)

which gives two values of x.2 2i.e.

or

,(iv)or

—(i)or

(which is condition of tangency)

=>

25

a m
2_2

y

Hence, the lines y =mx ± J 

tangents to the ellipse.

Point of contact: Substituting c = ±
Eq. (iii), then7 — —

4

I Example 18 Prove that the straight line 
x2 y1 

lx+my + n = 0 touches the ellipse — + ~ = 1 if 

o2/2 +b2m2 = n2.
Sol. The given line is 

lx + my + n - 0 
I n y =---- x-~
m m

Comparing this line with y = Mx + c 
.. I , n M =------- and c =----

m m

Remark
If m=0, then Eq. (iii) gives b2x2 + c2a2-a2d2=0 

or b2x2 + {^m2 + b2}£- z?b2 = 0

b

So, the point (4,-3) lies outside the ellipse 5x2 + 7y2 = 140.

Example 17 Find the integral value of a for which the 
f 5a x2 v2point 7 - —, - a lies inside the ellipse — + — = 1 
\ 4 J 25 16

+ b2

I 5ot ASol. Since, the point I 7 - —, - a I lies inside the ellipse

2 1+ —(-a)2-l<0
1 16

2 2

2_2

(a2m2

c2
c2

a'm2
c2

y2— = 1- 
b2

Substituting the value of c from Eq. (v) in Eq. (ii), then 
-mx ±y](a2m2 +b2) 

a2m

-a2m2 
c2

2 2 = a m

f 2m b2 'I
Hence, the point of contact is ±-----, ± — this knownI c c J

x2 v2 1
25 16 25

(28-5a)2 +25a2 — 400<0
50a2 -280a +384 <0 
25a2 - 140a + 192 <0 
(5a -12) (5a -16) <0

12 16— <a < —
5 5

Hence, integral value of a is 3

+ b2) x2 ±2ma2x

7(a2m2 + b2) + (a2m2 +b2)a2 -a2b2 =0 

+ b2) x2 ± 2ma2 x ^(a2m2 + b2)+ a 4m2 = 0

(x 7(a2m2 + b2) ±a2m)2 =0
2 2am -±am

J(a2m2 + b2)

-A+£=1 
a2 b2 

a2m2 
c2 

h2 y = ± — 
c

2 +b2) will always

Intersection of a Line and 
an Ellipse

2 2
Let the ellipse be — + — = 1 x no_2 lZ a b
and the given line be y = mx + c
Eliminating y from Eqs. (i) and (ii), then

x2 (mx + c)2 _
a2 b2

=> (a2m2 + b2)x2 + 2mca2x + c2a2-a2b2 =0

Above equation being a quadratic in x gives two values of 
x. Shows that every straight line will cut the ellipse in two 
points may be real, coincident or imaginary according as
Discriminant of Eq. (iii) >, =, < 0

4m2c2a4 -4(a2m2 + b2)(c2a2 -a2b2)>,-,<0

-a2b2c2 + a4b2m2 +a2b4 >,=,<0

a2m2 + b2 >, =, < c2

Condition of Tangency : If the line Eq. (ii) touches the 
ellipse Eq. (i), then Eq. (iii) has equal roots.

Discriminant of Eq. (iii) =0

c =am + b or c = ± yj(a2m2 +b2)

so, the line y = mx + c touches the ellipse 
2 2

^ + ^ = 1 if c2
z,2 1,2a b

(a2m2

a m
c
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•••(>)

(ii)

.(iii)and

/
i.e.

i.e.
•(iv)7 =>

I Example 20 For what value of X does the line
y = x + X touches the ellipse 9x2 + 16y2 =144.

•(v)

.(vi)y-yi =-
Comparing this with

,2

or

or

=>
=>

then
=>

2

b
i) ! (y2 +yi)(y2-yi),0 

b2
y2 -yi ___ b2(x1 +*2)

*2-*i a2(yi+y2)
Equation of PQ is

Equation of Tangent in 
Different Forms
1. Point Form
Theorem : The equation of tangent to the ellipse

2 2
=1 at the point (x1,y1)is^- + ^- = l 

a2 b2 a2 b2

Proof: (By first Principal Method)
------

Q(x2, y2) 
2 2X VEquation of ellipse is — + — = 1 

a2 b2

Let P = (x1,y1) and Q = (x2,y2) he any two point on 
Eq. (i), then

2 2
The line Eq. (i) will touch the ellipse — + = 1 if

a b

Sol. Equation of ellipse is 

9xz + 16y2 = 144 or

then, we get a‘
and comparing the line y = x + X with y = mx + c 

m = 1
and c = X
If the line y = x + X touches the ellipse

9x2 + 16y2 = 144
2 _ 2 2 , >2 c — am + b

X2 = 16 x l2 +9
X2 =25
X = ± 5

= n2

2 2x y— + —= i
16 9

2 2x y —+ 4- = l 
-2 t2 a b

= 16 and b2 = 9

yyi -y? _
b2

2 2

a2 b2 a2 b2 a2 b2
which is required equation of tangent at (Xj.yj).

2 2
^+A = i

2 <2a b
2 2

il+21=l 
a b

Subtracting Eqs. (ii) from (iii), then 
1/2 2\ ,~Ax2 -xj + 

a2
(x2 +Xi)(x2 -X 

a2

I Example 19 Show that the line xcosa+ y sina = p 
x2 y2 

touches the ellipse — + = 1 if

a2 cos2 a + b2 sin2 a = p2 and that point of contact is 
<o2cosa b2sino?
< P ' P /

Sol. The given line is x cosa + y sina = p 
y = - x cota + p cosec a 

Comparing this line with y = mx + c 
.-. m = - cota and c = p cosec a 
Hence, the given line touches the ellipse, then 

c = a m + b
p2 cosec2a = a2 cot2a + b2 

p2 = a2 cos2 a + t2sin2a 
' a2m b2> 

and point of contact is------- , —I c c J
a2 (- cota) b2

v p cosec a p cosec a 
f 2 , 2 . \a cosa b sma 
< P ' P

c2 = a2M2 + b2

n2 a2/2
— = —r + bz2 2m m
al + b m

y-yi x2 - Xi
From Eqs. (iv) and (v), then

a- (yi +y2)

Now, for tangent at P, Q —> P i.e., x2 —> xx and y2 ->yP 
then Eq. (vi) becomes

y-yi =—7— 
a2 (2yl)
/

XXi -x

a2 7

+ = i [from(ii))
a b
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„.(i)

a2b2m2 -b2c2 +b4 =0

.2

c = ±

acos

cos cos

+ b2) x + a4m2 =0

+ b2) x ±a2m)2 =0= cos
7

x = +
sincos

=>

coscos

b sinacos we obtained y=±
1 = 1or

cos cos

+
7

+
2. a m

x 
a

I Example 21 If the line 3x + 4y = V? touches the 
ellipse 3x2 +4y2 =1, then find the point of contact.

Sol. Let the given line touches the ellipse at point P(xv yj 
The equation of tangent at P is 

3xxj + 4yy, = 1

= 1 are y = mx ± y(a2m

b2

7

Remembering method : v Equation of chord joining 
(a cos0, b sin0) and (a cos (J), b sin 4>) is

x— cos
a

b

2 2 2 / 2 :a me -(a m

-222 . 212

e+0 
2

2 Z 2 2 Z Z , ZlZa me -a m c +a b m

2 2x y « • ~2+Z7 = 1lS 
a2 b2

a m 

a2m2 +b

Remark
The equation of tangent at (xv y,) can be obtained by replacing 
x2byx/p y2 by yyvxby* * , yby 1-and xyby*^1 ■■

This method is applicable only when the equation of ellipse is a 
polynomial of second degree in x and y.

2. Parametric form
Theorem : The equation of tangent to the ellipse
x2 y2
— + ^ = 1 at the point (a cos 0, b sin0) is

x y
— COS0 + —sin(|> = l
a b

2 2X y 
Proof: The equation of tangent to the ellipse — + — = 1 

a2 b2

(by point form)

4-b2

2 2

2 2

'22 a m

,2

2 2

2„2

X

72

2 2 2

x2

^0 + ^ f y 

I 2 )

Proof: Let y = mx + c be a tangent to the ellipse
2 2x y — 4- —= L 

a2 b2

Then the equation + = 1
a2 b2

x2 (a2m2 +b2) +2a2mcx + a2(c2 -b2) =0 

must have equal roots
4a4m2c2 -4(a2m2 +b2)a.2 (c2 -b2) =0

{vB2 -4AC = 0}

2 + b2)(c2-b2)=0

2 -b2c2 +b4 =0

3. Slope form
Theorem : The equations of tangents of slope m to ellipse 
x2 v2 I---------------
— + — = 1 are y=mx± J(a2m2 +b2) and the 
a2 b2
coordinates of the points of contact are

/
2

7(a2m2+&2)
Substituting this value of c in y = mx 4- c, we get 

y =mx ±yl(a2 m2 + b2)

as the required equations of tangent of ellipse in terms of 

slope, putting c = ± y(a2m2 4- b2) in (i), we get

4- b2) ± 2a2m ^(a2m

at the point(x1,y1)is^i-4-^L = l 
a b

Replacing X! by a cos (J) and y, by b sin (ft then we get 
x y—cos(|)4- —sin(|) = l 
a b

Remark
Point of intersection of tangent at '0' and '0' on the ellipse 

bsinf^T 
< 2 J 
9-(j>> ’

2 J

2-sin 
b

e+<|>Y
2

^0-4)
< 2

<0 4-(|>Y
< 2 J

^0-^
< 2 y

b2_____

2+b2);

'0-^ 

< 2 
'04-0Y 
\ 2 J 
/0-^ I 2 1 
f0 + <|)Y 

T 2 J
< 2 J.

2 2 2,l:c -a m +b

azm 

ij(a2m2 +b2) 

Substituting this value of x in 

y = mx 

___b 

a2m2 +b2) 

Thus, the coordinates of the points of contact are 
/ - - \ 

a2m + b2 
^a2m2 +b2) ^(a2m2 +b2)

(a2m2

9+ 4>
, 2
9-0

2
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...(ii)

r2 = a2 cos2 0 + b2 sin2 0

Since

or

Comparing this with

= 4

oror
or

or

,2

C(0, 0)

■(>)

1 xy------x or m =-----
m y

Substituting the value of m from Eq. (ii) in Eq. (i), then

x2 y = - —+ 
y

Comparing Eq. (i) with the given equation of line 
3x + 4y = V7, we get 

^L = ih.= 
3 4

=> (x2 + y2)2 = a2x2 + b2y2
or changing to polars by putting x = r cos0, y - r sin0 it 
becomes

Equation of tangent to it at point (4 cos 0, -^= sin 0 j is

5
v cos 0 * - -

2,

| cos 0 - 4 | = -^(16 cos2 0 + 11 sin2 0) 

4 cos2 0+8 cos 0-5 = 0

(2 cos0 -1)(2 cos0 +5) = 0 
« 1 cos 0 = -

2

9=V-
3 3

Therefore, points are 2, ± .I 11 J

~y—=i 
(256/11)

x n Vll . n . —cos 0 + y---- sin 0 = 1
4 16

It also touch the circle (x - I)2 + (y - 0)2 = 4Z
Therefore,

I Example 24 Find the point on the ellipse 
16x2 + Uy2 =256, where the common tangent to it 
and the circle x2 + y2 - 2x = 15 touch. 

x2 **2 
Sol. The given ellipse is — +

f 2 >
a2^- + i>2I / J

— cos 0-1
4____________

^COS20 11 . 2
-----+ — sin 0
16 256

1 w
1

Hence, point of contact (xp yj is

1 Example 23 Find the locus of the foot of the 
perpendicular drawn from centre upon any tangent to 

x2 y2
the ellipse—+^- = 1.

x2 y2Sol. Any tangent of — + = 1 is
a2 b2

y = mx + ^(a2m2 + b2) ...(i)

Equation of the line perpendicular to Eq. (i) and passing 
through (0,0) is

I Example 25 Find the maximum area of the ellipse 
x2 y2
—+ p- = 1 which touches the line y = 3x+2

2 2
Sol. Line y = 3x + 2 touches ellipse — + —• = 1 

a2 b
Here, m = 3 and c = 2
Substituting in c2 = a2m2 + b2

or 4 = 9a2 + b2

I Example 22 Find the equations of the tangents to 
the ellipse 3x2 +4y2 = 12 which are perpendicular to 
the line y+ 2x =4.

Sol. Let m be the slope of the tangent, since the tangent is 
perpendicular to the line y + 2x = 4.

mx-2 = -l
1 m = -
2

3x2 + 4y2 = 12
2 2

^ + >L = 1
4 3

2 2
^ + ^■ = 1 
a2 b2

a2 = 4

and b2 = 3
So the equations of the tangents are

1 a. L 1 7 y = -x ± ,4x — + 3
2 V 4

y = -x±2 
2

x - 2y ± 4 = 0

1
4

http://www.478
http://www.478
http://www.jeebooks.in


479Chap 06 Ellipse

Now,

=>

=>

or

or - (i)

Therefore, the maximum area of the ellipse is —.

or

2 (i) 2

2y = mx +
Pi

2
2 2 2 and P2 ~

m =

tan 9 =

0 = tan

>yj(9a2)b2 ,2
~>3ab

I Example 26 A circle of radius r is concentric with 
y2

the ellipse — + = 1. Prove that the common
o2 b2

tangent is inclined to the major axis at an angle 
72-b2<

Sol. Equation of the circle of radius r and concentric with 
2 2

ellipse = 1 is i
a2 b2

I*2

AM>GM 
9a2 + b2 

2
2>3ab

2tt .
— > 71 
3

— > Area of ellipse

or x + y* = a

which is auxiliary circle of ellipse, similarly we can show 
that the other foot drawn from second focus also lies on 
x2 +y2 = a2.

Again if p j and p2 be perpendiculars from foci S(ae, 0) and 
S' (-ae, 0) on (ii), then

_ \-J(a2m

= | r | or a2m2 + b2 = m*T

0 - r

2 12= r - b
1/ 2 >2 >I r - b

,2  ,2

.2\

x2 + y2 = r

x2 y2any tangent to ellipse — + = 1 is
a u

9a2 4- b‘

2
[from Eq. (i)]

J(a2m2 + b2) (where m = tan9)

If it is a tangent to circle, then perpendicular from (0,0) is 
equal to radius r, 

^(a2m2 + b2) 

^m2 +1) 

(a2-r2)m2

|Va ~r
'(r2 - b‘

-r2)

l(r2-b2]
V-r2j

tan 1

I Example 27 Show that the product of the 
perpendiculars from the foci of any tangent to an 
ellipse is equal to the square of the semi minor axis, 
and the feet of a these perpendiculars lie on the 
auxiliary circle.

Sol. Let equation of ellipse be
2 2

_2 l2 a b
Equation of any tangent in term of slope (m) of (i) is

y = mx + y(a2m2 + b2) 

y - mx - ->]a2m2 + b2 ...(ii)

Equation of a line perpendicular to Eq. (ii) and passing 
through S (ae, 0) is

y - 0 =---- (x - ae)
m

or x + my = ae ...(iii)
The lines Eq. (ii) and Eq. (iii) will meet at the foot of 
perpendicular whose locus is obtained by eliminating the 
variable m between Eq. (ii) and Eq. (iii), then squaring and 
adding Eq. (ii) and Eq. (iii), we get

(y - mx)2 + (x + my)2 = a2m2 + b2 + a2e2

=> (1 + m2)(x2 + y2) = a2m2 + b2 + a2 - b2

(l + m2)(x2 + y2) = a2 (1 + m2)
2 , 2___ 2

2 + b2) + mae\

J(1 + m2)
a2m2 + b2) - mae\

7(1 + m2)
| a2m2 + b2 - a2e2m2\

P1P2--------- - ----------------(1 + m2)
\a2m2 + b2 - (a2 -b2)m2\

(1 + m2)

 b2 (1 + m2)
(1 + m2)

= b2 = (semi minor axis )2

271
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and

(i)

(0

The equation of the tangent at L' is
7

X'* C
= 1

(ii)

+

Normal
*X

The slope of the tangent at (x1, y j) = -
Y'

M(h, k) 
yd

Equations of Normals in 
Different Forms

i

^L + ^ = 1 
a2 b2

♦r
This meet the coordinate axes at

(a2 1 
Q -,o
lxi 7

L(ae&)

Tangent

b2xi

f fe2>| ae, —I a)

-V A
a2

I Example 29 Prove that the tangents at the 
extremities of latusrectum of an ellipse intersect on the 
corresponding directrix.

2 2XVSo/. Let LSL' be a latusrectum of the ellipse —- + - 1.
a1 b2

I Example 28 Prove that the locus of mid-points of 
x2 y2the portion of the tangents to the ellipse —+ p- = l 

intercepted between the axes is a2y2 +b2x2 = Hx2y2 .
Sol. Let P(xvyx) be any point on the ellipse 

2 2x y — + = 1 „2 a2 a b

Equation of tangent at (xp yj to (i) is + — = 1
a2 b2 

mY

S JA^

L'(aer^)

D f b2 "I and R 0, —
I yj

Let M (h, k) be the mid-point of QR then, 
2 J,2

—+ 0 0 + —
h = 2EL_>fc = ^L 

2 2

2-b2

b2.

v Q. 
b2

=> ex - y = a
Solving Eqs. (i) and (ii), we get 

a > x = — and y = 0 
e

Thus, the tangents at L and L' intersect at (a / e, 0) which is 
a 

a point lying on the corresponding directrix i.e. x - 
e

2 j,2a b=> x, = —,y. = —
1 2h 1 2k

Since, (Xj, yj lies on Eq. (i)

b2
2 J,2a b

=> —r + —T = 1
4h2 4fc2

=> a2k2 + b2h2 = 4h2k2

Hence, the locus of M(h, k) is a2y2 + b2x2 = 4x2y2

y 
x (ae) 
—+"

f 
y 

x(ue) 
a2

The coordinates of L and L' are

ae,----- respectively
I aJ

( b2^ 
Equation of tangent at L ae,— is

I a J

b2
xe + y - a

f b2^ae,----I a

1. Point form
Theorem : The equation of normal at (x}, y t) to the

2 2
ellipse — + — = 1 is

A2 a b

c^x b2y _

xi yi
Proof: Since the equation of tangent to the ellipse

2 2
^- + ^- = lat(xI,y1)is
a2 b
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2y-y\

or

(i)

y -mx +

i.e.

at(xpyi)is
(iii)or

(i)

-(ii)or

Since, (xpjj) liesor

or

or

/

at the points ±

Since, first row, 
and second row,

Here ellipse

m (a2 - b2) 
^(a2 +b2m2)

-b2

a2x b2y ---------- - = a

Replacing x3by a cos0 andyj by b sin 0, then Eq.(i)
becomes

x, = ±

Remark
The equation of normal at (x3, yj can also be obtained by this 
method

2
- = 1 or x2 =

2)

x2
+ 

a2

a2

y2+ ^- = 1 
b2
-.22. Parametric form

Theorem: The equation of normal to the ellipse 
2 2x v— + — = 1 at (a cos0, b sin0) is 

a2 b2
ax sec 0- by cosec 0 = a2 -b2

Proof: Since, the equation of normal of the ellipse 
2 2

£-+r = 1at(x1.y,)is
a b

: a2* _ b2y
ucos0 hsin0

ax sec 0 - by cosec 0 = a2 - b2

is the equation of normal at (acos0, bsin0)

3. Slope form
Theorem : The equations of the normals of slope m to the 

2 2
X Vellipse — + — = 1 are given by
a* b

a2

+ b2m

a4 
(a2 + b2m

= a2

mb2

a2 +b2m2)>

x2 y2Proof: The equation of normal to the ellipse — + — = 1 
a* b

a2

a2+b2m2

2-b2

2-b2

a! h g
h b' f 
g f c

a'(x,) + My^ + gd)

2 2£+r=i
a2 b2

2 2

a b
Comparing Eqs. (ii) and (iii), then we get

a'=l.y=l,g=0J=0,/)=0 
a b

From, Eq. (i), equation of normal of Eq. (iii) at (x,, y,) is 
x-*} _ y-y,

-Ljq+O + O O + -Lyl+Q
a*

a2(x-x,)_d2(y-y1)

7i
^-  ̂= a2-62
X, Xi

g2y b2y-g

*i 71

Since, ‘m is the slope of the normal, then
H fl27i

m = —— 
:: b2x.

b2x,m 
y'=—

on — 
a2

il+Zl = i 
„2 h2 a b
A4v2«2 1^=1 

a'b2
b2x2m

a4

a2y^Slope of Normals at (x3, y j) = —— 
b2xt

Hence, the equation of normal at (x3, yj) is
= ^-(x-X.) 

h2Xj

^-^y^a2-b2

*i 7i

x-x} _ y-yi
+ hy} + g hxy + b'y} + f

J. b\ g, f, h are obtained by comparing the given ellipse with 
afx2 + 2hxy+ b'y2 + 2gx + 2fy + c=0 ...(ii)

The denominors of (i) can easily remembered by the first two rows 
of this determinant
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i
From Eq. (ii), Y

(0, b) B
Vi = ±

= m x -y-

.2y =mx +

or

oris a normal to the ellipseThus y = mx ±
or

or

or

±

I Example 31 Prove that the straight line

2
or

cos 4> =

and sin 0 =

= 1+

or

)—X 
A(a,Q)

X'—( 
(-a, 0) A'

±
2 
))

2 J

2 
/

n2b2 
m2{a2-b2)2

-b cosec 0
m

-na
l(a2-b2) 

nb
m(a2 -b2)

sin2 0 + cos2 <{) = 1 

n2a2
I2 (a2 - b2)2 

a b
~7 + ---- ? ~

I m

5-1

Sol. The coordinates of an end of the latusrectum are 
(ae, b2 / a). The equation of normal at P(ae, b21 a) is 

a2x b2(y)_a 
ae b2/a 

ax ------ ay = a 
e

(a2-b2)2 
n2

P(ae.^2)

2 2x y 
Sol. The equation of any normal to — + — = 1 is 

a2 b2
ax sec 0 - by cosec $ = a2 - b2 - (0

The straight line lx + my + n = 0 will be a normal to the 
2 2

ellipse -7 + ^7 = 1 
a2 b2

Therefore, Eq. (i) and lx + my + n - 0 represent the 
same line 

a sec <|> 
I

mb
'a2 + b2m

mb2

•J(u2 + b2m2)
Equation of normal in terms of slope is

±

c2

2 2
^+^ = 1 
a2 b2

a2

a2 + b2m

e2

I

(taking+ve sign)

2-b2

2-b2

e2

2 l2 a — b
-n

y2lx + my + n = 0 is a normal to the ellipse -7+77 = 1^ 
0 b

a2 b2 (o2-b2)2
-----X -------  = --------------------

I2 m2 n2

I Example 30 If the normal at an end of a latusrectum 
x2 y2

of an ellipse — + — = 1 passes through one extremity 
o b

of the minor axis, show that the eccentricity of the 
ellipse is given by

e21 +e2 -1 = 0 or

m (a2 - b2)

7(a2 +b2m2)
m(a2 ~b2) 

yj(a2 +b2m2) 

x2 v2
— + — = 1, where m is the slope of the normal. 

12a b
The coordinates of the point of contact are 

2 mb2

a2 + b2m\
Comparing Eq. (iii) with, 

y = mx + c 
m{a2 -b2) 

c = + . =
>J(a2 ■±b2m2) 

m2 (a2 ~b2)2 

(a2 +b2m2)

which is condition of normality, when y = mx + c is the 
normal of

/ B'(Q. -b) 

Y'
It passes through one extremity of the minor axis whose 
coordinates are (0, - b)

.‘. 0 + ab = a2 - b

(a2b2) = (a2-b2)2

a2a2 (1 -e2) = (a2e2)2

l-e2=e4 

e4 + e2 -1 = 0

(e2)2 + e2 - 1 =0

e2 = -i±A/rq 
2

5-1 
2a2 +b2m2
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,22

(i)

= 1or

From Eq. (ii),

If meets the major and minor axes at P and cos 0 =sin0 =

cosec 0or

| cos 01CP =
(Hi)and sec 0

and | sin 0|CQ =

Area of &CPQ = -xCPxCQ -by xax x

...(i) or

(given) or

which is required locus.

sin 20 =

cos 0,0 
z

Properties of Eccentric Angles 
of the Co-normal Points

/
andQ 0,- (a2~b2) 

b

2 2
Sol. Let equation of ellipse is — + — = 1 its auxiliary 

a b
circle is

2ab

(a2-b2)2

btan0 = —
a

2 tan0
1 + tan2 0

I Example 33 Any ordinate MP of an ellipse meets the 
auxiliary circle in Q. Prove that the locus of the point 
of intersection of the normals at P and Q is the circle 
x2 + y2 =(o2+b2)2.

1. In general, four normals can be drawn to an 
ellipse from any point and if a, P, y, 8 the 
eccentric angles of these four co-normal points, 
then a + P + y + Sisan odd multiple of 7t.
Let Q(h, k) be any given point and let P(a cos0, b sin0) 
be any point on the ellipse

2 2
£_+2L=l 

2 k2 a b

Equation of normal at P(a cos0, b sin0) is 
ax sec 0 - by cosec 0 = a2 - b2

(a2~b2)
a

x2 +y2 = a + b 

x2 +y2 = (a + b)2

(a2-b2)2
From Eq. (i), Area of ACPQ =

But slope of normal = tan 0 = tan 45°

a- tan 0 = 1

2ab
a2 + b2

sin 20
2

I Example 32 A normal inclined at an angle of 45° to 
x2 y2x-axis of the ellipse — + ^- = 1 is drawn. It meets the 

major and minor axes in P and Q respectively. If C is 
the centre of the ellipse, prove that area of ACPQ is 
(o2-b2)2 --- r—— sq units.2(o2 + b2) M

Sol. Let R(a cos 0, b sin 0) be any point on the ellipse, then 
equation of normal at R is

ax sec 0 - by cosec 0 = a2 - b2

—*—+_____ y______
cos0(a2-b2) -sin0(a2-h2)

a b

x2+y2=a
Coordinates of P and Q are (a cos 0, b sin 0) and
(a cos 0, a sin 0) respectively. Equation of normal at P to the

2 2
ellipse ~ = 1 is 

a2 b2
ax sec 0 - by cosec 0 = a2 - b2

ab
(a2 + b2)

2ab
(a2 - b2)2=---- ----- — sq units.
2(a2+b2)

y
(a - b) J(x2+y2) = (a + b)(a - b)

and equation of normal at Q to the circle x2 + y2 = a2 is
y = x tan 0 ...(ii)

y 
tan0 = —

x
y

^(x2 +/)

,_i/(x2 + y2)

y

_J(x2+y2)
x

Substituting the values of sec 0 and cosec 0 from
Eq. (iii) in Eq. (i)

7(*2+y2)
x

sin 0 are respectively
>

(2 h2>\a — b

< a >

'a2-b2}
I b

1
2 

_(a2 - b2)21 sin0 cos01 
2ab
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or

...(ii)(
.(iv)

=>

Now, tan

(?)

(7) (5)

(va # b)= oo

or

0
— = an odd multiple of 7t/2or

COS0 =

and sin(|) =

Aliter:

Let

cos (a + P + y + 8) = -l
sin (a + P + y + 6) = 0

a+P + Y + 8 = (2n + l)jt 
a + P + Y + 8 = m

~2{ah+(a2—b2)} | 2{(ah-(a2-b2)} 

bk bk

=cos4>- i sin(J>

z _ 
2

1 
z — 
___ z_ =

2i

it passes through Q(h, k)

ah sec 0 - bk cosec 0 = a

ah bk
--------------- = a 
cos(f> sin0

bk

2 tan(d>/2)
V1 + tan2 (0/2)^

Let tan(j)/2 = t 
then, Eq. (ii) reduced to

bkt4 + 2{ah+(a2 ~b2)}t3 +2
{ah-(a2-b2)}t-bk = 0 ... (iii)

Which is a fourth degree equation in t, hence four 
normals can be drawn to an ellipse from any point. 
Consequently, it has four values of b say a, p, y, 8 
(vt = tan<f>/2).

-b2

1-0-1

(From trigonometry)
P y 8 A; E + L + r =o
2 2 2J

P Y 8
:- + - + ■ 

2 2 2
a+p + Y+S = an odd multiple of it

«+p+i+r= 
2 2 2 2)

(a)

or zxz2 + ziz3 + z,z4 + z2z3 + z2z4+z3z4 =0
/(a + P)+e/(a + Y)+e<(a+5)+el(P+Y)+ei(P + 5)+el(Y + S)_ 

e —
=> [cos (a + P) + cos(a + y) + cos (a +

+ cos (P + y) + cos (P + 8)
+ cos (y + 8)] + i [(sin (a + P)
+ sin (a + y) + sin (a + 8) + sin(P+y)

+ sin (P + 8) + sin (y + 8)] = 0
Comparing the imaginary part, then

sin (a + p) + sin (a + y) + sin (a + 8) + sin (p + y)
+ sin (p + 8) + sin (y + 8) = 0 ...(v)

Since, from property Eq. (i)
a + P + y + 8 = odd multiple of 7t

(a + 8) = odd multiple of it - (p+y)
(P + 8) = odd multiple of Jt - (a + y)

k ““ 7
=> (a2 - b2 )z4 - 2 (ah - ibk) z

+ 2 (ah + ibk) z - (a2 - b2) - 0 

Consequently z = e'* 

gives four values of 0, say a, p, y, 8 (Here, sum of four 
angles)

and
where, n r,e I
Hence, a + P+ y+8 = odd multiple of it

2. If a, p, y are the eccentric angles of three points
2 2

on the ellipse — + — = 1, the normals at which 
a 2

are concurrent, then
sin (a + p) + sin (p + y) + sin (y+a) = 0

Here, in each term sum of two eccentric angles
From Eq. (iv),

.fa C cot — + —u
a r-—+ -
2

z2 +1

2z

z2-l 

2iz

$1 ^3
1-S2 +S4

'Lz1z2 =0 
+ ZjZ4 +z2z3 

,i(a + Y)+ei(a+8)+ei

= a2

2-b2

bk
/ 2 \z2 -1

2iz

3

2 l2— b

z = e^ = cos 4> + i sin 0

1— = e 
z

h2 = a -b

Now, Eq. (i), reduces to 
ah 

/ 2 -A z^+l 
2z

ah or------------------ -
| 1 - tan2 (<|)/2) 
^l + tan2((|)/2)>

Zj. z2. Z3. z4 — 1
te -e -e - e = — 1

e/(a + P+y + 8) __1

cos (a + P + y + 8) + isin(a + P + y + 8) = -1 
or 
and
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sin (a + 0) + sin (0 + y) + sin (y + g) = 0

=>

Pfx„yj
=>

(h.k)

s (x* yJ

or0

0

E-< 0

and7

cos
= 0

7

Co-normal Points Lie on a 
Fixed Curve

Remark
The feet of the normals from any fixed point to the ellipse lie at 
the intersections of the Apollonian rectangular hyperbola with 
the ellipse.

...(vii)

..(viii)

f
cos g -0

2
sing sin0

g +0^

(y + 8) = odd multiple of 7t - (g + 0)
sin (g + 8) = sin (0 + y) 
sin (0 + 8) = sin (g + y) ■ 
sin (y + 8) = sin (g + 0)

{•/sin (rm - g) = sing, if n is integer)} ...(vi)
From Eqs. (v) and (vi), we get

2sin(g + 0) +2sin (0 + y) +2sin(y+g) =0
Hence,
Aliter:
From Eq. (iii),
and
Now,
=>

=>SI
-a2hy{ =0

Let P(x1,y1),Q(x2,y2), P(x3,y3) andT(x4,y4) be 
conormal points so that normal drawn from them meet in 
T(h,k).
Then, equation of normal at P (xp ) is

2-b2a2x _ b2y _a

(a2 -b2) x}y{ +b2yxl -a2xyl =0 

but the point T (h, k) lies on it
(a2-b2) x1y1+b2kxt

Similarly, for points Q, R and 5 are
(a2 -b2)x2y2 +b2kx2 -a2hy2 =0

(a2 -b2) x3y3 +b2kx3 -a2hy3 =0

(a2 -b2) x4y4 + h2kx4 -a2hy^ =0

Hence, P, Q,R,Sail lie on the curve
(a2 -b2) xy + b2kx -a2hy =0

This curve is called Apollonian rectangular hyperbola.

^*1 *2 — 0

11*2*3* 4 =

Ztit2 =0
*1*2 + *2*3 + *3*1 = “*4 (*1 + *2 + *3)

........................ +*2 +*3 {from (viii)} 
*1*2*3

111 
tifo +t?t3 ----------- 1- —------ 1--------

t2t, t3t, t,t2

g 0 0 y y gtan— tan — + tan- tan- +tan—tan— 
2 2 2 2 2 2

0 y y g g 6= cot— cot- + cot- cot— + cot— cot— 
2 2 2 2 2

f g 0 g 0)tan —tan--cot—cot— =
V 2 2 2 2)

sin2(g/2)sin2(0/2) -cos2(g/2)cos2(0/2) _ 
sin(g/2) sin(0/2) cos(g/2) cos(0/2) ?

r {cos(g/2) cos(0/2) + sin(g/2) sin(0/2)} ' 
{cos(g/2) cos(0/2) - sin (g/ 2) sin (0/2)} 

sing sin0

y 2[cosg + cos0] _0 
sing sin0

y siny (cosg + cos0) _
sing sin0 siny

y, siny (cosg + cos0) = 0
siny (cosg + cos0) + sing
(cos0 + cosy) + sin0 (cosy + cosg) = 0
sin (g + 0) + sin(0 + y) + sin (y + g) = 0

0
2
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Exercise for Session 2

2

a

(b)^

(b)-| (c)| (d)-|

x2 v211. The line 5x - 3y = 8^2 is a normal to the ellipse + — = 1 If ‘ft be eccentric angle of the foot of this normal, 

then is equal to
(a)^ (b)^ (c)^ (d)^

6 4 3 2
12. If the tangent drawn at point (X2,2X) on the parabola y 2 = 4x is same as the normal drawn at a point 

(V5 cos 0,2 sin 0) on the ellipse 4x2 + 5y2 =20. Find the values of X and 0.

2 2
13. If the normal at any point P of the ellipse ~ = 1, meets the major and minor axes in G and H respectively

az b
and C in the centre of the ellipse, then prove that

a2(CG)2 + b2(CH)2=(a2-b2)2

14. If the normal at the point P (0) to the ellipse 5x2 + 14y2 = 70 intersects it again at the point Q(20), show that
2 

cos 0 = -
3 

2 2
15. The tangent and normal at any point P of an ellipse —y + ~ = 1 cut its major axis in point Q and R respectively.

a* tr
If QR = a prove that the eccentric angle of the point P is given by

e2cos2<|>+ cos0-1 = 0

x27. The number of values of c such that the straight line y = 4x + c touches the curve — + y2 = 1, is 
4

(a) 0 (b) 1 (c) 2 (d) infinite
X2 V2 a2 b2

2. If any tangent to the ellipse —y + ^-y = 1 cuts off intercepts of length h and k on the axes, then —y + -y is equal to
a* b* /r k

(a) — 1 (b) 0 (c) 1 (d) None of these

3. The equations of the tangents to the ellipse 3x2 + y2 = 3 making equal intercepts on the axes are
(a) y = ± x ± 2 (b) y = ± x ± 4 (c) y = ± x ± V30 (d) y = ± x ± V35

2 2
4. If — + — = V2 touches the ellipse ~ ~ = 1, then its, eccentric angle 0 is equal to

a b a* b*
(a)0 (6)45° (c) 60° (d) 90°

5. The number of values of 0 e [0,2n] for which the line 2x cos 0 + 3y sin0 = 6 touches the ellipse 4x2 + 9y2 =36 is
(a) 1 (b) 2 (c) 4 (d) infinite

6. The common tangent of x2 + y2 =4 and2x2 + y2 =2 is

(a)x + y+4 = 0 (b)x-y+7=0 (c)2x+3y+8=0 (d) None of these
x2 v2

7. If the normal at any point P on the ellipse —y + 7— = 1 meets the axes in G and g respectively, then PG-Pg =
a b^

(a)a:b (b)a2 :b2 (c)b :a (d)b2 :a2
2 2

8. Number of distinct normal lines that can be drawn to the ellipse + 25 = 1 ’ ^rom point is

(a) one (b) two (c) three (d) four
x2 v29. If a tangent of slope 2 of the ellipse — + ^ = 1, is normal to the circle x2 + y2 + 4x + 1 = 0, then the

maximum value of ab is a b

(a) 4 (b) 2 (c) 1 (d) None of these
x2 v210. If the normal at the point P (0) to the ellipse — + ~ = t intersect it again at the point Q (20), then cos 0 is 

equal to

2

5

2

25

2

169

2

25

2

14

2

b
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Session 3

y =or
k

2

or or

where 2

and 2= a

(*yior

or
2

RQ,

2

or
7k

,2 A 2

+

Pair of Tangents, Chord of Contact, Chord Bisected 
at a Given Point, Diameter, Conjugate Diameters, 
Equi-Conjugate Diameters, Director Circle, Sub­
Tangent and Sub-Normal, Concyclic Points, Some 
Standard Properties of the Ellipse, Reflection 
Property of an Ellipse, Equation of an Ellipse 
Referred to Two Perpendicular Lines

(x?l

(r-Xi) 
1

\2

X2 
-<yi 

ab >

Pair of Tangents
Theorem : The combined equation of the pair of tangents 

2 2X Vdrawn from a point (xj, y j) to the ellipse — + — = 1 is 
a2 b2

+ b2

+ b2

( 2 2 A

U b2J

= a2
\ '* 7

=> (hyx-kxx)2=a

Hence, locus of (h, k) is
~xxy)2

- xxy)2 =(b2x2 + a2y2)+(b

(y-y,)2 +b2 (x-xj2

2x?+a2y?)
-2(b2xx! + a2yyt) 

( 2 2 k
+ + * -2

, yy?
2 L2k a b 7

2 2 -a m

f ~kxx'
h-X1 ,

7 2 2 A

t«2 b2 )
2

"xyx ~xxyx 
ab

'hyx -kxx' 
h-x

k-yx 
<h~xxJ 

(k-yx)2+b2(h-xx)2

' k-yx 
<h-xx 

which is the tangent to the ellipse
2 2x y — + — = 1 

a2 b2
c2

2

<xxi , yy/

2 A2 k a b j

( 2 2 A2- + 2L-!U2 ' 7

SS! =T 
r2 v2 X2 V2S= — + 2L-l;S1=^ + ^--l 
a2 b2 a2 b2
xx, yy,T = —^ + —-1
z.2 1,2a b

Proof: Let T(h, k) be any point on the pair of tangents PQ
or PR drawn from any external point P(xx, yx) to the 

2 2
ellipse — + 2_ = i

z.2 k2 a b

Equation of PT is
k~yi 

y~y^ =~l------h-x

(2 2 Ax y — + — 
z,2 A2ka ^7

( 2 2 A
_ £l + Zl

z,2 A2 b J

yyi
b2

y2
b2

'xxx [ yy, 

I a2 ~ 7
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2

2

or

Chord of Contactor

(i)Aliter : Let the ellipse be

>R(h,k)

<R
Chord of contact

‘Pfa.yJ

(•.•PQ:QR = X:1)
7

X + l

2l2

and

2\2

1 and

2

7

i.e.

a“ b2 
which is same as the equation of tangent but position of 
point differ.

I Example 34 Find the locus of the points of the 
^2 y 2 

intersection of tangents to ellipse — + —r- -1 which 
a b

make an angle 0 .

2b2)(b2x2 +a2y2 -a2b2)=0

2

= 1

\2

P(xbyi)

Q=(x',y') and R=(x",y")
are the points of contacts of these tangents the chord QR is 
called chord of contact of the ellipse

2 23L+z_=i
2 J.2a b

Equations of tangents at Q (x', y') and R (x",y") are
—+ ^ = 1
a2 b2 
zzvv+ = 1, respectively

( 2 2 A
X. Vi _L + £L-1

2 .2b )

Theorem : The equation of chord of contact of tangents 
2 2x y drawn from a point (xj, yj) to the ellipse — + — = 1 is 

a2 b2
xxi , yyi _1

2 l2a b
Proof: Let PQ and PR be the tangents drawn from a point 

2 2
P (*i > )t0 ellipse — + — = 1 such that 

a b2

£>------ -x

I-’
$$! =T2

rX/i + Xj )Jc + y}^ 

X +1 X +1

since Q lies on ellipse Eq. (i), then

Xh + Xj
X +1

( 2 2 >
*i 7i —+ —-1

2 J.2a b

SSX = T2

( xx. yy, 
+ 1-2 —L + 22_L

2 J.2\ a b 7

a2

=> b2(Xh + xx

=> (a2k2 + b2h2 -a2b2)X2 + 2

(hxxb2 + kyxa2 -a2b2\k + (b2x2 + a2y2 -a2b2)=0 ...(ii)

Line PR will become tangent to ellipse Eq. (i) then roots of 
Eq. (ii) are equal

4(hxxb2 + kyxa2-a2b2)2

-4(a2k2 +b2h2-a

Dividing by 4a4 b4

2 22L+2L=1 
a2 b2

Let P (Xj, y!) be any point outside the ellipse let a chord 
of the ellipse through the point P (x}, yj) cut the ellipse at 
Q and let R (h, k) be any arbitrary point on the line PQ 
(R inside or outside). Let Q divides PR in the ratio X: 1 then 
coordinates of Q is

f 2 2 A
= ^ + ^--1
U2 b2 )

= a2b2 (X + l)2

J **1 + 77i 

U2 b2 J
( 2 2

U2 b2 J

a2 -a

T2=SSx or

xx"
T

These tangents pass through P(xx, yt) therefore, 
x'x, y'y, , x"x, y"y, -----L+2_£L = i  L + i_ZL = i 
a2 b2 a2 b2

=> (x\yOand(x"y")Heon^ + ^y- = l 
a b

tv , . xx. yy.Hence, the equation QR is —- + = 1
z.2 l2

f*2 >>2 = — +----- 1
J.2 „2a J

Remark ?
S=0 is the equation of the curve, S1 is obtained from S by 
replacing x by x, and y by yx and T=0 is the equation of tangent 
atUpy,) toS=0

I*
2 2 \

= 
b2 )

1 TXfc + yj
7 +Fl

)2 +a2 (Xk + yJ2

77i
b2

yy\
b2

xx j

a2
--- 5- + ^-!--l

7

hx\ , ^7i 
2 r2\ a b ;

Hence, locus of R(h, X) i.e. equation of pair of tangents
from P(x1,y1) is

| yyt tU2 ' 7
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So/, Given ellipse is (i)

f(a.P)
4

R
P (h, k) to the ellipse = 1 is

l2fl

2

=$

=>
2 (ii)

(ii)

ml + m2 = “

C(0.0)

=>

2

Chord Bisected at a Given Point

2

tan 9

-b2)2tan29 = 4 (b2x2 +a2y2 -a2b2)

h2. 
a4

(h.k)

1 + mxm2

2 
"|(a2-a2)|

V 9 be the angle between these two tangents, then 

tan 9 =

90O(

' b2

1 "I < .....
V y + 7^’y=0 b ) a b

2 2
^+^=1 

2 J.2a b
Equation of any tangent to ellipse Eq. (i) in terms of
slope(m) is y = mx + y(a2m2 + b2)

=>

Eq. (ii) being a quadratic equation in

b2-fi2 
a2 - a2

-a2b2)

- a2b2)

-a2b2)

-a2b2)

U2 
(k2 If-

1
' a2 

h2 k£ 1 1

a b a b
Hence, locus of (A, fc) is 

x2 y2 

a b

b2~p2 
a2 -a2,

Theorem : The equation of a chord of the ellipse 
2 2
^+2L=1 
a2 b2

bisected at the point (x1, yj) is given by
2 2t yyt 1y1 t

2 J,2 2 >2a b a b

or T -Sx

Proof: Let Q = (x2, y2) and R s (x 3, y 3) be the end points 
2 2

of a chord QR of the ellipse — + — = 1 and let P = (xx, y j) 
a2 b2

be its mid point.

f4{a2p2 - a

■^(a2p2 + b2a

1 1 
—r + —r 
a2 b2

But given Z.ACB = 90°
Coefficient of x2 + Coefficient ofy2 = 0

---------- _

x2 +

2
_(fl2-a2) 

r
1 +

\
_ 2-J(azPz + b2az -azbz)

a2 + b2 - a2 -p2

or (a2 + b2 - a2 - p2)2 tanz9 = 4 (a2p2 + b2a2 

=> (a2+P2-a2-b2)2 tan29 =4 (b2a2+<j2P2 

.*. Locus of P(a, P) is
(x2 + y2 -a2

I Example 35 Prove that the chord of contact of 
tangents drawn from the point (h,k) to the ellipse 
x2 y2— + = 1 will subtend a right angle at the centre, if

h2 fc2 1 1
— + — Also, find the locus of (h, k).
a d* cr b

Sol. The equation of chord of contact of tangents drawn from

P(h,k) to the ellipse = 1 is -y +-y = 1 ...(i)
a2 b2 a2 b

The equation of the straight lines CA and CB is obtained by 
2 2

X V
making homogeneous ellipse — + = 1 with the help of

a b2
Eq- (0

a b 

i'i

Since, its passes through P (a, p) then
P = ma + il(a2m2 + b2)

(P - ma) = -^(azmz + b2)

(P - ma)2 =a2m2 + bz

m2 (a2 -a2) + 2apm + (b2 -p2) = o

m.
Let roots of Eq. (ii) are mx and m2, then 

2ap
—2------7? mlm2 =(a2-a2)

- m2) = y(m] + m2)2 - 4mxm2

= I 4a^2 4(b2-p2)
\(a2-a2)2 (a2-a2)

l4a2p2 -4(b2 -P2)(a2 -a2) 

(a2-a2)2

i2b2 + b2a2 +a2p2 -azp2} 
(a2-a2)2

7(azPz + b2a

,2

3

2hk
a2b‘

1
b2

1
a2

------
1 k2 1

k2

b4
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o fo, ya)

w,yj P(acosty,bsinty)

(h.k)
2 2

ba

and ...(ii)

we get
0

...(iii)

-(iv)and

...(iii)

cos2 0 + sin2 0y-y\

1 =

where,

and

Q(h,Q

b6'

2X, 

2?i

Sol. Let (h, k) be the middle point of any chord of an ellipse, 
then its equation is T =S1

and j/j

(x-Xi) 
3

fa6 .

b2 b2
*2)

6 l6 \ 
0- , b ,2 l2v!— + — = (a - b } 

v* y)

1 Example 37 Show that the locus of the middle points 
of chords of an ellipse which pass through a fixed 
point, is another ellipse

Sol. Let P(Xj, y J) be the middle point of any chord AB of 
2 2X vthe ellipse — + ~ = 1, then equation of chord AB is

h/a2 
a sec 0

b 
b*_ 

a2

h2 k2 
a2 + h2 
a 0 j

-T2-T3 
x2 -X 

b2x 
T-Tj =—77

X2 V2 
Now, Q = (x2,y2) and R = (x3,y3) lie on — + — = 1, then 

a2 b2 
2 2

^+*=1 
2 A2 a b 
2 2

^+^=1 
2 j2 a b

Subtracting Eq. (ii) from Eq. (i),

x2 y2 
points of normal chords of the ellipse — + ~ = 1 is

/ 2 2\2
x y 

the curve — +—-4 b2J

_y2 + y 3
2 J

— (x 
a2 ' b2..............

(x2 +x3)(x2 — x3) [ (y2 + y3)(y2 -y3) _
2 a 2a r

y2 ~y3 h2 (*2 +*3) _

*2-x3 «2(y2+y3) 1
(..Y _*2 +*3

I 1 ~
_ b2X1

a2yx

Equation of QR is

(b A6 Aa b
T(x-Xj) [from Eq. (iii)] 

Oi
... **1 ! x2

„2 _2a a
2 2xx, yy, x, y;L + i±L-l = -L + £L-i or T = S.

2 A2 z,2 l2 1
a b a b

xx, yy,T = —L + 2ZL-i
2 l2a b

2 2

1 2 l2
a b

xh yk h2 k2 xh yk h2 k2 ..
or "T+2~1 = 'T + -T“lor + = + Ha2 b2 a2 b2 a2 b2 a2 b2
If Eq. (i) is a normal chords, then it must be of the form 

ax sec 0 - by cosec 0 = a2 - b2 -(ii)
Thus, the Eqs. (i) and (ii) represents the same normal chord 
of the ellipse with its middle point (h, k).
Hence, they are identical and comparing their co-efficients, 

h2 k2

-b cosec 0 (a2-b2) 
fA2 A2>| 

l2 b J 
h (a2-b2) 

k^ 
y+b2y

a3 
COS0 =

4

• A b3 
sin 0 - -------

k (a2 - b2)
Squaring and adding Eqs. (iii) and (iv), then

(h2b+-
(□2-a2)2

(a2 -b2)2

^+^|=(O2-a2)2

<2 2\2 fx yHence, locus of (h, fc) is —- +U b )

I Example 36 Prove that the locus of the middle 
. . ... x2 y2

a" b“

+ 4 =(a2-b2)2. 
lx2 y2)

http://www.490
http://www.490
http://www.jeebooks.in


491Chap 06 Ellipse

...(i)Xj + x2=-.2
.2

(i)

/» =

then, from Eq. (i),

2h = -
2

(ii)+

2
(in)

+ From Eqs. (ii) and (iii), then , h = -

parallel to coordinates axes.

Diameter

c
=>

b2x
_2_

*2J

The locus of the middle points of a system of parallel 
chords of an ellipse is called a diameter and the point 
where the diameter intersects the ellipse is called the 
vertex of the diameter.

Lety =mx

h 

x'~l 
,2

l(h2 „
— -7 + —4 y i

2 
- = 1

4 |y+r

k

a“ b2

Hence, locus of P(xp yj is

rX------
I 2J

a2

k 
y~~2 

b2

y2 + ^- = l
b2

fa. v 
------------►a

Two diameters are said to be conjugate when each bisects 
all chords parallel to the other. If y - mx and y = ml x be 

^2 
two conjugate diameters of an ellipse, then mmx = —.

a2

x2
+ c be system of parallel chords to — 

for different chords c varies, m remains constant.

t f fa.yJ

hIts obviously an ellipse with centre at I —, — and axes
V 2 2 J

Hence, locus of R(h, k)\s y - - 
a“m

which is diameter of the ellipse passing through (0,0).
Aliter : Let (h, k) be the middle point of the chord 

2 2x y
y = mx + c of the ellipse — + = 1, then

Since, Xj and x2 be the roots of this equation, then 
2mca2 

J^.2 -L h am + b

Since, (h, k) be the middle point of QR, then
1 +X2 

2

a- b~
T = Sl 

xh ky _h2 k2 
— -f"---------- +----
a2 b2 a2 b2

.. b2h 
Slope - --------=m

a2k

k^
a2m

Hence, locus of the mid-point is 
b2x 

y=-— 
a m

Conjugate Diameters

h = — 
a"m

but (h, k) lies on y - mx + c
k-mh + c, c = k-mh

ma2 (k-mh) 

a2m2 +b2

a2m2h + b2h = -mka2 +m2a2h

b2h = -mka2 ork = - —
a2m

T = Si 
2 2

_ i = + zl _ i
„2 A2 „2 r2a b a b

2 2
+ 2Zl = Zl + Zl 
2l2 2t_2a b a b

But it passes through a fixed point Q(h, k) its coordinates 
must satisfy Eq. (i),

^l + ^Zl = £l + Zl 
a2 b2 a2 b2

This can be re-written as
2

2mca2

a m +b 

mca2

^S+b2

+r
Let the extremities of any chord PQ of the set be P (xx, y j) 
and Q (x2, y2) and let its middle point be R (h, k), then 
solving equations.

2 2x y— + — = 1 and y = mx + c
/i2 A2 a b

x2 + (mx + c) 

a2 b2

+ b2)x2 +2mca2x+az (c2-b2)=0/ 2 2(a m
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X

2 2

are

(acos0, £> sin4>) and

2

P(acos0,bsin0)

A'l A
C

D

S' C

D'P'

/ 
a cos

i.e. (-a sin0, b cos0) respectively
CP2 + CD2 = (a2 cos2 (J) + b2 sin2 0)

+ (a2sin20 + &2cos2$)

Conjugate diameters of circle i.e. AA' and BB' are 
perpendicular to each other. Hence, conjugate diameters 
of ellipse are PP' and DD'.
Hence, angle between conjugate diameters of ellipse £90°.
Now the co-ordinates of the four extremities of two 
conjugate diameters are

P (a cos0, b sin (}>), P' (-a cos0,- b sin0),

D (-asin0, hcos0), D' (a sin0, -b cost}))

~^P(acos0,jbsin0)

s 7

, 7C 710 = — + 0 => (p — (p = —
2 2

Prop. 2 : The sum of the squares of any two conjugate semi 
diameters of an ellipse is constant and equal to the sum of 
the squares of the semi-axes of the ellipse i.e.

Let S and S' be two foci of the ellipse. Then
SP-S'P = (a -aecos0)• (a + aecoscf))

= a2 -a2e2cos2 0

= a2 — (a2 — b2) cos2 0 {‘.‘b2

= a2 sin2 (j) + b2 cos2 0 = CD2
{.‘.a2-b2 =a2e2}

Properties of Conjugate 
Diameters

= a2(l-e2)}

71 A , . f 71 x Y 
— + 0 Lbsin —+ (p2 ) U JJ

p1 D’

extremities P and D be 0 and 0' respectively. Then, the 
co-ordinates of P and D are (a cos0, b sin0) and 
(a cos0', b sin0z) respectively.

£
Nownij = slope of CP =—tan 0

a
b

and m2 = slope of CD = - tan0'
a

since, the diameters PCP' and DCD' are conjugate diameters.
b2

^1^2=—7
a

Prop. 1: The eccentric angles of the ends of a pair of 
conjugate diameters of an ellipse differ by a right angle. 
Let PCP' and DCD' be two conjugate diameters of the 

2 2x yellipse — + — = 1 and let the eccentric angles of the 
a2 b2

(a cos <J>, Osin 9) 
D 

-a2 +b

Prop. 3 : The product of the focal distances of a point on an 
ellipse is equal to the square of the semi diameter which is 
conjugate to the diameter through the point.
Let PCP' and DCD' be the conjugate diameters of an 
ellipse and let the eccentric angle of P is 0 then 
coordinates of P is (a cos 0, b sin 0)
.'. Coordinates of D is (-a sin0, b cos0)

CP2 + CD2 = a2 + b

Let CP and CD be two conjugate semi-diameters of an
2 2

X Vellipse — + — = 1 and let eccentric angle of P is 0 The 
„2 j. 2 a b

eccentric angle of D is —4- 0. So the coordinates of P and D 
2

b2 b2— tan0 tan0' - ------
a a

tan0 tan0' = -1
I Ktan0 = - cot 0' = tan — + 0'
I 2

71

2
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2Q

butP and D are

(a cos 0, b sin 0) and

-(i)Polar of (A, k) is

...(ii)

and
... (iii)

(i)

Equi-Conjugate DiametersNow

1 from C on

QD= 2

Prop. 4 : The tangents at the extremities of a pair of 
conjugate diameters form a parallelogram whose area is 
constant and equal to product of the axes.

i.e. (—a sin<t>, cos <t>)
Similarly the coordinates of P' and D' are
(-a cos0, - b sin0) and (a sin 0, - b cos0) respectively.
Equation of tangents at P,D,P' and D' are respectively.

- x
a ' b

/
a cos

Two conjugate diameters are called equi-conjugate if their 
lengths are equal. In such cases therefore.

(CP)2 = (CD)2

a2 cos2 0 + b2 sin2 0 = a2 sin2 0+ b2 cos2 0

=> (a2 cos2 0 - sin2 0) - b2 (cos2 0 - sin2 0) = 0

Now from Eq. (i),
Area of parallelogram QRQ' R'

= 4 x -J(a2cos2 0 +A2sin2 0) x

____ 1

sin2 0

— + 0 |, b sin [ — + 0
2 12

x y----cos0- —sin0 = 1 
a------ b

Let PCP' and DCD' be a pair of conjugate diameters of the 
2 2

X Vellipse — + — = 1 Let the eccentric angle of P be 0 .Then 
a2 b2

(Tt Athe eccentric angle of D is — + 0 so the coordinates of
<2 J k b2— m7 - -----

h a2

ab

a2 cos2 0 + h2sin2 0)

— cos0 + —sin0 = 1,----sin0 + —cos0 = 1,
a b

= 4ab (= constant) = (2a) (2b)
= Area of rectangle contained under major 

and minor axes.
Prop. 5 : The polar of any point with respect to ellipse is 
parallel to the diameter to the one on which the point lies.
Hence obtain the equation of the chord whose mid-point is 
(h,k).
Let (h, k) be the point on the diameter y=m1x 

mx=k!h
any diameter conjugate to it is y = m2x

b2 
mim2 =—r

a2
b2h m2=- — 
a k

^+& = 1 
2 A2 a b

b2hIts slope is - -----= m2 and hence parallel.
a2k

Now, equation of chord parallel to the Eq. (i) is 
hx ky , — +-2. = X 

2 k2 a b
It is passes through points (h, k)

1 h2 k2X = — + — 
2 k2 a b

From Eqs. (ii) and (iii), + -y = —^- + -r-
a2 b a

i.e. T = Sj
which is the equation of chord of the ellipse, if mid-points 
is (h, k).

— sin0- — cos0 = 1 
a b

Clearly the tangents at P and P' are parallel. Also, the 
tangents at D and D' are parallel. Hence, the tangents at 
P, D, P', D' form a parallelogram.
Area of parallelogram QRQ'R' = 4 
(the area of parallelogram QDCP)

= 4-| QD |- {± from C on QD}

= 4-1 CP |- {1 from C on QD}

| CP | = -J(a2 cos2 0 + A2 sin2 0)

x ytangent at Dis----sin0 + —cos0 = l
a b

cos2 +-----
b2

_ ab

0 -Jfl2cos2 4) + ^2sin2 0

y
b

71
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or

2
4

(CP)=(CD)

and

..(ii)i.e.

R(h.k)

D P

C?

D'

\
(a cos0, bsin0) and

x

,x
= cos (a cos 0, b sin 0) and a cos2

7

...(i)

= cos
2

J

...fi)
(ii)i.e.

...(ii)

a cos

...(in)or

x
— cos 
a

x
— cos 
a

x |— cos 
a

+ —sin 
b

+ — sin 
b

1 
p4i

(a2 -b2)cos20 = O

(a2 -b2)*0

cos20 = O
371

4

= fa2+l>2)
N 2

• I 71 A sin I —F 0
V 4

bsina

-----------
Coordinates of P and D are

C /
a cos 

k v

- + W
2_____

respectively
:. Equation of (PD) is 

f _ A
0+- + 0

2
2

■Ji sin f— + 0 | = —
14 J b

— + 0 j + — sin I — + 0=1 
2 J b 12 J

■ 71
0 = — or 

4

Equation of PD is 
it 0 + - + 0 
2 
2

b sin | — + 014

.% Coordinates of P and D are

— + 0 b sin | — + 0
2 J 12 .

k
x=> — cos
a

If it is same as x cosa + y sina = p 
then on comparing, we get 

f 7t 
COS — + 0 14 

a cosa

I Example 39 If x cosa + y sina = p is a chord joining 
the ends P and D of conjugate semi-diameters, of the 
ellipse then prove that o2cos2a + b2sin2o=2p2 and 
hence or otherwise deduce that the line PD always 
touches a similar ellipse.

2 2
Sol. Let equation of ellipse be — + ~ = 1, eccentric angle 

cr b

of P is 0, then eccentric angle of D is — + 0
2

— + 0 I 4- sin2 [ —+ 0
4 J U ,

— + 0|, bsinl — + 0
2 J <2 //

x . , y , , 
-----sin 0 + — cos 0 = 1

a b
Squaring and adding Eqs. (i) and (ii), we get

2 2x y— + = 2_2 l 2 a b
which is required locus.

k
X I ** ± I • I ** . I *

=> — cos — + 0 | + — sm | — + 0 |= —
a

If its pole or point of intersection of tangents at its 
extremities be (h, k), then its equation is the same as that of 
the polar or the chord of contact of (h, k). 

hx ky —+ -i = l 
„2 J,2a b

Since, Eqs. (i) and (ii) are identical, comparing 
h k 
it — + 0 
4 
f 7C , | ..— + 0 I = — 
k 4

L * J 0 +--1-0
2 
2

( 1t '
0 + —F 0

2
2

I Example 38 Show that the tangents at the ends of 
conjugate diameters of the ellipse x2/a2 + y2 /b2 =1 
intersect on the ellipse x2 /o2 + y2 /b2 = 2.

Or
Prove that the locus of the poles of the line joining the 
extremities of two conjugate diameters is the ellipse 
x2/a2 +y2 /b2 = 2.
Sol. Let CP and CD be two semi-conjugate diameters, so that if 

eccentric angle of P is 0 then eccentric angle of D is 
n — + 0 
2

<4

Squaring and adding Eqs. (iii) and (iv), then
h2 k2
— + — = 2 cos 
a b

h2 k2 o
~T “I" —T = 2 
x,2 J,2a b

2 2
Hence, locus of (h, k) is = 2

ar b
Aliter: Equation of tangents at P and D are 

x y
— cos 0 + — sin 0 = 1
a b

k

— + 0 | + — sin | — + 0 | =4 J b U J

k
1

72

k
1
J2

f1t- + 0- 0
2

k 

y
b

7

71

4

7t
2

It

4

7
7t
4

7C

2

7t
4

7t
2

It

2

h
a
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...(iii)or a cosa =

and ...(iv)

m}mz =

4

where

„.(v)

2 ...(i)

and (Li)

touch the ellipse and intersect at right angles.

From Eq. (i),
(iii)

•••(iv)

.’A'l a:

2

or

C
S'

... pSh'V

B \

1
2

=>

but

bsina = pV2sin

x y = -- +
m

£5/2 cos I — + 0

-1 = 
h

y =mx + yj(a2m2 + b2)

It is passes through (h, k)

k = mh + -J(a2m 
(k-mh)2 = o2m2 + b2

2

+ b2 -

Director Circle
The locus of the point of intersection of the tangents 

2 2x vto an ellipse = 1 which are perpendicular to

each other is called director circle.

Aliter:
If any tangent y -mx + ^(a2m

2 + b2)

= a2 + b

2 2
_x +y

a2 +b2

= a2 +b2 is the director circle of the

2 2X VLet any tangent in terms of slope of ellipse — + — = 1 is 
a2 b2

I

2 + b2)

y - mx = \( 

Eq. (ii) can be re-written as 
x+my=^a2 + b2m2) 

Squaring and adding Eqs. (iii) and (iv), then

(y - mx)2 + (x + my)2 = a2m2 + b2 + a2 + b2m2

=> (l + m2)(x2 +yz) =(l+m2)(a2 +b2)

Hence, x2 +y2 =a2 

ellipse.

I Example 40 Tangents at right angles are drawn to 
x2 y 2

the ellipse —+ p- = 1. Show that the locus of the 

middle points of the chord of contact is the curve
( 2 2 \2

ly b2)
Sol. Let Q(h, k) be the middle point of the chord of contact 

Equation of chord AB whose mid point Q(h, k) is

+ b2

cos2

■U2

7C ,6 = — + 0 
4 

which is clearly a tangent to the ellipse
22 22x y , x y 

{a I JI)2 (bjl)2 a2 b2 

If e' be its eccentricity, then
{bl Ji)2 = (a/V2)2 (1 — e'2) 

b2 = a2 (l-e/2) 

b2 = a2 (1 - e2) 
e = e'

Hence, ellipse (v) is a similar ellipse.

= 1 or 
a2

= a2

=> k2 +m2h2-2mhk = a2m2 + b2

=> m2 {h2 -a2)- 2hkm +k2 -b2=0

It is quadratic equation in m let slope of two tangents are 
mx andm2

a2m2 +b2)

k2-b2

h2-a2

k2 -b2

2-a2

(•/ tangents are perpendicular) 

-h2+a2=k2-b2

or h2 + k2 - -2 l2

Hence, locus of P (ft, k) is

x2+y2

71

U J

7+*l
Squaring and adding Eq. (iii) and (iv), we get 

a2 cos2a + 62sin2a = (p >/2)2

— + 4> +sin — + 0 
4 J <4

=> a2cos2a + b2sin2a = 2p2
Again, line Eq. (i) can be written as

—cosO + —^7= sinQ = 1, 
a/V2 b/^J2
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♦xX'* TC
Q(h.k)

(ii)

*1 = ■(ii)

and •••(iv)Ji =

+2

Concyclic Points

Sub-Tangent and Sub-Normal
O(PX P(a)

is

Any circle intersects an ellipse in two or four real points. 
They are called concyclic points and the sum of their 
eccentric angles is an even multiple of 7t. If a, [3, y, 8 be the 
eccentric angles of the four concyclic points on an ellipse, 
then prove that a+P+y+S= 2nn where n is any integer.

nY

CG — Xj

[2 2x y Hence, locus of mid-point Q(ft, k) is —r +
l^a2 r

+Y'
**1 -1

2 b2

GN = CN-CG = xi

2 2_x +y

b2 
------x,

a2

Length of sub-normal

[from Eqs. (iii) and (iv)] 

h2 + k2
W

a
T lies on X-axis.

Put y = 0 in Eq. (i) => x = CT
2

CT = — and CN = x{

Let the tangent and normal at P(x1,y1) meet the axes atT 
and G respectively.

2 2X y 
Equation of tangent at P (Xj, y j) to the ellipse — + ~ = 1 

a2 b2

= (l-e2)x1

__e
(h2 Jt2>| b+-

= a2 + b2 of the ellipse

2 + b2

T = SX

b2
=— xi a2 1

hx ky h2 k2— — — — -|----
2 r 2 2 12a b a b

and equation of chord of contact AB with respect to
P(xpyi)is

, yyi _!
2 u2a b

the Eqs. (i) and (ii) are identical, hence comparing their
coefficient, we get

^. = Z1 =
h k

b2 1 
"7X1 a 7

G N

1 

h
(h2 it2') 

l*2 b2) 
k

<a2\2>

Since tangents are at right angles, then the point (xp yj must 
lie on the director circle x2 + y2 

x2+y2=a‘ 

k2 

k2^

(h2 k2}2 
a2 + h2 

b J

- = a2+b2

a2
and length of sub-tangent NT ~CT - CN  ----- Xj

Xi

Equation of normal at P(xpyj) to the ellipse
2 2X ± y— + — = 1 is
2 12a b

x~Xl _y-yi
xxla2 yxtb2

G lies on X-axis. Put y = 0 in Eq. (ii)
=> x =CG

x
a

y
bi)

k
b2)
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-(i)

,(ii)

-cos
X

= 0X -cos

/
2

X
sin + sin = 0coscos+ 2fb+ 2ga

0 = sin rmsinor

/
+ 2fb + c=0

or

= cos
x

P(a)
0(37/

T
= 0

S(8)

(va + P + Y + 8=2nrt)
7

- (slope of RS)0-cos

and = 0-cos

X 
f

X— cos 
a

2

I 2

2-sin 
b

— sin 
b

— sin 
b

— sin 
b

g+P'l ,.y
2 J

"a +P
2

a + P
2

Y + 8
2

a~P
2

curve passing through P, Q, R

x — cos

/
X —cos

\2

+ 2ga

+ —sin 
b

- (a + p + y + 8) - rm
2
a + P + Y + S = 2rm, when n is any integer.

Aliter: Let P, Q, R,S be four concyclic points on an 
ellipse, whose eccentric angles a, p, y, 8 respectively. 
Then equation of the chords PQ and RS are 
(Take any two chords)

x—cos
a

Now, the equation of any 
and S is given by 

f 2 2 A
x y , y — + —— 1 + A.

2 b2 )

q+P^I |.y ■ 
2

'a~PV 
x 2 
fy ~8 
I 2

b (- — cot rm -
x

(y + 8)_
I 2 )

Let the given circle be
x2 +y2 + 2gx + 2fy + c=Q 

and the given ellipse be 
2 2

^+^=1 
a2 b2

Let (a cos0, b sin<t>) be a point of intersection of Eqs. (i) 
and (ii).
As it lies on the circle Eq. (i).

a2 cos2 <|) + b2 sin2 0 + 2ga cos 0
+ 2/bsin0 + c = O ...(iii)

\2

2 A

L

Slope of PQ = - - cot 
a

b
a

b= —cot 
a

Hence, PQ and RS are equally inclined to the axis of x.

ra + p
2

7

2 tan(0/2) 
kl + tan2 (0/2) y

2 tan(0/2) 
kl + tan2 (0/2)

a2

or a

Y + 8a

2

'a + P' 
< 2 , 
rY + 8 vr

+ c = 0 ...(iv)
rY + 8
< 2

(a+Jf
2 ,

U + '
(a2 - 2ga + c)t4 + 4bf t3 + (4&2 - 2a2 + 2c) t

+ 4bft + (a2 + 2ga + c) = 0 ...(v) 
which is biquadratic equation in t.
Le. it has four values of t

t = tan(0/2)
Since, four values of eccentric angles are a, P, y, 8

~^3

1 — S2 + S4 
Eti -Xtjtjtg

1 —Ztjtg +t]t2t3t4

or a + p + Y + 8 = 2nn

a +P>
2 J

Y + 8^
2

/
tan

'a-pY
2~J>

'Y-3Y
7 I 2 J,

But the given points are concyclic. Hence this equation 
will represent a circle, if co-efficient of x2 = co-efficient y2. 
and co-efficient of xy = 0
Now equation of the co-efficient of xy = 0

'y + 8
< 2

a +P + Y + 8^ _ 
k 2 J"
i (a + P + y + 8) = rm
2

where, n is any integer.
Hence, the sum of eccentric angles of four concylic points 
on an ellipse is always an even multiple of it

Corollary 1: Prove that the common chords of a circle and 
an ellipse are equally inclined to the axes of the ellipse.
If the point of intersection of chords PQ and RS is T, then 
equation of chord PQ is

x
— cos
a

a P Y -+-+-+-= 
v2 2 2 2)

2

+ b2

'1- tan2 (0/2)

J + tan2 (0/2) y 

1-tan2 (0/2)
J + tan2 (0/2),

Put tan(0/2) = t
Eq. (iv) reduces to

,1 + t2,
2t

l + t2y 

"1-t 
,l + t2J

\2

+ b2

\ 2t
2

2
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(i)

(for n = 1)...(ii)

(where n is an integer)

2

Normal

-(iv)

...(v)

{cosa + cosp + cosy + cos (a + 3 + y)}

{sina + sinP + siny - sin (a + P + y)}and -f =

:.x=CG =

Note
Any other values of n gives the same point on the ellipse.

/ 
a\ ” 7

which give co-ordinate of centre of circle through a, P 
and y.
Corollary 3 : P'CP and D'CD are conjugate diameters of 
an ellipse and a is the eccentric angle ofP. Prove that the 
eccentric angle of the point where the circle through P, P', D

Ttagain cuts the ellipse is — - 3a.

4fb
2 -a2

2.2 
-^“*1

7

4b

Some Standard Properties of 
the Ellipse

(i) If S be the focus and G be the point where the normal 
at P meets the axis of an ellipse, then SG = e • SP and 
the tangent and normal at P bisects the external and 
internal angles between the focal distances of P.

nThe eccentric angles of P, P' and D are a, 7t + a, — + a 

respectively. Let p be the eccentric angle of the fourth point 
As above

a +(jt+a)+ — 4-a +P = 2nn 
<2 J

P = 2nn - f — + 3a | = — - 3a
I 2 J 2

= e2x1
\ u 7

SG = CS-CG = ae -e2Xj =e(a-ext)

= eSP
Similarly S'G=eS'P

SG _ eSP _ SP
S'G eS'P~S'P

2 -b 
a2

Corollary 2 : Find the centre of the circle passing through 
the three points on an ellipse whose eccentric angles are 
a,P,y.
Let the point of intersection of ellipse 

2 2^+r=i 
2 l2 a b

x2 + y2 + 2gx + 2fy + c = 0

yz
Let P be any point on the ellipse

2 2
——+ ^—= 1

2 l2a b
Equation of normals PG is

2 l2
(x - Xj )—= (y-yj)—

7i

Putting y = 0. For the point G, we have

(x-X1) — = -b2
xi

2 A a e x, = — 
a2

2„ 
-- - -1

and circle

be a, P, y, 8
a+p + y + 8 = 2nn

Let 0 be any point on Eq. (i)
x = acos(J),y = bsin0

This point also lie on Eq. (ii)
a2 cos2 0 + b2sin2 0+ 2gacos0 + 2/bsin(t> + c=O...(iii)

=> {(a2 - b2) cos2 (J) + 2ga cos 0 +
(b2+c)}2 =4f2b2 (1-cos2 0)

=> (a2 -b2)2cos4(J) + 4ga(a2 - b) cos3 0
+ {2 (a2 - b2) (b2 + c) + 4g2a2 + 4f2b2}cos2 0

+ 4ga (b2 + c) cos 0 + {b2 + c2 - 4f2b2} = 0

This is a fourth degree equation in cos 0.
It has four roots (i.e. cosa, cosP, cosy, cos 8)

cosa + cosP + cosy + cos 8 = - ——
(a2-b2)

Similarly changing Eq. (iii) in sin 0, we get

sina + sinP + siny + sin 8 = —
b

a + P + y + 8 = 2mt
8 = 2n7t-(a +P + y)

sin8 = -{sin(a+ P+y)} and cos8 = cos (a + P + y) 
then, from Eqs. (iv) and (v), we get 

'S-b*'
< 4a

(b2

71

2
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e

or y-mx =

Y

(0.4)

2

2or

then,

1
Light ray

N

0

and

Reflection Property of 
an Ellipse

Equation of an Ellipse Referred 
to Two Perpendicular Lines

9_
25

B'(O.-b) 
r

Reflected ray D

ASPS'= A.SQS'

Y

S(0.b)
FF7^.y) 

yi \ 
h AM 1.

The normal PG bisects the internal ASPS' between 
the focal distances but tangent and normal are at 
right angles, the tangent PT bisects the external angle 
SPL between them.

(ii) The locus of the feet of the perpendiculars from the 
foci on any tangent to an ellipse is the auxiliary circle. 
The equation of any tangent in terms slope (m) of the

2 2
ellipse — + — = 1 is

a b

y = PM, x = PN 
(PN)2 (PM)2 _

„2 Ji2a b

y=mx + yC
^a2m2 + b2) ...(i)

Equation of perpendicular line of Eq. (i) and passes 
through (±ae,0) is

my + x = ± ae ...(ii)
The locus of the point of intersection of the line 
given by Eqs. (i) and (ii) can be obtained by 
eliminating m between them, squaring and adding 
Eqs. (i) and (ii), we get

y2 (l + m2) + x2 (1 + m2)

If an incoming light ray passes through on focus (S) strike 
the concave side of the ellipse, then it will get reflected 
towards other focus (S').

2 2x y 
Let P(x, y) be any point on the ellipse — + — = 1 

a2 b2

(-a. 0)

= a2m2 + b2 + a2e2

(l + m2)(x2 + y2)=a2m2 +a2

= a2 (1 + m2)
2

(a.0)

2 , 2x +y =a

which is the equation of the auxiliary circle of the
2 2

ellipse — + — = L 
2 l2 a b

foci(± ae, 0) i.e.(± 3,0)
Equation of reflected ray (i.e. PS) is

| + ^ = lor4x+3y = 12.

I Example 41 A ray emanating from the point (-3,0) is 
incident on the ellipse 16x2+ 25y2 =400 at the point 
P with ordinate 4. Find the equation of the reflected 
ray after first reflection.

Sol. For point P,y-coordinate = 4
V Given ellipse is 16x2 + 25y2 = 400

16x2 + 25(4)2 = 400
Coordinate of P is (0, 4)

2 = 1_16
25

3 e — -
5

a2m2 +b2)
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then PN

(ii) If a < b,PM

ba
X"

T'
4x5

2

= 1+or
= 1+

or

-±ae, = 0

i
2 
1

Directrices :

(i) If a > b,

8
9

then, equation of ellipse is
■>2

2x5/9
5/4

^x-^y+c2

■Jfa+a*

x-2y + l 
7s 

(5/4)

5
9
7s

e = —
3

U1 A T UjJZ T L] 

fa2+b2) 
we get after solving (x, y) 

(ii) If a < b

i as
2

I =25

-V-Ca

\ b 
c\j

x ~ 2y + 1 
7s

2

2
I +9X5

0 X'

I2 
b}x -a}y + c2

a' b2

Centre : Is the point of intersection of a1x + bry + c} =0 and 
bxx -a}y + c2 =0

Equations of Major and Minor Axes :

(i) If a > b, then major axis lies along bxx - a^y + c2 =0 
and minor axis lies along <2jX + b}y + ct =0.

(ii) If a < b, then major axis lies along a}x + b}y + q =0 
and minor axis lies along b}x -axy + c2 =0

Eccentricity:

(i) Ifa>fe,fc2
Foci:

(i) If a > b

I Example 42 Determine the equations of major and 
minor axes of the ellipse

4(x - 2y +1)2 + 9(2x + y + 2)2 = 25

Also, find its centre, length of the latusrectum and 
eccentricity.
Sol. The equation of the ellipse can be written 

2x + y + 2\

7s J
QjX + bty + c, 

fa2 +7) 
2

suppose if axes along the lines

□ jX + bxy + Cj =0 and bjX -^y + c2 =0 

_|<hx + M + ql 
fal+b2) 

_\lyc-a,y+ct\

T 
0

q^ + ^y + c 

fal+bj
we get sifter solving (x, y)

±b-
e

2 =b2(J-e2)

bjX-a^y + Cz  

7(a? + &?)

Here a > b
Equation of major axis is Y = 0

i.e. 2x + y + 2 = 0
and Equation of minor axis is X = 0
i.e. x - 2y + 1 = 0
Centre : X = 0, Y =0
=> x-2y + l = 0,2x+y + 2 = 0
we get x = -1, y = 0

Centre is (-1,0)

 ±-
e

Eccentricity: b2

5
9

9 

e2

= q2(l-e2) (ii)Ifq<b, a

— =0,

2b2
Length of latusrectum = — 

a
= a2(l-e2)

? = 7(1~e2>9 4

2x + y + 2y

(5/9)

X2 Y2 ,
—7" 4" —-— 1^2 l2a 0

fr,x-a,y4-c2 =±be 
■fa +a
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Exercise for Session 3

' (d) tan~1(12V5)(b) tan'

2

a

y _ ex

(c)(0.1)

2

a

1. The angle between the pair of tangents drawn from the point (1, 2) to the ellipse 3x2 + 2y2 = 5 is 

(a)tan

2

a" b2
2 2x y

7 2. Find the locus of the point the chord of contact of tangents from which to the ellipse —=- + = 1, touches the
a b2

circle x2 + y2 =c2.

13. Find the centre and eccentricity of the ellipse

4(x-2y + 1)2 + 9(2x + y + 2)2 =5

14. A ray emanating from the point (0, -75) is incident on the ellipse 9x2 + 4y2 =36 at the point P with abscissa 2.

Find the equation of the reflected ray after first reflection.

(d) x2 - y2 =a2 + b2

(d)(1.1)
..2 ,,2

..J
9 4

(a)x2 + y2=4 (b)x2 + y2 = 9 (c)x2 + y2 = 13 (d)x2 + y2 = 5

a x2 y2
8. The area of the parallelogram inscribed in the ellipse —=■ + = 1 whose diagonals are the conjugate diameters

a2 b2
of the ellipse is given by
(a) Tab (b)3ab (c)4ab (d)5ab

2 2 x y
9. Find the locus of the vertices of equilateral triangle circumscribing the ellipse —=■ + = 1

a Zr

10. A tangent to the ellipse x2 + 4y2 =4 meets the ellipse x2 + 2y2 =6 atP and Q. Prove that the tangents atP 
and Q of the ellipse x2 + 2y2 = 6 are at right angles.

x2 y2
11. Find the locus of the mid-point of chords of the ellipse —=- + = 1 (a > b) passing through the point (2a, 0).

az b2
..2 „2

_ j 
b2

2

aL b2

(c)x2 + y2 = a2 + b2

(D (b)ta"'W
o xc y'2. If chords of contact of tangents from two points (x,, y1) and (x2, y2) to the ellipse —=- + ^ = 1 are at right angles,

a b2

then is equal to 
yiy2

a2 b2 a* ti(a)^- (b)-4- ■ (c)-Jy (d) \
b2 a2 b a

2 2n x y3. From the point (X, 3) tangents are drawn to — + — = 1 and are perpendicular to each other than X is
9 4

(a) ±1 (b) ± 2 (c) ± 3 (d) ± 4

4. The eccentric angle of one end of a diameter of x2 + 3y2 = 3 is n /6, then the eccentric angle of the other end
will be 
(a)^ (b)-^ (c)-^

6 6 3
2 2- x y

□. The locus of the mid-points of a focal chord of the ellipse —= 1 is 

2 2 2 2
(a)2L + Z_ = « (b>V^ = -

a2 b2 a aba

& -r. . ... ... (x + y-2)2 (x-y)2 ..
0. The centre of the ellipse ------ ------ — + ------ = 1 is

9 16
(a) (0.0) (b)(1,0)

■7 x* y*
7. The locus of the point of intersection of two perpendicular tangents of the ellipse — + — = 1 is

2

9

2

4

2

b

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


Shortcuts and Important Results to Remember
I

B P(x,y)

♦xX'< cA71

have a common tangent, then = 0

c g (a, b) is

b‘a‘
p

A71 C

fl'

Y

n 
N

1
1
1

,90°

b2
P2

2

0) or(-ae, 0).

8 If the tangent at P on an ellipse meets the directrix in F; 
then the PF will subtend a right angle at the 
corresponding focus.
i.e. Z PSF = n/2

y
i L

8

i___C
>A

1 If S and S' are foci and P be a point, then
(a) If |SP| + |S 'P| > |SS '|, then the locus of P is an ellipse.
(b) If |SP| + |S 'P\ = |SS'|, then the locus of P is a straight 

line.
(c) If |SP| + |S'P| <|SS'|, then the locus of P is an empty 

set.
X2 V2 X2 V2 X2 V2

2 If the ellipses -5- + ^5- = 1,-y + ^5- = 1 and — + ~ = 1 '
a b cr

2 2
6 If ellipse = 1, then

Y

8' 
i r
Y

(PN)2 •. AN-A'N = (BC)2:(AC)2

7 If a and (J are the eccentric angles of extremities of a focal
2 2x y

chord of the ellipse -5- + y— = 1, then
a b
p  j A 4-1

tan(a/2).tan(|3/2) = ——- or-----according as focus (ae.
e + 1 e-1

X'*y

*1 yi w
x2 y2 x2y2 = 0 and if points P(a), Q(0) and P(y), then 
x3 y3 x3y3 
sec a cosec a 1 
sec 3 cosec 0 1=0 
sec y cosec y 1

3 Area of the quadrilateral formed by the common tangents
2 2

of the circle x2 + y2 =c2 and the ellipse ~ = 1;
a' b

2c 2| a2 -b2|
/a2-c2)(p2-b2)

F
Z*X

4 The product of the two perpendicular distances from the 
foci on any tangent of an ellipse is b2.

5 If the normals at the point P(xv y1);Q(x2> y2)and P(x3, y3)
2 2x yon the ellipse — + ^ = 1 are concurrent, then

.2

02

,2

P2 
a2 
a2 
e2

,2

02
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Y

C(0, b)

10h2=2560 or fc2=256

X+ *X0

=>
0(0. -b)

or

or

= 1 or

(a)
On squaring both sides, then------

(c)

=>

= 14X X

2Also,

=>
[vae=6]

= 4o=>

=>
[va = BC=6]or

JEE Type Solved Examples:
Single Option Correct Type Questions

■ This section contains 10 multiple choice examples.
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct.

or 
and

• Ex. 2 Let Pj and P/ be the feet of the perpendiculars 

drawn from the foci S and S' on a tangent f to an ellipse 
whose length of semi-major axis is 20. If 
10
^(SPj )(S'Pj') = 2560, then the value of eccentricity is 
i=1

H.0)fc 
S\

13 a = —
2

Hence, (AB) (CD) = (2a)(2h) = 13 x5 = 65

3 or e = -
5

a2 = b2 + (ae)2 = — + 36
4

• Ex. 1 Point ‘O’ is the centre of the ellipse with major axis 
AB and minor axis CD. Point F is one focus of the ellipse. If 
OF = 6 and the diameter of the inscribed circle of triangle 
OCF is 2, then the product(AB) (CD) is equal to

(a) 52 (b)56 (c) 78 (d) None of these
Sol. (b)Diameter of the inscribed circle of triangle OCF is 2.

.'. Radius = 1

Centre of the circle is (1,1) and equation of CF is — + — = 1
6 b

(s-a)(s-b) 
s(s-c)

1.
4

i
36 + b2)

I2=l ± ' 36 + b2

• Ex. 3 Coordinates of the vertices B and C of a tsABC are 
(2, 0) and (8, 0) respectively. The vertex A is varing in such a 

u (C\
way that 4 tan — .tan — = 1. Then, the locus of A is 

k 2 >

t
Now, length of perpendicular from (1,1) on CF = 1 (radius)

1 + 1-1 
6 b

---- ~7 <36 b2.

1 2(a)l (b)±
3 4(c)l- (d)-
D J

Sol. (c).'. Product of length of perpendiculars from foci on a 
tangent to an ellipse = b2

(SP1)(S/PJ)=(SP2)(S'P2)=...=(SP10)(S'P10') = b2
10

Given £(S^)(S/f}/) =2560
i=l

(5 11
<6 b)

1 1 
= — + —r

36 b2
24 2 = — = —
36 3

U
2

bz = a2(l-e2)

b2=a2 -(ae)2

b = 16
b2 = a2(l-e2) 

(16)2=(20)2(l-e2)

2 16l-e2= —
25

25

25 1 5
36 b2 3b

5
3b

cM1)V°)
F(b, 0) A

1_1
6 b

(b)(^+/=1
16 9

16 25

C
u;

(^+ri=i 
25 16

25 9
Sol. (a) v 4 tan^^ • tan^^ = 1 

l(s-c)(s-a) 
s(s - b) 

s-a 
s
3s = 4c 

( a + b + c .r*
b + c = — = 10=2a. 

3
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=>

[’•■01=5]

and .2 2

4
[-.* a always positive]

or
=>

or

or

(0. 6)B'
P(aT3, 5)

P (let a >b)
X'+ >X

QB (0.-6)
k

—(>)or

and 2y = -

-(“)

= 1

Let A = ,B =

cosQ 0 and R 0,-

or
or

a'
belongs to

(a) (1,4)
(c) (2, 3)

=>
Now,

(o2-b2) 
b

\
sin 9

/

• Ex. 6 The normal at a variable point P on an ellipse
2 2X V • *— + — = 1 of eccentricity e meets the axes of the ellipse in 

a2 b2
Q and R, then the locus of the mid-point ofQR is a conic 
with eccentricity e' such that

(a) e' is independent of e (b) e' = 1

(c) e' = e (d) e' = -
e

2?

r
Coordinating foci an ^0, ± ^(102 -82))

i.e. (0, ± 6)
Let coordinates of P are (A, 5)

A2 _5* 
82 + IO2

=> A = ± 4-73
P =(±4^3,5) (lie in I or n quadrants)

According to reflection property, a ray passing through focus 
B'(0,6) will passing through B(0, -6) (other focus). If P lies in I 
quadrant, then

PB = 748 + (S + 6)2 = 7169 = 13

( Q A
b2=a2(l-e2) = 25 1-----= 16orb = 4

\ 25)
v A lies on the ellipse
/. Locus of A is

(x-5)2 . (y-Q)2
(5)2 (4)2

25 16

or

On squaring and adding Eq. (i) and Eq.(ii), we get 
4a2x2 + 4b2y2 =(a2-b2)2 

x2
2 L a —b
2a

Sol. (c) Normal at P(acos0,bsin0) is 

axsecO- by cosec 9=a2 -b2

It meets the axes at
((a2~b2) 

a

k /

which is an ellipse, having eccentricity e', then 
2 1,2 _2 12a -b a -b-------- , B —--------- 
2a 2b

r a~ 
2 2x y 2with ellipse — + — = 1, where a > 1

x2

y 
a2-b

< 2b J

(b)(- 2)u(3, °°)
(d) None of these

Sol. (b) The ellipse ~y + = 1 will intersect in four distinct points

x2
• Ex. 5 If the ellipse — + y2 =1 meets the ellipse

4
2

~ = 1 in four distinct points and a =b2 -5b + 7, then b

Since, the sum of distances of A from two given fixed points B 
and C is always 10.
Here, B and C are foci.
;. Centre (5, 0) and distance between foci =6

2a, e=6
6 3e = — = -
10 5

• Ex. 4 A ray emanating from the point (0, 6) is incident on 
the ellipse 25x2 +16y2 =1600 at the point P with ordinateS. 

After reflection, ray cuts the Y-axis at B. The length ofPB is
(a) 5 (b) 7 (c) 12 (d) 13

Sol. (d) v Ellipse is 25x2 + 16y 2 = 1600
2 2

^ + ^ = 1 
82 102

Y

k

Let mid-point of QR is T(x, y), then 
2I=(^)cos9 

a 
2ax=(a2 -b2)cos0 

(a2-b2) . 
---------- sin0 

b
2by = -(a2-b2)sin0

1
a>l 

a=b2-5b + 7

b2-5b + 7 >1

b2-5b + 6>0

(b-2)(b-3) > 0 
be(-«>,2)kj(3,«>)
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[vB>A] =>

or=>

= 1 is the X-axis, is

or

or
or

for circle

X = - 22

=>5xsec 0-4y cosec 0=9

=>

=>

25tan20 + 16cotz0>40

or 
or

3a2 
4(a2-l)

Therefore, the circle is x2 + y2 = 1

or
Hence, maximum value of ab is 4.

Thus, maximum value of p is 1.

+ /=!

4a2 + b2

— £ 2ab 
2
ab<4

x2

• Ex. 8 If p is the length of perpendicular drawn from the 

x2 y2
origin to any normal to the ellipse —- + = 1, then the

maximum value of p is
(a) 5 (b) 4
(c)2 (d)l

Sol. (d) The equation of any normal at (5cosQ4sin0) to the ellipse 
2 2x y

— + — = 1 is
25 16

• Ex. 9 lff(x) is a decreasing function, then the set of 

values of ‘k’, for which the major axis of the ellipse

f(k2+2k+5) f(k+V\)

2,3)
(b) k 6 (-3, 2)
(c) /te(-oo,-3)u(2,oo)

(d) *GH»,-2)u(3,~)
Sol. (b) v f(x) is a decreasing function and for major axis to be 

X-axis.
/(fc2 + 2k + 5)>(/(Jt+ll) 

k2 + 2k + 5<k + U

k2 + k-6<Q

(Jt + 3)(k-2)<0 
fee (-3,2)

• Ex. 10 If a tangent of slope 2 of the ellipse — + >L=1;J 
a2 b 

normal to the circle x2 + y2 + 4x + 1 = 0, then the maximum 

value ofab is
(a) 1 (b)2
(c)4 (d) 8

Sol. (c) Equation of tangent is y =2x + ^(4az + b2)

This is normal to the circle 
xz + y2 + 4x+l = 0

This tangent passes through (-2,0), then 

0 = -4 + 7(4a2 + b2) 
4az + bz = 16

AM>GM

A2 = B2(l-e'2)

B2 a2
e'-e

x2 x2
• Ex. 7 If the curves — + y2 =1 and — + y =1 for a 

4 a2
suitable value of a cut on four concyclic points, the equation 
of the circle passing through these four points is

(a) x2 + y2 = 8 (b) x2 + y2 = 4

(c) x2 + y2 = 2 (d) x2 + y2 = 1

Sol. (d) The equation of conic through the point of intersection of 
given two ellipses is 

(x2
—+ y2-l +I 4

25tan20 + 16cot20+ 41 >81

- 9 —<1 
7(25tan20+16cotz0+41)

p<l

|0 —0 —9| __________ 9__________
^(25secz0 + 16cosecz0) ^/(25tan2 0+ 16cot20+ 41)

Now, AM > GM
25 tan20+16cot20

----------- > ^25 x 16 = 20

x2 f—+ +y2(i + X)=(i + A)
k.4 a2)

a2 + 4X>

4a2(l + 

a2 + 4X
4a2(l + X)
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i

i

Ui)

or 3,
or

T'M -3,and

0(x-3)(x + 3) + y- y-

=>

•••(**)or

[•.• foci of the given ellipse are (± 4,0)] = 1, where• Ex. 14 Consider the ellipse

M(h, k)

X<* >xc s

Y

■ This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct.

(b) x2 = a(a + y) 

(d) y2 = a(a - x)

or (/i ± 4)z + k2 = 100

Hence, the locus is (x ± 4)2 + y2 = 100

hi 4
2

2(1 + cos9)^|_ 
sin0 J

JEE Type Solved Examples:
More than One Correct Option Type Ouestions

b2
Sol. (a, b) v Extremities of the latusrectum are ae, ± —I a.

2(1 - cos 0)^ 
sin0 J

2(1 + cos 0)^1 
sin0 J

Equation of circle on TT' as diameter is 
2(1 - cos 0) 

sin 9

• Ex. 12 The locus of the image of the focus of the ellipse 
2 2x y

— + — = 1, with respect to any of the tangent to the ellipse
25 9
is

• Ex. 13 A tangent to the ellipse 4x2 + 9y2 =36 is cut by 

the tangent at the extremities of the major axis at T andT'. 
The circle TT' as diameter passes through the point

(a) (-5/5,0) (b) (5/5,0)

(c) (5/3,0) (d) (-5/3,0)

Sol. (a, b) Given equation of the ellipse is 4x2 + 9y2=36
2 2x y — + —=1

9 4
The equation of tangent at (3 cos 0,2sin 0) is

— cos0+ —sin0=l 
3 2

which meets the tangent at x=3 and x = -3 at the extremities 
of major axis

2 2
^+-L_

2 2tan a sec a
a G (0,7i: 12). Which of the following quantities would varyas 
a varies?

(a) degree of flatness (b) ordinate of the vertex
(c) coordinate of the foci (d) length of latusrectum 

Sol. (a, b, d) In a e (0,7t/2)
2 2sec a > tan a

.’. Coordinates of foci (0, ± y](sec

is independent of a.
Vertices are (0, ± sec a) and latusrectum 

2a2 2 tan2a 
= ■■ — =------------------------------------------------

b sec a 
ae(0,n/2)

=> tan a e (0, «>) and sec a e (1,0°)
Hence, a « degree of flatness.

• Ex. 11 Extremities of the latusrectum of the ellipse 
x2 y2
— + — = 1 (a > 5) having a given major axis 2a lies on 
a b

(a) x2 = a(a - y)

(c)y2 =a(a+ x)

x2 + y2—— • y-5 = 0 
sin0

(x2 + y2-5)--^-y = 0 
sin0

Clearly Eq. (ii), passes through point of intersection of
xz+ y2-5 = 0andy = 0 i.e., (±4s,0)

za + tan2 a))i.e.,(0,±l)which

T J xLet x = ± ae and y = ± —
a

xz = a2e2 and b2 = ± ay 

x2=a2-b2 and b2 = ± ay 

x2=a2iay or x2 = a(a±y)

(a)(x + 4)2 + y2 = 100 (b)(x + 2)2 + y2 = 50

(c)(x - 4)2+y2 = 100 (d)(x - 2)2 + y2 = 50

Sol. (a, c) Let M(h, k) be the image SM cuts a tangent at a point 
which lies on the auxiliary circle of the ellipse, therefore 

2 p 
+ -=(5)2 

4
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a sin a

=>

(c) (d)

a~mt +

•(vi)

[say]
(b)

(c) (d) =>
k 7 \2

,2
2k 7

[v0<e<l]

=>
2

JEE Type Solved Examples: 
Paragraph Based Questions

b —cot a
a

■ This section contains 2 solved Paragraphs based upon 
each of the Paragraph 3 multiple choice questions have 
to be answered. Each of these questions has four choices 
(a), (b), (c) and (d) out of which ONLY ONE is correct.

Paragraph I
(Q.Nos. 16 to 18)

A sequence of ellipses Ev E2, E3,..., En is constructed as 
follows: Ellipse En is drawn so as to touch ellipse En_} as 
the extremities of the major axis ofEn _, and to have its foci 
at the extremities of the mirror axis ofEn _ v

16. If En is independent of n, then the eccentricity of 

ellipse Ep_, is

(a)

k 7

17. If eccentricity of ellipse En isen, then the locus of 

is

(a) a parabola
(c) a hyperbola

(b) an ellipse
(d) a rectangular hyperbola 

x2 v2
18. If equation of ellipse E} is —+ ^- = 1, then the

Sol.
2 2

16. (b) If En: + —- = 1 and eccentricity of En is en
bn

equation of ellipse E3 is
x2 v2 x2 v2(a) —+ —= 1 (b) —+ 2L = 1
9 16 25 49
2 2 2 2(c)^ + Z_ = , (d)^ + >L = 1

25 41 16 25

If “n>hn
Then. b2=a^(l-e2) ...(i)

According to the question, ...(ii)
and ^-i=Vn -(iii)
For ellipse En_v a2,^ = b2_1 (1 -e2_,) ...(iv)

From Eqs. (i) and (ii), we get b2_t = a2 (1 - e2) ...(v)

Substituting the values of and b2_t from Eqs. (iii) and (v) in 
Eq. (iv), then

=> e2=(l-e2)(l-ei.j)

v En is independent of n 

en=en-l=e

From Eq. (vi), we get
e2=(l-e2)2

e4 -3e2 + l = 0

2 3±V5 612^5 f>/5±l 
e =--------=------

2 4

V5-1 e=-------
2

17. (d) From Eq. (vi), e2 =(1 ~e2)(l -e2_,)

Locus of (e2 e2,) is

f bsin0-bsin0)__ b cos a
Vacos(|>-acos0

/0+0>| • k2cos------ Lsini-------I 2 / \ 2 J.

( 0+tan a = tan!------

m-

• Ex. 15 Let A(0) and 8(0) be the extremities of a chord of 

an ellipse. If the slope of AB is equal to the slope of the 
tangent at a point C (a) on the ellipse, then the value of a is

(a)®±* (b)L+
2 2

0+<|> /JX0*^—^ + 7t (d)—-x-n
2 2

Sol. (a. c) v Slope of AB = Slope of tangent at C

x=(l-x)(l-y) 
xy-2x-y + 1 = 0 

Here, a = 0, b = 0, c = 1, 

2 2

A = 0 + 2x--x-lx--0-0-1x—=—^0 
2 2 4 4

and h2>ab,a + b = 0

=> rectangular hyperbola.

k “ 7
( r kV3-1

2

n-2 
3-7T

'2-V3X
2
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(vii)

>xX'*

>x
Ex

D

Y'

From Eq. (vii), e2 =

...{>)=>
and then, e3 =

.(ii)

=>and

or

19. (c)a [from Eq. (i)]

= 48.5
(c) 6571(b) 6471 (d)667l

4
^41

3
5

2-<J
y

<1 b

13 - , 5a=— and b = -
2 2

'l-ef

2 2
Ellipse E, is — + — = 1

25 41

Paragraph II
(Q. Nos. 19 to 21)

x2 y2Consider an ellipse E: — + — = 1, centred at point O’ and 
a o

having AB and CD as its major and minor axes respectively 
ifS} be one of the focus of the ellipse, radius of incircle of 
AOCS) be 1 unit and OS} =6 units.

19. If area of ellipse (£) is Asq unit, then the value of 4A 
is
(a) 6371

4A=65tt

20. (b) p=(OS1 + OC + CSi)=6 + b + a

, 5 13=6 + —r ——15 
2 2

21. (a) Equation of director circle of E is
x2 + y2=a2 + b2 

_ 169+ 25
4

___16
2-1

k 167

13 5& = nab = 7t x — x-
2 2

fi-’l
__ 25
2-1

k 25/

Also, Oj = and b} = b2
b2 = 4 = b3e3 => b3=V41

a32 = &2(l-e2) = 41(l--^|=25
k 4iy

2 2x y=— +—=i
9 16

a, =3, i>j =4 and 9 = 16(1-e,2) 

fl
e,=T

18. (c) From Eq. (vi), en =

v In radius of AOCSj = 1

r-2—‘ 
^(6 + a + h)

b = —(6 + a)

Also, b2 = a2(l-e2) = a2-36

From Eqs. (i) and (ii), we get

—(6 + a)2 = a2-36
25

2a2-a-78 = 0

13 ,a =—,-6
2

20. If perimeter of AOCS, is p units, then the value of p is

(a) 10 (b) 15 (c) 20 (d) 25

21. The equation of the director circle of(£) is

(a) x2 + y2 = 485 (b) x2 + y2 = 97

(c) x2 + y2 = V485 (d) x2 + y2 = ^97
Sol.

v OSl=ae=6, OC = b

/. CSj = V(OS1)2 + (OC)2 = 7(a2e2 + b2) = a

AreaofAOCSj^xOOSJxfOC) =-x6xfr=3b 
2 2

and semi-perimeter of AOCS] = -(OSj + OC + CSj) = -(6 + o + b)
2 2
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-(iv)

is
x.

= 4or

...(i)

...(ii)But

2
Now, let

(v-1 <COS0<1)

...(iii)

■ This section contains 2 examples. The answer to each 
example is a single digit integer, ranging from 0 to 9 
(both inclusive).

JEE Type Solved Examples:
Single Integer Answer Type Questions

and 
Hence,

a

£x1x2x3
Xl X2X3Xi

fv V 1

2(a2-b2) 
a2h

2>y2)>

2ha2 
(a2-b2)

ki=l XiJ

y2
+ — -1, then the difference between the largest

k2
-Aa2 -x'2){a4h2 + (b2-a2)2x'2 + 2a2hx'(b2 -a2)} 
a

- x,2){a2h + (b2 -a2)x'}2 = b4k2x'2

( 4

• Ex. 23 Ifx, yeR, satisfies the equation 
(x-4)2 t y 

4 9
2 2x y 

and the smallest value of the expression — + is

(x-4)2 y2-------— + — = 1 are
4 9

• Ex. 22 If the normals at the four points 
2 2

(x3,y3) and(xA,yf) on the ellipse—- + —=1 are 
" b

( 4 i A 
concurrent, then the value of .

A=i 
Sol. (4) Let point of concurrent is (h, k).

Equation of normal at (x'.y') is 
x-x' _y-y' 
x'a2 ~ y'b2

It is passes through (h, k), then 
y'2{a2(h-x') + b2x'2} = b4k2x'2 

^'2 ,/2 k2

a b a
Value of y z2 from Eq. (ii), putting in Eq. (i), we get

= b4k2x'2

Arranging above as a fourth degree equation in xz, we get
=> -(a2-b2)2xz4 +2/ia2(a2-h2)xz3 + xz2(...)

-2a4h(a2-b2)x'+ a6h2 = 0

above equation being of fourth degree in xz, therefore roots of 
the above equation are xp x2, x3, x4, then

. 2ha2(a2-b2)
(x1 + x2 + x3 + x4)=- _(fl2_pp-

Sol. (8) Parametric coordinates on

(4 + 2cosQ3sin0) 
2 2„ x y 

E = — + —
4 9

_ (4 + 2 cos 0)2 (3sin 0)2
4 9

=(2 + cos0)2 + sin20

= 4 + 4cos0+ cos20 + sin20

=5 + 4cos0
Emax=5 + 4(1)=9 
£min=5 + 4(-l) = l 
£max-£min=9~1=8

fl 1 1 1
—+—+—+---

X2 x3 X<J

2a4h(a2-b2)
-tf-b2)2

a6h2
-(a2-b2)2

Multiplying Eqs. (iii) and (iv), we get
7 / 1 1 1
(x1 + x2 + x^ + x4) — + — + — + — =4

Vxj x2 x3 x<)
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Column II

(P)A. 3

Let/(x) =

,x>2

and

(q) 4

[A and A' are vertices](r) 5

(s) 6

[given]

=8=>

• Ex. 24 Match the following
Column I

JEE Type Solved Examples: 
Matching Type Questions
■ This section contains only one example. This example 

has four statements (A, B, C and D) given in Column I 
and four statements (p, q, r and s) in Column II. Any 
given statement in Column I can have correct matching 
with one or more statement's) given in Column II.

respectively. If O is the origin, then area of AOAB 
is divisible by

4
3

Sol. (A) -> (p, q, s); (B) -4 (p, r, s); (C) -> (r); (D) -> (p, q, s)

(A) Lt /(x) = Lt f(x) = /(2)

Now, h + + M+N = -l + 2 + 25 + 4 = 30
(C) Here, a =5, b - 4

h2=a2(l-e2) => 16=25(1-e2)

3 e = -
5

Required locus is
x2 + y2=a2 + bz=8+'4 = 12

r2=12

(B) v Major axis on the line y = 2 and minor axis on the line 
x=-l

Centre of ellipse is (-1,2)
=> h=-l,fc=2
Also, 2a = 10 and 2b = 4

M = a2=25

N = b2 = 4

r ♦ /i Lt a
h-*0

Foci (±3,0)
Here, SA =2
Also gives PS =2

P coincides with A and Q coincides with A'
PQ= 2a =10

r~ r~ x2 y2
(D) Let (V27 cosQ V48 sin0) be a point on the ellipse — + ~=1

x2 y2D. A tangent to the ellipse — + — = 1 having slope 

cuts the x and y-axis at the points A and B

.'. Locus of the pair of perpendicular tangents to the ellipse
2 2

^ + ^■ = 1 
2 k2 a b

Equation of tangent at (V27 cos 0, V48 sin 0) is 

xcos0^ ysin0_j 
V27 V48

, V48 COS0slope = —7= • -—- = - - V27 sin0 :
tan0=l

0 = -
4

x yEquation of tangent is —f= + —7= = 1 
<54 y/96

Area of triangle = - X 3^6 x 4^6 =36 
2

B. If the ellipse + —~ =1 has major axis

on the line y = 2, minor-axis on the line x = -1, 
major axis has length 10 and minor axis has length 
4. Then, h + k+ M + N is divisible by

x2 v2C. If PQ is a focal chord of ellipse — + — = 1, which
25 16

passes through S(3,0) and PS = 2, then length of 
PQ is divisible by

ax, x < 2 
8, x =2 

b(x2-b2) 
(x-2)

If f is continuous at x = 2, then the locus of the 
pair of perpendicular tangents to the ellipse 
x2 v2— + = 1 is x2 + y2 = r2, then r2 is divisible by
a2 b

= Lt w+hf-v) 
h->o 2 + h—2

2 L T (2 + h)2-b2 n 
a=b Lt ---------------=8

fi-»o h

at h —> 0, (2 + h)2 — b2 —> 0 

b2=4anda2=8

http://www.510
http://www.510
http://www.jeebooks.in


511Chap 06 Ellipse

or

=>

=>

=>

or

or

Subjective Type Questions
■ In this section, there are 12 subjective solved examples.

P(a)

X'< >X

°(P) «(7)

—(i) r
v Circumcentre of iXPQR be-(ii)and

JEE Type Solved Examples: 
Statement I and II Type Questions

&PQR is equilateral.
Centroid of the A.PQR is same as the circumcentre.

y

2a/3x + y =8 is a tangent to the ellipse, the auxiliary circle is 
x2 + y2 = 16.

Hence, Statement I is true and Statement II is false.

■ Directions (Ex. Nos. 25 and 26) are Assertion. Reason 
type examples. Each of these examples contains two 
statements.

Statement I (Assertion) and Statement II (Reason) 
Each of these example also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below.
(a) Statement I is true, Statement II is true; Statement II is 

a correct explanation for statement I
(b) Statement 1 is true, Statement II is true, Statement II is 

not a correct explanation for Statement I
(c) Statement I is true, Statement II is flase
(d) Statement I is false, Statement II is true

• Ex. 27 Find the locus of the centroid of an equilateral 
triangle inscribed in the ellipse

x2 y2
a b

Sol. Let the vertices of the equilateral triangle P, Q and R and 
whose eccentric angles are a, P and y.

Let the centroid of &PQR be (h, k) then

/i = ^(cosot+ cosp+ cosy) 

k = (sin a + sinP + sin y)

, . x2 y2
Statement II Equation of chord of the ellipse— + -— =1 

a b

• Ex. 25 Statement 1 Feet of perpendiculars drawn from 
foci of an ellipse 4x2 + y2 =16 on the line 2a/3x + y = 8 lie 

on the circle x2 + y2 =16.

Statement II If perpendiculars are drawn from foci of an 
ellipse to its any tangent, the feet of these perpendiculars lie 
on director circle of the ellipse.
Sol. (c) Simultaneously solving the equations of ellipse and the 

given line, we get
4x2+(8-2^x)2 = 16

x2 + (4-73x)z = 4 

4x2-8a/3 x+12 = 0 

x2-2^x + 3 = 0

(x-^)2 = 0

• Ex. 26 Statement II The condition on a and b for which 
x2 y2

two distinct chords of the ellipse — + = 2 P6155'^
a b

through (a, - b) are bisected by the line x + y =b is
a2 +6ab -7b2 >0.

whose mid-point(x}tyf) isT = S1
Sol. (a) Let (A, b -1) is a point on the line x + y =b, then equation 

of chord whose mid-point (A, b - A) is T=S}
Xx (»-X)y X2 (fe-X)2
2a2 2b2 la2 2b2

(a, - b) lies on Eq. (i), then
An ^-A.)=A2 (b-A)2 
2a2 2b2 2a2 + 2b2

A2(a2 + b2) -ab)d?a + b) + 2a2b2 = 0

For two distinct chords D > 0
a2b2(3a + b)2-8a2b2(a2 + b2) > 0 

=> a2 + 6ab — 7b2 >0

Hence, both Statements are true and Statement II is correct 
explanation for Statement I.
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Yi{cos a + cos0 + cos y + cos(a + 0 + y)}

*2

-4yiy2 = 4(a2-b2) Xi{sin a + sin0 + sin y - sin(a + 0 + y)} B

♦X0
cos(a + 0 + y) = h ...(iii)

a(a2-b2)

and ,(iv)

-X(/x + my -l)(l'x + m'y -1)

...(ii)and

R
Q(0)

R

Concyclic points
Coro : 2

• Ex. 29 An ellipse slides between two straight lines at 
right angles to each other. Show that the locus of its centre is 
a circle.
Sol. Let the length of major and minor axes of an ellipse are 2a 

and 2b and if the centre of the ellipse be C (h, k) 
If S (xpyt) and S'(x2,y2) be two foci of the ellipse, then

3^ _ h(a2 + 3fe2)

b2x(k-y) + a2y (x - h) = 0

=> (a2-b2)xy + b2kx-a2hy = 0

.*. The locus passes through the points where the lines 
lx + my -1=0 and l'x + m'y -1 = 0

meet the given ellipse,

fS'

q + 0 
2 

q-P
2

Point of intersection of Eqs. (i) and (ii) are 

a + P'j 
2 J 

a-pV
2 J

(3a2 + b2}2\2 ±y2=(a2-b2)2.

COS

a----
cos

sin 
b----

cos

k2

SS'=2ae
=> (x1-x2)2 + (y1-y2)2 = 4a2e2

=>(xi + x2)2 - 4x1x2 + (y} + y2)2

— + mm' = 0 
b2

a2ll' = b2 mm' = -l

(2h)2 + (2fc)2-4(x1x2 + yIy2)
-4(a2-t2) ...(i)

Since, the ellipse always slides between the two fixed lines OX 
and OY, they are always tangents to it. Therefore y],y2 and 
Xp x2 are perpendicular distances of the foci from their 
tangents whose product are always b2.

Hence, x1x2=y1y2=62

=> Eq. (i) becomes

4h2 + 4k2-8fe2 = 4(a2-t2)

=> h2 + k2=a2 + b2

Locus of the centre (h, k) is the circle 
x2 + y2=a2 + b2

0/

ZW)
/» <5

A

x2 +

2 2
• Ex. 28 If the normals to — + — = 1 at the ends of the 

a b
chords lx + my = 1 and T x + m'y = 1
be concurrent; show that a2U' = b2mm' = -1.

Sol. Let these normals meet in (h, k), then their feet lie on the 
curve

• Ex. 30 Triangles are formed by pairs of tangents drawn 
from any point on the ellipse a2 x2 +b2y2 =(a2 + 62)2 to

2 2. u X V
the ellipse— + -— =1, and the chord of contact. Show that 

a bl
the orthocentre of each such triangles lies on the ellipse. 

2 2' x ySol. Let the coordinates of P and Q on the ellipse — + =^=1 are 
a b

P = (a cos a, b sin a) and Q=(a cos0,I?sinP)
Equation of tangents at P and Q are 

x y
— cosa + — sina=l
a b

— cosP+ — sin0 = l
a b

( 2 2x y

=(a2-b2)xy + b2kx - a2hy

Comparing the co-efficients of x2,y2 and constant terms.

-^-Xll' = 0,-^-‘kmm' = 0>-l -A = 0 
a* u

+ ZZZ = O and 
a2 -^X^ = 1 

a2 b2
a2x2 + b2y2 = (a2+b2)2

4a

. (fc2-«2) 
AC — 

4b
Using Eqs. (i) and (ii), then

4a

.... (3a2 + b2)k 
sin(atP + Y) = 

b(a -b )

Squaring and adding Eqs. (iii) and (iv), we get
(q24-3fe2)2 2
a\a2-b2)2 '

Hence, locus of (h, k) is
(a2 + 3b2)2

a2

,2 . (3a2 + fe2)2 
b\a2-b2)2
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If it touches

[from corollary]then
=>

= 1+
...(iii)

=>
,2

...(iv)

...(v)

sincos
x =

...(i)
(vi)

,(ii)

y

0)

X'* *xcA* (ill

...(i)

...(iii).2
...(ii)

•■■(iv)and

'T fa, yj

b siia cos*XX'< C AQ
coscos

= 4...(iii)

(say)or

which is true by Eq. (iii).
Hence, the orthocentre of the triangle lies on the ellipse.

(TO,

This point R lies on the ellipse 

a2x2 + b2y2=(a2 + b2)2 

a + P 
2

a + P 
2 

<x-P 
2

r
Let points P (a cos a, b sin a) and Q(a cosP, b sinP) on the 
ellipse (ii). Equation of tangents at P and Q are

x y
— cosa + — sina = l 
a b

a + P 
2 

a-p 
2

f a + P
I 2

2 J

a + P^

2 J

b3 
a2 + b

a 
a2l2 + b2m~ =n

2-2 b2y2 
b2(a + b)2

.2

Y
Chord of contact of(xltyj) w.r.t ellipse (ii) is

! yxi
a(a + b) b(a + b)

lx + my =n

— cosP+ — sinP = l 
a b

Point of intersection of Eqs. (iii) and (iv) is 
a + P 

2
<x-P 

2

X2 
to----

a2 b
Sol. The given ellipses, are

,2
COS

"a + P
< 2 J

2 J 
this point A satisfy Eq.(i) 

cos2

=(a2 + h2)2cos2

+ b4 sin2

cos2

sin2

-

cos2l

a *1 

a2(a + b)2 

x2 + y2=(a + b)‘

Locus of Tlxj.y,) is x2 + y2=(a + b)‘ 

= a(a + b)+ b(a + b) 
which is the director circle of (ii).
Hence, PT and TQ are intersect at right angle.

+ b4 sin2

=(a2 + b2)2 cos2

x2 y2
• Ex. 32 From any point on the conic — + — = 4, 

a b
x2 y2

tangents are drawn to the conic — + — = 1. Prove that the
and y -

then, a4 cos2

a4 cos2

a3
a2 + b2 cos

• Ex. 31 Show that the tangents drawn at those points of 
x2 y2

the ellipse — + — =(a + b), where it is cut by any tangent 
a b

y2
+ — = 1, intersect at right angles.

2 2S+2L = 1 
a2 b2

_2C_ + _/_=i 
a (a + b) b(a + b)

P

2 2
^+>L = 1

2 b2
2___2

a2 b~ 
normals at the points of contact meet on the conic

a2x2+b2y2=-(a2-b2')2.
4

Sol. Equations of concentric ellipses are 
2 2

^-+>L=4 
„2 J.2a b

2 2
^ + ^- = 1 
a2 b2

q + PY 
2 )

«-p)
2 )

The equation of the line of perpendicular from Q on the 
tangent at P is

a sin a (x - a cosp) - b cos a (y - b sinp) = 0
Similarly the equation to other perpendicular will be

a sinp(x-a cosP)-& cosP(y-bsina) = 0 
On solving Eqs. (iv) and (v), we get 

a + P 
2 

a-P 
2

Since, this orthocentre lies on ellipse 
2 2

^+^2=1 
a b 

a + P 
2
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and

or

cosacosp-2cos

2 sin cos

-0)
and y =

cos

,(ii)=> y
= ± 2 cos a cos P cos [From (v)]

[cos (a + p) + cos (a - p)]= ± cos

[Using (v)]= ± cos

2

Similarly,

...0)the triangle PSS' is an ellipse whose eccentricity is

and ax sec
2

2
their slopes are

•■■(vi)

..(vu)

q-p> 1
1’2

If 2e y 
|l + e)

a + pA'
2 J

a + p
2

a + p^j ’
2 J

a-p 
2

a + p
2

a+P
2

which represents an ellipse.
Let Cj be its eccentricity. 
. b2e2 
”(e + l)2

a x

ax
~2 l2 a - u

ax
T^b2
a2x2 

(a2-b2)2

cos(a + P) +1

cos(a + P)-|

cos (a + p) -1

1=4 cos2

= cosz

• Ex. 34 Prove that the eccentricity of the ellipse
+£ Misgiven by 2 CM =

“2 t>2 7<1-e2)
where, co is one of the angles between the normals at the

7C
points whose eccentric angles are 0 and — + 0.

Sol. The equation of the normals at two given points 0 and — + 0 
are 2

=sinz

ax sec 0 - by cosec 0 = a2 - b2

y + 01 - by cosec I — + 0l = a -b ...(u)
Sol. Let the given ellipse be 

2 2S+Z_ = 1 
a2 b2

=> e2 = l — 
a

= a2e2(l-e2)
b2y2

(a2-b2)2

2-2 b2yz
+ (a2-b2)2

= cos2 (a + P) + - - cos2 (a + p)
4

Hence, required locus is

a2x2 + b2y2=^-(a2-b2)2

Let the coordinates of P are (a cos (|>, b sin 0)
P(acos<j>,bsin $)

/\

y i(x.y)
S’L____ ?ae____\s

(ae.O)

■2 1-e 2e
= 1--------=------ => e. =

1 + e 1 + e

S’2—
(-ae,0)

By hypothesis,
b2 = a2(l-e2) andS(ae,0),S'(-ae,0)

SP = focal distance of the point P
~a~ae cos<|> andS'P = a + ae cos0

Also SS' = 2ae
If (x,y) be the incentre of the tsPSS', then

_ (2ae) a cos (|) + a (1 - e cos (j)) (-ae) +1 (1 -+ e cos 0) ae 
2ae + a(l -ecos([>) + a(l + e cos0)

x = aecos0
2ae(bsin<|>) +a(l + ecos<[))-0 + a(l -ecos0)-O 

2ae + a(l -ecos(J>) + a(l + ecos(|))
_ eb sin <j)
"(e + 1) 

Eliminating <j> from Eqs. (i) and (ii), we get 
2 2

aV [±_ 
e+1

• Ex. 33 A variable point P on an ellipse of eccentricity e, is 
joined to its foci S, S' prove that the locus of the incentre of or 

j+e>

a _ . a _
m1=-tan0 and m2= — cot0 

b b

b2
2(e + l)2

2=1

I 2 } 
= 1 + cos(a-P) 

cos(a-P) = -i

Equations of normals PR and QR are 
ax sec a - by cosec a = a2 - b2 

ax seep-by cosec P=(az -b2) 

axsina-by cosa=(a2 -b2)sinacosa 

axsinP-by cosP = (a2-b2)sinpcosP

Multiplying Eq. (vi) by cosP and (vii) by cos a and subtracting, 
we get

axsin(a-p)=(az -b2) cosacosp(sina-sinP) ^)sinp^
2 

o fa+Pcos a cosp cos I —~—

ex—pT
2 J

(e + 1)2

1
4

n
2

<b*

http://www.514
http://www.514
http://www.jeebooks.in


515Chap 06 Ellipse

=>
a-a

2ab sin sin sin
7 k

(a>b)

p^. -.(i)orQ(P)

X'* >x

sina 1cos a

siny 1cosy

= — (sin(y-p) + sin(a-y) + sin(p-a)]

-2sin coscos

= ab sin cos -cos

=2absin

/. Area of APQP=2ahsin •(i)

and

(iii)

and

b
a

Area of i\PQR
Area of APjQJ^

2 cot co 
sin20

2ab 
(a2 -b2)sin20

a-p 
2

a-P
2

a-p^
2 J

a-P 
2

y-aj

{taking b - a in Eq. (i)}

a-p
2

a-p^
2 J

< a-P

■ fp-v). r sm ------ sinI 2 J I

= sin 20 
,2

. (n 4rt ] . (n 27t) f 47t | ( 2Hsin 0+— =sin 0----- Leos 0+— =cos 0------
I 3 J k 3 J 

sin f 20 + — =sin f 20- — 
3 .

ab
= — 2 sin 

2

nu-m. tan co=—--- — =
1 + rr^rrij

= -(a2-i>2)sin| 20+—
2 I 3 .

• fP"Y^ • (Y-a) sin -----  sin ------I 2 J L 2 )

Similarly, the other normals

. fA 27t> , (_ 2tcax sin 0 + — - by cos 0 + —
I 3 ) I 3

a
— (cot 0 + tan 0)

"mt b 7 
a2e2 
yjl-e

• Ex. 35 Show that the area of the triangle inscribed in an 
ellipse is

fa-p
2

k
(a2-t2)sin20 2 cot co = --------- ------ - =

ab
e2

^7)

y-a^
2

.'. (Area of APQP) = ( - ] Area of (AP^P,)
\aj

/.Area of &PQR is the greatest when area of AP^P, be the 
greatest and hence AP^P, must be equilateral

o o 2na-p=p-y=y-a=y

/. The eccentric angles of P, Q, R will be
2ti 4n

a,a +—,a + —
3 3

• Ex. 36 Let ABC be an equilateral triangle inscribed in 
the circle x2 +y2 = a2 suppose perpendiculars form A, B, C 

to the major axis of the ellipse 
x2 y2 .— + L— =1 
a2 b2

meet the ellipse respectively at P, Q, R so that P, Q, R lie on 
the same side of the major axis as A, B,C respectively. Prove 
that the normal to the ellipse drawn at the points P, Q and R 
are concurrent.
Sol. Equation of normal at P(a cos ft b sin 0) is 

axsecQ-by cosec 0=(a2-b2) 

ax sin 0-by cos0 = |(a2 -b2)sin20

I 2 J 
where a, £, y are the eccentric angles of the vertices and 
hence find the condition that the area of a triangle inscribed 
in an ellipse may be maximum.
Sol. The vertices of the triangle PQR are

P=(a cosa,fcsina)
Q=(a cosP,bsinP) 
P=(a cosy, 6 siny)

Y

ft(7) 
i r 
Y

acosa bsina 1
/. Area of APQR = -acosP tsinP 1 =~ cosP sinP 1 

a cosy bsiny 1 

ab.
2...............
f 2y-a-p
A 2
2y-a~p 

2

■ Isml —Isml

271
3

27t
3

471
3

1
2

1
2

ab
2

47t
3

= i(a2-b2)sin| 20+—
2 k 3 ;

a-y 
2

a-P 
2

If Pi, Pj be the points upon the auxiliary circle 
corresponding to points P, Q, R, then

Area of APjQP, = 2a2 sin

ax sin | 0+ —|-by cos| 0+ — 
k 3 1 1

1
2‘

. 4tc

3
87t
3
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Further the three normals are concurrent, then cos20

COS0

= 0

0 = cos

LHS =

= 0

(•■Ri=R2)

-(i)

.-(ii)But or
COS

.<1.2 '2)x'}2 = b4k2x‘2

...(iii)

•(iv)

Sol. Let S and S' be the foci of one ellipse and H and H' be 
the other, C being their common centre. Then, SHS'H' is 
a parallelogram and since

SH + S'H = HS'+H'S'=2a

concurrent. Prove that 

(*i + x2 + x3 + x4)

2(a2-b2) 
a2h

sin0 cos0
2sin0cos— 2cos0cos^- 2sin(20+2n) cos^- 

8nA
3 J

Since, the sum of the focal distances of any point on an ellipse 
is equal to its major axis which is 2a.
Then CS = ae,CH = ae'
Let 0 be the angle between their axes, 
then

• Ex. 37 If two concentric ellipses be such that the foci of 
one be on the other and ife and e' be their eccentricities. 
Prove that the angle between their axes is

U(e2 +£2 -1)
ee'

Replacing Xj by a cos a, x2 by a cos£, 
second form
i.e. E cos aS sec a = 4.

1 „21 —e — e ~ „2„z2 = — e e

sin0
sin0

• fo 271 sin 0------
I 3 .

h2
=> — (a2-x'2){a4h2 + (b2-a2)2 x‘ 

a
Arranging above as a fourth degree equation in x', we get
=> -(a2 - h2)2x'4 + 2ha2 (a2 - b2) x'3 + x'2 (...)

sin0
• fQj_271 sm 0+ —

I 3 .
■ (a 2n 

sm 0-----
k 3 .

Applying R2 R2 + R3, then

COS0
COS0

(a 271 cos 0-----
V 3 .

-x'2)

COS0

COS 0+----
I 3 , 
(a 271 
I 3 ,

sin20
f 471 sin 20+—
k 3 .

sin (20+ —
I 3 .

2ha2 
(a2-b2)

/2 + 2a2hx'(b2 -a2)} = b4k2x'2

'2-l
ee'

1 -J(e2 + e'
ee'

1111— + — + — + — 
(.Xi x2 x3 x4

2a4h(a2-b2)
_ ~(a2~b2)2 

abh2
~(a2-b2)2

Multiplying Eqs. (iii) and (iv), we get 
. / 1 1 1 1 , 
(Xj + x2 + x3 + x4) — + — + — + — =4 

k*l X2 *3 XJ

etc, then, we get the

/2-l

• Ex. 38 If the normals at the four points(xvy}),(x2,Y2)> 
22 X V(x3,y3) and(x4,y4) on the ellipse — + — =lare 

a2 b2

f 1 1 1 1 .— + — +— + — =4 
<*1 X2 X3 X4) 

or (Scosa)(Eseca) = 4
where, a, p, Y, 8 are the eccentric angles of the points. 

Sol. Let point of concurrent is (h, fc).

Equation of normal at (x',y') is
x-x'=yt-y' 
x'/a2 y'/b2

It is passes through (h, k) then
y'2 {a2(h-x') + b2x'}2=b4k2x'2 

x'2 y'2 ,2 b2 2-3-+^- = ! or /2=7(o2 
a b a

Values of y '2 from Eq. (ii), putting in Eq. (i) we get 
1,2 

-r(a2-x'2){azh + (b2-a 
a

SH2 =a2e2 + a2e'2 -2a2ee'cos0

HS'2 =a2e2 + a2e'2+ 2a2ee'cos0

Now, 2a=SH + S'H
Squaring both sides, then

4a2 =(SH)2 + (S'H)2 + 2 (SH)-(S'H)

4a2 = 2a2 (e2 + e'2) + 2 -J(a2e2 + a2e'2 )2 - 4a4e2e'2 cos2 0

(2 - e2 - e'2 )2 = (e2 + e'2 )2 - 4e2e'2 cos2 0

4 + (e2 + e'2 )2 - 4 (e2 + e'2) =(ez + e'2 )2 - 4e2e'2 cos2 0

~(a2-b2)2x'4 +2ha2(a2-b2)

-2a4h(a2-b2) x'+ a6h2 = 0

above equation being of fourth degree in x', therefore roots of 
the above equation are xp x2, x3, x4 then

, . 2ha2(a2-b2)
(x, + x2 + x3 + x4) = - ■ _(Q2_b2)2~ =

Sx^x.;
Xj • x2 • x3 • x4

sin20
sin20

sin f 20 + —
V 3 .

2n
3

27t
3 

• (a 271' 
k 3 >

sin20 
2ti _ .
3

■ „ 27t^ . n 87t 
cos 0----- sm 20 + —

I 3
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=1 represents an ellipse with X-axis+

(c)(-U) (d) (0,5)

(d)(0,9)2. If represents an ellipse with+

41)(b)[X3]
y2

fW) ' /(a2-5)
major axis as Y-axis and / is a decreasing fucntion, 
then
(a)ae(-oo,i)(b)ae(5,oo)(C)flG(1,4) (d)ae(-|5)

3. The curve represented by the equation
x2 y2

= 1 is
2

■ This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct.

1. Given / is increasing, the equation 

x2 y2
7(S) + /(fl2-3) 
as major axis if 
(a) [-X3] 

x2

6. A circle of radius -7= is concentric with the ellipse 
V2

y2
— =1, then the acute angle made by the 

tangent with the line Vix - y + 6 = 0 is

(b)74

-r+------r2^-
V3 sin v3 - cos

1
(CA)2

. . 25
(c) —

144

g Ellipse Exercise 1:
Single Option Correct Type Questions

16 9
common

(a)I
(C)I

7. Consider the particle travelling clockwise on the
2 2x y

elliptical path — + — =1. The particle leaves the 
100 25

orbit at the point (-8,3) and travels in a straight line 
tangent to the ellipse, then the point will the particle 
cross the Y-axis is 
. X C 25 
(a) 0, - — 

k 3
/ x C 25 )(c) 0, —

I 3 J

x2 y2
8. C is the centre of the ellipse — + — = 1 andA and B 

16 9
are two points on the ellipse such that ZACB = 90°, 

1 1
then-------7 +-------- =

‘ (C5)2

(b)y
144

9. Let (a, p) be a point from which two perpendicular 
tangents can be drawn to the ellipse 4x2 + 5y2 = 20. If 

F = 4a + 3p, then
(a) —15<F<15 (b) F>0
(c)-5<F<20 (d) F < - 5 or F > 5x/5

10. If fl =[t2 -3t + 4] and b=[3 +5t], where[] denotes 

the greatest integer function, then the latusrectum of
x2 y2 3

the ellipse — + 4=1 at t = -is
a2 b2 2

(a) 20 (b) 10

(c); (d)77
5 10

11. If the line x + 2y +4 = 0 cutting the ellipse

x2 y2
— + — = 1 in points whose eccentric angles are 30° 
a b
and 60° subtends a right angle at the orgin, then its 
equation is

x2 v2
(a)T+7=’

16 4
(c) - + ^- = 1

4 16
(d) None of the above

sin 41 - cos

(a) an ellipse with foci on X -axis
(b) an ellipse with foci on Y-axis
(c) a hyperbola with foci on X-axis
(d) a hyperbola with foci on Y-axis

4. The minimum distance of the centre of the ellipse 
x2 y2
----- F -— = 1 from the chord of contact of mutually
16 9
perpendicular tangents of the ellipse is

144 16 9
(a)— (b)— (c)- (d) None of

5 5 5
these

x2 y2
5. Band Q are the foci of the ellipse — + 4 =1 and 8 is

a b
an end of the minor axis. If PBQ, is an equilateral 
triangle, then the eccentricity of the ellipse is

1 1(a) 4 (b)2
V2 3

1 J3(c)2 (d)24
2 2
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(b)

(c) (d)

+

2

(a) (b)

(c)(2,1)
(c) (d) None of these

17. The point, at shortest distance from the line x + y - 7 
and lying on an ellipse x2 + 2y2 =6, has coordinates 
(a)(VtV2) (b)(0,-V3)

(d)L/5,-U 
k V2 J

b - a
b

ci + b
a

12. An arc of a bridge is semi-elliptical with major axis 
horizontal. If the length of the base is 9 m and the 
highest part of the bridge is 3 m from the horizontal; 
the best approximation of the height of the arch 2 m 
from the centre of the base is 
, x 11 x 8(a) —m (b) -m

4 3

(c)-m (d) 2m
2

2 2x y
13. A tangent to the ellipse — + —= 1 at any point P 

25 16
meet the line x = 0 at a point Q. Let R be the image of 
Q in the line y = x, then circle whose extremities of a 
diameter are Q and R passes through a fixed point.

. . 9/j2 9/c2 3
(a)-r + vf + ta b 2
/ \ 9/j2 M2 ,
(c)~F + -7F + 3a b

20. A parabola is drawn with focus at one of the foci of
2 2x y

the ellipse —— + = 1, where a > b and directrix
a b

passing through the other focus and perpendicular to 
the major axis of the ellipse. If the latusrectum of the 
ellipse and that of the parabola are some, then the 
eccentricity of the ellipse is
(a) V2 - 1 (b) 73 - 1
(c) 2V2 - 2 (d) 3 73 - 5

21. If the maximum distance of any point on the ellipse 
x2 + 2y2 + 2xy = 1 from its center is r, then r is equal 
to
. . 76 + 1 
<a)—

73 + 1
2 2

22. The length of the common chord of the ellipse
—-1- + ——— =1 and the circle

9 4
(x-1)2 + (y-2)2 = 1 is
(a) zero (b) one
(c) three (d) eight

23. The eccentricity of the ellipse ax2 +by2 +2 fx
+ 2gy + c = 0 if axis of ellipse parallel to X-axis is

a + b^ 
b J

18. From a point on the axis of x common tangents are 
drawn to the parabola y2 = 4x and the ellipse 
x2 y2
— 4- ~ = 1 (a > b > 0). If these tangents form an 
a b
equilateral triangle with their chord of contact w.r.t 
parabola, then set of exhaustive values of a is

(a) (0,3)

(d)

19. If circumcentre of an equilateral triangle inscribed in 
2 2x y

— + ^y = 1, with vertices having eccentric angle 
a b
a,p,y respectively is (b, k), then £cos(a -0) =

(b) 9b2 - 9k2 +a2b2

... 9h2 9k2 3

(a) (3,0) (b)(4,0)
(c)(5,0) (d)(0,0)

14. If tangents PQ and PR are drawn from a point on the
x2 v2

circle x2 + y2 = 25 to the ellipse — + ~ = 1, (b < 4), 
16 b

so that the fourth vertex S of parallelogram PQSR lies 
on the circumcircle of triangle PQR, then the 
eccentricity of the ellipse is 
z . 7*5 x 75(a) — (b) —

4 3

(c)T ' (d)f
15. The equation of the chord of contact of the pair of 

tangents drawn to the ellipse 4x2 +9y2 =36 from the 
point (m, n), where m • n = m + n, m, n being non-zero 
positive integers is
(a)2x + 9y = 18 (b) 2x + 2y = 1
(c) 4x + 9y = 18 (d) 4x + 2y = 1

16. x - 2y + 4 = 0 is a common tangent to y2 = 4x and
2 2x y

— +^-y =1. Then, the value of b and the other 

common tangent are given by
(a) b = 7i; x + 2y + 4 = 0
(b) b = 3; x + 2y + 4 = 0
(c) b = 73; x + 2y - 4 = 0
(d) b = 73, x — 2y - 4 = 0
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(b)

(c) (d) None of these

(a)

(b)

(c)

X

'8161
10

g Ellipse Exercise 2:
w More than One Correct Option Type Questions

. -A • ♦ 11 21-
where mid-pointis I -, - Iis

27. An ellipse slides between two perpendicular straight 
lines.
Then, the locus of its centre is a/an
(a) parabola (b) ellipse
(c) hyperbola (d) circle

x2 y2
28. The length of the chord of the ellipse — + = 1,

24. A circle has the same center as an ellipse and passes 
through the foci F, and F2 of the ellipse, such that 
two curves intersect at four points. Let P be any one 
of their point of intersection. If the major axis of the 
ellipse is 17 and the area of triangle PF}F2 is 30, then 
the distance between the foci is
(a) 13 (b)11
(c)9 ' (d) 7

25. The area of the rectangle formed by the 
perpendicular from the centre of the standard ellipse 
to the tangent and normal at its point whose

, . n . 
eccentric angle is —, is

(a2 - b2)ab
a2 + b2

(a2 - b2)
(a2+b2)ab
(a1+b2) ab

(a2-b2)

I (d)_(£±£L
(a’-b^ab

26. An ellipse is inscribed in a circle and a point within 
the circle is chosen at random. If the probability that 
this point lies outside the ellipse is 2/3, then the 
eccentricity of the ellipse is

(a)— (b)—

(c£ (d)3
9 3

■ This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which MORE THAN ONE may be correct.

31. The locus extremities of the latusrectum of the family 
of ellipse b2x2 +y2 -a2b2 is
(a) x2 - ay = a2 (b) x2 - ay = b2
(c) x2 + ay = a2 (d) x2 + ay = b2

x2 y2
32. The distance of a point on the ellipse — + 7— = 1

from the centre is 2, then the eccentric angles are

(a) (b)— (c) — (d) —
4 4 4 4

^8061

10

29. The equation of the locus of the middle point of the
x2 y2 

portion of the tangent to the ellipse — + — =1 

include between the coordinate axes is the curve 
(a) 9x2 + 16y2 = 4x2y2 (b) 16x2 + 9y2 = 4x2y2
(c) 3x2 + 4y2 - 4x2y2 (d) 9x2 + 16y2 = x2y2

< x2 y2
30. The tangent at the point ‘0’ on the ellipse —+ =1

a b 
meets the auxilliary circle in two points which 
subtends a right angle at the centre, then the 
eccentricity ‘e’ of the ellipse is given by the equation
(a) e2 (1+ cos20) = 1
(b) e2 (cosec2 0 + 1) = 1
(c) e2 (1 + sin20) = 1
(d) e2 (1 + tan2 0) = 1

33. If the equation of family of ellipse is
7C TC

2 sec2 0 + y2 cosec2 0 =1, where — <0 < —, then the
7 4 2

locus of extremities of the latusrectum is
(a) 2/(1 + x2) = (1 - x2)2 (b) 2x2(1 + y2) = (1 - y2)2
(c) 2y(1 - x2) = 1 + x2 (d) 2y2( 1 + x2) = 1 + y* - 2x2

34. Let FvF2 be two focii of the ellipse and PT and PN be 

the tangent and the normal respectively to the ellipse 
at point P.Then.
(a) PN bisects ^FPF2
(b) PT bisects ZF,PF2
(c) PT bisects angle (180° - Z.F}PF2)
(d) None of the above
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35. = 1 will represent an ellipse

38. If P is a point

(a)tan (b) - tan

386 (d) K + tan-1!(c) n - tan(a) (b)

45.(c) (d)

(d)(1,1)■ This section contains 5 paragraphs based upon each 
paragraph 3 multiple choice question have to be 
answered. Each of these questions has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct.

Paragraph I
(Q. Nos. 46 to 48)

A conic is represented by
C = 9x2+4Ay+6/-22x-16y+9=0

46. The centre of the conic C is

-1 = 2 J
39. If (5,12) and (24, 7) are the focii of a conic passing 

through the origin, then the eccentricity of conic is
586 

38 ' ' 12
586 ... V386
-----  (d)  
13--------------------------------- 25

40. If a pair of variable straight lines x2 + 4y2 + axy =0 
(where a is a real parameter) cuts the ellipse
x2 + 4y2 = 4 at two points A and 8, then the locus of 
the point of intersection of tangents at A and 8 is

1 - e
1 + e

e -1
e +1

If latusrectum of the ellipse x2 tan2 a +y2 sec2a=1 

is 1/2, then a(0 < a < 7t) is equal to 
(a)K/12 (b)7i/6
(c)5n/12 (d)7t/2

f 0 1 (d)tan - tan
12/

(b)—
4

(d)-i
4

43. The product of eccentricties of two conics is unity, 
one of them can be a/an
(a) parabola (b) ellipse
(c) hyperbola (d) circle

44. The parametric angle a, where - ti < a < n of the
x2 y2

point on the ellipse —- + — = 1 at which the tangent 
a b

drawn cuts the intercept of minimum length on the 
coordinate axes, is/are

g Ellipse Exercise 3:
“ Paragraph Based Questions

(b) x2 + 4y2 = 20
(d) x2 + 8y2 = 40

x2 y2
on the ellipse — + r— = 1, whose foci 

a b
are S and S'. Let Z.PSS' = Q and APS' S = (f), then
(a) SP + S' P = 2a, if a > b (b) SP + S' P = 2b, if b > a

(c) tan - tan — I =
\2j

(a) (0,0) (b) (1, 0) (c)(0, 1)

47. The eccentricity of the conic C is

(a)^ W-H
2 V2
2 2(0)7 (d)4
3 V5

48. The lengths of axes of conic C are
(a) 2, 2^2 (b) 4,2^3

(c) 6,25/5 (d)5, 2^6

(a) x - 2y = 0 (b) 2x - y = 0
(c) x + 2y = 0 (d) 2x + y = 0

41. In the ellipse 25x2 + 9y2 -150x-90y+ 225=0
4

(a) foci are at (3,1), (3, 9) (b) e = -

(c) centre is (5, 3) (d) major axis is 6

42. If the tangent to the ellipse x2 + 4y2 =16 at the point 
P(8) is a normal to the circle x2 + y2 -8x-4y =0, 

then 8 equals 

(a)-

(c)O

-+-—^-------

(a2— a— 6) (a2— 6a +5) 

if a lies in the interval
(a) (-00,-2) (b)(1,00)

(c) (3,00) (d) (5,00)

36. A latusrectum of an ellipse is a line
(a) passing through a focus
(b) passing through the centre
(c) perpendicular to the major axis
(d) parallel to the minor axis

37. If the axes of an ellipse coincide with the coordinate 
axes and the ellipse passes through the point (4, -1) 
and touches the line x + 4y -10 =0, then its equation 
is
(a) x2 + 64y2 = 80
(c) x2 + 20y2 = 100

8
2
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(b)

(d)

Paragraph II
(Q. Nos. 49 to 51)

An ellipse E has its centre C(3,1), focus at (3,6) and passing 
through the point P{7,4)

49, The product of the lengths of the perpendicular
segments from the focii on tangent at point P is 
(a) 20 (b) 45
(c) 40 (d) 90

50. If Fand F are the foot of perpendiculars from focii S 
and S' on tangent at point P, then point of 
intersection of lines SF' and S' F is

(a)

(b) 0,±—
< 2 >

(d)(0,+V3)

Paragraph III
(Q. Nos. 52 to 54)

x2 y2Curves Cj :x2 + y2 = r2 and C2: — + ^- = 1 intersect at four 

distinct points A, B, C and D. Their common tangents form a 
parallelogram PQRS.

52. If ABCD is a square, then the value of 25r2 is
(a) 36 (b) 72
(c) 144 (d) 288

53. If PQRS is a square, then the value of 2r2 is
(a) 12 (b) 15
(c) 20 (d) 25

54. PQRS is a square, then the ratio of the area of curve 
C( to the area of circumcircle of &PQR is
(a) 1 : 4 (b) 1 : 2
(c) 3:4 (d)9:16

(b)x2+y2=^

(d)x2+y2=^

59. The foci of the ellipse are
f V3 1

(a) ±~ 0I 2 J
(c) (±5/3.0)

60. The locus of the point of intersection of perpendicular 
tangents of ellipse is 

(a)x2+y2 = 2

(c)x2+y2=| 
4

51. If the normal at a variable point on the ellipse (E) 
meets its axes in Qand R, then the locus of the 
mid-point of QR is a conic with eccentricity (e,), then

3(a)e.=-^ (b)e, = y

(c)e, = -^= (d)et = ^p
VW 3

Paragraph IV
(Q. Nos. 55 to 57)

An ellipse whose distance between foci S and S' is 4 units is 
inscribed in the AABC touching the sides AB, AC and BC at 
P,Q and R, respectively. If centre of ellipse is at origin and 
major axis along X-axis, SP +S' P = 6

55. Equation of the ellipse is
(a) 9x2+5y2 = 45 (b) 4x2 + 9y2 = 36
(c)5x2+ 9y2 = 45 (c) 9x2 + 4y2 = 36

56. If AB = BC and ZB = tc / 2, then locus of A is
(a) (x2 + y2 -14)2 = 4(5x2 + 9y2 - 45)
(b) (x2+y2 -14)2 = 4(5x2 + 9y2-54)
(c) (x2 + y2 -14)2 = 4(9x2+5y2 - 45)
(d) (x2+y2 -14)2 = 4(9x2+5y2-54)

57. If the difference of eccentric angles of P and Q is it / 3, 
then locus of A is
(a) 5x2 + 9y2 = 15 (b)5x2+ 9y2 =60
(c) 9x2+ 5y2 = 14 (d) 9x2+5y2 = 144

Paragraph V
(Q. Nos. 58 to 60)

The line 2px+y^Q- p2) = 1 (| p|< V)for different values of p, 

touches a fixed ellipse whose axes are the coordinate axes.

58. The eccentricity of the ellipse is

(a) 4- 0>)-L
V5 v3
J3 2(d>42 V5

, J, 10(c) 5, — 
k 3
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2

b* 
axis is — 

a

66. Number of distinct normal lines that can be drawn to
x2 y2

ellipse + 2? =1 from P°'nt P(0,6) is n, then the 

value of 2" is

67. If p is the length of the perpendicular from a focus 

upon the tangent at any point P of the ellipse
x2 y2
— + ~ =1 and r is the distance of Pfrom the focus, 
a2 b2

g Ellipse Exercise 4:
w Single Integer Answer Type Questions

■ . . r 2a b2
then the value of----------is

r P2

68. An ellipse passing through the origin has its foci (3,4) 
and (6, 8). The length of its semi-minor axis is 5, then 
the value of b 141 is

69. The maximum value of 5A, for which four normalscan
x2 y2

be drawn to ellipse — + ^7 = 1 through a point (X, 0) 

is
70. An ellipse with major and minor axis 65/3 and 6 

respectively, slides along the coordinate axes and 
always remains confined in the first quadrant If the 

length of arc described by centre of ellipse is —,
6

then the value of X is

■ This section contains 10 questions. The answer to each 
question is a single digit integer, ranging from 0 to 9 
(both inclusive).

61. Two concentric ellipse be such that the foci of one be 
on the other and if 3/5 and 4/5 be their eccentricities. 
If 0 be the angle between their axes, then the value of 
2(1 + sin2 0 +sin4 0) must be

62. Rectangle ABCD has area 200 unit2. An ellipse with 
area 20071 unit2, passes through A and C and has foci 
at B and D. If the perimeter of the rectangle is P, then 
the value of -^(P + 1) is

63. Number of points on the ellipse 2x2 + 5y2 =100 from 

which pair of perpendicular tangents may be drawn 
to the ellipse 9x2 +16y2 =144 is

64. The length of sides of square which can be made by 
four perpendicular tangents to the ellipse
x2 2y2 
----- 1------ =1 is
7 11

65. The length of the focal chord of the ellipse
x2 y2
— + ^- = 1 which makes an angle 0 with the major 

Xab2
— -------- -------—, then the value of X is
sin2 0 + b cos2 0
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Column I

i

i

(q) L + G = 6

(r) G-L = 8
3

!

(B) (s) G-L = 6

L

Column II
(p) L + G = 10

(q) Composite 
inumber

Column II
(r) 5

1

(r) Prime 
number

_ j___
(s) Perfect

i number

■ This Section Contains 3 questions. Each question has four statements (A,B,C and D) given in Column I and four 
statements (p,q,r and s) in Column II. Any given statement in Column I can have correct matching with one or more 
statement (s) given in Column II.

71. Match the following

Column II--------------- ---------
(p) Natural

number

(q) 4

72. Match the following

 Column I Column II
(A) An ellipse is sliding along the cordinate (p) 

axes. If the foci of the ellipse are (1,1) 
and (3,3) if area of the director circle of 
the ellipse (in square units) is n X, then 1 
is divisible by
If from a point P (0, X) two normals 
other then axes are drawn to the ellipse 
x2 y2— + — = 1, such that | X |<p, then 4p is

divisible by,

g Ellipse Exercise 5:
Matching Type Questions

Column I
(C) The orbit of the earth is an ellipse with 

leccentricity with the sun at one focus 

the major axis being approximately 
186 x 106 miles in length. If the shortest ; 
and longest distances of the earth from 
the sun are X x 103 miles and p. x 10s 
miles, then p. - (X +1) is divisible by

(D) If the mid point of a chord of the ellipse (s) 6
■2 2 ’

— + = 1 is (0,3) and length of the
> 4Xchord is —, then X is divisible by

73. Match the following

Column I
(A) The minimum and maximum 

distances of a point (2,6) from 
!the ellipse
|9x2 + Sy2-36x-16y-28 = 0 
j are L and G, then

(B) The minimum and maximum
; distances of a point (1,2) from 
the ellipse
|4x2 + 9y* + 8x-36y+ 4 = Oare 
landG, then

(C) The minimum and maximum
j 12Ajdistances of a point I -J 

from the ellipse
|4(3x + 4y)2 + 9(4x - 3y)2 = 900 
iare LandG,then

(D) iThe minimum and maximum 
distances of a point (0,4) from 
jthe ellipse 25x2 + 9y = 225 are 
|L and G, then

I x2 v2(A) !For the ellipse — + ~ = 1 with 

vertices A and A', tangents drawn at 
the point P in the first quadrant meets 
the y- axis at Q and the chord A' P I 
meets the y-axis at M. If O is the 
origin, thenOg2 -MQ2 is a

(B) If y = xand 3y+2x = Oare the 
equations of a pair of conjugate

x2 y2 diameters of the ellipse — + = 1
a b

and e be the eccentricity, then 
4 (1 + e2 + e4 + ... + ~) is a

(C) ■ If the variable line y = kx + 2h is 
tangent to an ellipse 2x2 + Sy2 =6, 
then the locus of P(h,k) is a conic C 
whose eccentricity is e, thus 3e2 is a

(D) If extremities of the latusrectum of
x2 v2the ellipse — + = 1, (a > 1) having
a b"

1 positive ordinates lie on the parabola , 
lx2 = -2(y-2), then a is a
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74. Let the equation of ellipse be

Statement II Length of latusrectum =

■ Directions (Q. Nos. 74 to 81) are Assertion-Reason type 
questions. Each of these qustions contains two statements : 
Statement I (Assertion) and 
Statement II (Reason)
Each of these questions also has four alternative choices, only 
one of which is the correct answer.
You have to select the correct choice as given below.
(a) Statement I is true, statement II is true; statement II is a correct 

explanation for statement I
(b) Statement I is true, statement II is true; statement II is not a 

correct explanation for statement I
(c) Statement I is true, statement II is false
(d) Statement I is false, statement II is true

2

2(a2 +D

V(fl2 +2)
75. Statement I The area of the ellipse 2x2 + 3y2 =6 is more 

than the area of the circle
x2 +y2 -2x + 4y + 4=0.

Statement II The length of semi-major axis of an ellipse 
is more than the radius of the circle.

76. Statement I The equation of the director circle to the 
ellipse 4x2 + 9y2 =36 is x2 + y2 =13

Statement II The locus of the point of intersection of 
perpendicular tangents to an ellipse is called the director 
circle.

H Ellipse Exercise 6:
Statement I and II Type Questions

10 
length of latusrectum is -j=.

77. Statement I In an ellipse the distance between 
foci is always less than the sum of focal distances 
of any point on it.
Statement II If e be the eccentricity of the ellipse, 
then 0 < e <1.

78. Statement I The sum of the focal distancesofa 
point on the ellipse 4x2 + 5y2 -16x -30y + 41=0 
is 2a/5.

Statement II The equation
4x2 + 5y2 -16x-30y +41=0 can be expressed as 
4(x —2)2 +5(/-3)2 =20.

79. Statement I Locus of centre of a variable circle 
touching to circles(x-I)2 +(/-2)2 =25 and 
(x - 2)2 +(/ -I)2 =16 is an ellipse.

Statement II If a circle S2 =0 lies completely 
inside the circle 5, = 0, then the locus of centre of a 
variable circle S = 0 which touches both the circles 
is an ellipse.

80. Statement I The tangent and normal at any point 
P on a ellipse bisect the external and internal 
angles between the focal distance of P.

Statement II The straight line joining the foci of 
the ellipse subtends of a right angle at P.

81. Statement I In a AABC, if base BC is fixed and 
perimeter of the triangle is also fixed, then vertex 
moves on an ellipse.

Statement II If sum of distances of a point P 
from two fixed points is constant, then locus of P 
is an ellipse.

.=_xL);=1 
(cz2+1) (a2+2

1 
Statement I If eccentricity of the ellipse be—=, then 

5/6
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tan

tan tan

and

(0

and

1-e 

1 +e

Ellipse Exercise 7:
Subjective Type Questions

1— ■■ ii I'■ mnn»i i»

$ 
2

88. The eccentric angle of any point P measured from the 
semi major axis CA is <t>. If S be the focus nearest to A , 
and Z ASP = 0. Prove that

tan(i)

■ In this section, there are 12 subjective questions.
82. If three of the sides of a quadrilateral inscribed in an 

ellipse are parallel respectively to three given straight 
lines. Show that fourth side will also be parallel to a 
fixed straight line.

83. If S and S' are the focii of an ellipse and Pany point 
on the curve, show that

( PSS'

2
PS'S

2

Hence, or otherwise show that the locus of the centre 
of the circle inscribed in the triangle PSS' is another 
ellipse.

x2 y2
84. If the normal at any point P of the ellipse — + — = 1

a b
meets the major and minor axes in C and g 
respectively, and if CF is the perpendicular upon this 
normal from the centre C of the ellipse.

Show that PFPG = b2

PF-Pg = a2.

85. PQ is double ordinate of the ellipse
x2 la2 +y2 lb2 =1 and B an extremity of the minor 
axis. PB and QB meet the major axis in M and N. 
Show that M and N are inverse points with respect to 
the auxiliary circle of the ellipse.

86. Consider the family of circle x2 +y 2 = r2,2 < r <5. If 
in the first quadrant the common tangent to a circle 
of the family and the ellipse 4x2 + 25y2 =100 meets 
the coordinate axes at A and B, then find the 
equation of the locus of the mid-point of AB.

87. Prove that the normals at the four points, where the 
lines

x y-+ — = -!
la mb

"l + e

J-e

89. If 0 is the difference of the eccentric angles of two 
points on an ellipse, the tangents at which are at 
right angles. Prove that ab sin0 =d1d2, where d,,d2 
are the semi diameters parallel to the tangents at the 
points and a, b are the semi-axes of the ellipse.

x2 v2
90. A straight line PQ touches the ellipse — + ^y- =1 and

a b
the circle x2 +y2 =r2 (b <r <a). RS is a focal chord 

of the ellipse. If PS is parallel to PQ and meets the 
circle at points P and 5. Find the length of PS.

91. Let d be the perpendicular distance from the centre of 
the ellipse to the tangent drawn at a point P on the 
ellipse. If F, and F2 are two foci of the ellipse. Show 
that

x2 y2
cut the ellipse — + ~ -1 are concurrent. 

a b

/x my 

a b

(PF, - PF2)2 = 4a2

92. TP and TQ are tangents drawn from an external point
x2 y2

(x,, y,) to the ellipse — + — = 1. Show that 
a b

ST2 =x2 | y2
SPSQ a2 b2

(ii) ST • S'T cos 0 = (CT)2

where, S and S' are the foci, C the centre and 0 is the 
angle between the tangents.

93. If PSQ and PHR are focal chords of the ellipse
X2 y2
— + — = 1, where S and H are the foci. The tangents 
a b
at Q and P meet at T. Show that the locus of T as P 
moves round the ellipse is

x2 v2
(1 + e2)2 — + (1-e2)2 yy =(1 + e2)2 

a b
where, e is the eccentricity of the ellipse.

— a2—b2
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g Ellipse Exercise 8:
Questions Asked in Previous 13 Year's Exams

2

(d)(c)

[IIT-JEE 2009,2M]isX = V3 >y =

■ This section contains questions asked in IIT-JEE, AIEEE, 
JEE Main & JEE Advanced from year 2005 to 2017.

(a) x2 + 12y2 = 16
(c) 4x2 + 64y2 = 48

98. Let P(x,,y]) and O(x2,y2), y, <0,y2 <0 be the end 
points of the latusrectum of the, ellipse x2 + 4y2 = 4. 

The equations of parabolas with latusrectum PQ are 
[IIT-JEE 2008, 4M]

(b) x2 - 2-jly = 3 + VI
(d) x2 - 2VIy = 3 - VI

[IIT-JEE 2003, 3M]

sq units

2
- sq units

(a) x2 + 2VIy = 3 + VI

(c) x2 + 2VIy = 3 - VI

99. A focus of an ellipse is tat the origin. The directrix is 

the line x = 4 and the eccentricity is —. Then, the

[AIEEE 2008, 3M]

2t
1 + t2

(d)-L 
V5

length of the semi-major axis is

(a)| (b)3

(c) 7 <d) |

2 A 
cosB+cosC =4 sin —

2

If a, b and c denote the lengths of the sides of the 
triangle opposite to the angles A, B and C, 
respectively, then [IIT-JEE 2009,4M]
(a) b + c = 4a
(b) b + c = 2a
(c) locus of point A is an ellipse
(d) locus of point A is a pair of straight lines

103. The conic having parametric representation 

r1-t2> 

l1 + f2 J
(a) a circle (b) a parabola
(c) an ellipse (d) a hyperbola

104. The ellipse x2 +4y2 =4 is inscribed in a rectangle 

aligned with the coordinate axes, which in turn is 
inscribed in another ellipse that passes through the 
point (4, 0). Then, the equation of the ellipse is

[AIEEE 2009,4M]
(b) 4x2 + 48y2 = 48
(d) x2 + 16y2 = 16

94. The minimum area of triangle formed by the tangent 
2 2x y

to the — + ~ -1 and coordinate axes is 
a2 b2

(a) ab sq units

(a + b)2-—sq units

95. Find the equation of the common tangent in
1st quadrant to the circle x2 +y2 =16 and the ellipse

x2 y2
— + — =1. Also find the length of the intercept of 
25 4
the tangent between the coordinate axes.

[IIT-JEE 2005, 4M]

96. An ellipse has OB as semi minor axis, F and F' its focii
and the angle FBF' is a right angle. Then, the 
eccentricity of the ellipse is [AIEEE 2005, 3M]

(a)-L (b)2 (c)2 (d)-L
V2 2 4 V3

97. In an ellipse, the distance between its foci is 6 and 
minor axis is 8. Then, its eccentricity is

[AIEEE 2006, 4.5M]

(b)^
2

a2 + ab + b
3

(I’MI 2 7J
(c) (±2VI,±y J

100. The line passing through the extermity A of the
major axis and extremity B of the minor axis of the 
ellipse x2 + 9y2 = 9 meets its auxiliary circle at the 

point M. Then, the area of the triangle with vertices 
at A, M and the origin O is [IIT-JEE 2009,3M]

31 29
(a)- (b)-

10 10
/ \ 21 /,n 27(c) ~ (d) 77

10 10

101. The normal at a point P on the ellipse x2 + 4y2 =16 

meets the X-axis at Q. If M is the mid-point of the 
line segment PQ, then the locus of M intersects the 
latusrectum of the given ellipse at the points

[IIT-JEE 2009,3M]

(d)f±2VI,±—]
I 7 J

102. In a triangle ABC with fixed based BC, the vertex A 
moves such that

http://www.jeebooks.in
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and

and (0, 2)

[AIEEE 2011, 4M]

[JEE Advanced 2013, 3M]

[IIT-JEE 2012, 4M]

[JEE Main 2015, 4M]

(b) 27

(d)18

9 8 
5*5

4 73
Statement II: If the line y = mx +----- ,(m^0) is a

m
common tangent to the parabola y2 = 16>/3xand the 

ellipse 2x2 +y2 =4, then msatisfies m2 + 2m2 =24
[AIEEE 2012, 4M]

(a) Statement I is false, statement-ll is true
(b) Statement I is true, statementll is true; statement-ll 

is a correct explanation for statement-l
(c) Statement I is true, statement II is true; statement II 

is not a correct explanation for statement I
(d) Statement I is true, statement II is false

111. An ellipse is drawn by taking a diameter of the circle 
(x -1)2 + y2 = 1 as its semi-minor axis and diameter 
of the circle x2 +(y - 2)2 = 4 is semi-major axis. If the 
centre of the ellipse is at the origin and its axes are 
the coordinate axes, then the equation of the ellipse 
is [AIEEE 2012, 4M]
(a) 4x2 + y2 = 4 (b) x2 + 4y2 = 8
(c)4x2+y2=8 (d)x2 + 4y2 = 16

f 12. The equation of the circle passing through the foci of 
x2 v2 
16 9

(a) x2 + y2 - 6y - 7 = 0
(c) x2 + y2 — 6y — 5 = 0

7
, ,27

7

the ellipse ~ + ~ = I and having centre at (0, 3) is 
[JEE Main 2013, 4M] 

(b) x2 + y2 - 6y + 7 = 0 
(d) x2 +y2 — 6y + 5 = 0

113. A vertical line passing through the point (h, 0) 
x2 y2

intersects the ellipse — + ^ =1 at the points P and 

Q. Let the tangents to the ellipse at P and Q meet at 
the point R. If A(/j) = area of the triangle PQR,\ =

- < h < max A(h) and A, = - < h < min A(/?), then 
2 2

-8A2 =
■v5

(a) 5x2 + 3y2 — 48 = 0
(c)5x2 +3y2 -32 = 0

x2 y2
109. The ellipse E} : — + ~ = 1 is inscribed in a rectangle

R whose sides are parallel to the coordinate axes. 
Another ellipse E2 passing through the point (0, 4) 
circumscribes the rectangle R. the eccentricity of the 
ellipse E2 is

(a)T
(c4

(d) (3, 0) and I --,-1
V 5 5J

106. The orthocenter of the triangle PAB is
(a) ^5,^ 

, .(11 8'

107. The equation of the locus of the point whose
distances from the point P and the line AB are equal, 
is [IIT-JEE 2010, (3+3+3)MJ
(a) 9x2 + y2 - 6xy - 54x - 62y + 241 = 0
(b) x2 + 9y2 + 6xy - 54x + 62y - 241 = 0
(c) 9x2 + 9y2 - 6xy - 54x - 62y - 241 = 0
(d) x2 + y2 - 2xy + 27x + 31y - 120 = 0

108. Equation of the ellipse whose axes are the axes of 
coordinates an which passes through the point (-3, 1)

17 
and has eccentricity J— is

(b)3x2 +5y2 - 15 = 0 
(d)3x2 +5y2 -32 = 0

15 8, 

(d)[- ,-
V 25 5

<b)T
3 

(d)-
4

110. Statement I: An equation of a common tangent to 
the parabola y2 =16V3xand the ellipse 2x2 +y2 =4 
is y = 2x + 2V3

114. The locus of the foot of perpendicular drawn from the
centre of the ellipse x2 + 3y2 = 6 on any tangent to it 
is [JEE Main 2014, 4M]
(a)(x2 + y2)2 = 6x2 + 2y2 (b)(x2 + y2)2 = 6x2 - 2y2
(c)(x2 - y2)2 = 6x2 + 2y2 (d)(x2 - y2)2 = 6x2 - 2y2

115. The area (in sq units) of the quadrilateral formed by 
the tangents at the end points of the latus rectum to

x2 y2
the ellipse — + — = 1 is

Paragraph
(Q. Nos. 105 to 107)

Tangents are drawn from the point P(3,4) to the ellipse 
/ y2
~ + — = 1 touching the ellipse at points A and B.

105. The coordinates of A and B are 
(a) (3, 0) and (0, 2)

8 2^16?
I 5 15 J
r s 277A

5* 15
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-. If e, and e2are the eccentricities of

(b) e,e2 =

2

is

Answers

1

79. (c)75. (b)

90. (2b)80. (c) 81. (a) 86. y = ± x

4. (b) 5. (a) 6.(d) 98. (b,c) 99. (a)96. (a)94. (a) 97. (a)

11.

4.(d)
9- (b)

5.(d)
10. (b)

50. (c)
56. (a)
62. (9)
68. (5)

51. (b)
57. (b)
63. (4)
69. (9)

109. (c)
115. (b)

46. (d)
52. (d)
58. (c) 
64.(5) 
70.(6)

47. (b)
53. (d)
59. (b)
65. (2)

5.(c)
11. (b)
17. (c)
23. (a)
29. (a)

3. (b)
8- (c)

4. (b)
9. (a)
r_j_
I V5

5. (b)
10.(d)

(a) x + 2y = 4
(c) 4x - 2y = 1

1. (c)
6. (d)

11. (b)

3. (a)
9. (a)

15. (c) 
21-(b) 
27. (d)

4. (b)
10. (c)
16. (a)
22. (a)
28. (d)

104. (a) 105. (d)
110. (b) lll.(d)
116. (a,b) 117.(4)

■3’3............................

14. 3? + 4/ = 300 15.

102. (b,c) 103. (c)
108.(d)
114. (a)
120. (c)

m2

(a) e2 + e2 =
40

(c)|e2-e2| = | 
o

3
17.1

2

- b2)2 = 4 (b2 x2 + a2/ - a2b2)

1 12. b*c2J + a2c2/ = a*b*

14. xf5 + 2y = 2V5

2 r

Paragraph
(Q. Nos. 118 and 119)

Let F, (X|, 0) and F2 (x2, O')for x, < 0 and x2>0 be the foci 
x2 v2

of the ellipse — + = 1 Suppose a parabola having

vertex at the origin and  focus at F2 intersects the ellipse at 
point M in the first quadrant and at point N in the fourth 
quadrant.

118. The orthocentre of the triangle fMN is
('r 9

V 10

[JEE Advanced, 2015 4M]

2V10
Jf 

(d)^ = V4

x2 y2
117. Suppose that the foci of the ellipse — + — =1 are (/,,())

(c)>

6.(d)
12. (b)
18. (c)
24. (a)
30. (c)

34. (a,c) 35. (a,d) 36. (a, c)
40. (a,c) 41. (a,b) 42. (a,c)

48. (a)
54. (b)
60. (c)
66. (8)

Chapter Exercises
2.(d)
8.(c)

14. (c)
20. (a)
26. (a)

Exercise for Session 2
2. (c) 3. (a)
7. (d) 8. (c)

12. A, = —L; 0 = cos' 
V5

Exercise for Session 1
1. (C) 2. (a)
6. (a,b) 7. (b)

11. (a) 12. (a)
13. * , 2^; (1 ± V5, 2); (-2, 2) and (4, 2); 6 and 4; (1, 2)

(x-2)2 ( (y+3)2 _
4

16. 5? + 9/ -54y+ 36 = 0

18. x2 ± ay= a2

' 9 5
and (/2 0) where f >0 and f2 >0. Let P, and P2 be two 
parabolas with a common vertex at (0, 0) and with foci at 
(f 0) and (2/2,0), respectively. Let T, be a tangent to Py 
which passes through (2/2,0) and T2 be a tangent to P2 
which passes through (/p0). If m, is the slope off, and

( 1 A
is the slope of T2, then the9 value of —- + m

100. (d) 101. (c)
106. (c) 107. (a)
112. (a) 113.(9)
118. (a) 119. (c)

. iVm. J
[JEE Advanced 2015, 4M]

116. Let E, and E2 be two ellipses whose centers are at the 

origin. The major axes off, and f2 lie along the X-axis 
and the V-axis, respectively. Let S be the circle 
x2 +(y -I)2 = 2. The straight line x + y =3 touches the 

curves, S, E, and E, at P, Q and R respectively. Suppose 
2f2 

that PQ= PR = —

E, and E2, respectively, then the correct expression(s) is 
(are)

1. (c)
7. (a)

13. (d)
19. (d)
25. (a)
31. (a,c) 32. (a,b,c,d)33. (b.d)
37. (a,b) 38. (a,b,c) 39. (a,b)
43. (a,b,c) 44.(a,b,c) 45. (a,c)
49. (a)
55. (c)
61. (6)
67. (1)
71. (A) -> (p,q); (B) -> (p,q,s); (C) -> (p,r); (D) -> (p,r)
72. (A) -> (q); (B) -> (p); (C) -> (p,r,s); (D) -> (q)
73. (A) -> (p,s); (B) -> (q); (C) -> (q,s); (D) -> (p,r)
74. (a) 75. (b) 76. (a) 77. (a) 78. (b)

r2 - 4
(25-r2)Exercise for Session 3

1. (c) 2. (c) 3. (b)
7. (b) 8. (a)
9. 3(x2 + y2 - a2 

(x-«)\ X _ 
a2 b2 

13. (-1, 0); 5f}

119. If the tangents to the ellipse at M and N meet at fl 
and the normal to the parabola at M meets the 
X-axis at Q, then the ratio of area of the triangle 
A4QRto area of the quadrilateral MF,NF2 is

[JEE Advanced 2016, (3+3)MJ 
(a) 3 : 4 (b) 4 : 5 (c) 5 : 8 (d) 2 :3

120. The eccentricity of an ellipse whose centre is at 
the origin is 1/2. If one of its directices is x=—4, 
then the equation of the normal to it at (1,3/2) is

[JEE Main 2017,4M]

(b) 2y - x = 2
(d) 4x + 2y = 7
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Solutions 6. Any tangent to —

perpendicular distance from (0, 0) is equal to —j=

[•/ f is decreasing]

tan9 =

3. Let

or

and

(CA): (CB)
=>

(for 9 = 0)

144
5

5
J2

=>
=>
or
or

=>
=>
or

= sin 72 + sin I 73 - — I
I 2)

= sin (1.41) + sin (1.73-157)
= sin (1.41) + sin (0.16) > 0

b2 = sin V3 - cos 72

2

, then

1_______
7(256- 175 cos2 9)

5. We have, PQ = BP 

2ae = y](a2e2 + b2) = y

1e = -
2

7(16m2 + 9)

7(m2 + 1)
32m2 + 18= 25m2 +25

7m2 =7 => m = ± 1

25 sin2 9
81

a2 = sin 72 - cos

+ *1 = 1, is
9

y = mx + 7(16m2 + 9)

V3 - 1 
1 + 73

= sin 73 - sin I - - 72 
U J

= sin (1.73) - sin (157 - 1.41)
= sin (1.73) - sin (036) > 0

Also, a2 > b2
Hence, curve represent an ellipse with foci on X-axis.

4. Mutually perpendicular tangents have been drawn by taking 
any point on the director circle of given ellipse. Any point on 
the director circle can be taken as (5 cos 0,5 sin 9). Equation of 
corresponding chord of contact is

— cosO + — sin 9 -1 = 0
16 9

It’s distance from the origin is equal to
1

If 25 cos2 9
I ---------- +
vl 256

=>
or
for acute m = 1.
Now, let 9 be the angle between common tangent and the line 
Vix - y + 6 = 0, then

1. v Major axis on X-axis.
f(2a)>f(a2 -3)

2a > a2 - 3 [•-■ f is increasing]
a2 - 2a - 3 < 0 or (a - 3) (a + 1) < 0

-1<a <3
a e (-1,3)

2. Major axis on /-axis.
/(a2-5)>/(4a)

a2 - 5<4a 
a2 - 4a - 5 < 0

(a -5) (a + 1) < 0
-1<a <5
ae(-1,5)

73 = sin 72 - sin I — - V?
V2

12

7. Tangent at (- 8,3) is
x(-8) t y(3) = t 

100 25
2x - 3y + 25 = 0

- , 25for Y-axis put x = 0, then y = —

( 25) Hence, required point is I 0, y I.

8. Let A =(4cos9,3sin9), then

B = (- 4sin9,3 cos9) 
(CA)2 = 16 cos2 9 + 9sin2 9 

and (CB)2 = 16 sin2 9 + 9 cos2 9

a2 =a

16 cos2 9 + 9sin2 9 16 sin2 9 + 9 cos2 9
_______________ 25_______________
144 (sin4 9 + cos4 9) + 337 sin2 9 cos2 9
________________ 25________________
144 (1-2 sin' 9 cos' 9) + 337 sin2 9 cos2 9

25________  25
144 + 49 sin2 9 cos2 9 144

< 144  16
“ 5.9 5

5
2

x2
16
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if

[approximate!);

10. b > a

Length of latusrectum

[att = ^]

|O

2

X2 0or
4

[va2 = 16]
=>

=>
or

or

Ellipse is —

[y>0]

=>

_5_
16

is
or

e =1-----
16

1
5

[3 + 5t]
-12

then
=>

b 
a

11 xy
4

1
b2 16+ b2 = 25 orb2 =9 

a2 (1 — e2) =9 
16(1 —e2) =9

16
V7e = — 
4

9. (a, p) lies on the director circle of the ellipse i.e. on x2 + ;
So, we can assume

a = 3 cosG, P = sin G
F = 12 cosG + 9 sinG = 3 (4 cos G + 3sinG) 

-15<f 215

v65 8

13. Equation of tangent of the ellipse at P(5cos9, 4sin0) is

— cosG + — sinG = 1
5 4

It meets the line x = 0 at Q (0, 4 cosec G) and image of Qin the 
line y = x is R (4 cosec 9,0).
.’.Equation of the circle is

(x - 0) (x - 4 cosec G) + (y - 4 cosec 9) (y - 0) = 0 
i.e. x2 + y2 - 4 (x + y) cosec 0=0
.’.Each member of the family passes through the intersectiond 

x2 + y2 = 0 and x + y = 0
i.e. the point (0, 0).

14. A cyclic parallelogram will be a rectangle or square.
So, ZQPP =90°
Therefore, P lies on the director circle of the ellipse

2 2x y — + ^- = 1 
16 b2

. 2 65x = 2, then y2 -~2 = 9

+ /

1— or a = 2b
2

=> 4 = 4 x - + b2 
4

15. \’m,n 6 N and m.n = m + n 

or m(n-l) = n
n is divisible by n -1. Therefore

n-1 =1
=> n = 2, m = 2
Hence, the chord of contact of tangents drawn from

(2, 2) to 4x2 + 9y2 = 36
4x • 2 + 9y . 2 = 36 

4x + 9y = 18

16. x - 2y + 4 = 0 or y = — + 2

Condition of tangency 

c2=a2 m2 + b2

_ 2 [1.75]2
[105]

.. ... b( sin60°-sin30
7 7. Slope of line = —

a

b=yfi
Now, common tangent meet on X-axis at a point (- 4,0) 
According to symmetry other common tangent meet Y-axis 
at (0,-2).
.’.Equation of other common tangent is

-^ + -^=lorx + 2y + 4 = 0

_2a2 _2[t2 -3t + 4]2 
b

f 9 9 ,
_ L 4 2 J

„ 153+ —
2 .

W
10

^cos 60° - cos 30°

Homogenizing the ellipse with x + 2y + 4 = 0, then 
x2 y2 (x + 2y

1____ 1_
4b2 16

Now, coefficients of x2 + coefficient ofy2 = 0 
1 1 1 1 „

—7----- + 77-- = °4b2 16 b 4
5 

4b2 
b2 = 4 then, a2 = 16 

x2 y2 , - + —=1 
16 4

12. Let the equation of the semi elliptical arch be z+z=1 
a1 b!

Length of the major axis = 2a = 9 
9 

a = - 
2

Length of the semi minor axis b = 3

C O A
------------- 9 m-------------- ►

So, the equation of the arch becomes

81 9

x2 y2 
Hence, x2 + y2 = 25 is the director circle of— + = 1,

16 b2

3
2

3
2
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...(i)20. Latusrectum and parabola = 4 (ae)

y#

X'-* >xS(ae, 0]

=> r
...(ii)=>

[from Eqs. (i) and (ii)]

=$

or

or

Now,

=>
V

2

Hence,

h =

(i)or

and

or
2

•••(ii)or

r

1
A

Hence, ellipse and circle do not touch or cut.
A Common chord impossible.
A Hence, length of common chord = 0

3 
a2

or

______ 0
S' (-ae. 0,V3

17. The tangent at the point of shortest distance from the line 
x + y = 7 parallel to the given line.
Any point on the given ellipse is

(V6 cos0, a/3 sin0).

Equation of the tangent is
x COS0

5/6

2
22. Centre of the ellipse if (1,2) and length of major axis and minor 

axis are 6 and 4 respectively and centre and radius of the circle 
are (1,2) and 1 respectively.

Y

rL =

3h v
or — = Ecosa 

a

^inu

r2

- <a <3
2

19. For equilateral triangle
Circumcentre = Centroid

a cosa + acosP 4- a cosy
3

3it „ .— = Esina 
b

= (Esina)2 = Esin2a + 2 EsinasinP

Adding Eqs. (i) and (ii), we get
9h2 9k2^- + -^=3+2Ecos(a-p)
a b

_ . Q. 9h2 9k2 3
or Ecos(a-P) = —7 +—---V H 2a2 2b2 2

) = (E cosa)2 = Ecos2a + 2 Ecosa cosp

_ b sina + b sin P + b siny
3

_ i_Z3 = — + b
3

3 = + e2

3

a^= — -3
3 

2 4e =-
3 

0 < e2 < 1 
n 4 3

3 a2

It is parallel to x + y = 7 
cos0 sin0 • = — 
V6 Ji 

cos0 sin 0 -- —- =---- 
Ji 1

The required point is (2,1).

18. Let y = mx + — be a tangent to the parabola, then for the 
m

required equilateral triangle.
m = ± -^= and it is tangent to ellipse also, if

2b 
and latusrectum of ellipse = — 

a
v Latusrectum and parabola and ellipse be equal

2b2— = 4ae 
a

2b2 = 4u2 e
2a2 (1 - e2) = 4u2e or e2 + 2e -1 = 0

Therefore, e = ~ 2 ± + = -1 ±
2

Hence, e = Ji -1

21. Here, the center of the ellipse is (0, 0)
Let P (r cos0, r sin0) be any point on the given ellipse, then
r2 cos2 0 + 2r2 sin2 0 + 2r2 sin0 cos0 = 1

______ 1______
1 + sin20 + sin20
2 _2

2 + (1 - cos20) + 2 sin20 2 sin20 - cos20 + 3 
v 3-Ji <2 sin20 - cos20 + 3 < 3 + Ji

For r^, 2 sin20 - cos20 + 3 = 3 - Ji

2 (3 + Ji) 6 + 2ji 
4 ~ 4
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23.

+ c = 0a

=> a

= 1
>XX'+

(l-e’)
2

=>

[given]Probability =

e =

.2

Y
[given]

2or T

R

>X25. Let standard ellipse is — + = 1 (a>&) 0 P

= 0

p =

0-0-
and <7 =

Area of rectangle = pq = 2

2
3

=>
or
or
=>

=> 
and

a-b 
a

x2 y2
26. Let equation of ellipse be — + - 1

a b

are bx + ay - ^2 ab = 0 and ax -by -

2 /

| + b ly + -

— +
/a

f2 g2 + — — c 
a b

a

) " V ' b 
(y + g/b)2

a b J

= a2e2,

=>
=>
Distance between foci SS' = 2ae

yj(xl - x2)2 +(y, -y2)7 = (2ae)

=> (x, -x2)2 +(y{ -y2)2 = 4a2e2
=> (x> + x2)2 - 4x1x2 + (y, + y2)2 - 4 yty2 = 4a2e2
=> 4h2 - 4b2 + 4k2 - 4b2 = 4(a2 - b2)
=> h2 + k2 - 2b1 = a2 - b1

h2+k2=a2 + b2
+ b2 which is a circle.

2 a1 - e2 = - 
b
b - a
~b~

Ifb - a .
■yl b J

x2 y2
24. Let ellipse be — + ~ = 1 and the circle be x + y 

a b
point of intersection of the circle and the ellipse is

P [- 7(2e2 - 1), -(1 -e2)^ 
\e e J

Now, area of A PF.F2 = - x 2ae x - (1 - e2)
2 e

= a2 (1 — e2) = 30
I2 on 169

-3° = t

Equations of tangent and normal at -jL j

(a2~b2) 
72

f2 g2— + —-c 
a b

(x + f/a)2 
f2 g2 1 
a b )

If e eccentricity, then 
(f2 g2 
\ a b 

b

e2

and SR-S'T = b2

Locus of centre is x2 + y2 = a

Y'
X2 _ 

2
x, + x2 = 2h 
Z +y2 =2k 
SPS'Q = b2 

y. y2 = b2 
xi x2 = b2

Y
and equation of circle is x2 + y2 = a
.’. Area of ellipse = nab 
and Area of circle = na2

n a2 -n ab
na2

3a -3b = 2a
a=3b

a2 =9b2 -9a2 (l-e2) 
9e2 =8

2y[2
e =-----

3

27. LetSs^.yJ.S7 =(x2,y2)

Let C = (h, k)

(a2-b2)
^(a2 + b2)

(a2-b2)ab
(a2 + b2)

If sides of rectangles are p and q, then
|0 + 0 - 72 ab\ _ yfa ab 

^(a2 + b2) yl(a2 + b2) 
(a2-b2)

y/2

/a2 + b2)

ax2 + by2 +2 fx + 2gy + c = 0
2 2A1 . [ 2 2gy 

x2 + — f + b <y2 +a J 1 b
tgy

b

y2
b

13 ae = — or 2ae = 13
2

............  . x2
a
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(i)

X'+-(ii)

.(iii)and

= J(x2~xi)2 +
2

2
769

and

then,

1 + sin2a -=>

231.

or

...(i)

X'*
[•.• x, = ± ae]

or
,2

P(0)

*xX'* c

2

r

=>

or

Let 
Then,

or

■

V21353
3

2=a2b2

J *2 ~ 
25 

x y Now, solving — + — =

■

30. Equation of tangent at (a cosa, b sina) is 
x y— cos a + — sina = 1

v ZAOB =90°
Coefficient of x2 + Coefficient ofy2 = 0 

, a2 ,sin a + 1 —- sin a = 0 
b

sin2 a = 0

2 f x v . I= a — cosa + —sina b )

u . 2 I 2axy . 1 —- sin a------ — sina cosa = 0
b2 J b

=> x2 sin2 a + y2

28. If chord AB, then equation of AB, here mid-point of the 
. j n 2>i chord is — I

<2 3J

T = S}
x y 1 1— + — =— + —
50 24 100 36

LetAs^.yJandBsfrj.yJ

50 24 100 36

^. + Z1 = J_ + ±
50 24 100 36
(x2 -x,) + (y2 -y,) = 0

50 24
AB = 7(x2 -xt)2 +(y2 -y,)2

S)
1 :----+ —

“ 50 24 100
^ + *- = 1 
25 16

2 5336 „x - x--------= 0
9

1*2 ~*ll = — 
a

721353 i----
AB = —------X7769

3 X 25

29. Equation of tangent at the point P(4cos0,3 sin0) is 

— cos0 + — sin0 = 1
4 3

4 sec 0 3 cosec 0
,Y 
i k

r
Coordinates of A and B are

A = (4 sec 0, 0) and B = (0,3cosec 0)
Let middle point (h, fc)

3
h = 2sec0, k = - cosec 0

2em-
:. Locus is 9x2 + 16y2 = 4x2y

a2
fl’(l-e’)

(1 - e2) (1 + sin2 a) - sin2 a = 0
1 - e2 (1 + sin2 a) = 0 

e2 (1 + sin2 a) = 1

a a b 
a > ab,

(ah)2=a2(l-e2) 
b2=l-e2

.*. Extremities of the latusrectum (± ae, ± ab2) 
Let x, = + ae and y1 = ± ab2 = ± a(l - e2) 

y, =±(a-ae2) 
ay, =± (a2 -a2e2) 

= ±(a2-^2) 
xt±ayt =a2

:. Required locus is x2 ± ay = a
32. Let P = (76 cos 0, Visin 0) be any point on the ellipse 

y.

i
36

Equation of auxiliary circle is 
x2+y2=a2 ...(ii)

For combined equation of OA and OB, making homogeneous 
Eq. (ii) with the help of Eq. (i), then

- ( x
\a 

a2
b2
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...(iii)or

2 2

or

Ji)

•••(ii)

-..(iii)

or

or

=>

or

2

x2 =1 -

P

X'+ >xS'

=> e-2sin = 2 sincos cos

-(i) cos
and or

-(ii) cos
Also

2

e + 0
2

e + 0
2 .

or
or

and 
Also,

Given, 
=> 
=>

1 
e

then, 
=>

it 
cos —

JO
•■•(ii)

fe - 4>
I 2
G - (p

2 >
e +

2 J

<b c

2

+ b2

s

or
or

34
pf2 nf2

+y,

From Eqs. (i) and (ii), we get
ps_ 2aesin<|) ? _ 2ae sin G 

sin (G + <])) ’ sin (G + 0)

v SP + S'P =2a
e (sin 6 + sin <0) = sin(G + 0)

G + 0
2

x 10The equation of given line is y =---- + —
4 4

n k
v — < G < —

2,

i-y2
2

2x2(l + y2)=(l-y2)2
2y\x2 + !) = ! + / -2x2

i-y2>
2 ;

2\2

Which touches the ellipse Eq. (i), 

(”)■=•

16 4
Solving, Eqs. (ii) and (iii), we get a2 = 20, b2 = 5

a2 =80, b2 =- 
4

Therefore, the required equation of ellipse will be 
x2 y2 , x2 y2 ,
— + — = 1 or — + -z— = 1 
20 5 80 5/4

i.e. x2 + 4y2 =20 or x2 + 64y2 =80
38. From focal property of ellipse

SP + S' P = 2a, if a > b
SP + S'P =2b,ifb > a
PS cos 6 + PS' cos 0 = 2ae
PS sin G - PS' sin (J) = 0

Y+

I a2v Extremities of latusrectum are + —, ± be I b

11 a # — 
5

From Eqs. (i), (ii) and (iii) we get 
a g (- oo, - 2) u (5, ~)

36. A latusrectum of an ellipse is a line passing through a focus, 
perpendicular to major axis i.e. parallel to minor axis.

37. Let the required equation be
x2 y2 
a2 b2

Since, Eq. (i) passes through (4, -1), then 
16 1
— + T = 1 
a2 b2

PN bisects the ZFJPF2
V Bisectors are perpendicular to each other. 
.’. PT bisects the angle (180° - ZfJPFJ

35. v a2 - a -6 > 0 => (a -3) (a + 2) > 0
a <-2 or a >3

a2 - 6a + 5 > 0 => (a - l)(a - 5) > 0 
a < 1 or a > 5
a2 — a — 6 & a2 — 6a + 5

x2 y2 
— + — = 1 
6 2

CP = 2 => (CP)2 = 4
6 cos2 G + 2 sin2 G = 4

6 cos2 G + 2(1 - cos2G) = 4 

cos‘e4=fe) =(■
G = nit ± — ,ne I 

4
q _ n 3n 5n 7 it 

” 4* 4 ’ 4 ’ 4

33. Here, a = cos 6 and b = sin G
7C _ It
— <G < —
4 2
a <b

a2 = b2(l -e2) 
cos2 G =sin2 G(1 -e2)

e2 = 1 - cot2G

e = -J(l - cot2G)

a2x = ± —, y = ± be 
b

b2x2 = a* and y2 = b2e2 = sin2 G - cos2 G
sin26x2 = cos4G and y2 =1-2 cos26

1 - v2(1 - cos2G)x2 = cos4G and cos2G =-- —
2

it

4
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41. vcos - cos
1 -eor

+ coscos

or (0

-(ii)

SS' = 2ae => e =

SS7 = 2ae =} e =

...(i)or

P(Mi)

=>

2
2

-(ii)or

...(iu)

=^L
or

and >0

1 -e
1 + e

(x + 2y)(x - 2y) = 0 
x + 2y = 0 and x - 2y = 0

=>
=>

^y,
a

'386
38

2
e - 4>

2

e + 4> 
2 ,

0 + 4*^
2 J

(0> M tan - tan — = 
k2j

39. Let 5 5 (5,12), S' = (24,7) and let P s (0, 0)

Now, SS' = 7(24-5)2 + (7 -12)2

» 7(361 + 25) = 7(386)

For ellipse SP + S' P = 2a 
=> 13+ 25= 2a

2a =38

IX2
x2 — - 1 + y2 (4y2 - 4) + 2xyxxyx = 0 

\ 4 y

But gives equation of OA and OB is 
x2 + 4y2 + axy = 0

Since, Eqs. (ii) and (iii) an identical, then 

i_i 
4 4y.-4

1 4
or xf - 4 = 4(y2 -1)
or x2 - 4y2 = 0 
Therefore, the locus is x2 - 4y2 =0 
or 
or

Tr
For point of OA and OB, homogenizing the equation of ellipse 
with the help of Eq. (i), then

= 4±T- + yy>
k 4

25x2 + 9y2 - 150x -90y + 225 = 0
=> 25(x2 -6x) + 9(y2 - lOy) + 225 = 0
=> 25{(x - 3)2 - 9} + 9{(y - 5)2 - 25} + 225 = 0 
=> 25(x - 3)2 + 9(y - 5)2 = 225

(x-3)2 (y-5)2_ 
-------- j— + 2— 1 

32 52
x-3 = X, y-5 = K

Centre : X = 0, Y = 0
x - 3 = 0, y - 5 = 0

:. Centre = (3,5)
Foci: X = 0, Y = ± be
=> x-3 = 0,y-5 = ±4
=> y=5±4
/. Foci (3,1) and (3, 9)
Major axis 2b = 10

42. P(Q) on the ellipse x2 + 4y2 = 16 is (4 cos 0,2 sin 9)

Equation of tangent at P is
4 cos 0 x + 8 sin 0y = 16

=> x cos 0 + 2y sin 0 = 4
It passes through centre (4, 2) of the given circle

4 cos 0 + 4 sin 0 = 4

cos 0 + sin 0 = 1, 0 = 0,— 
2

43. Since, the product of the two eccentricities e and e7 is 1. Either 
e = e' = 1 in which case both the conics are parabolas or if
e > 1, e' < 1 and vice-versa.
So, one of them is an ellipse and the other is a hyperbola.

44. Equation of tangent at ‘a’ is
x y— cos a + — sin a = 1 
a b

-S- + —>L_ = 1 
a sec a b cosec a

Now, length of intercept,
z = y(a2 sec2a + b2 cosec2 a)

2 = a2 sec2 a + b2 cosec2 a
a2 sin a b2 cos a j 
cos3 a sin3 a j

Let
Then, Eq. (i) becomes

X2 Y2 , 
—r’ + —r- — 1 
32 52

Now, comparing Eq. (ii) with
X2 Y2 , 
—7” + —7* = 1 
a b 
a=3,b=5 
a2 =t2(l-e2) 

9 = 25(1 -e2) 
4 e = — 
5

2

^1 = 2 
da

d2(z2)
da2

and for hyperbola S' P -SP = 2a
=> 25-13 = 2a=> 2a = 12

'386
12

40. Let the point of intersection of tangents at A and B be P(x^, y(). 
Then, equation of AB is 

xx, + 4yy, = 4 
xx.^rL + yy1 =1
4
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For minimum of z,

tan a = ±or

a = tan=>
P (7, 4)

(3.6)S-- n + tan

X'+
(3,1)C

=>
(3.-4)S'-

=>
(a *90°)

V
Latusrectum = -

4i)CS - 5 = be
=>

= 4 cos a ...(ii)=>

2a = nit + (-1)" —

For n = 0

=>
or

or

2or

22

= 1+or

or

+

= 0

=>

, - tan

57t
12

1
2

minor axis
----

=-3
(7.4)

y
_ ,2

- , 7t - tan

2x + y-3 
Vs

1

x-2y+ 1 
Vs

20 45
2(x-3) | 2(y-l)dy

20 45 dx

dx

Here, b > a
46. For centre: X = 0, V - 0 

2x + y-3 = 0 
x - 2y + 1 = 0 

x = 1, y = 1

48. Lengths of axes are 2a and 2b 
i.e. 2 and 2^2.

Sol. (Q. Nos. 49 to 51)
Here, b > a

Sol. (Q. Nos. 46 to 48)
9x2 + 4xy + 6y2 -22x- 16y + 9 = 0 

2(2x + y -3)2 + (x-2y + l)2 =10 
2x+y-3

Vs
2

I =2

1 = 2(1 -e2) or
1 

e = V2

45. x2 tan2 a + y2 sec2 a = 1 
x2 «2 

cot2 a

1 
sin a

< b2tan a = — 
a

:. Slope of normal = |

71TC . 7C
=> a = —+ (-l) —

2 12

:. Required point is mid-point of PG. 
v Equation of ellipse E is 

(x-3)l ^(y-1)

e2

a = 4b2

+ ——2----- 1
cos a

cos2 a = cot2a(l -e2)
sin2 a = (1 - e2)

e2 = cos2 a
e = cos a

1 2b2
• xz ■ ■

2 a
=> cot a = 4 cos2 a

- « 1=> sin 2a = -
2

From Eq. (i),

e = — and a2 = 45-25 = 20 
3

From Eq. (ii), ellipse (E) is
(x-3)2 t (y-l)2._1 

20 45
49. Product of the lengths of the perpendicular segments from the 

foci on tangent at P(7, 4) is equal to a2 i.e. 20 (v b > a)
50. Lines SF' and S'F meet the normal PG and bisects it.

and
we get,

Centre is (1,1).
47. For eccentricity: a2 = b2(l -e2)

a = — and for n = 1
12
re n 

a =--------
2 12

x-2y + l
V5

2
X2 Y2 ,
a b

^>=0 
da

and
Equation of ellipse is 

(x-3)2 (y-i)2_ 
a2 b2

Which pass through P(7, 4), then 
16 9
“T + “T = 1 
a2 b2

—^- + 4 = 1 [va2=h2(l-e2) = bI-25] 
b2-25 b2

b4-50b2 +225 = 0
(b2-45)(b2-5) = 0 

b =3V5

7C

6

http://www.536
http://www.536
http://www.jeebooks.in


537Chap 06 Ellipse

r =

=>

25

and

...(0
A B

>XX'+
— (ii)

CD

or

tana =

*4 75
3

then, 
x2
1
9

Let A^.y,)

Here, a = — and a = 3, b = V5 
4

For common tangent, r2(m

Which meet the major axis in 6^3,^).

144—9r2
7

x2 =
+4=i 

b2

2^(?+ 

|x,2+y,2-a

andy2 =

Equation of normal at P(7, 4) is 
y-4 = ^(x-7)

x-3y+ 5 = 0

x2
Now, if two tangents drawn from(jq,y1) on ellipse — 

a 
A

If PQRS is a square, 
then, m = ±1
or r^2 =
or 2r2 =25

54. v PQRS is a square, then ZPQR =90°
:. PR is diameter of circle through P, Q, R
:. Area of circumcircle of

APQR = n(OP)2 = K(r^2)2 = 2nr2 

and area of circle C, is nr2.
Hence, the required ratio is 1/2.

Sol. (Q. Nos. 55 to 57)
55. v Distance between foci 5 and S' is 4 units

SS' = 4 
2ae = 4 
ae = 2

*4

R 
and angle between tangents is a, then

Zj 
b2 J 
^-b2|

=> e, = e =

and given SP + S'P = 6
=> 2a =6

a =3
From Eqs. (i) and (ii), we get

2 e = -
3

and b2 = a2(l-e2) = a2 -(ae)2 =9-4 =5
.*. Equation of ellipse with centre (0,0) is

^ + ^ = 1=> 5x2+9yz=45
9 5

56. ••• AB = AC and ZB = n/2
ZA = ZC = n/4

=> 25r2 =288

Required point is mid-point of PG i.e. ^5, -y j.

51. Since locus of mid-point of QR is another ellipse having the 
same eccentricity as that of ellipse (E).

y2 
/ll 
^16
1
7

x2
lx
9'

2

y2
i
16 

x2
16r2-144

1
-r2
-144

__ y 
144-9r2
16r2—144

7
If ABCD is a square, then x2 = y2

16r2 —144 144—9r2 t noo --=----------  => 25r = 288
7 7

53. Tangents of slope m to the circle and ellipse are respectively, 
y = mx ± r-J(m2 + 1) and y = mx ± 7(16m2 + 9)

i2 + l) = 16m2+9 

16m2 +9 
m2 +1

Sol. (Q. Nos. 52 to 54)
52. Solving curves C, and C2

xi + y2-r2=0 
9x2 + 16y2 -144 = 0 

y

x
a
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then,

or
=>

59. Foci of ellipse

i.e.

A s
cos

/

3 cos

...(ii)

= 4 or 5x2+9y2 =60

x +=> y = -

m = -

=>

or
cos 6 = 0

and b2 = 1

= 2a/3 cos e + »
2

6^5,

1 =

cos 
I
3 cos

Let x =-----
cos

e2= — 
4

e = — 
2

!are(0,±7(^2-G2)) 
r vn 
0>±T

60. Required locus in the director circle of ellipse is
2 2 1 ,x + y = - +1 

4
i.e. x2+y2=5/4

61. Let S and S' be the foci of one ellipse and H and H' be the 
other, C being their common centre. Then, SHS'H' is a 
parallelogram and since

SH + S'H = HS' + H'S' = 2a
Since, the sum of the focal distances of any point on an ellipse 
is equal to its major axis which is 2a.
Then, CS = ae, CH = aF

_Je2 + e'2-l 
ee1

2
sin 0 = 1

2(1 + sin2 0 + sin4 0) = 2(1 + 1 + 1) = 6

re - <t>
< 2
0 + 0

2
(nA 

cos —

vp2 =

a2 = b2(l-e2) => - = l-e2
4

.'. Required locus is
(x2 + y2 -14)2 = 4(5x2 + 9y2 - 45)

57. Let P =(3cos0, 75sin0)and Q = (3cos(j), \/5sin0)
IT

Given, 0 - 0 = —
3

v A is the point of intersection of tangents at P and Q 
f

3 cos

(9 16 ,
— +----- 1yk25 25

12 / 25

m2 
m2 + 4

Let 0 be the angle between their axes.
Then, SH2 = a2e2 + a2e'2 - 2a2ee' cos 0

HS2 = a2e2 + a2e'2 + 2a2ee cos0
Now, 2a=SH + S'H
Squaring both sides, then

4a2 = (SH)2 + (S' H)2 + 2(SH)-(S'H)______________
=> 4a2 = 2az(ez + e'2) + 2^(a2e2 + a2e'2 )2 - 4a4e2e'2 cos2 0 

=> (2 - e2 - e'2 )2 = (e2 + e'2 )2 - 4e2e'2 cos2 0 
=> 4 + (e2 + e'2)2 - 4(e2 + e'2)

= (e2 + e'2)2 - 4e2e'2 cos2 0
1 - e2 - e'2 = - e2e'2 cos2 0

75 sin| 
and y =------ -r

cos

vl9 5
(xz + y2-9-5)

(x2+y2-14)2 = 18o[y + y- 1 j

58. Here, a2 = -, b2 = 1
4

b > a

(»±f] Vssinf^T
I 2 ; k 2 J

I 2 J
0 + 0 T

2 J =
0 -4>A

2 J
<0+0^
I 2 J
0-<{A

2 J
<0+ 0>
I 2 J
§

From Eqs. (i) and (ii), we get

(i) +K’,J
which is required locus of A.

Sol. (Q. Nos. 58 to 60)
Given, line is

2px+y 7(!-p2) = !
2p 1

7(1-/)X+ 7(1-p2)

V Equation of tangent in terms of slope (m) of ellipse 
2 2 _______________

— + = 1 isy = mx+ \{a2m2 + b2)
a2 b2

2P

1
1-p2

a2m2 + b2 = -m2 +1
4

a2=- 
4

x2 y2
Equation of ellipse is + y = 1

and a2m2 + b2 =
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Q
p, Given

■DB

65. Vie know that, for 0 = — the focal chord will be latusrectum

66.

(x- 13 cos0)

or

0 =2n - sin

67.

P =

i.e„

B

=>

Now,

5
Ji

..(ii)
(iii)

=>
or

1 - e cos 0
1 + e cos 0

. 2b2 with length —.
a
Xab2

62. Let the sides of the rectangle be p and q.
i A

-(iv)
[vSP + S/P = 2a]

2b1 
a

| e cos 0 - 11

cos20 sin2 0^“7r +vj
|ab (e cos0 -1)| 

cos2 0 + a2(l - cos2 0))

a2 sin

x2 +y

Equation of director circle is
x2 + y2 = 25

x2 y2This director circle will cut the ellipse — + — = 1 at four
50 20

points.
Hence, number of points = 4

64. •; Perpendicular tangents meets on director circle of
. x y .2 2 iiellipse — + —— = 1 is x2 + y =7 + —

7 11/2 2

Let length of sides = a

OA = OB = OC = =
■Ji

0 = —, 0 = n + sin'1 f—1, 
2 <24 J(a

Hence, three normals can be drawn.
i.e. n = 3

2" =23 =8
The equation of the tangent at P(a cos 0, b sin 0) on the given

ellipse —- + ~- = 1 is — cos 0 + — sin 0 = 1F a2 b2 a b

Length of the perpendicular from the focus (ae, 0) on the ellipse 
is

Area of rectangle = pq = 200 
and area of ellipse = nab = 200n 

ab = 200
Perimeter of rectangle = 2(p + q)
InAABD,
Distance BD = yj(p2 + q2) = Distance between foci 

= 2ae
or p2 + q2 = 4a2e2 = 4(a2 - b2)
Also, BA + DA = 2a
=> p + q = 2a
From Eq. (iv),

(p + q)2—2pq = 4(a2 -b2)
=^> (2a)2 - 2 x 200 = 4(a2 - b2) [FromEqs.(i)and(v)]
or b2 = 100 or b = 10
From Eq. (ii), a = 20
From Eq. (iii),

P = 2(p + q) = 2(2a) = 4a=80 
P + 1 =81

Hence, 7(P + 1) = 9

63. For ellipse
x2 v29x2 + 16y2 =144 or — + = 1
16 9

+ »’ cos’( ■ )

Xab2 2b2 ------- =----- 
a2 + 0 a

X =2
Equation of normal at the point (13 cos 0,5 sin 0) is

„ . A 13 sin 0 y - 5 sin 0 =----------
5 cos0

or 5y cos 0 - 25 sin 0 cos 0 = 13x sin 0 -169 sin 0 cos 0
It passes through (0,6), then

30 cos 0 - 25 sin 0 cos 0 = 0 -169 sin 0 cos 0
30 cos 0 + 144 sin 0 cos 0 = 0

6 cos 0 (5 + 24 sin 0) = 0

cos 0 = 0, sin 0 = - —
24

ab (1 - e cos 0)
= . ■ =■ = b

yja2 -a2e2 cos20

b2 1 + e cos 0_ —-------------
p2 1 - e cos 0

r2 = (ae - a cos 0)2 + b2 sin2 0
= a2[(e - cos 0)2 + (1 - e2) sin2 0]

a
Ji
a=5

2

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


540 Textbook of Coordinate Geometry

y

y
1 - e cos 0 I

>x>x 00=>

Now,
[given]

or

Hence, 0

P2.2x y
69. For the ellipse-----F — = 1, a normal at P(5 cos 0, 4 sin 0) is M

X'* >XAA' 0

cos 0 < 1)

y-o =

,2

C

(O.k) (h.k)

>X0

=>

= 5

5 = 15e
1 

e = -
3

Le

0(0, 0) being the centre of arc and radius of arc is OC 
=> OC = y](27 + 9) = 6 units

The two extreme positions are horizontal and vertical 
orientation.

* 25 16
5x sin 0 - 4y cos 0 = 9 sin 0 cos 0

Since, the normal pass through (X, 0), then
51 sin 0 - 0 = 9 sin 0 cos 0

For, sin 0 * 0 (i.e. 0 0, n), we get
51 = 9 cos 0 < 9
51 < 9

Hence, maximum value of 51 is 9.
70. Here, a = 3-73,6 = 3

Since, axes are at 90° to each other.

Now, — - 
r 3 •

68. The points are A(3, 4), B(6,8) and 0(0, 0).
V OA + OB = 2a (where, a is semi major axis)

5 + 10= 2a
15 a = —
2

AB =2ae

7(6 - 3)2 + (8 - 4)2 = 2 x — x e
2

6z=a2(l-e2) = —|l-i|=50 
4 V 9j

2b2 b2 sin2 0
1 + COS0 (1 + cos 0)2 

b2(l - cos2 0) 
(1 + cos 0)2 

b2(l - cos 0) 
(1 + COS0)

Hence, rotation 30° takes place in totality
T , - 2nr 2it , nl => Length of arc =---- = — x 6 = it — —

12 12 6
1=6

71. (A) Let point P be (a cos0 , b sin 0). The equation of tangent at 

point P is — cos 0 + = 1

The point Q is (0, b cosec 0). 
y

2b2
1 + COS0

2b2

(1 + COS0)

= 62 =4
(B) We know that, two diameters y = n\x, y = rr^x are 

x2 y2 b2conjugate diameters of—- + ;i-- = lifm1m2= —- 
a b a

2 -b2 
IX—= —

3 a2

I

= a2[e2 cos2 0 - 2e cos 0 + 1] 
= a2(l - e cos 0)2

r = a(l - e cos 0)
b2 _ 2 1 + e cos 0 _
p2 1 - e cos 0 1 - e cos 0

f l • A
Then, (OQ)2 -(AfQ)2 = b2 cosec20 - b cosec 0-----

’ 1 4" COS Uy

V
The equations of chord A' P is 

b sin 0 - 0 . .
----- --------(x + a) 
a cos 0 + a

The point M is f 0, -^
V 1 + COS0J

225
4
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or

2or
or

or
or/

Hence, 4(H---- F- + .. ,00)= 4 = 6

(C) •/ 2x2+3y2 = 6 =>

(which is hyperbola)

or A'l A
S

Hence,

=>

(0
...(ii)

=>

=>

at

or$(3. 3)

(given)C(2.2)

S'(1.1)

0

4X
5

=>
=>

16
25

(given)
(given)

Therefore, the area is nr2 i.e. 8n = tcX (given) 
X=8

1
3

X

(B) Equation of normal at (5cos0, 4sin 9) is 
5xsec0 - 4y cosec 9=9 and it passes through P(0, X). 
Then,

I t i(D) ±ae, — are extremities of the latusrectum having 
\ a 7

positive ordinates, then,
„2„2 — b 0 | 
a e = —21 — —21 

\a )

But b2=a2(l-e2)
From Eqs. (i) and (ii), we get

0 - 4 X cosec 9=9
9 

X = — sin 9
4

9 9
|X|= —|sin 9|< —

4 4
9

P = “ =^4p=9

(C) Let the orbit of the earth be the ellipse

a1 b‘
Its major axis = 2a = 186 x 10‘ miles
i.e. a = 93 x IO4 miles and e = 1 / 60

e2

1 

1-1 
k 3J

3 2
By using condition of tangency (2/i)2 = 3 x(fc)2 + 2 
Therefore, the locus of P(h,k) is 

4x2-3y2 =2 
^-  ̂= 1 
1/2 2/3 

3 2

e2 = 1 + - or 3e2 = 7
3

Hence, a = 2
72. (A) v (0, 0) lies on the director circle and mid-point of foci (2,2) 

is the center of the circle.
Hence, radius of director

circle = OC
r = 7(4+4) = 2^2

a2e2 =-2(a(l-ez)-2) 
a2e2 -2ae2 + 2a-4 = 0 
ae2(a-2) + 2(a-2) = 0

(ae2 + 2)(a-2)= 0

Let the Sun be at the focus S(ae,0). Then, the Earth will be at 
shortest and longest distance from the Sun when the Earth is 
at the extremities of the major axis which are respectively 
nearest and farthest from this focus S.
.’. Shortest distance of the Earth from the Sun

= SA, where S is (ae, 0) and A is (a,0)
= a-ae = a(l-e)
= (93xl0‘)(l + (l/60))
= 91450000 miles = 9145 x lO’miles and longest 

distance of Earth from the Sun
= SA', where S is (ae,0) and A' is (-a, 0)
= a + ae
= a(l + e)
= (93X1O‘K1+(1/6O))
= 94550000 miles = 9455 X 10s miles

/. g-X + 1 =9455-9145-1 =30
(D) Equation of chord whose mid-point (0,3) is T = St

0 + ^-l = 0+--l
25 25

y=3 
x2 y2

It intersects the ellipse — + — = 1
16 25

16 25
, 16 x = ± —

5
32

Length of chord = —

X=8
73. (A) LetS =9x2+8y2-36x-16y-28

/.Value of Sat (2,6)
S, = 9(2)2 + 8(6)2 —36(2) -16(6) -28

= 36 + 288-72-96-28
= 128 > 0

b2=-a2
3

a2(l-e2) = -a
3

, 2 21-e =- or
3

1
3

1
9
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/.Vertices,=>
±3,or

or

C(2,1] 8(0,5)

S(0. 4)

8(2, -2)
X'+ C

S'(0,

8'(0, -5)

or

focii

= 1or

.’. Length of latusrectum =

C(—1.2) P{1,2)

=>

= y

io
46

8(2,6)
>4(2.4)

A 
(2.2)

=>
or
or

X = ± 3, Y - 0 
3x + 4y _ 

5

A'
H.2)

Point (2,6) lies outside the ellipse.
The equation of the given ellipse be rewritten as 

9(x—2)2+8(y — I)2 = 72 
(x —2)2 [ (y-1)2 r 1

8 9
Centre of ellipse is (2,1) and axis parallel to Y-axis 
.•.Vertices are x-2 = 0
and y-l=±3
or (2,-2) and (2,4)
.*. Minimum distance

L = PA=2

Then, the given equation can be written as
v2 y2 

4X2 + 9Y2 =36 => — + —= 1
9 4

and maximum distance
G = PB=8

Then, L + G = 10, G — L =6
(B) Let S = 4x2 + 9y2 + 8x —36y + 4
.•.Value ofS at (1,2) is

S, = 4(1)2 + 9(2)2 + 8(1)- 36(2) + 4 
= 4 + 36 + 8-72+4 
= -20 < 0

.•. Point (1,2) lies inside the ellipse
The equation of the given ellipse be rewritten as 

4(x+ I)2 + 9(y —2)2 =36 
(x+1)2 | (y-2)2 

9 4
.". Centre of ellipse is (-1,2) and axis parallel to X-axis.

Vertices are x +1 = ± 3
and y-2 = 0
or (-4,2) and (2,2)

(9 12) fVertices are — and -
\5 5 J V

’.• Given point is a vertex.
Minimum distance L = 0

and maximum distance G = Length of major axis = 2x3=6
Then, L + G = 6, G — L — 6
(D) Given ellipse is 25x2 + 9y2 = 225

Y

Y
x2 y2
— + — = 1 
9 25

(0,± 7(25-9)) or (0,±4)
and vertices are B (0,5) and B' (0, -5)

Minimum distance L = SB = 1
and maximum distance G = SB' = 4+ 5= 9
Then, L + G = 10, G - L = 8

74. Here, (a2 + 1) < (a2 + 2)

.'.Minimum distance L = PA = 1 
and Maximum distance

G = PA' = AA'-PA =6-1=5
L + G=6,G-L = 4,

(C) Here 3x + 4y = 0 and 4x - 3y = 0 are mutually 
perpendicular lines, then substituting

4xt4^Xand , 4x-^—
# + 4') 7((4)! +(-3)!)

2(a‘ 4-1) 

V(“! + 2) 
6(a2 + I)2 =25(a2 +2) 
6a4 - 13a2 - 44 = 0 
(a2 — 4)(6a2 + 11) = 0 
a2 =4, 6a2 + 11 # 0 

If e be the eccentricity, then 
(a2 + 1) =(a2 + 2)(1 — e2)

e2=l-- = - 
6 6

1 e = —p= 
46

Hence, both statements are true, statement D is correct 
explanation for statement I.

5 
4x 3x + 4y = ± 15, y = —

9 -12^
5’ 5 J
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...(i)or S(ae, 0)(-ae, 0) S'

m}m2 = - 1 =>

bc

C

—(0

0(0)R™.

♦XX' 0

S(8)
...(0

...(ii) = cos

...(iii)and which is constant by hypothesis

Similarly

C
= cos

.*. C2(2,1) and r2 = 4

=>
=>

Equation of PQ is
x — cos 
a

f C2 
C,

a + 8
2

a + 8
2

— sin 
b

a + [T
2 >

a + P
2

+ —sin 
b
fa -8

2

a-fr
2

v (Slope of SP) x (Slope of S'P) * -1
:. Statement II is false.

81. Given, a = constant and a + b + c = constant = 2s.

Now, BA + CA=c + b = 2s -a = constant
A

|C,C,| = 72>|,-r,|

/. Circle (iii) lies completely inside the circle (ii)
V CC, = r + 4 and CC{ = 5 -r
=> CCt + CC, = 9 = constant

C lies on a ellipse.
Statement I is true and Statement II is false.

80. Statement I is obviously true since it is a theorem
P(a cos p. bsin <?)

P(a)

. 2 J
r , . b
Its slope is — cot 

a
:. a + P = constant = 2k, (say)

P + y = constant = 2k, (say) 
and y +S =constant = 2kj (say) 
Now the equation of SP is 

x — cos 
a

lor(£^ + (^ = 1 
(V5)2 21

B a
/. Locus of A is an ellipse.
=> Both statements are true and statement II is a correct 
explanation for statement I.

82. Let PQRS be a quadrilateral inscribed in the ellipse.

a‘ b
Let PQ, QR and RS be the three sides parallel to the given lines.

2ae <2a =$ e < 1
Both statements are true, statement II is correct explanation for 
statement I.

78. 4x2 + 5y2 - 16x - 30y + 41 = 0

=> 4(x2 - 4x) + 5(y2 - 6y) +41 = 0
=> 4{(x-2)2 - 4} + 5{(y-3)2-9} + 41 = 0
=> 4(x-2)2 + 5(y-3)2 =20
.*. statement II is true.

, (x-2)2 (y-3)2 , (and i------ = 1 or ■ r . .
5 4 (V5)2 22

:. Sum of focal distances of a point (P) on the ellipse (i) is 2-Js.

Statement I is true, but statement II is not a correct 
explanation for statement I.

79. Let variable circle is (x - h)2 + (y - k)2 = r2

:. C(h, k) and radius r and given circles 
(x-1)2+(y-2)2 =52 

Ct(l,2) and r, =5 
(x-2)2+(y-l)2 =42

75. The given ellipse is -^~- + ^- = 1

:. Area of ellipse = = Tt-Jb

The circle is x2 + y2 - 2x + 4y + 4 = 0
or (x-1)2 +(y + 2)2 =1
Its area is 7t. Hence, statement I is true.
Also, statement II is true but it is not the correct explanation of 
statement I.

76. Given, ellipse is 4x2 + 9y2 =36 

x2 y2+ 2_ = 1 
32 22

Equation of tangents in terms of slope (m) are 
y = mx ± ^(9m2 + 4) 

(y - mx)2 = 9m2 + 4 
m2 (x2 - 9) - 2mxy + y2 - 4 = 0

x2 -9

=> x2 + y2 = 13, which is director circle of (i).
Hence, both statements are true and statement II is a correct 
explanation for statement I.

77. Distance between foci = 2ae and sum of focal distances from a 
point = 2a
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Its slope [From Eq. (i)J

But
.2or

= 1or

-.(i)

A' AC ••■(ii)

B
X>

IA=> G

or

[•/SP + S7P=2a]or
g

or ...(iii)

2 sin cos cos
=> Putting y = 0 in Eq. (ii), the point G is

2sin cos

cos - cos
sin 0

+ coscos

(PG)2 = a cos 0 -

tan tanor •••(iv)

(Pg)2 = (a cos $ ” 0)2 + bsin <}> +and sin (J>

(x - ae)

PS'S
2

Pjacos<|),t>sin(J>)
- bisectors

1 
e

1 
e

S' (-36,0) J 
p/2

b m =----cot
a

a + 8 = (a + p) - (p + y) + (y + 3)
= 2X, -2X2 + 2X., 
= constant

Hence, the slope of the fourth side PS is constant. Hence the 
fourth side is also parallel to a fixed straight line.

83. Let ZPSS' = a and Z PS'S = p

SS' = 2ae

x2 
a2e2 +

V
cos 0 + (b sin 0 - 0)1

a + 8
2

SS7 
sin (a + P) 

SS'

1 - e
1 + e

1 - e
1 + e

2 
a + p

2

2 I 1 ” C / 2 
y =~ r—

2 k a — b
a

0 in Eq. (ii), the point g is
(a2~b2)

b

,2
- cos |, 0

S (ae.O) 
a/2

ab
^/(a2 sin2 0 + b2 cos2 4>)

By sine rule in APSS7, then
SP S'P SS7 -----  =------ —---------------------  

sin P sin a sin {n - (a + p)} 
SP S'P ------ —------  

sin p sin a
SP + S'P

sinP + sina (sin a + p) 
2a _ 2ae 

sin P + sin a sin(a + p) 
2a _ sinP + sina 
2ae sin(a + p)

a + P
2

a + p

a -p 
2 , 

a-p'
2 ,

, I a I / \and y = tan In---- I (x - ae) or y = - tan
\ 2 J

By multiplying we get

y2 = - tan

which is an ellipse.
84. Let P be (a cos 0, isin 0)

.’. Equation of tangent at P is
x y
— cos 0 + — sin 0 = 1 
a b

and equation of normal at P is
ax sec 0 - by cosec <}> = a2 - b2

It is clear from the figure CFPQ is rectangle 
PF=CQ

{i.e. the perpendicular from C(0, 0) on Eq. (i»

Q

and Putting x =
/
0,-

a-in 
2 )

a + P
2

a + p
. 2

{By componendo and dividendo rule}
1 — g
------= tan(a/2)tan(P/2) ,..(i)
1 + e

, PSS7
—

I 2
The centre of the circle inscribed in A PSS7 will lie on the
bisectors of angles a and p whose equations are

y = tan ^^(x + ae^

y2

a2-b2
2

-a2e2)

1 - e

‘2 0 + b2 sin2 0 = X (b2 cos2 0 + a2 sin1 (?)

1_______
cos2 0 sin2^

(a2-b2) 
b

a* a2
= a2 cos2 0 + — sin2 0 = — (a2 sin2 + b2 cos1 (?)

b b2

Pg = 7 yl(a2sin2^) + fe2cos2(|))
b

From Eqs. (iii) and (iv), PF • PG = b2
and from Eqs. (iii) and (v), PF - Pg = a2.

1 - e
V1 + e)

+ x2f— I = a2e 
\1 + e/ 

y2 
a2e2(—

I1 + e

b4
= —cos Y ........... Y-

a a

PG = - ^/(a2sin2 <^ + b2 cos2 0) 
a

b
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25or

(x-x,)

y=± xor

P(Wl)

MC IAN

Qfa-yi)

M is , 0

Also equation of BQ is y + yt

Nis , 0

...(H)

=>
and

or

(0

and B 0, ^25m2 + 4A

and 2X = 7(25m2 + 4)2h
*XX'* C AA

=> =>

2

Therefore,
=> tanO

or

(h, k) 
\P/

85. Let the coordinates of Pbe (>q, yt) then Q is (x, - y,).
Also B is (0, b)

Equation of PB is

k v m = — 
h.

meet in P (h, k)
Let the line joining the feet of the other two normals from 
(h, k) have for its equation, rx + sy = 1

A C

-y
B

B'

f x2 y2 J) . 
-T + 77"1 + X 
\a )

—-^P|fa cos<>, t>sinty) 

/(e 
S fae, 0}

\ 7
Let P (h, k) be the mid-point of AB. Then 

7(25m2 + 4) 

m
2k k
— = -m => m = — 
2h h

Since, Eq. (i) touches the circle x2 + y 
yj(25m2 + 4) _ 

+ m2) 

25m2 + 4 
1 + m2

(?) + 4=r’(I + Fj
Hence the locus of P (h, k) is 

25y2 + 4x2 =r2 (x2 + y2)

V-4)
(25-r2)

__ , , , , ... lx my87. Let the normals at the pomts when the line, — + — = 1
a b

B D
Then the general equation of a curve through the intersection 
of the ellipse and the two lines is

lx my A . . n— + — -11 x (rx + sy -1) = 0 
a b J

But the four points A, B, C, D also lie on the ellipse
(a2 - b2) xy + kb2x - ha2y = 0

Curves Eqs. (i) and (ii) must be identicaL
This is possible only one coefficient of x2 and y2 and the 
constant terms in Eq. (i) must vanish separately.

1 krl n ,1 Xms .
a a b b

;. X = 1, 1 + arl = 0 = 1 + bms
-1 , -1 r = — and $ = — 

al mb
Therefore, the line rx + sy = 1 become 

x y . x y--------- 2_ = ior_ +-Z_ = -i 
al-- mb al mb

| | sin 0 
\aj

(cos (J) - e)

= r2

+ 0y = a2

^(1 - e2) sin <j>

(cost}) - e)

=> sin0 cos(J> - e sin0 = ^(1 - e2) sin© cos0

b -y y-yt =7—211 
0-x,

It meets major axis i.e. y = 0 in M 
B

« bsind)88. tan0 =----------------
(a cos<|> - ae)

v b2=a2(l-e2)

a

k2
h2

(b-yj
= ^-^-(x~xi) 

0-x,

It meets the major axis Le., y = 0 in N.
bxt

Now the polar of M with respect to the auxiliary circle 
x2 + y2 =a2 is 

x&x, 
b-yt

or bxx^ = a2(b - y,)
If Eq. (i) passes through N, then

^L = a2(b-y}
(b + yj

b2x^=a\b2-y^

X + ^- = 1 which is true. 
a2 b2

86. The equation of any tangent to the ellipse 
x2 v24x2 + 25y2 = 100 or — + — = 1 is 
25 4

y = mx + -J(25m2 + 4)

It meets the coordinate of axes at
( 7(25m2 + 4)

m
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=>

±r =

(vb <r<a)we get m =

0
R,

x> ♦X

OF =
2

tan(<J) / 2)tan(0 / 2) =

-(■)(0

...(ii)

...(iii)
2

= 4a2 cos2 (J)

,2

1 + e
1 -e

0 
(0,0)

Similarly 
=>

r
The line RS passes through (ae, 0) and parallel to PQ is 

y - 0 = m (x - ae)
=> mx - y - ame = 0
Let T be the feet of the perpendicular dropped from the origin 
on RS

Y
“p

L
(ae,

90. y = mx + yj(a2m2 + b2) is a tangent to the ellipse this tangent 
also touches the circle x2 + y2 = r2

then

2 -(r2 -b2) = b2

0-0 + ^a2m2 + b2 

■Jl +

Zr2-b2>|

I a2 -r2 J

C0S2P)

ame
-Jl + m

(RT)2 = (OR)2 -(OT)2
a2m2e2
------------ 2=r
1 + m

2 tan(0 / 2) 1 - tan2 (4> 12)
1 +tan2 (0/2) 1 4- tan2 (<|> / 2)

x y— cos(|) + — sin (j) = 1 
a b

and foci F, s (ae, 0) F2 = (-ae, 0)
d = perpendicular distance of Eq. (i) form the centre (0,0) of

the ellipse

d =

RT = b,RS=2b
91. Equation of the tangent at the point P (a cos <|>, b sin<{>) on 

2 2^+>L = lis 
„2 l2 a b89. Let the given ellipse be

_2 k2 a b
Let P (a) and Q (£) be two points on Eq. (i) such that

0=a-p
Given that tangents at P and Q are right angles.

( bI — cot a
a

2

- — cotp'j = -1 
. a )

=> a‘sina sinP + b2 cosa cosp = 0
But the diameter parallel to the tangent at P (a) will be 
conjugate to the diameter CP, then its extremities will be 

(-a sina, b cosa) 
d2 = a2 sin2 a + b2 cos2 a 
d2 = a2 sin2 p + b2 cos2 p 

d2d2 = (a2 sin2 a + b2 cos2 a)(a2 sin2P + b2 
= (a2 sina sinP + b2 cosa cosP)2

+ a2b2(sina cosP - cosa sinp): 
= 0 + a2b2 sin2 (a - P) [from Eq. (iii)] 
= a2b2 sin2 0 [from Eq. (ii)]

ab sin0 = dxd2

4a2

Hence (PFt - PF2)2 = 4a2

= 4a2

= r2

e(2 tan(0/2))
(1 + tan2(0/2))

/' _ i” 2 tan(<j) Z2) 1 - tan2 (0 / 2)
e 1 + tan2((|>/2) ’ 1 + tan2(0/2)

=> 2 tan(0 / 2) (1 - tan2 (<J) / 2)) - 2e tan(0 / 2) (1 + tan2 (<|» / 2)) 

= 2 -J(l - e2) • tan(0 / 2) (1 - tan2(0 / 2))

=> (1 - e) tan(0 / 2) - (1 + e) tan(0 / 2)

tan2 (0 / 2) — J(1 - e2) tan(<|) 12)

+ -7(1 - e2) tan2(0 / 2) tan(<J) / 2) = 0

=> (1 + e) tan2(<|> / 2) + -7(1 -e2) tan(0 / 2)

(cot(0 / 2) - tan(0 / 2)) — (1 — e) = 0
=> -7(1 + e) tan(<[) 12X-J(1 + *) tan(<|> / 2) - J(1 - e) tan(0 / 2)} 

+ J(1 - e) cot(0 / 2){yl(l + e) tan(<J> / 2) - ^/(l - e) tan(0 / 2)]= 0 

=> (-7(1 + e) tan(4> / 2) + yj(l - e) cot(0 / 2))

(yl(l + e) tan(4> / 2) - ^/(l - e) tan(0 / 2)) = 0

But <|> and 0 lies between 0 and n

then tan(4> / 2) > 0 and tan(0 / 2) > 0

then .^(l + e) tan(4> / 2) + ^(1 - e) cot(0 / 2) # 0

/. y](l + e) tan(<|> / 2) - yj(l - e) tan(0 / 2) = 0

_____ 1
cos2 $

(1-^ = 4,

I d1

_____ ab_______
2sin2<|) + b2 cos2 0)

b2 (a2sin2(J> + b2cos2(J>)
1 ” a2b2

b21 - sin2 4>------ cos2 (|>
a ) 

(a2~b2) 
a2

= 4cos2 (a2 - b2)
= 4a2e2 cos2 <|> = (2 ae cos0)2
= [(a - aecos^) - (a + ae cosij))]’

= (PF1-FF2)2
(

sin2 <j) -7(a
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92. (i) Equation of ellipse is (i)

,(iii)e cos = cos

-(ii)
,..(iv)and -e cos = cos

Y
LY

P P

.$(-ae,o£ (ae.O) H >Xs0
0

T

or

cot(0 / 2)or

Similarly, tan(0,/2) = -

{b2 ^-aeY + by} = cos

b

cot(0/2) > = 1 + cot2(<J> /2)-2

1or

2

or

or

...(Vi)COS0 =

—(i)= cos

and -(ii)= cos

Now,
Also,

PQ is the chord of contact.

Equation of chord of contact is

, a4(b2-y2)
W + b2xt)

1 -e
1 + e
1 -e

+ —sin 
b

(x2 

ly +

r0-0, 
k 2 

<t>-4>/ 
2

0-0i
. 2 

0 — 03
2

41! + 4> 2
2

01 + 4>2 
2

0.-02 
2

1-e2

x (1 - cot2 (0/ 2)) 
a (1 + cot2(0/2))

2ab
tan0 =

tl-e2Jb2

| + —sin
I b

+ —sin[
b I

v Eqs. (i) and (ii) passes through (ae, 0) and (-ae, 0) then 
Eqs.(i) and (ii) becomes 

"0 + 0i 
< 2 
0+02 

2

[0 + 0.
k 2
0 + 02^

2 )

[ 0 + 0-
I 2
0 + 025

2 ,

x 
-----COS0 -

a

— (1 -e2) cos0 + — (1 + e2)sin0 = -(l - e2) 
a b

But QR is also chord of contact
Thus equation of QR is

1 + e2 2 cot 0 / 2 y _ 
1-e2 1 + cot2 0/2 b

y 
sin0 = 1

X,<*"Zk

SSt = T2 

a2 b2 ' 1 ’ *’a2

= a2
the equation of QR is

x
— cos 
a

Dividing both sides by cos (01/ 2) cos(0 2/ 2), we get

=> — (1 - tan(0,/2) tan(02/2) + — (tan(0,/2) + tan(02/2)) 
a b

= 1 + tan(0,/2) tan(02/2) or — (1 - cot2(0/2))+ — 
a b

Y'

Eliminate y from Eqs. (i) and (ii), we get 
x2 (a2y2 + b2x2) -2a2b2xxx + a* (b2 -y2) = 0

Let / and x" be it roots
2a2b2x} 

(a.2y2x + b2x,2)

ST2 = (x, - ae)2 + y,2
SP-SQ = (a - ex?)(a - ex”) 

= a2 -ae(xf + x*) + e2xf xf 
ae-(2a2b2xl) e2a*(b2-y2) 
(a2y2 + b2x2 (a2y2 + b\2)

x2 y2
a2 b2

By componendo and dividendo
2 cos(0/2) cos(0 2/2) 
2sin(0/2)sin(02/2)

= - cot(0/2) cot(02/2) 

tan(02/2) = -^-^
(1-e)

cot (0/2) 
(1 + e)

+ ™ =1 
a2 b2

Comparing the co-efficients of Eqs. (v) and (vi), we get 
(1-e2)cos0_(l + e2)sin0 _ 2

x,/a yjb 
cos2 0 =-~ and sin20 = 4 -7 

a2 b2 (1 + e2)2
cos2 0 + sin2 0 = 1

a-*2)’
a2 b2 (1 + e2)2

Locus of(x,, y,) is (1 + e2)2 + (1 - e2)2^- =(1 + e2)2. 
a* b

2 2 \

^-+^-11
a2 b2 J

(x2+y2-a2-b2)

^ + y2-a2-b2)
^2+y2+a2e2)2-4a2e2xx2

From Eq. (i), ST • S' T cos0 = xf + y2 - a2 -b2
Hence ST • S' T cos© = (CT)2 - a2 - b2

93. Let coordinates of T be (x,, y,). Let eccentric angles of P, Q, R
be 0,0,, 02
Thus equation of chords PSQ and PHR are

x
— cos
a

x (
— cos
a \

2 \ /

a2
(«y+bzx,2) 

a2b2(ST)2
~ (a2y2 + fe2x,2)

(ST)2 =y2 , x2
SP-SQ b2 a2

(ii) ST • S' T cos0 = (^(x, - ae)2 + y2) (^(x^ + ae)2 + y2) cos0

= ^(jq2 + y2 + a2e2)2 - 4a2e2^ cos0 ...(i) 

Equation pair of tangents.

xxi , yy. _, 
7' + V’1
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X'+ >xo F(ae, 0)(-ae, 0)

X'- Also,*XO
=>

r
=>

=>

=>

98.
S'(-ae, 0) S(ae, 0)

...(i)

= 4

=>

=>

or

e =

=>

J3
2

=>

[Using: length of perpendicular 
from (0, 0) to (1) = 4]

Y.
B"'

Y
b)

PQ = 2^3

Now, if PQ is the length of latusrectum to be found, then
/q

PQ = 4a = 2 <3 => a = —
2

X> .

T

e2 = l-b2 /a2 = l-e2

2e2 =l,e = 4=
V2

As per question P = (ae, -b2 /a) = ^3, -

Q = (-ae, -b2 /a) = (- ^3,-- 
k 2.

X'*----

« X2 y2
94. Any tangent to the ellipse — + Z— = 1 at P(a cos0, &sin0) is 

a b
xcos0 + ysin0 

a b

y=~j=x+4^ 
5/3 V3

This tangent meets the axes at AQ-fi, 0) and B^0,

.’.Length of intercepted portion of tangent between axes

+ b2)2 + (fae2 + b2 )2 = (2ae)2 
2(a2e2 + b2) = 4a2e2

= 14/73

96. ■: ZFBF' = 90° => FB2 + F'B2 = FF'2

■■■ (Jav

=>

97. 2ae =6 => ae = 3; 2b = 8

b = 4
b2 = a2(l - e2); 16 - a2 ~ a2e2
a2 =16 + 9 = 25 => a=5

3 3 e = — = -
a 5

Given, ellipse is x2 + 4y2 = 4

4 + —= 1 => a=2,& = l
22 1n 

4
ae = -Ji

7
3

It meets coordinate axes at A(asec0, 0) and B(0, bcosec0).

.’. Area of AOAB = - x asec0 x bcosec0
2

ab A =------
sin 20

For A to be min, sin 20 should be max and we know max value 
of sin 20 = 1.

^max = ob sq units.

95. Let the common tangent to circle x2 + y2 =16 and ellipse
x2 / 25 + y2 / 4 = 1 be

y = mx+ ^25m2 + 4

As it is tangent to circle x2 + y2 = 16, we should have

fam2 + 4
fa2 + 1
25m2 + 4 = 16m2 + 16

9m2 = 12
-2 

m = -7=
V3

[Leaving + ve sign to consider tangent in I quadrant]
.’.Equation of common tangent is

y = --7=x + J25-- + 4 
V3 V 3
2
'3
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(0

/

...(0

.■.Area of AOAM = - x |

1
,2

X'- >x

(ae, 0)
.”. Mid-point of PQ is M

x=a/e

...(i)=> cos0 = — and sin0 = y =>
or

-(ii)

y

(He)
X------—►

Also, as PQ is horizontal, parabola with PQ as latusrectum can 
be upward parabola (with vertex at A) or down ward parabola 
(with vertex at A').

0
0
9
5

1

1 27
10

m =i
3cos0 6sin0

.’. Q, the point where normal at P meets X-axis, has 
coordinates (3 cosO, 0)

=> a[ 2 - -
\ 2.

8= 4 => a — —
3

r
J k

73
For downward parabola A' R = a = —

1-73 
2

or x2 + 2>Hy = 3-73 ...(ii)

.’. Equation of required parabola is given by Eqs. (i) and (ii).
99. Perpendicular distance of directrix from focus 

a=---- ae = 4
e

or x2 - 2y/3y = 3 + 73

z.. i ./-12 9^
Clearly, Ail ——I

.’.Coordinates of A = 0, -

So, Equation of upward parabola is given by 
f + 
\ c /

- 2x , . „ 4x2 , ,
> ----- + y“ =1

7 ' 49
Also, the latusrectum of given ellipse is

x = ±ae = ±4x — = ± 273 
2

So, the A(3, 0) and B (0, 1)

.’.Equation of AB is j + y = 1 or x + 3y —3 = 0

Also, auxiliary circle of given ellipse is
x2+y2=9 ...(ii)

Solving Eqs. (i) and (ii), we get the point M where line AB 
meets the auxiliary circle.
Putting x = 3 - 3y from Eqs. (i) and (ii) 
we get 
=>

or x = ± 273

Solving Eqs. (i) and (ii), we get 
4X12 2 ,------+ y2 = 1 

49
2 1 .1= — ory = ±- 

49 7
.’.The required points are f±273,± i J

.’.Coordinates of A' = 0, -

So, equation of downward parabola is given by 
x2 =-273 fy + ■■■

73
For upward parabola, Ar = a = —

2

(3—3y)2 + y2 = 9
9 - 18y + 9y2 + y2 = 9

10y2 - 18y = 0
9 „ "12y = 0, - => x=3,—

Y
.’.Semi major axis = 8/3

100. The given ellipse is x2 + 9y2 =9
2 2

4 + 4 = 1

0
3 

-12
5 

x2 v2101. The given ellipse is — + = 1

such that a2 = 16 and b2 = 4
e’ =1-1 = ’

16 4
73e = —
2

Let P (4cos0,2sin0) be any point on the ellipse, then equation 
of normal at P is

4xsin0 - 2y cos0 = 12sin0cos0 
x y

7cos0 . ] ------- ,sin0
2 J

For locus of point M we consider 
7cos0 , . Ax =-------and y = sm0

x2 =2yfi

-4-

0 s

-12
5

1
2

9
5
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= o
fl(0,1 P(2.1)0

X' o

= 0 s

cos
Y'

..flcos

+ coscos

cos - cos

=>

=>

fi

A(3, 0)

V
103.

=>

Required points are A (3, 0) and B -, - .

1
2

1
3

=?>

or 
i.e.

[substituting a2 = 16 in Eq. (i)J 
2

or
=>

P 
9(3,4)

If PQRS is the rectangle in which it is inscribed, then
P = (2, 1).

x2 v2Let — + = 1 be the ellipse circumscribing the rectangle
a b

PQRS. Then it passes through P(2,1)

' 2t
J + t2J

B + C
2

2

+ (y)2 =
2

+

• A A 

=> sin— = 0 or
2

As it passes through (3, 4), we get 
cos0 + 2sin0 = 1 
4sin2 0 = 1 + cos2 0-2 cos0 
5cos20 -2cos0 - 3 = 0 

cos0 = 1,-| 

sin0 = 0,— 
5

s(s - c)

1 
s 3
2s = 3a 

a + b + c = 3a
b + c = 2a 

AC + AB - constant
[•/ base BC = a is given to be constant] 

=> A moves on an ellipse.

16 4/3
or x2 + 12y2 = 16

x2 v2105. Tangent to — + = 1 at the point (3 cos0,2sin0) is
3 2

xcos0 + ysin0 _
3 • 2

B-C
2

B-C
2
B-C cos-------

2

— =90°-
2

— + y2 =1 
3

Which is an ellipse.
x2 v2

104. The given ellipse is — + = 1

So, A = (2, 0) and B = (0,1)

A
102. In AABC, given that cosB + cosC = 4sin2 —

^4
But in a triangle sin — 0

B-C cos-------
2

(B+C 
2 

B-C
2 )

Applying componendo and dividendo, we get 
(B + C 

2 
B+C 

2

1^-3
1 -2

4 1
—T + —~ = 1„2 k2 a b

Also, given that, it passes through (4, 0)

-

=> a2 =16
=> b2=4/3

x2 y2.'. The required ellipse is — + —— = 1

B-C
2

B-C
2 J

« B C2 cos—cos —
2 2_o
B C2 sin— sin— 
2 2

B C 1 tan—tan— = - 
2 2 3

'(s - a)(s - c) |(s - a)(s - b) 

s(s - b)

s - a

--6. J-----
(2-°i(4,0)

f 1 -12> 
I1 + r2> 
(1 + t2)* 
(i + tzy

- 4sin2 — = 0
2

-2sin— =0
2.

a B+C -2 cos--------
2

a B + C -2 cos--------
2

A B + C => 2 cos-------- cos
2

n . A ’ 
2 sin— cos

2

9 8
5 5
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P(3, 4)
A(3. 2)

X'+ *x0

Dc
A(3, 0)

Y

and s lope of AB =

e =

-1

=>

—(i)

-(H)

(i)

(ii)

(V m2 * -6)

-1
3

-1
3

8 
-24

106. Let H be orthocentre of APAB, then as BH± AP, BH is a 
horizontal line through B.

1
2

=>

=>
=>

=>

Thus, statement I is true, 
statement II is obviously true.

Y

(0.4)

-+■

^-=1 
4

+ ^ = lis
4

-12
5(a - 3)

On comparing Eqs. (i) and (ii), we get

— = ± 72m2 + 4 
m

Squaring on both the sides, we get 
16(3)= (2m2 + 4)m2 
48 = m2(2m2 + 4) 
2m2 + 4m2 - 48 = 0 

m* + 2m2 -24 = 0 
(m2 + 6)(m2 - 4) = 0 

m2 = 4 
m = ±2

Equation of common tangents are y = ± 2x ± 2^3

Ay-coordinate of B = 8 / 5 
Let H has coordinate (a, 8/5)

— — 4
Then, slope of PH = ------

8-0
_5__

9
5-3

16 V4

110. Given, equation of ellipse is 2xz + y2 = 4

2x2 y2 x2 y2---- + — = 1 => — + —
4 4 2

x2 
Equation of tangent to the ellipse —

Let the ellipse circumscribing the rectangle ABCD is

a2 b2
Given that, it passes through (0, 4)

b2 = 16
Also, it passes through A(3, 2)

+ — = i => a2 = 12
a2 16

(x + 3y-3)2
10

or 9x2 + y2 - 6xy - 54x - 62y + 241 = 0
x2 v2

108. Let the ellipse be — + = 1
a2 b

It passes through (-3,1), so
9 1

—- + —- = 1 
a2 b2

Also, &2=a2(l—2/5)
=> 5b2 =3a2
Solving Eqs. (i) and (ii), we get

, 32 ,2 32 
a =—,b =—

3 5
So, the equation of the ellipse is 3x2 + 5y2 =32

109. As rectangle ABCD circumscribed the ellipse
2 2

9 4
A = (3, 2)

But PH 1 AB
-12 --------- x

5(a - 3)

4 =-5a + 15 ora =11/5

Hence H —, - .us;
107. Clearly, the moving point traces a parabola with focus at 

P(3,4) and directrix as 
y - 0 AB:^—-
x-3

or x + 3y - 3 = 0
:. Equation of parabola is

(x-3)2+(y-4)2 =

y = mx± 72m2 + 4 

x2 y2 v equation of tangent to the ellipse —- + = 1
a b

is y = mx + c, where c = ± ^a2m2 + b2

Now, equation of tangent to the parabola
4^3 •; y2 = 16^x is y = mx +-----

m
(•/ Equation of tangent to the parabola y2 = 4ax is 

y = mx + —)
m

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


552 Textbook of Coordinate Geometry

h

i.e.

<03

=>
=>

3/2 \

'5a = 4,fe = 3e =

=>

.Y
4 k.

*x

•••(>)

•••(“)

Then,

e =

dA 
dh

9
2

45
8

-x 
y = — m

Eliminating m,we get

V7 e = — 
4

4-1
.___ 4.

1
2

h
7(4 - h2)(h2 4-2) 

h2

:.&{h) is a decreasing function.

- <. h < 1 
2

Y'

Now, radius of this circle = a2 =16
=> Foci = {±41, 0)

Now, equation of circle is (x - 0)2 4- (y - 3)2 =16
x2 4- y2 - 6y - 7 = 0

x2 y2
113. Vertical line x = h, meets the ellipse — 4- — = 1 at

( G ______ ( IX ____________ A
P h,—7(4 -h2) andQ h,-—y]{4-h2) 
<2 J V 2 ?

By symmetry, tangents at P and Q will meet each other at
X-axis

A,=^
2

8
-7= A,-8A, =45-36=9 
v5

114. Given, equation of ellipse can be written as 
x2 y2
6 2

=> a2=6,b2=2
Now, equation of any variable tangent is 

y = mx± y[a2m2 4- b2 

where m is slope of the tangent
So, equation of perpendicular line drawn from centre to 
tangent is

{x* + y<+2x2y2) = a2x2 + b2y2
=> (x2 + y2)2 =a2x2 + b2y2

(x2 4- y2)2 =6x2 4- 2y2
115. The end point of latusrectum of ellipse

x2 v2 ( b2\
—- 4- = 1 in first quadrant is ae,— and the tangent at this
a b \ a J

(a )
point intersects X-axis at 0 and Y- axis at (0, a).

\e J
x2 y2

The given ellipse is — 4- = 1

a2 = 9,b2 = 5
2
3

1-1
9.

End point of latusrectum in first quadrant is L( 2,5/3) 
2x yEquation of tangent at L is — 4- j = 1

It meets X-axis at A (9/2, 0) and Y-axis at B (0, 3)

Am„max

Tangent at P is — 4- ^-^-■>]{4 - h2) = 
4 6

Which meets X-axis at

A 45 3^3 a2 =---------
2 1

x2
(Major-axis)2

x2 y2
—r 4- —- = 1 => 
(4)2 (2)2 max = A(l)

Area of APQR = - X 73-J(4 - h*) x [ - - h 
2

111. Equation of circle is(x - l)2 4- y2 = 1

=> Radius = 1 and Diameter = 2
/.Length of semi-minor axis is 2.
Equation of circle is x2 4- (y - 2)2 = 4 = (2)2
=> Radius = 2 and Diameter = 4
=> Length of semi-major axis is 4
We know, equation of ellipse is given by

4 . >- ,=1
(Major-axis)

x2 y2 ,. — . —> — 4- — = 1
(4)2 (2)2 16 4

=> x2 4- 4y2 = 16
112. From the given equation of ellipse, we have

^31
16
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y.
j L

jo, 3)

L (2, 5/3)

so

o

6 .

y-

x = — +1 or - + 1 and y = - + 2 or — + 2

x = - or - and y = - or -

y

Now,

=> = 5:8

or

J6
2

1
3

1
5

1—-
9.

3x —
2.

9_
3

Np,-
\2

For orthocentre of clearly one altitude is X-axis 
i.e. y = 0 and altitude from M to N is

5
2y/6

19 27
/.Area of AOAB = - x - x 3 = — 

2 2 4
It passes through (2,0) 

4 
0 = 2^------- => = 2

m, 

~+n£= 4

Sol. (Q. Nos. 118 & 119)
X2 V2

118. For ellipse — + = 1, e =

/■(-I, 0)andP2(l,0) 
Parabola with vertex at (0, 0) and focus at F2 (1, 0) is y1 = 4x. 

Intersection points of ellipse and parabola are Afl-,-76 I and

4T2:y = m2x-----

»X

(9/2, 0)

c2=l,d2=8 => e2=l-- = - 
8 8

z 2 43 -77 | 2 z| 27

117. Ellipse — + — = 1 => a = 3, b = -75 and e = - 
9 5 3

/. f =2 and f2 = -2
P1:y2=8x and P2:y2=-16x 
„ 2
7J:y = rrijX + —

It passes through (-4, 0),
A , 2 2 1

0 = - 4m. + — => m. = -
2

Putting y = 0 in above equation, we getx = - 

( 9 A
Orthocentre---- ,0

I 10 J
119. Tangents to ellipse at M and N are

I + Z^ = Iand^_Z^ = 1 
6 8 6 8

their intersection point is R (6, 0)

Also, normal to parabola at Afl —, -76 I is

r 3") 
x —

k 2)
Its intersection with x-axis is qQ, 0^

ar(AAfQR) = 1 x- x ^6 = — 
2 2 4

Also, area(AfF1NF2) =2 x Area of(^AfF,)

= 2x-x2x76 =2y/6 
2

axea(&MQR) _ 5-76 
area(AIP,NF2) 4 x 2-76

120. Here, e = - and x = - - = - 4
2 e

a = 2
and b2 = a2 (1 — e2) = 4(1 —1/4) = 3 

x2 y2
:. Equation of ellipse is — + = 1

=> Equation of normal at (1, 3/2) is

-- — = 4-3 
1 3/2

4x - 2y = 1

-2
3

5
3

8
3

1 8^ 
3'3;

4
3

2
3

_y-2
_L
Ji

2
3

Ty,

By symmetry area of quadrilateral
27= 4 X (Area AOAB) = 4 X — = 27 sq units 

2 2 4

118. Let £,:—7 + = 1, where a > b
a b 
x2 y2

and £2: — + =— = 1, where c < d 
c d

Also,S: x2 + (y - I)2 =2
Tangent at P(jq, y,) to S is x + y = 3
To find point of contact put x = 3 - y in S, we get P(l, 2) 
writing equation of tangent in parametric form 

x-1 _y-2 _ + 2j2 
Zl ~ ± =“ 3 

Ji Ji
-2
3

1
3

Q|-, - I and Pl-,-1 
k3 3/ U 3J

Equation of tangent to £t at Q is
5x 4y xv
—r + — = 1 which is identical to — + — = 1 
3a2 3b 3 3

=> a2 = 5 and b2 = 4 => e2 = 1 - - = 
5

Equation of tangent to £2 at R is
-^7 + = 1 identical to — + — = 1
3c2 3d2 3 3
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Session 1

(•/CA = CA')

x -ale =0or

AY

M~\M'

2X' CZ' z or

or
2

or

(vCA = CA')

Hyperbola: Definition, Standard Equation of Hyperbola, 
The Foci and Two Directrices of a Hyperbola, Tracing of 
the Hyperbola, Focal Distances of a Point, Conjugate 
Hyperbola, Position of a Point with Respect to a 
Hyperbola, Intersection of a Line and a Hyperbola

Let S be the focus and ZM the directrix of the hyperbola. 
Draw SZ1ZM. Divide SZ internally and externally in the 
ratio e: 1 (e > 1) and let A and A' be their internal and 
external points of division.

...(i) 
—(ii)

Hyperbola: Definition
The locus of a point which moves in a plane such that its 
distance from a fixed point (i.e. focus) is e times its 
distance from a fixed line (i.e. directrix) is known as 
hyperbola. For hyperbola e > 1.

(-ae, 0)~S'(-a, Q)IA' 
y x

x=-a/e

Now, draw PMX.MZ,
SP ---- = e 
PM

*<1 
e J

= e2 ( ax — —
I e.

(x - ae)2 +y2 = (ex - a)2

x2 + a2e2 - 2aex +y2 =e2x2 -2aex + a2 

x2(e2 -1)-y2 =a2 (e2 -1) 

x^ -2 
a2

(x-ae)2 + (y-0)2

(x-h)2 + (y-k)2 = e

The focus S is (CS, 0) i.e. (ae, 0) and subtracting Eq. (i) 
from Eq. (ii), then

SA'-SA = e(A'Z-AZ)
AA' = e [(CA' + CZ) - (CA - CZ)]

=> AA' = e(2CZ)

Standard Equation of Hyperbola 7" 17=^
The directrix MZ is x = CZ - a!e

or (SP)2 = e

Atfa.O) 
x \ 
8 

x=a/e

then SA-eAZ
and SA' = eA'Z
Clearly A and A' will lie on the hyperbola. Let AA' = 2a 
and take C the mid-point of AA' as origin

CA = CA' = a
Let P (x, y) be any point on the hyperbola and CA as 
X-axis, the line through C perpendicular to CA as Y-axis. 
Then adding Eqs. (i) and (ii)

SA + SA'= e(AZ+ A'Z) 
=> CS-CA + CS+ CA'= e(AA') 
=> 2CS = e (2a)

CS = ae

2 (PM)2■..(*. y)

•• axis>x
S(ae,0) A

vol,.’.

—=1
a2 (e2 -1)

—— — = 1, where, b2 = a2 (e2 -1) 
a2 b2

This is the standard equation of the hyperbola.
Generally : The equation of the hyperbola whose focus is 
the point (h, k) and directrix is lx + my + n = 0 and whose 
eccentricity is e, is

2 (lx +my + n)2 
(lZ +m2)
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-1

(i)

CS = CS' = ae

Tracing of the Hyperbola

2
,2or

or
2or

or

or

or
x >a

x = ±a/e

2

The Foci and Two Directrices 
of a Hyperbola

Some Terms Related to 
Hyperbola

and
and

From Eq. (i),

On the negative side of origin take a point S' which is 
such that

a2

Remarks
1. Distance between foci SS'=2aeand distance between

directrices 2Z'=2a/e
2. Two hyperbolas are said to be similar if they have the same 

value of eccentricity.
! 3. Since, 4-4=1

a2 Z>2

2 2/=_
b2 a2
y2 _ (x — a)(x + a)

AN = CN-CA = (x-a)
A'N = CN + CA'=(x + a)
PN = y

(PN)2
AN-A'N

Equation of the hyperbola is 
2 2

a2 b2
(i) Since only even powers of x and y occur in this 

equation so it (hyperbola) is symmetrical about the 
both axes.

(ii) The hyperbola (i) does not cut 7-axis in real points 
where as it cuts X-axis at (a, 0) and (-a, 0).

(iii) The Eq. (i) may be written as

y = ±-7c 
a

If follows that x2 - a2 >0
2^2 x > a

=> x<-a or
Hence, x<£(-a, a)
The curve does not exist in the region 

x=-atox = a.
(iv) As x increases, y also increases i.e. the curve extends 

to infinity.

x2-a2)

(x +ae)2 + (y -0)2 =e

_y—=i
a2 (e2 — 1)

2 2
—— — = 1, where, b2 = a2 (e2 -1) 
a2 b2

The equation being the same as that of hyperbola when

S (ae, 0) is focus and MZ i.e. x = — is directrix.
e

Hence, coordinates of foci are (± ae, 0) and equations of 
directrices are

and another point Z’, then CZ = CZ' = — 
e

Coordinates of S' are (-ae, 0) and equation of second 
directrix (i.e. Z' M') is

a x = — 
e

Let P (x, y) be any point on the hyperbola, then 
S'P = ePM' or (S'P)2 = e2 (PM')2

x + a 
e

(x + ae)2 + yz = (ex +a)2 

x2 + 2aex 4- a2e2 +y2 = e2x2 + 2aex + a2 

x2 (e2 -l)-yz = a2(e2 -1) 

x^ 
a2

2 2x y Let the equation of hyperbola is------— = 1

(1) Centre : All chords passing through C and bisected 
at C.
Here C = (0,0) 

x2 y2(2) Eccentricity : For the hyperbola------— = 1 we have
a2 b2

b2-a2 (e2-1)
2 k2=> e2=iJ±.
a2

,2

>2
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1 +e =

e =

y Q
Li 2orM ~|M'

("M]X'<- (-a. 0)1 A'S' Z' C Z 7

r

L =

(for I quadrant)

(for IV quadrant)

X'< (-a, O)A'j (0,0)C

Y

XQ

a x = —
e

N T

\

—t

k2=b2 (e2-l) = b [7b2

2)) ] and f h,~—^(h2 -a
J V a

„ ( b2}; L = ae,----- ;I a J
f b2>l; Lj' = -ae,----- respectively.I aJ

-a2)

-a2)

= a2 (e2-IK

(6) Latusrectum : The double ordinates LL' and LjL/ 
are the latusrectums of the hyperbola. These lines are 
perpendicular to transverse axis AA' and through the 
foci S and S' respectively.
Length of latusrectum
Now, let LL' = 2k, then LS = L'S = k
Coordinates of L and L' are (ae, k) and (ae, -k)

x2 
lie on the hyperbola —

a2e2 
V”

I (2a)2

k-Jt ' 
a

2k = — = LL' 
a

Length of latusrectum LL' = L1L'i = — and end 
points of latusrectums are 

r b2) ae,—I a)
r J b2>L} — —ae, —

< a >

(7) Focal chord : A chord of hyperbola passing through 
its focus is called a focal chord.

(8) Parametric equations of the hyperbola: Let
2 2X y

— - — = 1 be the hyperbola with centre C and 
a2 b2
transverse axis A'A. Therefore, circle drawn with 
centre C and segment A'A as a diameter is called 
auxiliary circle of the hyperbola.

2 2
£_-X_ = i 
a2 b2

Y

-Z=1 
b2 
k2 — = 1 
b2 
(b2}

I (conjugate axis)2 
(transverse axis)2

(3) Foci and directrices : S and S' are the foci of the 
ellipse and their coordinates are (ae, 0) and (-ae, 0) 
respectively and ZM and Z' M' are two directrices of 
the hyperbola and their equations are

and x = - — respectively.
e

O'

(4) Axes : The points A (a, 0) and A' (-a, 0) are called the 
vertices of the hyperbola and line AA' is called 
transverse axis and the line perpendicular to its 
through the centre (0,0) of the hyperbola is called 
conjugate axis.
The length of transverse and conjugate axes are taken 
as 2a and 2b respectively.

(5) Double ordinates : If Q be a point on the hyperbola 
draw QN perpendicular to the axis of the hyperbola 
and produced to meet the curve again at Q'. Then 
QQ' is called a double ordinate of Q.
If abscissa of Q is h, then ordinates of Q are

£ = ^_1 
12 2b a 

y = ±-^ 
a

y=-Jh^a2) 
a

and ordinate of Q' is

y=--Jtf
a

Hence, coordinates of Q and Q' are 
(h,-^(h2-a2 
k a 

respectively.

2b1
a
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2

-0 =cos

cos

cos

cos -cos
=3

+ COSCOS

or

Now,

or

V P lies on

Focal Distances of a Point

or

—(i)The hyperbola is

are

and x =-

respectively.

J

zZ'

n m

rnm

IV rv

SP = ePM = eNow

S'P'=ePM' = eand = ex1 + a

cos

1-e
1 + e

1+ e
W

Q(a cos0, asin0)
I

P(asec 0, &tan(j>) 
I

The difference of the focal distances of any point on the 
hyperbola is constant and equal to length of the transverse 
axis of the hyperbola.

Remark
Equation of the chord joining the points P = (asec01,btan<j»1) and 
Qs(asec0,. btan<^) is

x-cos
a

1
e

7. sin 
b

01 + 02
2 J

Let P (x j, y J) be any point on Eq. (i). 
f

4>i-»2y
2

01 + 02
2

01 ~02 
2

01 — 02 
2

01 ~ 02 
2 
01 ~ 02^1

2
01 + 02^

2 J 
r0i + 0?^ 
<2 )_ 
(0i + 
I 2 J 

tan(l)'an^j=

If it is focal chord, then pass through (aa 0) or (-ae 0). Suppose it 
pass through (aeO), then 

ecos

k
f

mV

__ Mj_

XX +" 
k e

S' P - SP = (exl + a)-(ext — a) = 2a = AA'
= Transverse axis

1-e
1 + e .

Hence, if 0, and $2 are the eccentric angles of extremities of a
focal chord of the hyperbola — - 2— = 1, then 

a2 Zr

according as focus (aeO) or(-aeO).

= ex t - a

2 2
2L_Z_ = i

2 l.2a b
The foci S and S' are (ae, 0) and (-ae, 0).
The equation of its directrices MZ and M'Z' 

a . ax = — and x = — 
e e

0 varies from

0 to —
2

n.— ton
_ 2_______

. 371 ' it to—
______ 2

3n . » — to2n
2

Equation of the auxiliary circle is x2 + y2 = a

Let P (x, y) be any point on the hyperbola 
2 2X v----- — = L Draw PN perpendicular to X-axis.

_2 r.2a b
Let NQ be a tangent to the auxiliary circle
x2 + y2 =a2.JoinCQ

Let Z.QCN = ty
Here, Pand Q are the corresponding points of the 
hyperbola and the auxiliary circle. 0 is the eccentric 
angle of P • (0 < (f> < 2ti )
Since, Q =(acos0, asinb)

CNx = CN------CQ = sect})-a
CQ

x = CN = a sec 0
P(x,y) =(a sec 0,y)

2 2

2 .2a b
2 2 X 2a sec (p _ y _

a b

— = sec2 0 -1 = tan2 0 
b2

y = ±b tan0
y = btan0 (P lies in I quadrant)

The equations of x = a sec 0 and y = b tancj) are 
known as the parametric equations of the hyperbola

2 2
^--2L = i 
a2 b2

Position of points Q an auxiliary circle and the 
corresponding point P which describes the hyperbola and 
0 <0<27t.
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8 (0, b) y = b/eZ

C

Z'

i.e.

or

▼r

Let

and

...(iv) or

Hyperbola

(0.0)(0.0)

2b2a
2

2b 2a
or

or

Eccentricity
or

Length of latusrectum

Conjugate Hyperbola Parametric coordinates

Focal radii

2b2a

y = -b,y = bx = - a, x = a

x = 0y = 0

y = 0x - 0

♦
X'

Basic x.
fundamentals

A hyperbola is the locus of a point which moves in a plane 
such that the difference of its distances from two fixed 
point (foci) is always constant.

S' 
(0,-be)

-0) 
...(ii) 

...(iii)

its shape is shown alongside.
4 y*

S' 
(0, be)

Difference of focal 
radii (S'P-SP)
Tangents at the 
vertices
Equation of the
transverse axis
Equation of the 
conjugate axis

Centre
Length of transverse 
axis
Length of conjugate
axis
Foci
Equation of directrices

(±ae, 0)

x = ± ale

(a2 + b2> 
a2

(0,± be) 
y = ± ble

(a2 + b2

-----------
X 

_____y=-b/e 
870,-b)

e =

2I>;
a

(a sec 4>, b tan 0), 
0 £ 0<2n
SP = exi-a and 
S' P = exj + a

e =JI 
2a2 

b
(atan0, bsec0), 
O<0<2n
SP = eyt - b and 
S'P = eyi + b

[from Eq. (iv)]
...(v)

2 2-2L + 2L = 1 
2 l2 a b

are given in the following table

2„2

b2

2 2
-5_ + 2_=i

a2 b2
x2 y2 «or — =

2 Ji2 a

I Example 1 To find the equation of the hyperbola 
from the definition that hyperbola is the locus of a 
point which moves such that the difference of its 
distances from two fixed points is constant with the 
fixed point as foci.

Sol. Let two fixed point be S (ae, 0) and S' (-ae, 0). Let P (x, y) 
be a moving point such that

S' P - SP = constant = 2a (say)
7(x + ae)2 + (y-0)2 - -J(x - ae)2 + (y - 0)2 = 2a 
7(x2 + y2 + 2aex + a2e2)

- ^(x2 + y2 - 2aex + a2e2) = 2a

1 = x2 +y2 + 2aex + a2e2

m = x2 + y2 - 2aex + a2e2

Eq. (i) can be re-written as
Vi - 4m = 2a

The hyperbola whose transverse and conjugate axes are 
respectively the conjugate and transverse axes of a given 
hyperbola is called the conjugate hyperbola of the given 
hyperbola.
The conjugate hyperbola of the hyperbola

x2 v2 x2 y2±__2_ = i is _±_ + Z_ = i
2 l2 „2 l2a b a b

2 2ZL-2_=-i 
a2 b2From Eqs. (ii) and (iii),

I - m = 4aex 
=> (4i + 4m) (4l - 4m) = 4aex

=> 2a (41 + 4m) = 4aex

or 41 + 4m = 2ex

Adding Eqs. (iv) and (v), then 
241 = 2a + 2ex 
4! = a + ex => Z = (a 4- ex)2 

x2 +y2 + 2aex + a2e2 = a2 + 2aex + e2x 

x2 (e2 - l)-y2 =a2(e2 - 1) 
2 2x y

a2 
2 2

= 1, where b2 = a2 (ez - 1). 
a2 b2

2 2±_->L = i 
a2 b2

7 9 =1
a2 (e2 -1)

X2 
Various results related to hyperbola —

and its conjugate
x

2
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2

=> (x- I)2 + (y-2)2 =3

2
... (i)or

... (ii)or

10

centre of the hyperbola.

i.e.
X'* >X0

x = ±or

Y

Remarks
1. If the centre of hyperbola is (h,k) and axes are parallel to the 

coordinates axes, then its equation is
(z/,)2_(y A)2_

a2 b2 '
By shifting the origin at (h, k) without rotating the coordinate 
axes, the above equation reduces to

a2 *2

2x + y-l
J 4 + 1

=> 5{x2 + y2 - 2x - 4y + 5}
=3(4x2+y2 +1 + 4xy-2y- 4x)

=> 7x2-2yz + 12xy-2x + 14y-22 = 0 
which is the required hyperbola.

Eccentricity: e =

e2 = 1 + ^ =
62 b2

From Eqs. (i) and (ii), we get
JL + _L = iorel'2 + ef2 = 1
3 3

I Example 2 Find the equation of the hyperbola whose 
directrix is 2x + y = 1, focus (1,2) and eccentricity V3.

Sol. Let P(x, y) be any point on the hyperbola. Draw PM 
perpendicular from P on the directrix. 
Then, by definition SP = e PM 
=> (SP)2 = e2 (PM)2

/ FS(1,2)

..

I----------

b! 1

where, X = X+h,y = Y + k
2. if e, and % are the eccentricities of a hyperbola and its 

conjugate, respectively, then q2 + e£ = 1.
Proof For hyperbola b2=a2 (ef —1)

 
a2 a2

and for conjugate hyperbola a2 = b2(^ -1)

3. The foci of a hyperbola and its conjugate are concyclic and 
form the vertices of a square.

4. A simple method to find the coordinates of the centre of the 
hyperbola expressed as a general equation of degree two 
should be remembered as:
Let 0 (x, y) =0 represents a hyperbola.
Find — (differentiate w.r.t x keeping y as constant) and — 

dx dy
(differentiate w.r.t. y keeping x as constant).
Then the point of intersection of ~=0 and =0 gives the 1+—— 

(1/9)

x = ± -
e

. 1
X = ± -7=

Vio
i__
/io

b2}
7 = v a J

a2 + b2

f Vio Foci: The coordinates of the foci are {±ae, 0) i.e. ± ——, 0 .

Vertices : The coordinates of the vertices are (± a, 0) i.e.

f±-,olV 3 J
Length of latusrectum : The length of latusrectum

_2b2 _2(1)2  .— ----— —.... 1 - — o
a 1/3

Equation of the directrices : The equations of the 
directrices are

I Example 3 Find the lengths of transverse axis and 
conjugate axis, eccentricity, the coordinates of foci, 
vertices, lengths of the latusrectum and equations of 
the directrices of the following hyperbolas 

(i)9x2-y2=l (ii) 16x2 - 9y2 = -144

Sol. (i) The equation 9x2 - y2 = 1 can be written as
2 2
--^-=1.  

(1/9)---- 1
2 2

This is of the form —r - = 1_2 l.2a b
. z.2  1 .2  .
.. a = —, b = 1

9

a = -, b = 1 
3

Length of transverse axis : The length of transverse, axis 
= 2a = 2-

3
Length of conjugate axis : The length of conjugate axis

= 2b = 2
17 
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or

4)or

and let

Eccentricity: e =
or

Cii)or

or

which is hyperbola.

y = ±

or

or

or

or

we get,
e =

2x
a

5
4

1+1 = 
16/

a2 = 7

(3
Hence, the required eccentricity is

(v b2

Centre:
i.e.

Centre is (3,2).

y2 
b2

1 + -7 = . b2J
Foci: The coordinates of the foci are (0, ± be) i.e. (0, ± 5) 
Vertices : The coordinates of the vertices are (0, ± b) i.e. 
(0, ± 4).

2(3)2

' / j\ jj
I Example 5 Prove that the point < - t+ -,■

2 \ t/ 2
lies on the hyperbola for all values of t(t^O). 

i> 
t J

8 Example 6 Show that the equation
7y2 -9x2 + 54x-28y -116 = 0 represent a hyperbola. 
Find the coordinates of the centre, lengths of 
transverse and conjugate axes, eccentricity, 
latusrectum, coordinate of foci, vertices and equations 
of the directrices of the hyperbola.

Sol. We have, 7y2 - 9x2 + 54x - 28y - 116 = 0

or

2a2Length of latusrectum : The length of latusrectum = — 
b

9
4 2

Equation of directrices : The equation of directrices are

e
4

(5/4)
. 16y=±_

t.

. 2b2 1 /o .According to question ----= - (2a)
a 2

2b2 = a2

2a2 (e2 — l) = a2

2e2 -2 = 1
3
2

JI

2 b2Then, transverse axis = 2 a and latusrectum =----
a

Sol. Let x = -1 t + - 
2

= a2 (e2 - 1))

e2

b 
y=2

^y = 
b

b
Subtracting Eqs. (ii) from (i), 

4x2 _ 4y2 _ 
T b2 ~

2 2

a2 b2

I Example 4 Find the eccentricity of the hyperbola 
whose latusrectum is half of its transverse axis.

Sol. Let the equation of hyperbola be 
2 2

2L_Z_ = i 
2 t 2 a b

4- 
b2 = 9 and

b = 3 and a = V7
X =0,Y =0

x-3 = 0,y-2=0

2x 1— = t +-
a t

? 2 1I =' +7 + 2
1At - -
t J

1 t - -

i2=<2+4-21

-4 = -! 
i>2

(ii) The equation 16x2 - 9y2 = -144 can be written as
2 22L_r = _!

9 16
x2This is of the form —
a2

a2=9,b2 = 16
=> a - 3, b = 4
Length of transverse axis : The length of transverse axis
= 2^ = 8.
Length of conjugate axis : The length of conjugate axis 
= 2a = 6.

7(y2 - 4y)-9(x2 -6x)-116 = 0

7 (y2 - 4y + 4) - 9 (x2 - 6x + 9) = 116 + 28-81 
7(y-2)2 -9(x-3)2 =63 

(y-2)2 (x-3)2.,
9 7

9 7
where X = x - 3 and Y = y - 2
This equation represents conjugate hyperbola. Comparing 
it with

a
2
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1

or

or
e = or

(i)

or

1 + e = 9e-9 =>

=>
=> a = 4

i.e.

i.e. (1, 4)

So/. The given ellipse is

Comparing with

=> then eccentricity e = 4
5

(3, 2 ±4) 
(3,-2) and (3,6)

5e = —
4

1-1
25

or 
i.e.
Vertices : The coordinates of vertices are (0, ± b) 
or 
or 
or

a(l + e) = 9 

a 11 + — ] = 9
I 4 J

b2 = 9
From Eq. (i) equation of hyperbola is

2 2
--^- = 1
16 9

(,2=a2(e2-i)=“(4-l) = ”
4 4

Thus, the equation of the hyperbola is

Length of transverse axis : Length of transverse axis 
= 2b = 6.

Length of conjugate axis : Length of conjugate axis 
= 2a = 2>/7.

Eccentricity: The eccentricity e is given by

9 3
Length of latusrectum : The length of latusrectum

_ 2a2 _ 2(7) _ 14
b ~ 3 ~ 3

Foci: The coordinates of foci are (0, ± be)
X = 0, Y = ± be

b2 = a2 (e2 - 1)= 16| — - 1
116

;+4= 
b2

Foci of ellipse are (±ae, 0) i.e. (±4,0)
So, the coordinates of foci of the hyperbola are (± 4,0).

4 x-3 = 0,y-2 = ±3x-

and ae - a = 1 
and a (e - 1) = 1

I Example 9 The foci of a hyperbola coincide with the 
x2 y2

foci of the ellipse — + = 1. Find the equation of the

hyperbola if its eccentricity is 2.
2 2x y — + —= 1

25 9
2 2

^ + ^ = 1
2 J,2a b

a2 = 25 and b2 = 9

I (S' A) = 9 and /(SA) = 1 
a + ae = 9 

a (1 + e) = 9 
a(l + e) _ 9 
a(e-l) ” 1

, 1and y = — 
4

(x-l)2 (y-4)*_

(?) (?)
12(x - l)2 - 4 (y - 4)2 = 75

12(x2 - 2x + 1) - 4 (y2 — 8y + 16) = 75

12x2 - 4y2 - 24x + 32y - 127 = 0

I Example 8 Obtain the equation of a hyperbola with 
coordinate axes as principal axes given that the 
distances of one of its vertices from the foci are 9 and 
1 units.

Sol. Let equation of hyperbola is 
2 2

^--^ = 1 
a2 b2

If vertices are A (a,0) and A' (-a,0) and foci areS(ae,0) 
and S' (-ae, 0).
Given

X = 0, Y = ± b
x - 3 = 0, y - 2 = ± 3 or (3,2 ± 3) 

vertices are (3, -1) and (3,5)
Equation of directrices : The equation of directrices are

y = ±-
e

y-2=±—
4/3

( 9>y= 2± —
< 4/

17
y=7

I Example 7 Find the equation of the hyperbola whose 
foci are (6, 4) and (-4,4) and eccentricity is 2.

Sol. The centre of the hyperbola is the mid-point of the line 
joining the two foci. So, the coordinates of the centre are 

<6-4 4 + 4 
<2’2

Let 2a and 2b be the lengths of transverse and conjugate 
axes and let e be the eccentricity. Then, equation of 
hyperbola is

(x-i)2 (y — 4)2 
a2 b2 •

Distance between the foci = 2ae
7(6 + 4)2 + (4 - 4)2 = 2a X 2

10= 4a 
a = 5/2

http://www.I
http://www.I
http://www.jeebooks.in


564 Textbook of Coordinate Geometry

2 2
u2 b —a

4ii)then

7Also

= 1 or 3x — y — 12 = 0

according as 1 <, = or >0

Y*X
90°

Y'

Clearly, PL > QL
2.2

and

(1 + m2)

and equation of CQ is

y2
= 1 whose centre is C, are such that CP is

Interior 
region

X'<------

/
1 +

(CP)2 =

Exterior 
region /

M

b2 (1 + m2)-a2 (1 + m2) 
a2b2 (1 + m2)

1
b2

A = 2
(v given e' = 2)

(CP)2

Theorem : The point (xj, yj) lies outside, 
hyperbola

1
(CQ)2

h2m2-a2 
a2b2 (1 + m2)

1A' C
Exterior 
region

1 
a2

1
(CP)2

Let e' be the eccentricity of the required hyperbola and its 
equation be 

2 2x__ y_ = 1 
A2 B2

the coordinates of foci are (± Ae', 0)
Ae' = 4 => A X 2 = 4 =»
B2 = A2 (e'2 -1)

= 4 (4-1)= 12
Substituting the values of A and B in Eq. (i), we get 

2 2
— - — = 1 or 3x2 — y2 — 12 = 0 
4 12

which is required hyperbola.

replacing m by - — in Eq. (i) 
m

2,2 a b

y2 = m2x2 =

2 , 2x + y =

2.2 a x +y =

a b
771 „2 h(b —am)

^2^2,2 a m b
77 2 2b - am

a2b2
(b2 -a2m2)

2b2 (1 4- nt2)
(b2 - a2m2)

b2 - a2m2
a2b2 (1 + m2)

1 y = - —x 
m

''Qfa.yz)
Interior region

Position of a Point with 
Respect to a Hyperbola

on or inside the

I Example 10 If two points P and Q on the hyperbola 
x2 y 
o2~b2 ~...
perpendicular to CQ,a<b, then prove that

i | 11___ i_
(CP)2 (CQ)2 a2 b2

Sol. Let P (x, y) be any point on the given hyperbola. Let slope 
of CP is m, then equation of CP is y = mx.

2 2
x--*L = i

!2 b2

y[
b2

_yl
b2

yl
b2

yi >yt
Zi
b2

-y±
b2

2 2

2 l2a b
2 2

2 l2a b
2 2

z.2 k2a b

‘ a2

( x2
1 vQ(xi,y2)lieson—

I a

2 2

z,2 t.2a b
2 2

„2 J,2a b
Proof: Let P=(X],y) then Q =(x1,y2)

Draw PL perpendicular to X-axis

Pfxi.yJ
%.y)

a~ b2 ,

m
Adding Eqs. (i) and (ii), then 

1 1
+ (CQ?

b2-a2 
2>2a b

Solving, y = mx and 
a

1 
m

2A
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2

or

x = ±

From Eq. (i),

Let the hyperbola be ...(i)

...(Li)

X -

or

or

Sol. The given line is lx + my + n = 0 or y = -

...(i)
c = ±or

(which is condition of tangency) 2

according as

4m2 c2 a4 -4(a2m 

-a2m2
2

2)_h2 

c2

y=±— 
c

Thus, the point P (xj, y ,) lies outside the hyperbola. 
Hence the point (Xj, y,) lies outside, on or inside the 
hyperbola

Intersection of a Line and a 
Hyperbola

-b2)
2

-b2

2 -b2) in

y

Hence, the line y =mx ± y(a2m2 -b2) will always be 

tangent to the hyperbola.

Point of contact: Substituting c = ± y](a2m

Eq. (iii)

(a m 2 -b2) x+a4m2 =0

2 -b2) ±a2m)2 =0

a2m
“ = ±-------

c

2 2
£--^ = lif 
' b2

2/2
a 1 l2 2,2 .22 _ „—z— b or a I — b m = n 2 771

(Example 11 Find the position of the point (5,-4) 
relative to the hyperbola 9x2-y2 =1.

Sol. Since, 9 (5)z-(-4)2 - 1 = 225 - 16 - 1 = 208 > 0, 

So, the point (5, - 4) inside the hyperbola 9x2 - y2 = 1.

b2

a2m

2 A2 a b
(c2

2 2

I n— x----
m m

a2m 

~7
-a2m 

~7~

2 2

2 2 2c =a m

( a2m b2 
Hence, the point of contact is ±----- , ± — .I c CJ
This is known as m-point on the hyperbola.

2 2
—-^- = 1

2 l2 a b
y=mx+c

2 2
2L-2L-1
a2 b2

2 2
£L-A-K,=or >0.

2 i2a b

-a2 (mx +c)2 = a2b2

2 1,2 \-b )

So, the line y = mx + c touches the hyperbola
2 2

^-^ = 1 if -2 
a2 b2

2-b2)a2(b2 +c2)>,=, <0

+ b2 +c2 >,=,<0

c" >, =, < a2m2 - b2 ...(iv)

Condition of Tangency : If the line (ii) touches the 
hyperbola (i), then Eq. (iii) has equal roots.

Discriminant of Eq. (iii) =0

=> c =a m -b

and the given line be
Eliminating y from Eqs. (i) and (ii), 

?_(mx + c)2=1=>fc2jc2 

a2 b2

=> (a2m2-b2) x2 + 2mca2x + a2 (b2 +c2) =0 ...(iii)

Above equation being a quadratic in x gives two values of 
x. It shows that every straight line will cut the hyperbola 
in two points, may be real, coincident or imaginary, 
according as discriminant of Eq. (iii) >, =, <0 

i.e.

- b2) x2 ± 2ma2-\l(a2m

(x y(a2m

a2m

Jtfm2
a4m

2

Remark
If m=0, then Eq. (iii)gives-b2x2 + a2(62 + c2)=0 

v2_a2(62+c2) 
b2

X = ± - yl(b2 + C2) 
b

which gives two values of x.

I Example 12 Prove that the straight line/x + my + n = 0 
x2 y2 touches the hyperbola — - = 1 if

a2l2-b2m2=n2.

Substituting the value of c from Eq. (v) in Eq. (ii) 
= mx±^(a2m2 -b2)

Comparing this line with 
y = Mx + c 
.. I , n M -- --------and c =-----

m m
This line (i) will touch the hyperbola 

„2
_ 21/2 ,2c = a M — b

a2 
n2 
m2
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then

,2or

or

(for hyperbola e > 1)or or

Exercise for Session 1

(d)V2

(d) 2p2 = 5

(a)x-y- 1=0 (d)x + y + 2=0

yr »/*■

6. The equation of the tangent, parallel toy-x + 5= 0 drawn to — - ^- = 1 is

(b) x - y + 2 = 0

2 2
Comparing this with —— ~ = 1, we get a2 -9,b2 = 16 

a2 b2
and comparing this line y = 2x + X with y = mx + c
.'. m = 2 and c = X
If the line y = 2x + X touches the hyperbola

16x2 - 9y2 = 144
c = a m — b
X2 =9(2)2 -16 = 36-16 = 20

X = ± 2^5

I Example 14 For what value of X does the line 
y = 2x+X touches the hyperbola 16x2 -9y2 =144 ?

So/. Equation of hyperbola is
16x2 - 9y2 = 144

2 2
— = 1
9 16

<d)^

I Example 13 Show that the line x cosa + y sina = p 
touches the hyperbola 

x2 v2 
-—-^—=1 if o2cos2a-b2sin2a=p2. 
a2 b2 J

Sol. The given line is
x cosa + y sina = p

=> y sina =- x cosa + p
=> y = — x cot x + p cosec a
Comparing this line with y = mx + c 
=> m = - cota, c = p cosec a
Since, the given line touches the hyperbola 

2 2
-^--^- = 1, then c2=a2m2-b2 
a2 b2

p2cosec2a = a2 cot2a - b2
.,2 _ 2 ___2„ l2_;_2„p =a cos cl — b sin a

4a2 - b2 > 0
b2 2 2
— < 4 or e2 - 1 < 4 or e2 < 5 
a2
l<e<Vs

I Example 15 If it possible to draw the tangent to the 
x2 y2 

hyperbola — - = 1 having slope 2, then find its

range of eccentricity.
Sol. Tangent having slope m is y = mx ± j(a2m2 - b2) 

The tangent having slope 2 is y = 2x ±^(4a2 - b2), which 

is real if

1. The eccentricity of the conic represented by x2 - y2 -4x + 4y + 16 = 0 is
(a)1 (b)J (c)-1

2. If e1 and e2 are the eccentricities of the conic sections 16x2 + 9y2 = 144 and 9x2 - 16y2 = 144, then
(a)ej2-e2 = 1 (bje^ + e2^ (c)e2 + ef = 3 (d)e2 + e2>3

3. The transverse axis of a hyperbola is of length 2a and a vertex divides the segment of the axis between the 
centre and the corresponding focus in the ratio 2:1, then the equation of the hyperbola is
(a) 4x2 - 5y2 = 4a2 (b) 4x2 - 5y2 = 5a2 (c) 5x2 - 4y2 = 4a2 (d) 5x2 - 4y2 = 5a2

4. The eccentricity of the hyperbola whose latusrectum is 8 and conjugate axis is equal to half of the distance 
between the foci, is
(a)* (b)’ (c)A

Vv yO y j

5. The straight line x + y = V2 p will touch the hyperbola 4x2 - 9y2 = 36, if
(a)p2=2 (b)p2 = 5 (c)5p2=2

-2 ,,2

3 2
(c) x + y - 1 = 0
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(c)-4 (d)9

9. The equation

(d)V2

11. For hyperbola = 1 which of the following remains constant with change in ‘a’

(d) Directrix

2 2x y
:2: -2:cos a sin a

(a) Abscissae of vertices (b) Abscissae of foci 
2 2 2

12. If the foci of the ellipse ~ = 1 and the hyperbola -

(a)1 (b)5 (c)7 (d)9

13. Find the equation of the hyperbola whose foci are (0, ± VlO) and which passes through the point (2, 3).

14. Find the equation of the hyperbola whose foci are (10,5) and (-2,5) and eccentricity 3.

— x y x v 17 0. Prove that the straight lines — — = m and — + — = — always meet on a hyperbola.
a b a b m

16. Find the centre, eccentricity and length of axes of the hyperbola 3x2 - 5y2 - 6x + 20y -32 =0.

17. Find the eccentricity of the hyperbola conjugate to the hyperbola x2 - 3y2 = 1

18. For what value of X, does the line y = 3x + X touch the hyperbola 9x2 - 5y2 = 45 ?

19. Find the equation of the tangent to the hyperbola 4x2 - 9y2 = 1 which is parallel to the line 4y = 5x + 7. Also find 
the point of contact.

_ x2 y2 X2 y2 (1 11
7. If e and e' are the eccentricities of the hyperbola — - % = 1 and — - = t then the point -, — lies on the

a b ba \ a a J
circle
(a) x2 + y2 = 1 (b) x2 + y2 = 2 (c) x2 + y2 = 3 (d) x2 + y2 = 4

8. Ife and e'are the eccentricities of the ellipse 5x2 + 9y2 =45 and the hyperbola 5x2 -4y2 =45 respectively, 
then ee' = 
(a)-1

(c) Eccentricity
y2 1 j
^- = — coincide, then the value of b is

(b)1
x2 y2

-------- + —— = 1 represents 
10-X 6-X

(a) a hyperbola if X < 6 (b) an ellipse if X > 6 (c) a hyperbola if 6 < X < 10 (d) an ellipse if 0 < X < 6

10. The eccentricity of the hyperbola conjugate to x 2 - 3y2 = 2x + 8 is

(a)-l (b)V3 (c)2
V O
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Session 2

•••(iv)

(v)(x-xjy-yi

From Eqs. (iv) and (v),

,(vi)
(?i +y2)

...(i)
(x-Xi)

or

...(ii)
[from Eq. (ii)]or

and ...(iii)

Y'

Equations of Tangents in Different Forms, 
Equations of Normals in Different Forms, Pair 
of Tangents, Chord of Contact, Equation of the 
Chord Bisected at a Given Point

Equations of Tangents in 
Different Forms

_y2-yi
x2 -x.

Remark
2 

The equation of tangent at (x,, y,) can be obtained by replacingi 
by xx}, y2 by yy,, x by ** ,y by -*-1- and xy by - This

method is applied only when the equation of conic is a polynomial 
of second degree in x and y.

Subtracting Eq. (ii) from Eq. (iii), then
-^^22-x2'l--^(y22-y2t)=0 
a2 b‘

i)(x2+*i) (y2-yi)(y2+yi)_0
2 k2a b

yyi ~y2i _

b2

yyt_1
2 k2a b

which is the required equation of tangent at(x1,y1).

(x2 -x

2. Parametric form:
Theorem : The equation of tangent to the hyperbola

2 2x y— - — = 1 at (a sec <|), b tan<|)) is 
_2 l2a b

x V
— sec 0- — tan 0 = 1
a b

1. Point form (first principal method):
Theorem : The equation of the tangent to the hyperbola 

2 2
2L_2L = iat(x1>y1)is 
a2 b2

_2 ,2a b
Proof: Equation of hyperbola is 

2 2
2L_Z_ = i 
a2 b2

LetP = (x1,y]) and Q =(x2,y2) be any 
two points in Eq. (i), then 

2 2
£l_Zl = i 

2 12a b 
2 2

2 12a b

XX, - x 
a2

a2 (yl+y2)

Now, tangent at P, Q —> P
i.e. x2 —> Xj and y2 —> y}, then Eq. (vi) becomes

b2 (2Xi) 
y~yi a (2yj)

2 
i

A' C

y2 -71 _b2 (Xj +x2) 

x2-^i a2 (yi+y2)

Equation of PQ is

or ^1-221=^1
a2 b2 a2 b2

http://www.jeebooks.in
http://www.jeebooks.in


569Chap 07 Hyperbola

= 1

Now, replacing

cos cos

c =

y= cos
2 \

sincos
or ^ = 1

cos cos

...(ih)
bsinacos

or ^ = 1
cos cos

7 .

hsinacos
i.e.

cos cos
7

2y -mx ±

± 

...(i)

/ 
acos

x 
a

-Z 
b

Thus, the coordinates of the points of contact are
/ \ 

-L ~2~ 1.2

y_. 
b2

e + 0
2 

e+0'
2 >

9-4)
2

0 + 0
2

y2
- —= lis 

b2

-b2

\
Proof: Let y = mx + c be a tangent to the hyperbola

2 2

2 >2a b

f0-0'| 
■ I I

I 2 )
e+ <1)^ r

2 J
Remembering method:
*/ Equations of chord joining ‘0’ and ‘0’ is

x
— cos 
a

7 .

e-^
k 2 , 
'0 + 0"] ’

2

, . (o+0 V bsin ---- -
. 2 )
0 + <) k
~2~ k

/

a m 

a2m2
+ 

-b2

0-0] y .---- - - — sm 
b

Wi _1 
2 »2a b

On comparing Eqs. (ii) and (iii) we get 
xx/a2 _yjb2 _± 

m 1

_2 
a2m-b2)>

Proof: Since, equation of tangent at (x j, y j) is
_37i _1

2 A2 a b

by a sec 0 and yj by b tan0, we get
x , y— sec 0- — tan0 = l
a b

f 0-0
< 2

"0 + 0^
< 2
/

I Example 16 Find the equation of the tangent to the 
hyperbola x2 -Uy2 = 36 which is perpendicular to the 
line x-y+ 4 = 0.

Sol. Let m be the slope of the tangent. Since, the tangent is 
perpendicular to the line x - y + 4 = 0

m x 1 = -1
m = -l

x2
v Tangent at (xj, y j) to the hyperbola — 

a2

2 2. a m c

-a2b2m

+ J(a2m2 -b2)
Substituting this value of c in y = mx + c, we get

= mx ±^(a2m2 -b2) ...(ii)

as the required equation of tangents of hyperbola in terms 
of slope.

3. Slope form:
Theorem : The equations of tangents of slope m to the

2 2X Vhyperbola ------ — = 1 is given by
a2 b2

(0 + 0
2

___ 1
’22 a m

2 2

or (a2m

must have equal roots 
4a4m2c2 - 4(a2m

x

Remark
The point of intersection of tangents at '0' and ‘0 on the hyperbola 
x2 y2 ..?’k,ls

Remark
The equations of tangents of slope m to the hyperbola 

2 2 __________
- = 1 are given by y = mx ± J(b2 -a2m2)

a2 b2
and the coordinates of the points of contact are

_ a2m b2
+ f- -------------- » + 1— ■ . - ■ -

j(b2 -a2m2) J(b2 -a2m2);

±am + 
J(a2m-b2)’ /(.

2-b2)a2 (c2 +b2)=Q

[•/B2 -4AC = 0] 

a2m2c2 ~{a2m2 -b2)(b2+c2)=0 

2z2 -a2b2m2 -a2m2c2 +b4 +b2c2 =0

2 +b4 +b2c2 =0 => c2 =a2m2 -b2

a2m2 -b2)

The coordinates of the points of contact are
/

,2„ b2

a2m2-b2);

Substituting the value of y = mx + c in Eq. (i), then

2  (mx + c)2 
a2 b2

2 -b2) x2 +2mca2x +a2 (c2 +b2) =0

0 + 0Y 
k 2 J 
<0+0^
I 2 J. 
r0 + 0Y 
< 2 ) 

<0 + 0^ 
I 2

x
2
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2,2Since - 4y =36 or [from Eqs. (iii) and (iv)]and +

± +
=>

or

-(ii)and = 1

...(i) ...(iii)y

-(ii) .(iv)

...(iii) i.e.or

and

-(iv)or

[from Eqs. (iii) and (iv)] .(d)

or

or
a J

i.e.tan2 0 =

and
.(vii)

tan0 
~T~

a

J2

sec20 = 1 + tan20 = — 
a

are
[from Eq. (iii)]

...(v)

-4=> b2

x2—=1
b2 ’

—r tan2 0 = 1 + ——
„2 „2a J a

2-b2)

a2
2-b2

b2
a2 -b2

x2 b2 ____ a_
yl(a2-b2)'+ ^-b2)

Length of common tangent i.e. the distance between the 
above points is y/i + and equation of common

tangent on putting the values of sec 0 and tan 0 in Eqs. (i) is 
x

= ±7k

2 2
— - T_ = l
36 9

or x + y
Aliter : The given two hyperbolas are 

2 2
2L = i 

a b 
x2 y2 

(->2) (-a2) 
we know that  

= mx ± -J(a2m

is tangent to Eq. (i) for all m. 
Similarly y = rr^x ± ^(-b2) m2 - (-a2)

y = mxx ± ^(a2 - b2m^)

will be tangent to Eq. (ii)
For common tangents to Eqs. (i) and (ii), the lines (iii) 
and (iv) must be identical
i.e. m = m1 and a2m2 - b2 = a2 - b2ml

(a2 + b2)(m2 - l) = 0 

m2 = 1 => m = ± 1
The equation of common tangent lines 

y = ± x ± 7(a2 - &2)

or y+ x = +yj(a2 - b2)

Equation of tangent to Eq. (i) at (xp yj is

„2 A2 a b
On comparing Eqs.(v) and (vi), then 

xj a2  -yt / b2   
+ 1 1 ±

Hence, the points of contact are

± a2 ± &2
7(a2-t2)’ V(“2 -12)

. =1
) J(a2 - t2) 

i2-*2)

I Example 17 Find the equation and the length of the 
common tangents to hyperbola 

and f 
a2 b2 a2

Sol. Tangent at (a sec 0, b tan0) on the 1st hyperbola is 
x y— sec 0 - — tan 0=1
a b

Similarly tangent at any point (b tan9, a sec 0) on 2nd 
hyperbola is

— sec 0 - — tan0 = 1 
a b

If Eqs. (i) and (ii) are common tangents then they should be 
identical. Comparing the coefficients of x and y 

sec 0 tan 0

 asec 0 = - — tan 0 

sec 0 
a 

tan0 = - - sec 0 
a 

sec20 - tan20 = 1 
2 A2

G o i G 2 .— tan 0 —- sec 0 = 1
b a

a2 2 b2 , i
— tan 0 - — (1 + tan 0) = 1
b a2

1 ? b2>

X2
Comparing this with ——

a2 
a2 = 36 and b2 = 9

So the equation of tangents are 
y = (-1) x ± ^36 X (-1)2 - 9 

y = -x± V27

1
±yj(.a2-b2)

1_____
V(a2 -1.2)

? b2 ]
,T f-----

‘ ‘ a2-b2))

a
k V(O2-I>2)’ 

and equation of tangent to Eq. (ii) at (x2, y2) *s 
 

(-&2) (-a2)
On comparing Eqs. (v) and (vii), then 

x2/(-fr2) _ y2 _ 
+1 1
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 andi.e.

,±

and ,T

Hence proved.
sin

{am

Sol. Given hyperbola is ...(i)

= cos =>

= cos
or

sinG

i.e. ...(ii)

Sol. Let hyperbola be

(ii)

2 Its slope is

I Example 20 If SY and S'Y' be drawn perpendiculars 
from foci to any tangent to a hyperbola. Prove that Y 
and Y' lie on the auxiliary circle and that product of 
these perpendiculars is constant.

- — sin 
b

/
± 

I Example 18 PQ is the chord joining the points 0, and 
x2 y2$2 on the hyperbola — -= 1. If 0, -02 = 2a, 
a2 b

where a is constant, prove that PQ touches the 
hyperbola

01 ~ 02
2

-b2

b2 cos
LHS = c2 =--------

-b2

\
The points of contact are

/
„2

±

cos a
01 + 02

, 2

Comparing this line with y = mx + c

[01 + 02
I 2
01 + 02>

2 )

[ 01 + 02 j
I 2 J
01+02^

2 J
(Given 0, - <|)2 = 2a)

( 01 + 02
V 2 
01 + 02 

2

cos a
01 + 02

2

b2 cos2 a

01 + 02 
2

[ 0i + 02
V 2 
01 + 02^1

2 J

b2_____

01 + 02
2 J 

r 0i+02 
V 2 

01 + 02^1
2 J

RHS =---- — m
cos2 a

_a.
cos2 a

b y =------
a sin

bm - --------
a sin

b cos

sin

2 2X VFor line y = mx + c to be a tangent on — cos2 a - = 1,
a1 d

we have

b cos 
and c =-------

sin

01 + 02
2

01 + 02^

I 2 )

a2
._2

I Example 19 If the line y - mx+J(a2m2 ~b2) 

x2 y2
touches the hyperbola — - = 1 at the point

cr b
f b }

sin2

sin2

b2 cos2

x y
— cos a - — sin 
a b

2-b2

2 2
--^- = 1 

2 h2 a b
Tangent at P (a sec 0, b tan 0) on Eq. (i) is 

X V
— sec 0--tan 0 = 1 
a b
(b sec 0) 
(a tan0)

Equation of SY which is perpendicular to Eq. (i) and passes 
through focus S i.e. (ae, 0) is

x--------
2 • 2 a sin

 a _2 .2c =---- -— m - b
cos a

r2 V2
— cos2a -~-l. 
a2 b2

2 2
--^- = 1

2 k2 1 
a b

Equation of the chord PQ to the hyperbola (i) is 
x 
— cos 
a

a" b2
. lltf-b2)’1 J(a2-b2)'

{ b^ T a2 
'Itf-b^Jtf-b2)'

Hence, the length of common tangent is 

.5. (a2 + l>2)
J(a2-b2)

----------------------------, -U 

a2-b2\

Sol. Since (a sec 9, b tanG) lies on

y = mx + y(a2m2 - b2)

b tanG = am sec G + y(a2m2 - b2)

(b tanG - am sec G)2 = a2m2 - b2

b2 tan2 6 + a2m2 sec2 6 - 2abm tanG sec G = a2m2 - b2 

a2m2tan2G ~2abm tanG 6+b2sec29=0

azm2sin26 - 2abmsinQ + b2 =0 (vcosG*0) 

 2abm ± ^4a2b2m2 - 4a2b2m2  f b A

2a2m2 I a raj

6 = sin-1 f—1 
\am)

y
b

(asecd,b tanG), show that 0 = sin

a2
.2

,2
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Tangent

...(iii)or
C A

(x2+y2)

y-yi =

or

...0)
P1P2 -

i.e.

...(iii)or

2

or

7-F=iat 2or

The slope of tangent at (xj, y j) =

Slope of normal at (x3, yj) =

4

Equations of Normals in 
Different Forms

Remark
The equation of normal at(x1f y,) can also be obtained by this 
method

Hence, the equation of normal at (Xj , y;)

b2x

tan2 0^ 
b2

= b2

(x - Xj ) 

1

22a e , . = 1 + —— tan2 0 
b2

/%>

7 
q2

tan2 0 = (1 + tan2 0) + — tan2 0

2 \
2i 2i= sec 0 + — tan 0I b J 

2 , 2 x + y

2. Parametric form:
Theorem : The equation of normal at (a sec 0, b tan(|)) to 

x2 2the hyperbola — - — = 1 is ax cos0 + by cot <f> = a2 + b2 
a2 b2

[(•••fr2

= a2

1. Point form:
Theorem : The equation of the normal to the hyperbola 
x2 y2 *./ a2* b2y 2 .
— = lat(x1,y1) is ----- + —— = a
a2 b2 y.

Proof: Since the equation of tangent to the hyperbola

b2

b2xx

a2yi

fl2?!

b2xx

sec20 tan2 0^
2 1 ZzI a b J

= a2 (e2 -1)]

a2x b2y 2 »2 
----- + —= a + b
*1 ?i

*-*i _ y-/i
a'x} + hy-i+ g hx} + b’y} + f

a',b',g,f,h are obtained by comparing the given hyperbola with 
a'x2+ 2hxy+b'y2+ 2gx+ 2fy+c=0 ...(ii)

The denominator of Eq. (i) can easily be remembered by the first 
two rows of this determinant 

a' h g 
h b' f 
g f c

Since first row is a'(x1)+h(y,) + g(1) 
and second rowi /?(%,) + b'(y^) + /(1) 

2 2
Here, hyperbola L. - = 1

a2 b2 
2 2r_r_i=0 

a2 b2
On comparing Eqs. (ii) and (iii). we get

a' = -^,b' = --^,g =0J=0,/)=0 
a b

From Eq. (i), equation of normal of (iii) at (xp y,) is 
x~x\ , y-/i 

-Vi+0 + 0 o-4 + o 
a2 b2

^.-a^ = -^y.+ b2 

x, yi 
a± + ^y=a2 + b‘‘ 
*1 yi

b
( 2 xsec 6

+

= a2 is the required locus.
Similarly the point ?' also lies on it. Again, if p{ and p2 be 
the length of perpendiculars from S (ae, 0) and S' (-ae, 0) on 
the tangent (ii), then

(e sec 0 - l)-(e sec 0 + 1)
sec20 tan20^

a2b2 (e2sec20 -1)
b2sec20 + a2 tan2 0

a2b2 (e2sec2 0-1)
a2 (e2 - 1) sec20 + a2 tan2 0
b2 (e2sec20 -1) 
(e2sec20 - 1)

n a tan 0 . .
?-° = -7—7(x-ae) b sec0
x , y— tan 0 + — sec 0 = — tan 0 
b a b

v Lines (ii) and (iii) intersect at y and in order to find its
locus we have to eliminate 0 between Eqs. (ii) and (iii), for 
which squaring and adding Eqs. (ii) and (iii) then, we get

^2 2 \sec 0 + tan 0
< a2

=1+1
b2

+ b2 
b2
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*1

From Eq. (ii), Fi = +.2 (i)

/

-m x -2

or
...(iii)y = mx +

y = mx +

c = +
a

or.2

...(ii)Ti =“

= 1or

or
2

Replacing 
becomes /

y- +

Remark
Normal other than transverse axis, never passes through the 
focus.

£ 
a2

-m2b2)

a -m

+ b2

Proof: Since the equation of normals of the hyperbola 
x2 y2 
T“7T = lat 
a y 

a2x b2y 2 > ----- + —— = a2 + b 
xi yi

Xj by a sec (J> and y, by b tancj), then Eq. (i)

c2

x2 y2
I Example 21 A normal to the hyperbola — - p- = 1 

meets the axes in M and N and lines MP and NP are 
drawn perpendiculars to the axes meeting at P. Prove 
that the locus of P is the hyperbola 

o2x2-b2y2=(o2+b2)2.

Sol. The equation of normal at the point (a sec (j>, b tan <j>) to 
2 2x y the hyperbola ~ = 1 is

a b

mb2 

a2-m2b2);

_a2 

7

x?=- 
a

/

at the points + —— ~ ■, +
t 7(fl2 ~m2b2) ^(a2-m2b2);

Proof: The equation of normal to the hyperbola 
x2 2
-7“7r = lat(x1,y1)is
a b2

a2x b2y 2---- + — = a+b 
xi y.

Since ‘m’ is the slope of the normal, then
m- a2yi

h2x1

b2x1m 

a2

b2
..2

2m2)J

x2
Since (xj, yj) lies on — 

a2

a2 b2 

b4x2m2 

a4b2 

a4 

-b2m2

2 2

-2 h2a b

£ \

Comparing Eq. (iii) with y = mx + c

m(a2 +b2)

2 -m2b2)

m2(a2+b2)2

(a2-m2b2)

which is condition of normality, where y = mx + c is the 
normal of

_ mb2
)’+

mb2

a2 -m2

-i.. °2 -
7(a2 -b2m2) 

mb2 

7(a2 -b2m2) 
Equation of normal in terms of slope is 

/ 

± —
k I v^1 

m (a 2 + b2) 

7(a2 -m2b2) 
Thus Eq. (iii) is a normal to the hyperbola

2 2

a2 b2 

where m is the slope of the normal. 
The coordinates of the point of contact are

± J,2™2' + 
— b m ,

°2x ---------- H---------------- d 
asec(|) b tancj)

A A

ax cos(|) + by cot(|) = a +b

is equation of normal at (a sec b tan 0).

3. Slope form:
Theorem : The equations of normals of slope m to the 

2 2X V
hyperbola------ — = 1 are given by

a /r

m(a2 +h2)

2--V) a2
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The normal (i) meets the X-axis in M
sec 0 = and tan 0 =or

a2 + b:

= 1

P

C

a

sec 0x =
7

sec 0 = (ii)or

coordinates of G are

tan 4*T =
.2 A

tan0 = ,(iii)or
7

= 1

•(ii)

C A

r

y2
~ = 1 meet transverse axis at G, prove that

/
Y-axis in N 0,

/
sec 0 a +

<

■P(asec0,btan|)

----------

£
?

(a'

( a2+b2\ 
a

I Example 23 If the normal at '0' on the hyperbola 
x2 y

n2a2 
l\a2+b2)2

4G-4'G=a2(e4sec20-1).
where A and A' are the vertices of the hyperbola.

Sol. The equation of normal at (asec 0, btan 0) to the given 
hyperbola is ax cos 0 + by cot 0 = (a2 + b2) 
This meets the transverse axis i.e. X-axis at G. So, the 

x
sec 0,0 and the 

7

r
Equation of MP, the line through M and perpendicular to 

X axis, is

of
I2

a2x2 
(a2 +b2)2

.2 '
tand)

2 2XVSol. The equation of any normal to — - ^— = 1 is 
a2 b2

ax cos 0 + by cot 0 - a2 + b2

or axcos 0 4- by cot 0 - (a2 + b2) = 0 ...(i)
The straight line lx + my - n = 0 will be a normal to the 

2 2X y
hyperbola — - Y— - 1, then Eq. (i) and lx + my- n - 0 

a2 b2
represent the same line

sec 0
7 >

axcos0 + by cot0 = a2 + b2

a2 + b' 
a

a2+b2'

a 7

coordinates of the vertices A and A' are A(a, 0) and 
A'{-a, 0) respectively.

.-. AG-A'G- -a +
\
/

= a2(e4sec20 -1)

a2 + b2

V a 7 
= (ae2)2sec20 - a2

>2+b2}
<2

a cos 0 _ bcot 0 _ (a2 + b2)
I m n

na j * a nb—------— and tan 0 ~---- ----- —
l(a2+b2) m(a +b2)

sec 0 - tan 0 = 1
n2b2

m2(a2 + b2)2
b2 _ (a2 + b2)2
m2 n2

...(i)

'2
- sec 0,0 and

>

a2 + b:
a

>
- sec20 - a2

X

ax 
(a2 + b2)

and the equation of NP, the line through N and 
perpendicular to the Y-axis, is

'a2 + b2>

I b ) 
by

(a2 +b2)
The locus of the point of intersection of MP and NP will be 
obtained by elminating 0 from Eqs. (ii) and (iii), we have 

sec2 0 - tan2 0 = 1 

b2y2 
(a2 + b2)2

or a2x2 - b2y2 = (a2 + b2)2
is the required locus of P.

I Example 22 Prove that the line Ix + my - n = 0 will be 
x2 y2

a normal to the hyperbola = 1 if 
a2 b

2 b2 (a2+b2)2----- = ----------------  
m2 n2

I Example 24 Find the locus of the foot of 
perpendicular from the centre upon any normal to the 

hyperbola ~ = 1.
a b2

Sol. Normal at P(a sec 0, btan 0) is
ax cos 0 + by cot 0 = a2 + b2 ...(i)

and equation of line perpendicular to Eq. (i) and passing 
through origin is

bx - ay sin 0 = 0

Y
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bx

\
or y =

COS 4>

and cot <|>

or
ax x

=>

or

Pair of Tangents 2

or
7

2 + 1or
b\

+or

where + 1

2

or
7k

or

Aliter:
y

(i)Let the hyperbola be

*XC

R

Y'

Eliminating (J) from Eqs. (i) and (ii), we will get the equation 
of locus of Q, as from Eq. (ii),

(h.k)T/{

-b2

2
— + by x

y 2 
"7” 

A

2

-2
x2

S = —
a2
x*

7= —1 „2

2

-b2

'xyi -xty^ 

ab

2
7

2 Z

2 A2 a b

( v-v

+ 2 —-- 
k g2

2 A
k

2

yy/
2 A2k a b J

. 2
^--1 =
b2

-2(a2yy! -b2xxx)

l«2
/ x

V

k " •*! 7

=> (hyx-kxx)2

Hence, locus of (h, k) is
(*Yi “xi7)2 = *

(*?! “^i?)2 = ~(b2x

= a2 + b2

IV

-y--.
b2

a“ b2 a2 b2

Proof: Let T(h, Ar) be any point on the pair of tangents PQ 
or PR drawn from any external point P(x,, yj) to the 
hyperbola

. , bx sin (p = — 
ay

_ 7(ay - bV)
ay

. Jy/ - t2x2> 
bx

f 2 2 A
£l_Zl
a2 b2>

( x2•* i

X*i _yyi
2 A2

G G

\y-yrf-b2(x-xx)2
2-a2y2)-(b2x2

SSX = T2

Theorem : The combined equation of the pair of tangents 
drawn from a point P(xj, y j), lying outside the hyperbola

2 2 2 2x y x v— - — = 1 to the hyperbola — - — = 1 is
a2 b2 a2 b2

-2 A
—-1 =

7

$$! =r

^-(x-x.) 
h- xx
x+(hy* ~kx''

I b~xx

/ \ 2( xyx -xxy
ab >

'hyx -kxxy 
h- xx

'k-y,

<h-x.7
which is the tangent to the hyperbola

2 2
—-2L = i 
„2 i,2a b

,2

'k-yt

<h~xU

= a2(k-yy-b2(h-x,Y

2 2
£-->L = i 
/>2 A2 a b

Let P(xx, y j) be any point outside the hyperbola.
Let a chord of the hyperbola through the point P(x1,y1) 
cut the hyperbola at Q and R. Let R(h, k) be any arbitrary 
point on the line PQ (P inside or outside).

2 2
2L->L = i
z,2 A2 a b

J

U2

J 
'xxx _yy, V 
I a2 b2 ,

yy/
b2 >

xxx yytA 
z,2 k2 k a b

f 2 2 A
—-21-i 
z,2 A2 a b

f \2
xxx _yyi. 1

Z,2 A2k g b 7
2

( 2 2 A
x _ y
z,2 A2k a b J

2

From Eq. (i),

Xy-t2*2 L - />2x2)
ay bx

(x2 + y2)yj(a2y2 - b2x2) = (a2 + b2)xy 

or (x2 +y2)2(a2y2 - b2x2) = (a2 + b2)2x2y2 

which is required locus.

7 2 
2L-X

b

2 2 = a m
2

= a2

c

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


576 Textbook of Coordinate Geometry

'P(h.k)

'fl
Q Chord of contact

0 *XC
P

R
-y'

(vPQ:QK = X:l)

(i)

(ii)and = 1

•(iii)

x ...(iv)and

2

\2

7 7

i.e.

Chord of Contact or

and

•W

Equation of the Chord Bisected 
at a Given Point

Proof: Let Q = (x',y') and R = (x",y")

b2

2

= 1

P(x,.yO
Let Q divides PR in the ratio X: 1, then coordinates of Q are 

’"Xh + x, Xfc + y^

X +1 X +1

-a2b2) 

x(b2x2 -a2y2 -a2b2)=0

-a2b2)2 -4{b2h2 -a2k2

Theorem : The equation of the chord of the hyperbola
2 2

x y——-i,
2 A2 a b

bisected at the point (x!, y j) is

Theorem : If the tangents from a point P(x}, y,) to the 
2 2X Vhyperbola------ — = 1 touch the hyperbola at Q and R,

a2 b2
then the equation of the chord of contact QR is

xxi yyi
2 A2a b

2 2

1 x.2 A2
a b

Proof: Since equation of the hyperbola is
2 2£__r=1 
2 l2 a b

V(X + 1)2
2ky

( h2_
2

_1_ 

a2

^(X/i + xJ2
(b2h2 -a2k2

) b2 

-a2 

-a2b2

X/i + xt 
X +1

_bt ■-!-*? _ -i 
a2 b2 a2 b2

T.SpwhereT^-^-x 
x>2 A2a b

Dividing by 4a4 b4 

f ^xi

Remark
S =0 is the equation of the curve, 5, is obtained from S by 
replacing x by x, and y by y, and T=0 is the equation of the 
tangent atf/py^toS =0.

k2 
—-1 b2 J

Hence, locus of R (h, k\ i.e. equation of pair of tangents
from P(xlty1) is

**i yyi _ 1
2 .2a b

f 2 2 A

2 A2 \a b )

Now, equation of tangents PQ and PR are 
xx' yy' _ 1 

2 A2 a b 
xx" _ yy' 

a b
Since, Eqs. (i) and (ii) pass through P(xpyj), then 

x'xi y>i_1 

a b
"xi __ y"yj _1
z,2 A2a b

Hence, it is clear that Q(x',y') and P(x",y") lie on 
xx, yy, —L-2ZL = i or T=0 
z,2 A2a b

which is chord of contact QR.

k /v"ri /v-riy

Since, Q lies on hyperbola (i), then

2 _ 1 f ^k + yy
X +1

(Xfc + yJ2 =a
/?2)X2 + 2(b2hx} -a2kyx -a2b2)k

+ (b2x2-a2y2-a2b2)=Q ...(ii)

Let PR will become tangent to the hyperbola (i), then roots 
of Eq. (ii) are equal 
4(&2/ix1 -a2ky}

( 2 2

x,2 A2a b
2

( 2 2 A

U2 b2 J
T2 =SSt or SSX =T:
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’Q(x?.y2)

'/’(xi.y.) •—(i)or

P&.ya)

...(ii)
2

and -(iii)

(ii)

=>

22\1=>
a

[P is the mid-point of QP]

...(iv)

y-yi

[from Eq. (iv)](x-xj=>

,2

—(i)

i.e.

•••(ii)

1
7

i
b2

_yi_ 
b2

b2

b2

Let QR be the chord of the hyperbola whose mid-point is 
P(x,, Vj). Since Q and R lie on the hyperbola (i).

h2
------ — 1 — —

a2

(x-xj
3

\ a

VI-2

1
a2

1
7

i
7

i
a2

b2J

XX1 

7"

(h2
,2

2 2
y_ =

„2 h2 a b

\a
h^_

kfl2

Hence, the locus of(/i, fc) is
( 2 2 >2x y

~2 77la b )

b2)

h2

= 7X
The lines represented by Eq. (ii) will be at right angle if
Coefficient of x2 + Coefficient of y2 =0

r/.2 *2Y
,2

d2r

\2

y!

yyt yl _ xx, x, 
>2 l2 2 2b b a a

2 2

So/. Let (h, k) be the mid-point of the chord of the hyperbola.
Then its equation is

hx ky 1 h2 k2 ,--------- i- - I =--- -- ---- -I
2 A2 x.2 J,2a b a b

hx ky _h2  k2
~2 ~ 77 “ ~2 77 a b a b

The equation of the lines joining the origin to the points of 
intersection of the hyperbola and the chord (i) is obtained by 
making homogeneous hyperbola with the help of Eq. (i)

2

<a2

-a2

yyi _ *i 
a b a

i yyi _ 
b a

T = S}

I Example 25 Find the locus of the mid-points of the
x2 y2

chords of the hyperbola — - = 1 which subtend a
cr b

right angle at the origin.

\2

2 2x y— + —
a b

2 2
^1_Z2_ = 1

2 A2 a b
2 2

2 k2 a b

Subtracting Eq. (iii) from Eq. (ii),

— (x2 
a

(x2 +x3)(x2
a2

y2 ~y3 _b (x2 + y3)
*2-*3 7(y2+y3)

_b2 (2xJ
a2 (2yJ

_7xi
a2yi

Equation of QR is

b‘

h2 k2
= — + —•

a b

-x3)-^-(y22 -y23)=° 
b2

-*3) (y2+y3)(y2 ~y3)_0 

b2

h2
,4

x2

J-

1_
b2

2 k2 2 ....
+ Vy ~'n^Xy b a b

I Example 26 From the points on the circle 
x2 + y2 = a2, tangents are drawn to the hyperbola 
x2 - y2 = o2; prove that the locus of the middle-points 
of the chords of contact is the curve 
(x2-y2)2=o2 (x2 + y2).

Sol. Since any point on the circle x2 + y2 = a2 is 
(a cosO, a sin9) chord of contact of this point w.r.t. 
hyperbola xz - y2 = a2 is

x (a cos9) - y (a sin9) = a 

or x cos8 - y sinG = a
If its mid-point be (h, k), then it is same as 

T=Sj 
hx - ky - a2 = h2 - k2 

or hx - ky = h2 - k2

On comparing Eqs. (i) and (ii), we get 
cos9  sin9  a

h ~ k ~ (h2-k2)

_y2-y3 
x2 -x 

b2x} 
y-y^ =-r- a yx

k
,2?

hx ky ]
~~7j

b2)

(h2

2hk
a b
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22
=0

22

or

2 2

= 1

b‘

Exercise for Session 2

(d)18

2 2
3. If the tangent at the point (2sec<j>, 3 tan 0) of the hyperbola -— — = 1 is parallel to 3x - y + 4 = 0, then the

4 9

(d) (4.-V6)

100 49

(d)-

_i
4

21'
17.

ax —
2

...(ui)

...(iv)

  --0

b2
1 = - 

a

£
4

k2 
b2

1S_ 
b2

I Example 27 Prove that the locus of the middle-points 

of the chords of the hyperbola = 1 which 
a b

pass through a fixed point (a,P) is a hyperbola whose 

centre is

a
X------

2 
a2

a x----
___ 2_ 

a2X
The centre of this hyperbola is (y, I

-L y-& b1 I 2.

value of 0 is
(a)2 (b)= (c)| (d)^

4. If the line 2x + V6 y = 2 touches the hyperbola x2 - 2y2 = 4, then the point of contact is

(a)(-ZV6) (b) (-S2V6)

H 
b2X

b2

a2

1
7

5. The equation of the chord of hyperbola 25x2 - 16y2 =400, whose mid-point is (5, 3), is
(a) 115x - 47y = 434 (b) 125x - 48y = 481
(c) 127x - 49y = 488 (d) 155x - 67y = 574

x2 y2O. The value of m for which y = mx + 6 is a tangent to the hyperbola-------— = 1 is

12 Ve

a2 P21 i / \ __K_ =X(say) 
a b

or (h2 - k2) cosO = ah

and (h2 - k2) sinO = ak
Squaring and adding Eqs. (iii) and (iv), we get 

(h2-k2)2=a2h2+a2k2

=> (h2 -k2)2 -a2(h2 +k2)
Hence, the required locus is

(x2-y2)2=a2

1. The tangents from (1,25/2) to the hyperbola 16x2 -25y2 =400 include between them an angle equal to

(a)^ (b)£ (c)^ (d)£
b 4 3 2

2. If 4x2 + Xy2 =45 and x2 -4y2 = 5 cut orthogonally, then the value of X is
(a) J (b)J (c)9

y j

It passes through (a, 0), then 
ah  PX = h^ 
„2 I.2 ~ „2aba

locus of(h, X) is 
xa yp  x2 y2 
V~~b2~'a2 7

(x2 - ax) - (y2 - Py) = 0
a^ b2

o2
4

U’V
So/. Let the mid-point of the chord be (h, k). The equation of 

the chord whose mid-point is (h, k) is 
hx ky * h2 k2 hx ky h2----------_ 1 — — 1 or — = — 

2 k2-z,2 k2 ̂ 2h a b a

P
2
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(a) (b)- (c) (d)-

(d) 242

CG, • CG2 =

( 2 2 \I az + ir
~b

(a2 + b2 
b

a2 + b2 
a

_ X2 y2
7. P is a point on the hyperbola — - —■ = 1, N is the foot of the perpendicular from P on the transverse axis. The

a b
tangent to the hyperbola at P meets the transverse axis at T. If O is the centre of the hyperbola, then OT-ON is 
equal to
(a) a2 (b)b2 (c)e2 (d)b2/a

8. If x = 9 is the chord of contact of the hyperbola x2 - y2 =9, then the equation of the corresponding pair of 
tangents, is
(a) 9x2 - 8y2 + 18x - 9= 0 (b) 9x2 - By2 - 18x + 9= 0

(c) 9x2 - 8y2 - 18x - 9= 0 (d) 9x2 - 8y2 + 18x + 9 = 0
2 2

9. Let P(asec Q,b tan 0) and Q(asec 0, b tan 0), when 0 + 0 = —, be two points on the hyperbola = t If
2 a2 b2

(h,k) is the point of intersection of the normals at P and Q, then k is equal to 
2 l. 2 A a + b 

a /

X2 v210. The tangent at a point P on the hyperbola —=- - = 1 passes through the point (0, -b) and the normal at P
a b2

passes through (2a42,0); then eccentricity of the hyperbola is

(a) 7 (b)7 (c)72
4 2

2 2 2 2x y x v77. A tangent to the hyperbola — - =1 cuts the ellipse ~y + ^-y = 1 in points P and Q. Find the locus of the

mid-point of PQ.

12. A line through the origin meets the circle x2 + y2 = a2 at P and the hyperbola x2 - y2 = a2 at Q. Prove that the 

locus of the point of intersection of tangent at P to the circle with the tangent at Q to the hyperbola is the curve.

x2 v213. Normals are drawn to the hyperbola — - = 1 at the points P(a secQ^,b tan 8,) and Q(asec 02, b tan 02)
a b

meeting the conjugate axis at G, and G2 respectively. If 0, + 02 = ic/2, prove that 
a2e4 

(e2-1)

where C is the centre of the hyperbola and e is its eccentricity.

14. Chords of the hyperbola x2 - y2 = a2 touch the parabola y2 = 4ax. Prove that the locus of their middle-points is 
the curve y2(x -a) = x3.
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Session 3

(i)

h =

2

•(ii)

Y p&.yi)

A

(W2)

we get

Diameter, Conjugate Diameters, Properties of Hyperbola, 
Intersection of Conjugate Diameters and Hyperbola, 
Director Circle, Asymptotes, Rectangular Hyperbola, The 
Rectangular Hyperbola xy=c2, Reflection Property of a 
Hyperbola, Equation of a Hyperbola Referred to Two 
Perpendicular Lines

»(W)X

b2x
Hence, locus of R (h, k) is y =-----

a2m

which is the diameter of the hyperbola passing through 
(0,0).
Aliter:
Let (h, k) be the middle-point of the chord y -mx + c of the

2 2x yhyperbola------ — = 1 then
-2 1,2a b

-b2h = -ma2k or

Diameter
The locus of the middle points of a system of parallel 
chords of a hyperbola is called a diameter and the point 
where the diameter intersects the hyperbola is called the 
vertex of the diameter.
Theorem : The equation of a diameter bisecting a system

2 2x y of parallel chords of slope m of the hyperbola------ — = 1 is
„2 12a b 

b2
y=—x 

a m
Proof: Let y = mx + c be a system of a parallel chords to

2 2
XV------ — = 1 for different chords. As c varies, m remain

2 12a b
constant.

mca2
2Z2 ?2 “i — b

=> (a2m2-b2) x2+2mca2x+a2 (c2+b2)=0

Since, Xj and x2 be the roots of this equation, then
-2mca2
22 7T am — b

Since, (h, k) be the middle point of QR, then

*i +*2
2 •

Let the extremities of any chord PQ of the set be P (xj, y j) 
and Q (x2, y2) and let its middle point be R (h, k). Then 
solving equations

2 2
—— — = 1 and y = mx + c2 l,2 Ja b
x2 (mx + c)2 _ i
~~2 ^2
a b

then from Eq. (i), h = -
a“m

but (h, k) lies on y = mx + c
k=mh+c

or c = k - mh
From Eqs. (i) and (ii),

__ ma2 (k-mh)
"" a2m2-b2

=> a2m2h-b2h = ~-ma2k + m2a2h

. b2h
k =-----

„2„ a m
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[from Eq. (i)]

Conjugate Diameters

Properties of Hyperbola
P' = (-a sec 0, - b tan 0)

Since, equations of asymptotes CQ and CR are y - -x and

„.(i)
...(i)

-(ii)

-(iii)

and -(iv)

(ii)or

Two diameters are said to be conjugate when each bisects 
all chords parallel to the others.

Ify -m2x andy = m3x are the conjugate diameters of 
Eq. (ii), then

respectively.
Now, the lines (i) and (ii) are parallel and so are Eqs. (iii) 
and (iv).

k2 
b2

(-a2) 

b2 = — = mm, 
a2

This proves the proposition.
Prop. 2. The parallelogram formed by the tangents at the 
extremities of conjugate diameters of a hyperbola has its 
vertices lying on the asymptotes and is of constant area. 

2 2x ySince, P and D lie on hyperbola----- — = 1
a2 b2

b2mm, =—
1 a2

, b2h k =-----
a2m

m2m3

b2x Hence, the locus of mid-point is y = ■——.
a2m

2 2X y and its conjugate diameter - — + — = 1 
_2 l2 a b

then coordinates of P and D are (a sec 4>, b tan0) and 
(a tan0, b sec 0) respectively.

L
• • • /* . . 1

a

y = -—x respectively and the equations of tangents at 
a

P, P', D and D' are
x y— sec 0- — tan0 = l 
a b
x v— sec 0 + — tan0 = l
a b
x v— tan0 + —sec 0 = 1
a b
X V— tamp- — sec 0 = 1
a b

Prop. 1. If a pair of diameters be conjugate with respect to a 
hyperbola, they are conjugate with respect to its conjugate 
hyperbola also.
Lety = mx and y = x be two conjugate diameters of the 

2 2X Vhyperbola----- — = 1, then
2 »2a b

2 2
X VNow conjugate hyperbola of----- — = 1 is
.2 >2a b

2 2

2 k2a b
2 2x y
2 k2-a -b

Then D '=(-a tan 0, - b sec 0) 
and

T = Sj 

xh_yfc = /^ 
a2 b2 a2 

ci bb2 
Slope =---- = m

a2k

^2
Ify = mx, y = mj x be conjugate diameters, thenmm} = —. 

a2
Let y = zrij x + c be a set of chords parallel to y = mx x, then

^2
the diameter y =-----x bisects them all. But being the

a2m
conjugate diameter y =mx also bisects them.
Hence, these two lines must be identical

b2 b2
m------- => mm, - — ■

2 1 2a mx a
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Similarly,

...(v)

(vi)and

= 4- -J(a2sec20 + b2 tan2 0) x

and

X'< *XS' A' C

Y

2 (i)

(iii)

Now

Intersection of Conjugate 
Diameters and Hyperbola

h. 
k

„(i)

•(ii)

a 
b

~i \ \ 
MSG

XpO
7

To prove that of a pair of conjugate diameters of a 
hyperbola, only one meets the curve in real points
Let y - mx
and y=m1x
be a pair of conjugate diameters of the hyperbola

2 2
—- —= l,then
a2 b2

b2 mm, = — 
a2

On solving Eq. (i) and the equation of hyperbola
x2 v2_2_ = l,We get
a2 b2

or (e2Xj,0)

2 <2ax by 2 i'-----+ —= cT +b
*1 yi

The normal (i) meets the X-axis i.e. y = 0 in Eq. (i), then
coordinates of G are

f (a2 +b2)
a2\

CG = e2x1

SG = CG-CS

=e2xx -ae = e(ex1 -a) = e-SP

S'G = e-S'P
SG _ SP 
S'G~ S'P

This relation shows that the normal PG is the external 
bisector of the angle SPS'. The tangent PT being 
perpendicular to PG is therefore the internal bisector of 
the angle SPS'.
Prop. 4. If a pair of conjugate diameters meet the hyperbola 
in P, P' and its conjugate in D, D', then the asymptotes 
bisect PD,PD',P' D andP'D'.
The coordinates of four points P, D, P', D' are
(a sec 0, b tan0); (a tan0, b sec 0);
(-a sec 0, - b tan0) ;(-a tan(|>, - b sec 4>) respectively.
If (h, k) be the middle point of PD, then

h = — (sec 0 + tan0)
2
£

k = — (tan0 + sec 0)
2

= 4ab = Constant.
Prop. 3. If the normal at P meets the transverse axis in G, 
then SG = e-SP. Prove also that the tangent and normal 
bisect the angle between the focal distances ofP.

r

sec20
+ b2

T A

Hence these tangents form a parallelogram. Solving 
Eqs. (i) and (iii), we get the coordinate of Q as 
[a (sec 0 + tan0), b (sec 0 + tan0)] which clearly Res on the 
asymptote y = — x similarly the other points of intersection 

a 
lies on the asymptotes.
The equations of PCP' and DCD' are

b tan0 , t , ny =---------x or bx tan0 - ay sec 0 = 0
a sec 0
b sec 0 , , t , Ay =---------x or bx sec 0 - ay tan0 = 0
a tan0

Hence by symmetry.
Area of parallelogram QRQ'R' = 4 (Area of parallelogram 
QDCP)

= 4-CP x (Perpendicular length from C on QD)
_____1 

tan2 0 
V"

Let the coordinates of Pbe (x^yj). The equation of 
2 2x y normal at P on the hyperbola------— = 1 is

a b

.'. Locus of mid-point (h, k) is y = — x which is equation of 
a

2 2x y asymptote of hyperbola------— = L
a2 b2

Similarly other mid-points he on the other asymptotes.
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-(iv)or

b2 -a2m2 >0 i.e. m <

i.e.

=>
C L

[vc=o(o,oy

and

are

(i)

b2
■ ‘.'mm, -— 

a2

a) 

(b

2
- = 1

I Example 29 For the hyperbola x2 -y2 =o2, prove 
that the triangle CPD is isosceles and has constant 
area, where CP and CD are a pair of its conjugate 
diameters.

Sol. Since, CP and CD are the conjugate diameters of 
x2 - y2 ~ a2, hence coordinates of P and D are
P = (a sec0, a tan 0), D = (a tan 0, asec0) respectively.

>,P(asec0,atan0)

I Example 28 If a pair of conjugate diameters meets 
the hyperbola and its conjugate in P and D 
respectively, then prove that CP2 - CD2 = a2 -b2.

Sol. v Coordinates of P and D are (a sec 0, b tan 0) and 
(a tan 0, b sec 0) respectively.

Remark
If CD is the conjugate diameter of a diameter CP of the hyperbola
%2 V2

= 1, where P is (asec 0, b tan0), then equation of CP, where 
a* b2
Cis(0,0) is

y-0

m2x 

b2

— <m1 i.e. if b2 <a2ml 
a

i.e. if b2 -a2m2 <0

Then from Eq. (v) the values of x are imaginary.
Hence, if Eq. (i) meets the hyperbola in real points then 
Eq. (ii) meets it in imaginary points and vice-versa.

a2+a2)

x2

2 2

a2 b2

a2

x2

Then (CP)2 - (CD)2 = a2sec20
+ b2 tan2 <b - a2 tan2 0 - b2sec20

= a2 (sec20 - tan2 0) - b2 (sec2<J> - tan2 0)

= a2(l)-b2(l)=a2 -b2

2,2 a b
» 2 2 2b —am

Similarly Eq. (ii) meets the hyperbola at points whose 
abscissa are given by

I Example 30 Find the condition for the lines
Ax2 + 2Hxy + By2 = 0 to be conjugate diameters of

=1
o2 b2

Sol. Let the lines represented by
Ax2 + 2 Hxy + By2 = 0

y = mx and y = 
A

mTni = ~

But y-mx and y = mxx are the conjugate diameters of

XI o (a tan 6, a sec 0)

CP = J a2 (sec2 0 + tan2 Q) = CD 

Hence, ACPD is isosceles triangle. 
Draw 1 from C on PD, where M is the mid-point of PD

M = I - (sec 0 + tan 0), - (sec <p + tan 0) 
^2 2 1

CM =

PD = ^[a (seep - tan <j>)]2 + [a(sec0- tan0)]2 

= | sec 0 - tan 0) | y(a2 + a2)

Area of A PCD = --PD-CM 
2 
1/2 2\ ®= — (a + a ) = — = constant 
4 2

„2»2 a b
l2 „2m2b -a

The two values of x given by Eq. (iv) will be real if

Then we get coordinates of D 
i.e. £)s(atan0,6sec <j>)

btandz-O, b ■= v -(x-0) y = -sm0.x
a sec 0-0 a

Comparing this with y = mx 
b ■ x m = -sin0 
a

, b2 b . . , b2mm = — => -sm0x/7? = —
a2 a a2

, (by m = - cosec 0 
VaJ

.-. Equation of conjugate diameter is y = m'x = (b/a)cosec 0.x on 
solving

y = (b/a)cosec 0-x and

M {^(sec 0 + tan 0), (sec 0 + tan 0)j

b2 < 

azm1
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(ii)then 2

or

(v tangents are perpendicular)-1 =

or

(a>b)

2 ■(*)If

1 ■(ii)and
-(iv) m\

or
y -mx =

■(iv)

is

A

...(i)
..-(ii)

/

x 
y = -- +

m

-y--r 
b2

V90°

2
-b2 ■

Remarks 
2 2

1. For director circle of = a must be greater than b.
a2 b2

If a<b, then director circle x2 + y2 = a2 -b2 does not exist.
2 2

2. The equation of director circle of — = 1 is
a2 b

x2 + y2 = b2 -a2(b>a),

If b < a, then director circle does not exist.

y = mx + 

It passes through (h, k)

k=mh + y(a2m

(k-mh)2 = a2m2 - b2 

k2 + m2h2 -2mhk = a2m2 -b2 

m2 (h2 -a2)- 2hkm + k2 +b2 = 0

It is quadratic equation in m. Let slopes of two tangents 
aremj andm2

Director Circle
The locus of the point of intersection of the tangents to 

2 2x y
the hyperbola------ — = L which are perpendicular to

a2 b2
each other is called director circle.

2-b2)

2-b2)

2-b2)

touch the hyperbola and intersects at right angles 
From Eq. (i),

x2
Let any tangent in terms of slope of hyperbola — 

a2
= a2 -b2 is the director circle of the

a2 b2
^(a2m

^(a2m2-b2)

Eq. (ii) can be rewritten as

x + my = y(a2 - b2m2) 

Squaring and adding Eqs. (iii) and (iv), then 
(y - mx)2 + (x + my)2 = a2m2 -b2 + a2 - b2m2 

(l + m2)(x2+y2)=(l + m2)(a2-b2) 

Hence, x2 +y2 - "2 

hyperbola.

b2 
• mmj= — 

a

A b2 
From Eqs. (i) and (ii), — = — 

B a2 
or a2 A = b2B
which is the required condition.

I Example 31 If the lines lx + my + n = 0 passes 
through the extremities of a pair of conjugate 

x2 y2 
diameters of the hyperbola — —- = 1, show that 

a b 
a2l2-b2m2 =0.

Sol. The extremities of a pair of conjugate diameters of 
2 2

X V —— - = 1 are (a sec 0, b tan 0) and (a tan 0, b sec 0)
a2 b2 
respectively.
According to the question, since extremities of a pair of 
conjugate diameters lie on lx + my + n = 0 

I (a sec 0) + m (b tan 0) + n = 0 
=> I (a tan0) + m (b sec 0) + n = 0 
then from Eq. (i), al sec 0 + bm tan 0 = - n 
or a2/2sec2 0 + b2m2 tan2 0 + 2ablm sec 0 tan0 = n2 ...(iii) 
and from Eq. (ii), al tan 0 + bm sec 0 = - n 
or a2l2 tan2 0 + b2m2sec2 0 + 2ablm sec 0 tan0 = n2 
then subtracting Eq. (iv) from Eq. (iii), 

a2/2(sec20 - tan2 0) + fc2mz(tan2 0 - sec20) = 0 

al — b m =0

k2 + b2 
=---------1 2 h2-a2

k2 +b2 

h2 -a2

-h2 +a2 = k2 +b2 

h2 +k2 =a2-b2 

Hence, locus of P (h, k) is
2,2 2i2x +y =a -b

Aliter :
tangents y = mx + -J(a2m
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-(i)

-(ii)(ii)

and
2

then

,2or

-(iv)

•/ Given hyperbola is

(i)

x

or

£=1
2

Asymptotes
An asymptotes of any hyperbola or a curve is a straight 
line which touches in it two points at infinity.
Asymptotes of hyperbola : The equations of two 
asymptotes of the hyperbola

/
1-

b2 -=---.
a2

*±*=0 
a b

+ y2 = (a2 - b2) | — sec 4> - — tan 0

(a2 - b2)sec2^
a2

a2 - (a2 - fe2)sec20
i2 - (a2 -fe2)tan20

y2
— = 1 with centre C, meets its director circle in P

A = o 
x2 

From Eq. (i), pair of asymptotes is —

1- 
mm' = —

1 -

I Example 32 If any tangent to the hyperbola 
x2 y2 ... .. .. .

b~
and Q, show that CP and CQ are conjugate 
semi-diameters of the hyperbola.

So/. Since, equation of hyperbola is 
2 2

--^- = 1 
2 l2 a b

Equation of tangent at (a sec 0, b tan 0) on Eq. (i) is
x y— sec 0 tan0 = 1 
a b

Equation of director circle of Eq. (i) is 
x2 + y2 = a2 - b2 ...(iii)

Equation of lines joining the point of intersection of Eqs. (i) 
and (ii) to the origin is obtained by making Eq. (iii) 
homogeneous with the help of Eq. (ii).

2 2

x2

1
a2

x2

b J
(a2 - b2)tan2 

b2

Aliter:
The difference between the second degree curve and pair 
of asymptotes is constant.

2 *__y 
a2 b
2 2x y

/. Pair of asymptotes is — - — + A = 0 
a2 b2

Eq. (i) represents a pair of lines, then A = 0
f 1 A----- |-X + 0-0-0-X-0=0I b2J

- -----— = 1 are y=±- x or— ± — = 0. 
a2 b2 a a b

Proof: Let y = mx + c be an asymptote of the hyperbola 
2 2

a2 b2
Substituting the value of y in Eq. (i), 

x2 (mx + c)2 _ i 

a2 b2

or (a2m2-fe2) x2+2a2mcx+a2 (b2+c2) =0

If the line y = mx + c is an asymptote to the given 
hyperbola, then it touches the hyperbola at infinity. So 
both roots of Eq. (ii) must be infinite.

a2m2 -b2 =0

-2a2 me =0

h m = ±- and c=0
a

Substituting the value of m and c in y = mx + c, we get 
^b y = ± — x 

a

(a2 - b2)secz 0
a2

(a2 - b2)tan2 4>
b2

b2 b2sec2fy - a2 tan2 <|> _ b2
a2 fc»2sec2<|> - a2 tan2 0 a2

Hence, the lines CP and CQ are conjugate semi-diameters of 
the hyperbola.

-zi=o 
a“ b2

y = ±*x or *±*=0
a a b

/
+ y2 i-

\
[ 2(a2 - b2)sec0 tan 0 Q 

ab
Let m and m' represent the slopes of the lines given by 
Eq. (iv), then

Remarks
x2 v21. If b = a, then — - T— = 1 reduces to x2 - y2 = a2. The asymptotes
a- b

of rectangular hyperbola x2 - y2 =a2 are y = ± x which are at 
right angles.

2. A hyperbola and its conjugate hyperbola have the same 
asymptotes.

2 2
3. The angle between the asymptotes of — - = 1 is 2 tan'

a2 b2
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Yy = -x y-x
-(•)

X'* A'

B‘

-<i)

and

P(asec0,

C

We get,

xy-3y-2x+6 = 0
or (y - 2)(x-3) = 0.

Asymptotes are x - 3 = 0 and y - 2 = 0.

ir
-X2 + y2 = a2

x = a (sec 0 + tan()>) 
y = b (sec 0 + tan <{>)

I Example 33 Find the asymptotes of the hyperbola 
xy - 3y - 2x = 0.

Sol. Since equation of a hyperbola and its asymptotes differ in 
constant terms only,
/. Pair of asymptotes is given by

xy-3y-2x + X = 0 ...(i)
where, X is any constant such that it represents two straight 
lines.

x = a (sec <j) - tan 0) 
y - - b(sec (j) - tan<b)

x2_y2 = a2 

---------- >x

I Example 34 The asymptotes of a hyperbola having 
centre at the point (1,2) are parallel to the lines 
2x + 3y = 0 and 3x + 2y = 0. If the hyperbola passes 
through the point (5,3), show that its equation is 

(2x+3y-8)(3x+2y+7)=154.
Sol. Let the asymptotes be 2x + 3y + X = 0 and 3x + 2y + p. = 0. 

Since asymptotes passes through (1,2), then
X = - 8 and p = - 7

Thus, the equation of asymptotes are
2x + 3y - 8 = 0 and 3x + 2y - 7 = 0

on the hyperbola

abc + 2fgh - af2 - bg2 - ch2 = 0
2

I =00+2X--X-1X-—0—0-X
2 2

1
2

X = 6
From Eq. (i), the asymptotes of given hyperbola are given 
by

Let Q = [a (sec <j> + tan0), b(sec (j) + tan0)]
£ 

Now solving Eq. (ii) and y = — x
a

— (sec (|) + tan 0) = (sec20 - tan2 (» 
a

2 2
4. If the angle between the asymptotes of a hyperbola — - = 1

a2 b2
is 2 6, then e=sec 0.

5. The asymptotes pass through the centre of the hyperbola.
6. The bisectors of the angles between the asymptotes are the 

coordinate axes.
2 2

7. LetHs^-2L-1=0
a2 b2
2 2 2 2

and
a2 b2 a2 b2

be the equation of the hyperbola, asymptotes and the 
conjugate hyperbola respectively, then clearly C + H=2A

or
and
Let R = [a (sec 0 - tan 0), - b (sec $ - tan<f>)]
Mid-point of QR is (a sec (j), b tan (J>) which is coordinate ofP.

Area of ACQR = -1 (x}y2 - Xj.yJI
Ci

= | |- ab - ab | = ab = constant.

b y = ± - x 
a

Equation of tangent of Eq. (i) at P (a sec 0, b tan 0) is

— sec (j> - — tan 0 = 1 ... (ii)
a b
b 

Solving Eq. (ii) and y = - x 
a

We get — (sec 0 - tan 4>) = (sec2<|) - tan2 $)
a

Let the equation of hyperbola be
(2x + 3y - 8) (3x + 2y - 7) + v = 0

It passes through (5,3), then
(10 + 9 -8)(15 + 6-7) +v = 0

11 x 14 + v = 0
y = - 154

Putting the value of v in Eq. (i), we obtain
(2x + 3y-8) (3x + 2y - 7)-154 =0 

which is the equation of required hyperbola.

I Example 35 Show that the tangent at any point of a 
hyperbola cuts off a triangle of constant area from the 
asymptotes and that the portion of it intercepted 
between the asymptotes is bisected at the point of 
contact.

Sol. Let P (a sec 0, b tan 0) be any point
2 2

^--^ = 1 
a2 b2

Asymptotes of Eq. (i) are

fi .
90y

A
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y*

*xX' 0

♦r2 tan

2tan

Y

135°

45’
X'* ♦X0,

Eccentricity, e =

r

i.e.

k

or

=>

(say)or
k

or

When the centre of any rectangular hyperbola be at the 
origin and its asymptotes coincide with the coordinate 
axes its, equation is xy = c2.

Since, asymptotes coincides the coordinate axes.
Hence, asymptotes are y - 0 and x = 0.

Combined equation of asymptotes is xy = 0. Now 
equation of any hyperbola and its asymptotes differ in 
respect of constant terms only.

Equation of rectangular hyperbola is xy = c2 where c is 
any constant.

x=0
M

Rectangular Hyperbola
A hyperbola whose asymptotes include a right angle is 
said to be rectangular hyperbola.

OR
If the lengths of transverse and conjugate axes of any 
hyperbola be equal, it is called rectangular or 
equilateral hyperbola.
According to the first definition

71

2

-a2

The Rectangular Hyperbola 
xy=c2

I- 

f-

- x +y 
k V2 ;

^{(x+y)2 -(-x+y)2}=a2
2

i+— =72I a2)
Hence, x2 - y2 = a2 is the general form of the equation of 
the rectangular hyperbola.

Remark 
2 2vc v

All the results of — - = 1 are applicable to the hyperbola
a2 b2

x2-y2 = a2 after changing b by a.

If we rotate the axes through 9 = - 45° without changing 
the origin. Thus, when we replace (x, y) by

[x cos (-45°) - y sin (-45°), x sin (-45)°
+ y cos (-45°)]

zz?

xy = c2

l(2y)(2x) = a2

a2

x + y -x +y
< -Ji ’ -Ji ,

then equation x2 -y2 = a2 reduces to
2 / „ . __\2

Second method (By rotation of axes):
The equation of rectangular hyperbola is x 
its asymptotes are x - y = 0 and x + y = 0. Since, 
asymptotes are inclined at 45’ and 135’ to the X-axis 
respectively.

2 2-y -a

x +y 
5

( a}

-y2 -a2 and

2

= c2

-VfcXl

N y = 0

7t

4

a-b
2 2

then, —— — = 1 becomes x2
_2 l2 a b

According to the second definition
2 2

When a~b,—----— = 1 becomes
2 i,2a b

2 2 2x -y =a
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, then

=>

and

Now, slope of BC is

7

1 
^2^3

I Example 36 If the normal at the point't/ to the 
rectangular hyperbola xy = c2 meets it again at the 
point ‘t2’, prove that tft2 = -1.

Sol. Since, the equation of normal at ctp — to the hyperbola

Study of Hyperbola xy = c2
(i) Vertices : A(c,c) and A'(~ c- c).

(ii) Transverse axis : y = x.
(iii) Conjugate axis : y = - x.
(iv) Foci: S(cV2,cV2) and S'(-cx/2,-cx/2).
(v) Length of latusrectum = Length of AA' - 242 c.

(vi) Equation of auxiliary circle : x2 +y2 =2c2.

(vii) Equation of director circle x + y =0.
(viii) Asymptotes : x = 0, y = 0.

Remarks
1. The equations of the asymptotes and the conjugate hyperbola 

of the rectangular hyperbola xy = c2, where the axes are the 
asymptotes, are xy =0 and xy = - c2 respectively.

2. The equation of a rectangular hyperbola having coordinate 
axes as its asymptotes is xy = c2. If the asymptotes of a 
rectangular hyperbola are x = a, y = p then its equation is 
(x-a)(y-p) = c2orxy-ay~Px + X = 0.

3. Sincex-ct,y-^- satisfies xy = c2

(x, y) = ^cf,y)(t #0) is called a ‘f point on the rectangular 

f clhyperbola. The set jx = ct, y = - !■ represents its parametric 

equations with parameter 7‘.

I Example 37 A triangle has its vertices on a 
rectangular hyperbola. Prove that the orthocentre of 
the triangle also lies on the same hyperbola.

Sol. Let and “t3” are the vertices of the triangle ABC, 
2 

described on the rectangular hyperbola xy = c.

Y4

2 xy = c is

c . .ct3,— respectively.
f3>

c c
f3 *2 

ct3 - ct2
:. Slope of AD is t2t3
Equation of altitude AD is

y " ~ = f2f3(* " cti)
‘i

Coordinates of A, B and C are ct,, —
I L

xtf - ytx - ct* + c = 0
/ x c

but this passes through ct2,—
I h)

ct2tf - — t, - ct* + c = 0

- A - A4f2 + f2 = 0

^2^1 (^2 — A) (^2 ~ A) = 0

(t13t2+l)(t2-t1) = 0

ti\+l = 0

^2=-l

X

■ I- Ct2> — A JI h)

Properties of Rectangular 
Hyperbola xy = cz

(i) Equation of the chord joining ‘ tx ’ and ‘ t2 ’ is 
x+ytit2 -c(tj + t2)=0.

(ii) Equation of tangent atfxj.yj) is xyj + x^y = 2c2.
c X(iii) Equation of tangent at t’ is — + yt = 2c.

(iv) Point of intersection of tangents at ‘tj ’ and ‘t2’ is 
' 2ct1t2 2c '

+ t2 tj +t2y

(v) Equation of normal at (xpyj) is xx j -yy^ = x2-y2.

(vi) Equation of normal at t is xt -yt -ct + c = 0.

(vii) Point of intersection of normals at ‘ ’ and ‘ t2 ’ is.

tlt2('l+t2) ’ ‘l‘2(G+»2)
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...(i)

2 (ii)

or

or

Y

X'< C

) r
Y'

1

y

N PMJ
...(i)

x* *xc

Y

X'<

and

then PN=P1 =
\

Equation of a Hyperbola 
Referred to Two Perpendicular 
Lines

a 
(a.0)

S' 
He.OJ

A'
(-a.O).

S'
(-5.0)

-, - c txt2t3 which lies on xy = c2.
1*2*3 J

_ZL 
M

Y'

Since x-coordinate of P is 8. Let y-coordinate of P is a.

7 
s 
Uae, Q)

PM = y and PN = x
2 2

x y 1— = i
2 A2 a b

(PN)2 (PM)2 
2 h2a b

If perpendicular lines represented by

Lj =ajX + bty + =0

L2 =brx -a^y + c2 =0

fliX + friy + C)

X, 
*x

I Example 38 A ray emanating from the point (5,0) is 
incident on the hyperbola 9x2 -16y2 = 144 at the 
point P with abscissa 8. Find the equation of the 
reflected ray after first reflection and point P lies in 
first quadrant.

Sol. Given, hyperbola is 9x2 - 16y2 = 144. This equation can 
be rewritten as

2 2
2L_Z_ = i 
16 9

Coordinates of foci are (0, ± 716 + 9) i.e., (0, ± 5)

y

t C

2 or txy - c = x tjt2t3 - ctj t2t3
Similarly equation of altitude BE is 

2 t2y — c = x t^t2t3 — c t]t2t3
Solving Eqs. (i) and (ii), we get the orthocentre 
/ c

Reflection Property of a 
Hyperbola
If an incoming light ray passing through one focus S strike 
convex side of the hyperbola then it will get reflected 
towards other focus S'.

;. (8, a) lies on Eq. (i)
64 a2 _ 1
16 9

a2 =27

5

T AS (5,0) N

v'—Vx

* -iX

T

=> a = 3V3 ('.* P lies in first quadrant)
Hence coordinate of point P is (8,373).

Equation of reflected ray passing through
P (8,3^3) and S' (-5,0).

r 0 - 3>/3 z
Its equation is y - 3v3 = ---------(x - 8)

—5 — 8
13y - 39>^ = 3a^x - 24^3

3^x-13y+ 1573=0.

2 2x y 
Let P (x, y) be any point on the hyperbola — - — = 1, 

a2 b2
then
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N
o

and PM = p2 =

J

2k = 1

= 122

=>

Exercise for Session 3

2. Tangents drawn from a point on the circle x2 + y 2 = 9 to the hyperbola -— — = 1, then tangents are at angle

(d)AGP

\P2

(iv) Foci: The foci of the hyperbola is the point of 
intersection of the lines

AV 
r \ 

w 
I w 

\ +

+
O

o

biX-fliy + c2

7(»?+a?) , 
a- b2

Then the point P describes a hyperbola in the plane of the 
given lines such that:

(i) Centre : The centre of the hyperbola is the point of 
intersection of the lines Lx = 0 and L2 = 0.

(ii) Transverse axis : The transverse axis lies along 
L2 = 0.
Conjugate axis : The conjugate axis lies along Lx =0. 

(iii) Length of transverse and conjugate axes : The 
length of transverse and conjugate axes are 2a and 2b 
respectively.

1. The diameter of 16x2 -9y2 = 144 which is conjugate to x =2y is 

(a)y = ^x (b)y = ^x (c)x = ^y
5/ v/

I Example 39 The equations of the transverse and 
conjugate axes of a hyperbola are respectively 
3x+4y - 7 = 0,4x - 3y + 8 = 0 and their respective 
lengths are 4 and 6. Find the equation of the 
hyperbola.

Sol. The equation of the required hyperbola is 
/ \2 
3x + 4y - 7 

J(32 + 42)? 
<4 
<2

— (3x + 4y - 7)2 - — (4x - 3y + 8)2 = 1 
100 225

9 (3x + 4y - 7)2 - 4 (4x - 3y + 8)2 = 900

9 (9x2 + 16y2 + 49 + 24xy - 42x - 56y)

- 4 (16x2 + 9y2 + 64 - 24xy + 64x - 48y) = 900 

17x2 + 312xy + 108y2- 634x - 312y - 715 = 0.

^-1 = 0,C 
b2

- ± ae and L2 = 0.

(d)^

f \
4x - 3y + 8

j42+(-3)\

f-

(c)^

y2
- ~ = 0 then H, A and C are in 

b2
(c)HP

(a)|

37(d)x = ^y 
y

bxx-axy + c2 

. J(b2 + aj) 
Now equation of hyperbola becomes 

f \2
[X + bxy + c!

2

Y2
3.

a
(a)AP

“V vxy T

V(al +^i)

(v) Directrix : The directrices of the hyperbola are 
flix + friy + ci _±a

Jtf+b2x) e
(vi) Latusrectum : The latusrectum of the hyperbola is 

2b2
a

(b)7
4

x2 y2 x2= -y - ^-5- + 1 = 0 and A = —=■ 
a* b* az

(b)GP

2

16

2

25
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2

4
(a) tan (b) tan (c)2 tan (d) 2 tan

(b)2

a

2 2

16 9

2
7 3. Find the equation of that diameter which bisects the chord lx + y - 2 = 0 of the hyperbola------— = 1

(a) 2 (x + 2y - 3)2 - 3 (2x - y + 4)2 = 5
(c) 2 (x + 2y - 3)2 - 3 (2x - y + 4)2 = 1

2
3

3
2,

A X V4. The angle between the asymptotes of —- - — = 1 is equal to

3
2.

5. If e and e1 are the eccentricities of the hyperbolas xy = c2 and x

(a) 2 .(b) 4 (c)6

6. The product of the lengths of perpendiculars drawn from any point on the hyperbola - y2 = 1 to its 

asymptotes is

3 7

14. Find the equation of the hyperbola which has3x -4y + 7 =0and4x + 3y + 1 = 0 for its asymptotes and which 
passes through the origin.

15. The asymptotes of a hyperbola are parallel to lines 2x + 3y = 0 and 3x + 2y = 0. The hyperbola has its centre at 
(1,2) and it passes through (5,3), find its equation.

2 2
16. If the pair of straight lines Ax2 + 2Hxy + By2 = 0 be conjugate diameters of the hyperbola ~ = 1, then

a2 b2 
prove that Aa2 =Bb2.

17. A circle cuts the rectangular hyperbola xy = 1 in points (xr,yr),r = 1,2,3,4 then prove that

XiX2x3x4 = y1y2y3y4 = l

11. A ray of light incident along the line 3x + (5 - 4^2 )y =15 gets reflected from the hyperbola —— — = 1, then its
16 9

reflected ray goes along the line

(a)xV2-y+ 5=0 (b)yV2-x+5=0 (c)yV2-x-5=0 (d) None of these

12. The equations of the transverse and conjugate axes of a hyperbola are x + 2y - 3 = 0 and 2x - y + 4 = 0
r- 2respectively and their respective lengths are V2 and -/=. The equation of the hyperbola is 

v 3
(b) 2 (2x - y + 4)2 - 3 (x + 2y - 3)2 = 5

(d) 2 (2x - y + 4)2 - 3 (x + 2y - 3)2 = 1
..2

(O|

7. The number of points on hyperbola
a

the circle x2 + y2 =a2 is/are

(a)0 (b)2 (c)3 (d)4

8. If the sum of the slopes of the normal from a point P to the hyperbola xy =c2 is equal toX(Xe/?+), then the 
locus of point P is
(a) x2 = Xc2 (b) y2 = Xc2 (c) xy = Xc2 (d) None of these

9. If S = x2 + 4xy + 3y2 -4x + 2y + 1 = 0, then the value of X for which S + X = 0 represents its asymptotes is

(a) 20 (b) 18 (c)-16 (d)-22

10. A ray emanating from the point (-T^t 0) is incident on the hyperbola 16x2 -25y2 =400 at the point P with 

abscissa 10. Then the equation of the reflected ray after first reflection and point P lies in second quadrant is 
(a)4V3x-(10-V41)y + 4^123 = 0 (b)4V3x+ (10 - V41) y - 4^123 = 0
(c)4V3x+ (10- V41)y+ 4/123 = 0 (d) 4/3x - (10-/41) y - 4/123 = 0

'2
.3,

2 - y2 =a2, then (e + ej2 is equal to

(d)8
.,2

2 ' ’

2 y2
--^-2=3 from which mutually perpendicular tangents can be drawn to

2

9
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Shortcuts and Important Results to Remember

2

whose middle-point is (h, k) is 2

2

a'

= 1 (a > k > b) are confocal and therefore2

IS

Iq"

1 If P be any point and F, and F2 are any other two points then :
(a) If | PF, - PF2\ < IF/gl'then the locus of P is a hyperbola.
(b) If | PFy - PF2| = |^P2|, then the locus of P is a straight line.
(c) If | PF) - PF2\ > | FyF2\, then the locus of P is an empty set.

2 The orthocentre of triangle inscribed in the hyperbola 
xy =c2 lies on it.

3 Length of the chord of the rectangular hyperbola xy = c 
'(h2 + k2)(hk -c2f

hk

14 The portion of tangent between the point of the contact 
and the directrix subtends a right angle at the 
corresponding focus.

15 The equation of the pair of asymptotes differ the 
hyperbola and the conjugate hyperbola by the same 
constant only.

76 The asymptotes pass through the centre of the hyperbola 
and the bisectors of the angles between the asymptotes 
are the axes of the hyperbola.

17 The asymptotes of a hyperbola are the diagonals of the 
rectangle formed by the lines drawn through the 
extremities of each axis parallel to the other axis.

78 Perpendicular from the foci on either asymptote meet it in 
the same points as the corresponding directrix and the 
common points of intersection lie on the auxiliary circle.

79 If from any point on the asymptote a straight line be drawn 
perpendicular to the transverse axis, the product of the 
segments of this line, intercepted between the point and 
the curve is always equal to the square of the semi 
conjugate axis.

x2 y220 The tangent at any point P on a hyperbola — - -7 =1
a b

with centre C, meets the asymptotes in Q and R and cuts 
off a ACOfl of constant area equal to ab from the 
asymptotes and the portion of the tangent intercepted 
between the asymptotes is bisected at the point of the 
contact. This implies that locus of the centre of the circle 
circumscribing the &CQR in case of rectangular hyperbola 
is the hyperbola itself and for a standard hyperbola the 
locus would be the curve 4(a2x2 - b2y2) = (a2 + b2)2.

21 If a circle x2 + y2 + 2gx + 2fy + c = 0 intersects a 
rectangular hyperbola xy = A.2 or x2 - y2 = a2 at four 
points then the Arithmetic mean of the points of 
intersection lies on the middle of the line joining the 
centres of the circle and hyperbola.

22 The points (two) in which any tangent meets the tangents 
at the vertices and the foci of the hyperbola are concyclic 
i.e. S, P, S' and 0 are lie on circle.

2 2x y8 The equation of common tangents to - 7— = 1 and
a b 

2 2
-^- + p‘ = 1arey = ±x± ^ja2

x2 y2
9 The director circle of hyperbola — - 7— = 1 wj|| be imaginary

a b
\fa<b and will become a circle, if a > b (for a = b, point 
circle).

2 2x£ v10 The ellipse -=■ + 7— = 1 and the hyperbola 
a

x2 y2 
a2-k2 k2-b2
orthogonal.

77 If four normals can be drawn to a hyperbola from any point 
and if a, p, y, 8 be eccentric angles of these four co-normal 
points, then a+p+y+8= odd multiple of n.

12 If a, p, y are the eccentric angles of three points on the 
2 2x yhyperbola - 7— = 1, the normals at which are concurrent, 

a b
then sin(a + p) + sin(p + y) + sin(y + a) = 0.

73 The locus of the foot of the perpendiculars drawn from the
2 2x^ yfocus of the hyperbola — - = 1 upon any tangent is its

a b
auxiliary circle i.e. x2 + y2 = a2 and product of the 
perpendiculars is b2.

7

4 The product of length of perpendicular drawn from any point
x2 y2 a2b2on the hyperbola -5- - 7— = 1 to its asymptotes is —5-----
a b (a + b )

5 Asymptotes are the tangents from the centre of a hyperbola.
6 If the angle between the asymptotes is 2a, then eccentricity 

of the hyperbola is sec a
7 If the tangent and normal to a rectangular hyperbola xy = c 

at a point cuts off intercepts a, and a2 on one axis and b,, b2 
on the other axis, then a,a2 + b^ = 0.

. . x
a' 

^b2).
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Sol. (a) The mid-point of the chord is

isT=S,

+ yor

we have, „.(i)

For the ellipse
=>

2we have, -(ii) or

Given that,

[from Eqs. (i) and (ii)]

or

(c)(o2+b2)=>

22X ** V• Ex. 2 The asymptote of the hyperbola — - ~ = lform

or
—(i)

or

or

or
...(ii)

and

JEE Type Solved Examples:
Single Option Correct Type Questions

1
2

■ This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct.

• Ex. 3 The equation of the chord joining two points 
2 9 

(xvy!) and(x2 ,y2) on the rectangular hyperbola xy =c is

x y x__  ■ y

ab = a2tank

b = atanX 
b2=a2tan2X

a2(e2 -l) = a2tan2X

e2 = 1 + tan2X=sec2X

e=secX

yi+y2
2

*l + *2 

2

y.+y2 
2

b2

2

/.The equation of chord whose mid-point 
(xi + x2 y,+y2 
I 2 ’ 2

+ -^- = 1 (b) 
Xi + y2 x, - x2

y . ... x

[ 2
x&i+y2)+y(xi + x2)=(*i+ x2)(yi+y2)
_L_+_2_=i
xi + *2 yi+y2

a b~ 
with any tangent to the hyperbola a triangle whose area is 
a2 tanX in magnitude, then its eccentricity is

(a)secX (b) cosec X
(c) sec2 X (d) cosec2X

x2 y2
Sol. (a) Any tangent to the hyperbola — - = 1 forms a triangle

cr b
with the asymptotes which has constant area ab.
Given,

25
6] = fie2 or e2 =3e2

1 + cos2a=3sin2a

2 = 4sin2 a
1 sin a = —7=

V2
7t a=—
4

' x2 
Sol. (b) For the hyperbola — -

e2=l +
-c2

(a)
x, + x2

/ X X(c)--------- +
X1*X2

-c2

• Ex. 4 Area of quadrilateral formed with the foci of the
X2 V2 X2 y2

hyperbola — - — = 1 and------------ --  -1 is
^2 k2 2 .2a b a b

(a)4(c2+62) (b)2(a2+Z>2)

(d)-(a2+b2) 
2

Sol. (b) Required area = 4 x Area of AS1OS3

Y 
4 k

+ —— = 1 
Xl“X2

= 1 (d) +—r—=1
Xi - X2 *1 “ X2

x, + x2 y,+y21
2 )

x2
25 cos2a

2 25 COS Ct 2 -2. 6^ = 1-------------= l-cos a=sin a

(b)5
4

(d)^
2

^=1
5 cos a

25 cos a 2--------- = 1 + cos a
5

25
,2~

2 -y2sec2 a =5 
^.,2 _25j

= 4 x i ae x be, = (2ab) (eej)

=a2(e2-l)

/a2 + b2)
e=------------

a
a2 = b2(e2-l)

• Ex. 1 If the eccentricity of the hyperbola x 
is4i times the eccentricity of the ellipse x2 sec' a + y 

then a value of a is

<a)I
t \71(C)I
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2

...(Hi)ei

2

Required area=2ab x
Ci)=>

2

(a) (b)- (ii)=>

(d)-(c)
k

2

y =

f \ or

7

= 1+or

k

N =
7

0-0-2ct

k

fc=y

,..(i)

...(ii)

... (iii)

-(iv)

_J(a2 + b2)
b

Substituting the values of e and ex from Eqs. (ii) and (iii) in
Eq. (i), then

7

cosec 0 - cosec — - 0 
k '

f sec0-cosec 0^
cosec 0- sec 0}

'af + b2"'
. b

-lf| 
t

b

J J

b

ct—2ct

c(t4 -1)
t3

c(t4 -1) 
k t3

Area of triangle PNT = A

.•. Director circle is x2 + y2 = a2 + b 

and 

given 

=>

.*. Director circle is x2 + y 

and 

Given

.o .n'h o,-
) k

£-0 
t

t3

sec0-sec<j>
J cosec 0 - cosec (j>

( 2c
T =(2ct, 0),T' = l 0,—

•.•0+ <|>=—
2.

a2-a

A=-|
2

• Ex. 6 Let the major axis of a standard ellipse equals the 
transverse axis of a standard hyperbola and their director 
circles have radius equal to 2R and R respectively. !fey and 
e2 are the eccentricities of the ellipse and hyperbola, then 
the correct relation is

(a) 4e2 - e2 = 6 (b) e2 - 4e2 = 2

(c) 4e2 - e2 = 6 (d) e22 - 4e2 = 2

Sol. (c) Let equation of ellipse is 
2 2

/a2 + b2) J(a2 + b2) 
a b

= 2(a2 + b2)

7
Sol. (d) Equations of the normals at P(0) and Q(§) are 

axcos0+ by cot0=a2 + b2 

and ax cos 0 + by cot 0 = a2 + b2

Now, dividing by cos 0 and cos <$> in Eqs. (i) and (u) respectively, 
then

• Ex. 5 Let P(a secQ, 5tan0) and Q(asec§, btan<|>), where
2 27t x y

Q + (|) = —, be two points on the hyperbola — - -— = 1. If
2 a b

(h,k) is the point of intersection of normals at P and Q, then 
k is equal to

'a2 + b2>
< a 7

'S+b2'
b

and equation of normal at Pl ct, -I is

xt3-yt-ct4 +c-0 

y

-t

ax+by cosec 0=(a2 + b2)sec0 

and ax + by cosec <J>=(a2 + i>2)sec 0

Subtracting Eq. (iv) from Eq. (iii), we get 
fa2 + b2> 

b

2ct (2c /1)

b2=a2(l-e2)

a2 + b2=(2R)2

a" + a2(l-e2) = 4R2

„ 2 4R2
2-<=— 

a
2 2x y and equation of hyperbola is -y - = 1

a bf

= a2-b2

b2=a2(e22-l) 

a2-b2=R2 

2(e22-l) = R2 
o 2_R2 
2 e2 ~ 2 

a
Dividing Eq. (i) by Eq. (ii), then

9-2
—77 = 4 => 4e22-ej=6 
2 e2

• Ex. 7 The tangent to the hyperbola xy =c2 at pointP(t) 

intersects the X-axis atT and the Y-axis. atT'. The normal to 
the hyperbola at P(t) intersects the X-axis at N and the Y-axis 
atN'. The areas of the triangles PNT and PN'T' are A and A'

1 1
respectively, then — + — is 

A A'
(a) equal to 1 (b) depends on t
(c) depends on c (d) equal to 2

Sol. (c) Equation of tangent at P^ct, is — + ty =2c

'a2+b2'

< a >

b

X

t

| 71 sec 0-sec---- 0
________ k2 

( 7t

2
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Sol. (d)

ct-0

o-o

ct

25

(d)41

Y
Therefore,

(i)
P

■X7F✓ -(ii)Hence,

O'

We have

and Q is on

Now,
or

and (vNP'=NP)

Hence,

(d)0

1

t* + 1

i
2

(b) (-6,-3) 
(d)(-6,3)

1
2

N

P’

c

and Area of &PN'T' = &'

+ — 
c‘

2_
c2

tan0 = -7= and sec0 = - 
V2

P=(-6,3)

-2ct

Let point P is nearest to the given line if the tangent at P is 
parallel to the given line.
Now, equation of tangent at P(x1;yj) is

^-221=1
24 18

.’.Slope of tangent at P(x1,yI) is

2 *1
4 Pt

3
which must be equal to - -

1 1 
—I—-= —: 
A A c

t 

c(f4-l) 2c 
t t

2?
■2(t4 +1)

2 
•2(t4 +1)

2

• Ex. 9 The coordinates of a point on the hyperbola 
x2 y 2
------ ------- 1. Which is nearest to the line 3x + 2y +1 = 0 are
24 18

(a) (6, 3)
(c)(6,-3)

• Ex. 8 Let any double ordinate PNP' of the hyperbola 
x2 y2
----- — = 1 be produced both sides to meet the asymptotes

isQ andQ', then(PQ) (P'Q) is equal to
(a) 9 (b) 16 (c)25

So/, (b) Let Q=(x1(y,)

Y'

NP = i/^25)

4 
y=-

PQ = NQ-NP

=j(*i->/(*?-25» 

P'Q = NP'+NQ = NP + NQ 
=j(Xi+l/(x?-25)) 

W)(P'2) = ^(x?-(Xi2-25))

=—X25 = 16 
25

c(t4-l) 
P

3 x. 3
or Xj=-2yi

4 yt 2

Also, P(Xpyj) lies on the curve

24 18
Solving Eqs. (i) and (ii), we get two points (6,-3) 
and (-6,3) of which (-6,3) is the nearest.
Aliter:
The equation of normal at P(2>/6 sec 0,3-^2 tan 0) is

(2-?6 cos 0)x + (3a/2 cot 0) y = 42

Now, this line will be perpendicular to
3x+2y + l = 0

then, (2-^6 cos 0) x 3 + (3V2 cot 0) x 2 = 0

sin 0 = - -7= 
V3

• Ex. 10 For each positive integer n, consider the point P 
with abscissa n on the curve y2 -x2 =1. Ifdn represents the 

shortest distance from the point P to the line y = x, then 
lim (n.dn) has the value equal to

n^“ 1 1
<a)^ <b)2

(c)-^=
V2

c 2c
t t 

c(t4-l) 2c
t

-2
=7((-+1)
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Sol. (a) Let
C

or ln

or

1

or 61 =

and

Now,

X=3

(vX>0)

Alternate (a):

Alternate (b)

.2then

=>

and

(say nij and mJi.e.,

f

1

• Ex. 12 If the ellipse 

with the hyperbola x2 - y

JEE Type Solved Examples:
More than One Correct Option Type Questions
■ This section contains 5 multiple choice examples. Each 

example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct.

___  _ 1 
fl\1 + 1J 2V2

1 + — I + 1
/

2
X2-l

= 2= lim
V2

1 ..= —7= um — 
V2

n
dn

P^n, y/(n2 + l)) 

yj(n2 +1) -n 

fl

1 v = —f= um 
V2n-»~

n(l)

1 + —7 | + 1 
n J

slopes are = —and — 
^1

• Ex. 11 If two tangents can be drawn to the different 
2 2x y j

branches of hyperbola------- --— -1 from the point (a, a ),
14

= *i2

■’xy

-2a<a2

a(a+2)>0
a<-2 or a>0

lim (n.dn) = 2= lim n(^(n2 +1) - n)
1— >" -J2 n —>“

n(7(n2 + l)-n)(7(n2 + l) + n) 

(7(n2 + l) + n)

x2 +X2y2 =X2a

2 = a2, then

(a) ratio of eccentricities of ellipse and hyperbola is l:fl

(b) ratio of major axis of ellipse and transverse axis of 
hyperbola is fl:l

(c) The ellipse and hyperbola cuts each other orthogonally
(d) ratio of length of latusrectum of ellipse and hyperbola 

is 1:3

then
(a)ae(-oo-2) (b)ae(-2,0)
(c)ae(0,2) (d) a e(2, ~)

Sol. (a, d) '/(a, a2) lie on the parabola y = x2

.•.(ot,a2) must lie between the asymptotes of hyperbola
2 2x y ----- ^- = 1 in I and II quadrants.

2 2x y
v Asymptotes of----- — = 1 are y = ± 2x

2; X2 > 1 is confocal

let Cj and e2 be the eccentricities of ellipse and hyperbola, then 
a2=X2a2(l-e12)

2 2
Sol. (a, b, c) Given ellipse is =1 ; X2a2 > a2 and

Ka a

2 2a2)? I

, 2 a2(X2-l)k and?1 =wJ

. yyi =1 
X2a2 a2

e2=V2

Xacj = ae2

X2-l=2orX = ±V3

x=Vs
£i = 2- 1 
e2 X fl
_ Major axis of ellipse 

Transverse axis of hyperbola

2a
Alternate (c): Equations of tangents of ellipse and hyperbola 
at(x1,y1)are

1
1

n2

x _y_
1 4

2a < a2 and 

a(a-2)>0 and 
a<0ora>2 and 
a g(-co,-2)ci(2,«»)

xi

X2y, 

According to alternate,
x, “ 

X2y,

2a2 
X2 +1 

az(X2-l) 
(X2 + l)
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2

=>

Alternate (d): =

but

2

and

dx 3y
• Ex. 15 The differential equation — =— represents awe have,

or

(b)

(d)or

or

or

or
— (i)

or

i.e. Case I If c, > 0, then e

So that, Case II If Cj < 0, then e

I

or 
and

14
3

14
2

J!
JI

£_ 1

-?- = -l 
3-1

Latus reaction of ellipse 
Latus reaction of hyperbola 

2a2
= Xa_ =

2a2
a

(b)Ey,=0
(d)nX1 = o 

=a2 and xy = c2,

m2~ 9 9

m4 -m2-72 = 0

(m2-9)(m2 + 8) = 0 

m2-9=0 

m2 + 8 * 0

m = ±3
Hence, from Eq. (i), the equation of tangents are 

8y=3x+-
3

8
y =-3x—

3
9x-3y+ 8 = 0
9x + 3y+ 8 = 0

x2

dy 2x 

family of hyperbolas (except when it represents a pair of 
lines) with eccentricity

4
4

so/.(b,d)-.-4=a
dy 2x

|2xdx=j3ydy

3y2 
=—+ c

2
x2 _y^_c
3 2 ~3
2 2

3 2

• Ex. 14 A straight line touches the rectangular hyperbola 
9x2 -9y2 =8 and the parabola y2 = 32x, the equation of 

the line is
(a) 9x + 3y - 8 = 00 (b) 9x - 3y + 8 = 0
(c)9x + 3y + 8=0 • (d)9x-3y-8=0

Sol. (b, c) Equation of tangent to the parabola y2 =32 x is

8 
y = mx+ —

m
Which is also touches the hyperbola9x2 -9y2 =8 

2 2 3x -y =- 
9

(mJ 9

• Ex. 13 If the circle x2 +y2 =a2 intersects the 

hyperbola xy -c2 at four points P(xv y}), Q(x2, y2)» 

%y3) andS(x4,y4), then
(a) Ex, = 0
(c) fix, = 0

Sol. (a, b, c, d) Solving x2 + y2

2 C 2xi + — =ai
x 

x4 -a2x2 + c4 =0

or Ex, = 0 and FIX] = c4

Similarly, if we eliminate x, then 
y4-a2y2 + c* =0 

Ey, =0and Fly, =c4

«2--
9
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2

equal to

is equal to

,2

(b)

(c)2y(e2-l)

=>

(Hyperbola)or

X'-*

or a

Now,
(»)

G= tan 6
>

J EE Type Solved Examples: 
Paragraph Based Questions
■ This section contains 2 solved paragraphs based upon 

each of the paragraph 3 multiple choice questions have 
to be answered. Each of these questions has four choices 
(a), (b), (c) and (d) out of which ONLY ONE is correct.

\___ 0

(a2 4- b2) 
b

(a) 4 (b) 3
(c)2 (d)1

20. The value of PF.Pg is equal to

(a)(CA)2 (b)(CF)2

(c)(CB)2 (d)CA.CB

21. Locus of middle-point of G and g is a hyperbola of 

eccentricity

V(« - ’)
e

(<
2

2(1)2
16. (b) Length of latusrectum of the conic C is —=2

r
Let P =(asec0, btanO)
Equation of normals at P is

axcos04- by cot0=a2 4- b2

((a2 + b2) a f
--------- -sec 0,0 , g = 0,I a JI

Sol. C=(0,0)
AA'=2a, BB'=2b
CA=CA' = a and CB = CB'=b

Y

9

It passes through (1,0), then --0 = 1
c

c = l
.’.C is rectangular hyperbola x2 -y2 =1, having its eccentricity 
=^2 and its foci are (±72,0).
If a is the length of semi major axis of ellipse £, then ae = f2

^ = j2ora = f3 

b2=a2(l-e2)=3(l--Vl 
k 37

Paragraph I 
(Q. Nos. 16 to 18)

A conic C satisfies the differential equation.
(1 + y2 )dx - xy dy = 0 and passes through the point (1, 0).

An ellipse E which is confocal with C having its eccentricity 
2" 
3>’

16. Length of latusrectum of the conic C is
(a) 1 (b)2
(c)3 (d) 4

17. Equations of the ellipse E is
x2 y2 x2 v2

<a)T+T=' (b)T+T='
(c)ii+zi=i (d)2si+zi=1

4 9 9 4

18. Locus of the point of intersection of the
perpendicular tangents to the ellipse E, is 
(a) x2 4- y2 = 4 (b) x2 4- y2 = 8

(c) x2 4- y2 = 10 (d) x2 4- y2 = 13

Sol. Given differential equation is (14- y2) dx - xy dy = 0 

dx ydy n 2dx 2ydy ------ :LA- = 0 or ^-4 = 0 
x (14-y2) x 14-y2

On integrating, we have 21nx-ln(l 4-y2) = Inc 

or Inx2 = ln(c(l 4-y2)) or x2=c(14-y2)
2 2

c 1

17. (a) Equation of the ellipse E is
x2 vz x2 v2
a2 b2 3 1

18. (a) Required locus is the director circle of E which is 
x2 4-y2 =3 4-1 or x2 4-y2 = 4

Paragraph II
(Q. Nos. 19 to 21)

x2 v2
For the hyperbola------- --— = 1, the normal at point P meets

a2 b2
the transverse axis AA' in G and the conjugate axisBB' in g 
and CF be perpendicular to the normal from the centre.

-1 q tu i c PF- PG19. The value of----------
(CB)2
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PF.Pg-

2
,2and PG =

secQ, y = tan0x =

= 1or

kk
2

+
k

el =

+

or

,2

[from Eq. (i)]

I /
20. (a) v Pg = (asec 0-0)z+ btan0-

■ This section contains 2 examples. The answer to each 
example in a single digit integer, ranging from 0 to 9 
(both inclusive).

JEE Type Solved Examples:
Single Integer Answer Type Questions

=>

Hence,

\2 

tan0
/

(a2 + b2) 
b

y

a2 + a2(e2-l) 
a2(e2-l)

e

7

a2 + b2

2>2

or
or
and

Transverse axis is given by ax + by - c = 0; a, b, c eN 
ax+by-c = x + y-5 = 0 

a = l,b = l,c=5 
a+b+c=l+1+5=7

• Ex. 22 The equation of transverse axis of hyperbola 
(passing through origin) having asymptotes 3x - 4y -1 = 0 
and 4x - 3y -6=0 is ax + by -c = Q,a,b,ceN andg.c.d 
(a, b, c) = 1, then the value of a + b + c is 
Sol. (7) Since the equation of asymptotes are 

3x-4y-l = 0 and 4x-3y-6 = 0
Equation of transverse axis is given by 

|(3x-4y-l)|_ |4x—3y—6| 

V(3)2 + (-4)z 7(4)2+(-3)2 

[3x-4y -1| =|4x-3y-6| 
(3x-4y-l) = ±(4x-3y-6) => x+y-5=0 

x-y-7=0

k
[qz + b2 

2b2

tan0
>

.2 A

• Ex. 23 If a variable line has its intercepts on the 
e e'coordinate axes are e and e', where — and — are the 
2 2

eccentricities of a hyperbola and its conjugate hyperbola, then 
the line always touches the circle x2 +y2 =r2, wherer is 

c e'Sol. (2) Since - and — are the eccentricities of a hyperbola and its 
2 2

conjugate, we have 

( e 
2

(
= I a2sec20+— tanz0K * )
= --J(bzsec20 + a2tan20) 

b

___ x2

(a2 + F

2a 7

fq24-b2Y

to >
(a2 + b

2a

Equation of CF which is perpendicular to Eq. (i) and through 
origin is bxcot0-ay cos0 = O

PF = ab
7(b2 sec2 0+ a2 tan2 0)

If a2 + b2 i 
. asec0-----------sec0 +(btan0-O)'K a J

= — ^(b2sec2 0+ a2tan20) 
a

19. (d) v PF.PG = ---------°b------ — • - J(b2sec20+a2tan20)
7(bzsecz0 + a2tan2O) «

= b2=(CB)2
PF.PG _
(CB)Z -1

^b2 

=a2

21. (b) v Mid-point of G and g is 

(a2 + b2) 
2b

a2 + b
< 2a 7 

(2ax)2-(2by)2 =(a2 + b2)2 

y2
(a2 + b2X* 

2b

-- ab_.. -x-J(bzsecz0 + a2tan2O)
sec2 0+a2 tan2 0) b t

= (CA)2

----------- secu,
I 2a 
f a2+b2} 

2a

4 4 ,
= 1 °r ez + (e')2"

4=-^- 
e2 + e'2

x y 
Equations of variable line is — + — = 1 

e e
i.e. xe'+ ye - ee'=0.
It is tangent to the circle xz + y2 = r

|0- ee7]
7e! + e,2’r 

ee'
r — > ■ — 2

7(e2 + e/2)

_ a2 + b 
asecG----------

a

fl 112 + l2 
a b

1
7 J
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(B) Here,

(i)

• Ex. 24 Match the following.

Column II

(P) a natural number(A)

or

or

a prime number(q)(B)

1 of eccentricity

or

(r)(C)

a perfect number

0

x=a
r

or

or
(Here a = 4, b =3)

e=2

JEE Type Solved Examples: 
Matching Type Questions
■ This section contain only one example. This example has 

three statements (A, B and C) given in Column I and four 
statements (p, q, r, and s) in Column II. Any given 
statment in Column I can have correct matching with one 
or more statements (s) given in Column II.

a composite 
number

— (i)

---(ii)

Column I

The locus of the point of 
intersection of the lines 75x - y- 
4^31 = 0 and 73 tx + ty-473 = 0 
(where t is a parameter) is a 
hyperbola whose eccentricity is

If the product of the perpendicular 
distances from any point on the 

x2 V2 
hyperbola — - — = 

a2 o
e=73 from its asymptotes is equal 
to 6, then the length of the 
transverse axis of the hyperbola is

The area of the triangle that a 
tangent at a point of the hyperbola 
x2 y2
----- — = I makes with its
16 a 
asymptotes is

7(2 + 1) ' 7
^=6 

3

a=3
Hence, length of transverse axis =2a =6
(C) Equation of tangent at (a, 0) is x = a

L

Equation of asymptotes are y = ± - x 
a

P=(a,b),Q=(a,-b)

X
i k

g

Required area = ~ x a x 2b

= ab 
=(4)(3) = 12

and

•.* Product of the perpendiculars from P on asymptotes =6 

| a 72 sec 9 + a 72 tan 9| \af2secQ-af2 tan6| _ 
£+T

e-fi
b2=a2(3 —l)=2az

Now, hyperbola convert in the form 
2 2

y__, 
a 2a

Let P(asec 6, afitan9) be any point on the hyperbola.

v Asymptotes of hyperbola are 
2 2

£__2L = 0 
a2 2a2 
2x2-y2 = 0 

xfi + y = 0 
xfi-y = 0

|(s)

So/. (A) -> (p, q); (B) (p, r, s); (C)-> (p, r)
(A) The given lines are 

73x-y - 473 t = 0 

and f3tx+ty-4fi = 0

Eliminate *f from Eqs. (i) and (ii), then 
fix-y _ 4^3 

473 fix + y 
3x2-y2 = 48 

2 2
--^- = 1 
16 48 
48 = 16(e2 —1) 

e2 = 4
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are

or x4 -a2x2 + c4 =0Then,

2
/

= 1

Now,

Subjective Type Questions
■ In this section there are 11 subjective examples. -(ii)

,„(iii)

or

or

Hence, both statements are true but statement II is not a 
correct explanation of statement I.

-y--.
9

JEE Type Solved Examples: 
Statement I and II Type Questions
■ Directions (Ex. Nos. 25 and 26) are Assertion-Reason type 

examples. Each of these examples contains two statements. 
Statement I (Assertion) and Statement II (Reason) 
Each of these also has four alternative choices, only one of 
which is the correct answer. You have to select the correct 
choice as given below :
(a) Statement I is true, statement II is true; statement II is a 

correct explanation for statement 1
(b) Statement I is true, statement II is true; statement II is not 

a correct explanation for statement I
(c) Statement I is true, statement II is false
(d) Statement I is false, statement II is true

3 .
4

:. Statement I is false.

x + yt2-2ct

Asymptotes of Eq. (i) are x = 0, y = 0.
.*. The equation of the line through P' and parallel to the 
asymptote y = 0 is

y = -c/t
Putting the value of t from Eq. (iii) in Eq. (ii), then

c2 c
x + y x— =2cx-- 

y y

xy + c2 = -2c2

xy + 3c2 = 0

• Ex. 25 Statement I Director circle of hyperbola 
x2 y 2
— - +1 = 0 is defined only when b>a

x2 y2
Statement II Director circle of hyperbola-------— = 1 is
22 25 9

xl + y2 =16.
2 2X VSol. (b) Hyperbola --^+1=0 can be re-written as 

a b 
x2 y2 

(-a)2 (-b2)

So, the director circle will be
x2 + y2=(-a2)-(-h2) = b2-a2;

Which will be defined only where b > a (i.e. b2 - a2 > 0)

x2 
.’.Statement I is true and director circle of hyperbola —

25 
is x2 + y2=25-9 = 16

.’. Statement II is true.

• Ex. 27 PP' is a diameter of the rectangular hyperbola 
xy = c2. Show that the intersection of the tangent ofP with 

the straight line through P' parallel to either asymptote is 
the locus xy + 3c2 =0.

Sol. The given rectangular hyperbola is

xy=e ...(i)
Given that PP' is a diameter of Eq. (i). Therefore, if P is the 
point (ct, c /t) then P' is (- ct, - c /t). Equation of tangent at P is

• Ex. 26 Statement I If a circle S = 0 intersect a 

hyperbola xy = 4 at four points, three of them being (2, 2), 
(4, 1) and (6, 2/3), then the coordinates of the fourth point 

fl ) 
—,16 .

Statement II If a circle S =0 intersects a hyperbola xy =c2 

attvt2,t3 andtA, thent} t2t3tA =1.
Sol. (d) Let circle 5 = x2 + y2 -a2 = 0

and given hyperbola xy=c2

2 c4 2 x 2 + — = a2
x

If four intersecting points are 
\ ( \ / x

ct, — , ct, — , ct,, — and ct., — , then 
. dl h) I f 

(ctj)(ct2)(ct3)(ct4)=c4

h h h *4 = 1
Statement II is true

For the point (2, 2); t, = 1
For the point (4,1); t2 =2
For the point (6, 2/3); t3 =3
For the point (16 |;t4 =- 

\4 / 8
1
8

c c c
ti)

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


602 Textbook of Coordinate Geometry

(iv)

or xy + 3c2 = 0
Y

P>

C DEj

O'

(i)

Let P ct, - be any point on Eq. (i), then equation of tangent at
-(iii)

...(ii)

M
(v)

X * *XL

(vi)

...(vii)

or

=>
The middle-point of LM is i.e.

i.e. the point of P.
PL = PM

Also, CP = [vc2=2flW]

\2
and ML =

2

Similarly,

Hence,

which is the required locus of the point of intersection of 
Eqs. (ii) and (iii).
Again the equation of the line through P' and parallel to the 
asymptote x = 0 is

and 
respectively.

• Ex. 28 The tangent at a point P of a rectangular 
hyperbola meets the asymptotes at L and M and C is the 
centre of the hyperbola. Prove that

PL = PM = CP.
Sol. Since hyperbola is

c I ct,- .
tj

-0)
-(ii)

X2_y2 = a2

X<---------

• Ex. 29 Prove that the perpendicular focal chords of a 
rectangular hyperbola are equal.
Sol. Let rectangular hyperbola is x2-y2 = a2.

Let equations of PQ and DE are 
y = mx + c 
y = mjX+Cj

x = -ct
Putting the value of t from Eq. (iv) in Eq. (ii), we get 

f 2\ 
x + y =2cx-- 

<c J c

which is the required locus of the point of intersection of 
Eqs. (ii) and (iv).

x+ t2y =2ct
Y

4(q2 + c2) 
’ 0"2-l) 

-a2m2} 
,2

C2>l c2t2+C-
< )

— „2 xy =c

(jDE)2 = 4q2

From Eq. (vii), (PQ)2 = 4a2

Y
are x = 0 and y = 0Since, asymptotes of xy=c2 

i.e. Y-axis and X-axis.
v Tangents meet X-axis at L and Y-axis at M.

f 2 cA
/. Coordinates of L and M are (2ct, 0) and 0, — respectively.

' « 2^
0 + — 

t
2

>

2ct+ 0
2

\

4c2t2 + =2 CPI * )
CP=-ML = PL = PM 

2
PL = PM = CP.

\(aj2,0)

a2 + c2 
and x1x2 = -1—- 

m -1

Y
Be any two focal chords of any rectangular hyperbola 
xz -y2 =a2 through its focus. We have to prove PQ=DE. 
Since, PQ1 DE.

mmj = -1

Also PQ passes through S (af2,0) then from Eq. (i),

0 = maf2 + c

or c2=2a2m2 -(iv)

Let(x1,y1)and(x2,y2)be the coordinates of Pand Qthen 
(PQ)2=(x,-x2)2 + (y1-y,)2

Since, (xpyj) and(x2,y2) lie on Eq. (i)
.’. y1 = mXj + c and y2 = mx2 + c

(yi-y2) = m(xi-x2)
From Eqs. (v) and (vi),

(PQ)2=(x1-x2)2(l + m2)

Now, solving y = mx + c and x2 - y2 = a2 then

x2-(mx + c)2=q2

(m2 -1) x2 + 2mcx + (a2 + c2) = 0

2mc
xi + x2=—p—: 

m -1

(xI-x2)2=(x1 + x2)2-4x1x2
. 2 2 4m c

"(m2-l)2'

_ 4{a2 + c2
(m2-l):

_ 4q2(m2 +1) 
(m2-l)2

"m2 + l

^m 1J

X

c

c
V t)

P on Eq. (i) is
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(
[from Eq. (v)]or

('.'mrrq = -l)

or

Hence,c(t, + t2 + t3) = 0,c — + — + — 1 = 0

on xy = c2 is

(0 -(ii)

Therefore, h-cq =>

From,

(iii)
or

or

or

or

or

••■(ii)

,2
then from Eq. (ii),

c(A +12 + r3) = o (i)
and from Eq. (iv),

and
From Eq. (iii),

t, +12 + t3 = 0

A 2 + ^2 G ^3 h = 0
A *2 h = ~ 1

...(iii)
-(iv)
...(v)

m 

m

2

I -1 >
\2

Thus,

Hence, perpendicular focal chords of a rectangular hyperbola 
are equal.

= 4u2

x 
c 

ct3,~

• Ex. 32 A triangle is inscribed in xy=c2 and two of its 

sides are parallel toy =myx andy =m2x prove that the 
third side envelopes the hyperbola 
4mym2xy = c2 (m} + m2)2.

Sol. Let a triangle PQR be inscribed in xy =c2.

Let the coordinates of the vertices of the triangle be 
ct2, — and R ^ct3, —j

Now, the equation of chord joining P and Q is 
x + yt1t2 = c(tl + t2) 

and the equation of chord joining Q and R is
x + yt2t3=c(t2 + t3) ...(ii)

Let Eq. (i) be parallel to y = n\x and Eq. (ii) be parallel to y = mpc

• Ex. 30 The normals at three points P, Q,Ron a 

rectangular hyperbola intersect at a point T on the curve. 
Prove that the centre of the hyperbola is the centroid of the 
triangle PQR.

i c Sol. Equation of the normal at point I ct,-

and k=—
9

*1 C 4 
cqt —t-ct + c = 0 

9

qt3---t4 +1=0 
9

q2t3-t-qP + q = 0 

q(qt3 + l)-t(qt3 + l) = O 

(q-t)(qt3 + l) = 0

9*' 
qt3 + 1 = 0

The three points other than T are given by 
qt3 + l = 0 

( x ( x
I C i ClIf coordinates of P ctj, — , Q ct2, — and R 
I hJ \ ̂27

= 4a2

• Ex. 31 Find the equation of the hyperbola whose 
asymptotes are x + 2y +3 = 0 and3x + 4y + 5 = 0 and which 
passes through the point(J, -1). Find also the equation of the 
conjugate hyperbola.
Sol. Combined equation of asymptotes is

(x + 2y+ 3)(3x+4y + 5) = 0
or 3x2 + 10xy + 8y2 + 14x + 22y +15 = 0 ...(i)

Also, we know that the equation of the hyperbola differs from 
that of asymptotes by a constant.
Let the equation of the hyperbola be

3x2 + lOxy+ 8y2 + 14x + 22y + X = 0

Since it passes through (1, -1) then
3 (I)2 +10 (1) (-1) + 8 (-1)2 + 14(1) + 22 (-1) + A. = 0

3-10 + 8 + 14—22 +X = 0
A.=7

From Eq. (ii), equation of hyperbola is
3x2 + lOxy + 8y2 + 14x +22y + 7 = 0

But we know that equation of conjugate hyperbola
=2 (Combined equation of asymptotes) - (Equation of hyperbola) 

=> 6x2 + 20xy + 16y2 + 28x+ 44y+ 30

-3x2 - lOxy -8y2 - 14x-22y -7 = 0

3x2 + lOxy + 8y 2 + 14x + 22y + 23 = 0.

1 1 1 „— + — + — = 0
U t2 h)

(-1)ri+i+i]=o
1 1 1 n - + —+ —= 0 
A t2 h

(1 1 1) n 

kA h t3J
- fl 1.11 , 

u ‘J
=> Centroid of &PQR is the origin.

( m2 , . m +1
km2-l

=(PQ)2

(PQ)2=(DE)2=>PQ = DE.

2 > 2

xt3-yt-cP +c = 0

It will pass through the point (h, k)
ht3-kt-cP +c = 0

Also T (h, k) lies on xy = c2
hk = c2

c

c

A
c
^2
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a2h2.(iii)

=>
2

or =>

2

(i)

A-(ii)

X'< ♦Xo
B

C
y2=4ax.(iii)=>

...(iv)

then and
...(v)

-(vi)

and from Eq. (v), cos 0 = -

r
Tangent AB and AC are drawn to the parabola y2 = 4ax,

lxy = c2

a2e2h + aeb2 
a2eh

on the rectangular hyperbola

7i-e.t3=f—\

Again the equation to the third side RP is 
x + yta^c^ + tj

x+y tf=C +

a2h + (h + ae)b2 
a2eh

a . , y = -—sin 0 • x

Let Eqs. (iii) and (iv) are passing through (h, k), then 
, _ b (h + ae) sin 4> 

AC — ——————— 
(a + ae cos 0)

k - - sin 0 • h

From Eq. (iv), sin 0 = - —
ah

! 2 2x = a x
2 2

C= ct3,— .
I t3J

aeh + b2 
ah

* J 
or ym, t2 - ct} + n^) + xm2 = ® —(iv)

t] being a parameter. Since tj is real the envelope of Eq. (iv) is 
given by the discriminant of Eq. (iv) = 0 
i.e. c^m, + m2)2 -4ym1 -xm2 = 0 

4mim2xy = c2 (m, + mf)2.

{a2 + b2)h 4- aeb2 
a2 eh

1 n\ =------
M2 

mL = ta. 
™2

I CB=| ct,,—
I h.

Then AABC is inscribed in the rectangular hyperbola and its 
sides AB and AC touch the parabola.
v BC is also a tangent to it
Equations of chords AB, BC and CA are

AB = x + yt,t2 =c(tj +12) 
BC = x + yt2t3 =c(t2 +13) 
CAsx + yt3t, =c(t3 +i,)

v AB is tangent to parabola y2 = 4ax, its equation

1 c(t,+t2)y =------x+———
M2 t,t2

Touching condition c = — or cm=a
m

, 1 and m, - -------
Vs

• Ex. 34 Show that an infinite number of triangles can be 
inscribed in the rectangular hyperbola xy -c2, whose sides 

all touch the parabola y 2 = 4ax.
f

Sol. From any point A ctp — 
< M 

xy-c2.

sin2 0 + cos2 0 = 1

b2k2 (aeh+b2)2
a2h2+ a2h2

Locus of (h,k) is
b2y2+ (aex+b2)2 =a2x2

b2y2 + a2e2x2 + b4 + 2aeb2 

b2y2 + (a2 + b2)x2 + b1 +2aeb2x=a2x‘ 

y2b2 + b2 (x2 + 2aex) + b* = 0 

b2y2 + b2 {(x + ae)2 - a2e2} + b4 = 0 

b2y2 + b2 (x + ae)2- b2 (a2 + b2) + b4 = 0 

b2y2 + b2 (x + ae)2 -a2b2 = 0 

(x + ae)2 + y2=a2

• Ex. 33 In both an ellipse and a hyperbola, prove that the 
focal distance of any point and the perpendicular  from the 
centre upon the tangent at it meet on a circle whose centre is 
the focus and whose radius is the semi-transverse axis. 
Sol. Let the hyperbola be 

2 2
--^- = 1 

K2 1 
a b

Let there be any point P (a sec 0, b tan 0) on the hyperbola Eq. (i). 
Equation of tangent at 'P' is 

x y
— sec 0 - — tan 0 = 1 
a b

Equation of focal chord SP is [if S =(-ae, 0)] 
n btan0-0 . .

y - 0 =-------------- (x + ae)
a sec 0 + ae 

_ b sin 0 (x + ae) 
(a + ae cos 0)

Equation of line passing through (0, 0) and perpendicular to 
Eq. (ii) is
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= a

=>

fni)nxi = ny/=-c4

...(ii) Sol. Let (xi,y/) =

=>

Now, (i)

= P(ii) = c
2

(Hi)

=-?and

(iv)

(v)

and

But

Similarly,

Hence,

...(iii)
•••(iv)

c
» 2

_O2 

W3*4

hWt >

c(t^ +t2) 
^2

Zx2=c

• Ex. 37 If a circle cuts a rectangular hyperbola xy=c2 in 

A, B, C and D and the parameters of these four points be 
tv t2,t3 and t4 respectively prove the following:

(i) tyt2t3tA =\find the value ofL —.

(ii) IfH be the orthocentre of the triangle ABC, then H and 
D are extremities of a diameter of the rectangular hyper­
bola.

(iii) The centre of mean position of the four points bisects 
the distance between the centres of the two curves.

(iv) The centre of the circle through A, B and C is

c
2

=>

Hence, locus of centroid (xz,yz) is(x-2a)2 -(y -2f$)

fn)Zy(=P 
(v)Zyf=p2

• Ex. 36 If the normals at(x-,, y;), / = 1,2,3,4 on the 
rectangular hyperbola, xy = c2,meet at the point (a, p) 

show that
(i)Zxt = a
(iv)Zx2 = a2

Xj + x2 + x3 + x4 =6a
Similarly, yi+y2 + y3 + y4 =6P
If (x',yz) be the centroid of the triangle PQR, then 

x, = x, + x2 + x3 = 6a-x4
3 3

-3(xz-2a) = x4 
,_yi+y2+y3_6P-y4 

y 3 " 3

-3(y'-2p)=y4 
x42-y42=9a2

9(x'-2a)2-9(y'-2p)2=9a2 

(xz-2a)2-(yz-2p)2=a2

C Ict,,— If = 1,2,3,4 are the points on the rectangu- 
U

lar hyperbola xy = c2.

Equation of normal to the hyperbola
2 f •

xy =c at ct,- is
I t)

ct* -t3x + ty -c = 0

It passes through (a, P), then
ct* -t3a+tp-c = 0

its biquadratic equation in t. Let the roots of this equation are
I,, t2, t3, t4 then

-a#2

c

^^2=—P^c» V2V4=—i
Zx(=cZt^ =a 

y fy Ey^c Z- 
k hJ

n xl=c*ntl=-c* 

ny=c*(—IntJ
■2(Ztl2)=c2{(Ztl)2-2Zt1t2}

= a2
Syi2=(Syi)2-2Zyiy2 

=P2-2c2zf—Kp2-2c2-

• Ex. 35 A circle with centre (3a, 30) and of variable 

radius cuts the rectangular hyperbola x2 -y2 =9a2 at the 

points P, Q, R, S. Prove that the locus of the centroid of the 
triangle PQR is (x - 2a)2 - (y - 2 P)2 = a 2.

Sol. The equation of the circle with centre (3a,3P) is 

x2 + y2-6 ax-6Py + k = 0 
where k is variable.
Given hyperbola is x2-y2=9a2 ...(ii)

Eliminating y from Eq. (i) with the help of Eq. (ii), we get 
(x2 + x2-9a2-6ax + fc)2=36P2(x2-9a2) 

=> 4x4 -24ax3 +.... = 0

this is a biquadratic equation.
Let the abscissas of four points P, Q, R and S are xp x2, x3 and 
x4,then

1 1 1 .,, 1
VI f2 *3 J J

f 1
fi + 4--------

I ^2^3?^a2.

-f

-at^t^cltj + t2) 

(atI2)t2 + ct2 + ct1=0 

(at2) t2 + ct3 + ctj = 0 

(at2) t2 + ct + ctj = 0 

and t2 and t3 are the roots of Eq. (ii), 
c . c 

f2 + ^3 =-----2 and t2t3= —
a^ at,

c-at^t^ 

c<(!+,j)='5=-^= aq at,

-at^ = -+ is the condition. 
^3

This proves BC to be also a tangent to the parabola. But any 
point A can be taken in infinite ways anywhere on the curve 
representing the rectangular hyperbola. Hence such triangles 
exist in infinite number.
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—(i) 1

(ii)
i.e.

7

[from relation Eq. (i)]i.e.then,

[from Eq. (i) relation]
2

c=>Hence orthocentre is

But
i.e.

But D is
c

If 
2

~2f
J JL - _ C _

tl 1

M2M4 ~ 1 
1

Hence, centre of circle is
/ z
^hi+f2 + J3 + -T7-

mean position of the four points is 
x cfl 1 1 1 

-(tI + t2 + t3 + t4),- - + - + - + - 
k 4 4 Vl f2 f3 f4.

c
(

(ii) Orthocentre of the A ABC is ——, - ctt2t3 
I MA

c. . c (1 1 1 1)
-(tl + t2 + t3 + t4),- - + - + - + - .2 2^ r2 ^3 tj)

\\
- + — + — + tjt^J .

I ‘2 ‘3 A

-Lt,,-!I4 4 
f_£ 
I 2’ 2 J

v Centres of the circle and rectangular hyperbola are(-g,-/) 
and (0, 0); mid point of centres of circle and rectangular 

hyperbola is —, — .
V 2 2 7

Hence the centre of the mean position of the four points bisects 
the distance between the centres of the two curves (circle and 
rectangular hyperbola).
(iv) Let the circle passing through ABC meet the hyperbola in 
fourth point D-, then centre of circle is

AM

Sol. (i) Let the equation of the circle is
x2 + y2+ 2gx + 2fy + k = Q 

and the equation of the rectangular hyperbola is 
xy-c2

c
Put x = ct and y = - in Eq. (i)

c2t2 + + 2gct + — + k = 0
t2 t

=> c2t* + 2gct3 + kt2 + 2fct + c2 = Q

this equation being fourth degree in t. Let roots be tp t2, t3, t4 then 

Xi,=-^.SV,=4.
c c
2f= - —and tjt2t3t4 =1
c

c^4^2 ^3 4 j 
f2 G h h J

-C
-ct4,r 

k *4 7
f \

c 1ct4,r .
k ‘4 7

Hence H and D are the extremities of a diagonal of rectangular 
hyperbola.

1

M2^3 7 2 \*I

C

2

1
*2

1 . 1

h f4

(iii) The centre of the 
/ 
c.
4
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g Hyperbola Exercise 1:
Single Option Correct Type Questions

22

(d) data inadequate(c) 1

(b)3
(d) None of these 

a

(b) x2 + y2 = 6 
(d)x2+y2 = 18

«d4
V2

tan| — Z.ABC |: tan| — Z.BAC 1 = 3:1
2 )

12. A point P is taken on the right half of the hyperbola 
x2 y2
------" =1 having its foci as S, and S2. If the internal 
a b
angle bisector of the angleZS, PS2 cuts the x-axis at 
point Q(a,0), then range of a is
(a) [-a,a] (b) [0,a]
(c) (0,a] (d) [-a,0)

13. If angle between asymptotes of hyperbola
x2 y2
— - =1 is 120° and product of perpendiculars
a2 b2
drawn from foci upon its any tangent is 9, then locus 
of point of intersection of perpendicular tangents of 
the hyperbola can be
(a) x2 + y2 = 3
(c) x2 + y2 = 9

■ This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct.
1. Pis any point on the hyperbola x2 -y2 -a2. 

If F, and F2 are the foci of the hyperbola and
PF} ■ PF2 = l^OP)2, where 0 is the origin, then X is 
equal to
(a)1 (b)V2 (c)2 (d) 3

2. If the sum of the slopes of the normals from a point P 
= c2 is equal to X(X e R+), then

(a) 2
(c)4

x* y' i fl
9. Two conics —- - — = 1 and x = — y intersect, if 

a2 b2 br

(a)0<b<^ (b)0<a<^

(c)a2<b2 (d)a2>b2

10. The number of points outside the hyperbola
x2 y2
--^7=1 from where two perpendicular tangents 

can be drawn to the hyperbola are
(a) 0 (b) 1
(c) 2 (d) None of these

11. Let A =(-3,4) and B=(2,-1) be two fixed points.

A point C moves such that

(1
t_...I2
Thus, locus of C is a hyperbola, distance between 
whose foci is
(a) 5 (b)5>/2

8. From a point on the line y = x + c, c (parameter), 
x2 y2 

tangents are drawn to the hyperbola —-- — =1 such

that chords of contact pass through a fixed point 
x

(x,,/]). Then, — is equal to
Xi

to the hyperbola xy 
locus of point P is
(a) x2 - y2 = Xc2 (b) y2 = Xc2
(c) xy = Xc2 (d)x2 = Xc2

3. If xy = X2 - 9 be a rectangular hyperbola whose 

branches lie only in the second and fourth quadrant, 
then
(a)|X|>3 (b)|X|<3
(c) Xe R - {-3,3} (d) None of these

4. If there are two points A and B on rectangular 
hyperbola xy = c2 such that abscissa of A - ordinate 
of B, then the locus of point of intersection of 
tangents at A and B is

(a)y2 = x2 + 2c2 (b)y2 = x2+ —
2

(c)y=x (d)y = 3x

5. A series of hyperbola is drawn having a common 
transverse axis of length 2a. Then the locus of a point 
Pon each hyperbola, such that its distance from the 
transverse axis is equal to its distance from an 
asymptote, is
(a) (x2 -y2)2 =4x2(x2 -a2)
(b) (x2-y2)2 = x2(x2 - a2)
(c) (x2 - y2)2 = 4y2(x2 - a2)
(d) (x2-y2)2 =y2(x2 - a2)

6. If a rectangular hyperbola (x -1) (y - 2) = 4 cuts a
circle x2 +y2 + 2gx + 2fy + c = 0 at points (3, 4) (5, 3), 

(2, 6) and (-1,0), then the value of (g + f) is equal to 
(a)-8 (b) — 9 (c)8 (d)9

7. If/(x) = ax3 +bx2 +cx + d,(a,b,c,d are rational 

numbers) and roots of/(x) =0 are eccentricities of a 
parabola and a rectangular hyperbola, then
a + b + c + d equals 
(a)-1 (b)0
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(d) (1,-1)

are different

v2
— =1(a >6) and x2 2 2-y = c cut

x2 y2
22. Let F}, F2 are foci of the hyperbola — - — = 1 and

F3, F4 are the foci of its conjugate hyperbola.
If eHand ec are their eccentricities respectively, then 

the statement which holds true is
(a) their equations of their asymptotes
(b) eH > ec
(c) area of the quadrilateral formed by their foci is 50 sq 

units
(d) their auxiliary circles will have the same equation

23. Locus of the point of intersection of the tangents at
7C

the points with eccentric angles (|) and — — <|> on the

2 2x y 
hyperbola —--------  =1 is

a b
(a) x = a (b) y = b
(c) x = ab (d) y = ab

24. Latusrectum of the conic satisfying the differential 
equation xdy + ydx = 0 and passing through the point 
(2,8) is
(a) 4^2 (b) 8
(c)872 (d) 16

25. The points of the intersection of the curves whose 
parametric equations are x = t2 4-1,y = 2t and

2
x = 2s, y = — is given by 

s
(a) (1-3) (b)(2, 2)
(c)(-2,4) (d)(1,2)

26. If the tangent and normal to a rectangular hyperbola, 
cut off intercepts x, and x2 on one axis and y, andy2 
on the other axis, then
(a) xy, + x2y2 = 0 (b) xy2 + x2y, = 0
(c) x,x2 4- yy2 = 0 (d) None of these

27. The focus of rectangular hyperbola 
(x-h)(y-fc) = p2 is
(a) (h - p,k- p)
(b) (h - p,k + p)
(c) (h + p,Ar - p)
(d) None of the above

28. The equation of a hyperbola, conjugate to the 
hyperbola x2 + 3xy 4- 2y2 4- 2x + 3y = 0 is
(a) x2 4- 3xy 4- 2y2 4- 2x 4- 3y 4-1 = 0
(b) x2 + 3xy 4- 2y2 4- 2x 4- 3y 4- 2 = 0
(c) x2 4- 3xy 4- 2y2 4- 2x 4- 3y 4- 3 = 0
(d) x2 4- 3xy 4- 2y2 4- 2x 4- 3y 4- 4 = 0

14. If a 4- p = 3tc, then the chord joining the points a and
x2 y2

P for the hyperbola —---------  = 1 passes through
a b

(a) focus
(b) centre
(c) one of the end point of the transverse axis
(d) one of the end points of the conjugate axis

x2 y
15. If the curves — 4-^

a L
at right angles, then
(a) a2 4- b2 = 2c2 (b) b2 - a2 = 2c2
(c)a2-b2 = 2c2 (d)a2b2 = 2c2

16. If chords of the hyperbola x2 — y2 - a2 touch the 

parabola y2 =4ax, then the locus of the middle points 

of these chords is the curve
(a) y2(x 4-a) = x3 (b) y2(x - a) = x3
(c)y2(x 4-2a) = 3x3 (d) y2(x - 2a) = 2x3

17. An ellipse has eccentricity 1/2 and one focus at the 
point P(11 2,1). Its one directrix is the common 
tangent nearer to the point P, to the circle x2 4-y2 =1 
and the hyperbola x2 — y2 =1. The equation of the 

ellipse is standard form is
(a) 9x2 4- 12y2 =108
(b) 9(x - 1/3)2 4- 12(y — I)2 =1
(c) 9(x - 1/3)2 4- 4(y - 1)2 = 36
(d) None of the above

18. The equation of the line passing through the centre 
of a rectangular hyperbola is x - y -1=0.
If one of its asymptote is 3x - 4y - 6 = 0, the equation 

of the other asymptote is
(a) 4x — 3y 4-8 =0 (b) 4x 4-3y 4-17 = 0
(c) 3x — 2y 4-15 = 0 (d) None of these

19. The condition that a straight line with slope m will be 
normal to parabola y2 = Aax as well as a tangent to 

rectangular hyperbola x2 — y2 = a2 is

(a) m6 - 4m2 4- 2m - 1 = 0 (b) m* 4- 3m3 4- 2m 4-1 = 0 
(c)m6-2m = 0 (d) m6 4-4m4 4-3m2 4-1 = 0

20. The locus of the middle points of chords of hyperbola
3x2 - 2y2 4- 4x -6y =0 parallel to y = 2x is 

(a)3x-4y = 4 (b) 3y - 4x 4-4 = 0
(c) 4x - 4y = 3 (d) 3x - 4y = 2

21. The coordinates of the centre of the hyperbola
x2 +3xy + 2y2 4- 2x + 3y 4- 2 =0 is 

(a) (-1,0) (b) (1, 0) (c)(-XD
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§ Hyperbola Exercise 2:
More than One Correct Option Type Questions

I

2

(b)e =

41. For the hyperbola ~ - —- =1, let n be the number of

(b)0
(d)4

and hyperbola x

(a) 2x - y + 1 = 0
(c) 2x + y + 1 = 0

(d)^ 
e -1

, \1 + e (c)-—■
1-e

30. Let C be a curve which is the locus of the point of 
intersection of lines x = 2 + m and my = 4~m. 
A circle s=(x-2)2 + (y+1)2 = 25 intersects the curve 

C at four points P, Q, R and S. if 0 is the centre of the 
curve C, then (OP)2 +(OQ)2 +(O/?)2 +(OS)2 is 

(a) 25 (b) 50 (c) 100 (d) 200

2 2x y
— +—= 1 and eccentricity of the hyperbola is 3, 

then
(a) a2 + b2 = 9
(b) there is no director circle to the hyperbola
(c) centre of the director circle is (0,0)
(d) length of the latusrectum of the hyperbola = 16

35. The equation 16x2 -3y2 -32x-12y-44=0 

represents a hyperbola with
(a) length of the transverse axis = 273

(b) length of the conjugate axis = 8
(c) centre at (1,-2)
(d) eccentricity = 7l9

'386
13

/M1 121
(d) latusrectum = —

(b)l^
1 + e

a v2
34. If foci of —------ - = 1 coincide with the foci of

32. If the foci of the ellipse

x2 y2
hyperbola — —- = 1 coincide, then k is equal to 

a b

(a)-V2 (b)Vj (c)-VJ (d)%/3
33. If(asec0,btan9)and (a sec<t>, b tan<(>) are the ends of

a focal chord of ~ = 1, then tan f — | tan f — ] is

a! b1 UJ
equal to
, . e-1
(a)------

e + 1

■ This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which MORE THAN ONE may be correct.

31. Equation of common tangent to the parabola/2 = 8x 

y2 
— = 1 is

3

29. If the values of m for which the line/= mx +2-^5 

touches the hyperbola 16x2 — 9y2 =144 are the roots 
of the equation x2 -(a +b) x-4 = 0, then the value 

of a + b is 
(a)-2 
(c)2

36. If the line ax + by + c = 0 is normal to the hyperbola 

xy =1, then
(a) a > 0, b > 0 (b) a > 0, b < 0
(c) a < 0, b > 0 (d) a < 0, b < 0

37. If P(x,, y,), Q(x2, y2), R(xJt y3) and S(x4, y4) are 4

concyclic points on the rectangular hyperbola xy = c2, 

the coordinates of the orthocentre of the &PQR are 
(a)(x4,-y4) (b)(x4,y4)
(c)(-x4,-y4) (d)(-x4,y4)

38. The line y = x + 5 touches
(a) the parabola y2 - 20x
(b) the ellipse 9x2 + 16y2 = 144

x2 y1
(c) the hyperbola------— = 1

29 4
(d) the circle x2 + y2 = 25

39. The coordinates of a point common to a directrix and
an asymptote of the hyperbola x2 / 25 - y2 /16 = 1 are 
(a) (25/741,20/^41) (b)(-25/741,-20/741)

(c) (25/3,20/3) (d) (-25/3 -20/3)

40. If (5,12) and (24, 7) are the foci of a hyperbola passing 
through the origin, then
. . 7386
(a)e = —

121(c) latusrectum = —

........... x2

(b) 2x - y - 1 = 0
(d) 2x + y - 1 = 0
X2 V2+ — -1 and the 

ka a

y
b2

y1

a' b'
points on the plane through which perpendicular 
tangents are drawn
(a) ifn = 1, then e = 41

(b) ifn > I then 0< e < 7?

(c) if n = 0, then e > 4i

(d) None of the above

x2
a2
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(d) x2 - 6 = 2 cost and y2 + 2 = 4cos2

46. The value of sin is

(b)T

(d)21

x
144

■ This section contains 5 paragraphs based upon each of 
the paragraph 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct.

Paragraph I
(Q. Nos. 46 to 48)

The graph of the conic x2 - (y -1)2 =1 has one tangent line 
with positive slope that passes through the origin. The point of 
tangency being (a,bf.

42. Which of the following equations in parametric form 
can represent a hyperbola, where ‘f is a parameter? 
, x 1^ j b ( I"!(a) x = -I t + - | and y = — 1t— |

-y+t 
b

(b)l
3 

(d)-
2

g Hyperbola Exercise 3: 
Paragraph Based Questions

Paragraph II
(Q. Nos. 49 to 51)

A point P moves such that the sum of the slopes of the normals 
drawn from it to the hyperbola xy-Ais equal to the sum of the 
ordinates offeet of normals. The locus of Pisa curve C.

43. Equation of common tangent to the two hyperbolas 
x2 y2 y2 x2
;7~M=1ar’dTT~u=1ls a b a b
(a) y - x + yl(a2 -b2)
(b) y = x - 7(a2 -b2)

(c) y = - x +7(a2 -b2)

(d) y = - x - J(a2 -b2)

a
~b

(a)^ (b)2 (c)± (d)5

47. Length of the latusrectum of the conic is
(a) 1 (b)V2 (c)2 (d)4

48. If e be the eccentricity of the conic, then the value of 
(1 + e2 +e4) is

(a) 3 (b) 7

49. The equation of the curve C is
(a)x2=2y (b)x2=4y
(c) x2 =6y (d) x2 =8y

50. If the tangent to the curve C cuts the coordinate axes 
at A and B, then, the locus of the middle-point of AB 
is
(a) x2 + 2y = 0 (b) x2 = y
(c)2x2+y=0 (d) x2 = 2y

51. The area of the equilateral triangle inscribed in the
curve C having one vertex as the vertex of curve C is 
(a) 8-73 sq units (b) 12^3 sq units
(c) 27-73 sq units (d) 48a/3 sq units

Paragraph III
(Q. Nos. 52 to 54)

Let P(x, j) be a variable point such that

|7(x-1): +(^-2)2 -7(x-5)!+(^-5)2|= 4
which represents a hyperbola.

52. The eccentricity of the corresponding conjugate 
hyperbola is 
<<

x2 y2
44. Given ellipse — +— =1 and the hyperbola

2 y2 1 . . .
---------= —, if the ordinate of one of the points of 

81 25
intersection is produced to cut an asymptote atP, 
then which of the following is true?
(a) They have the same foci

63
(b) Square of the ordinate of point of intersection is —

(c) Sum of the squares of coordinate of P is 16
(d) P lies on the auxiliary circle formed by ellipse

45. Solution of the differential equation

(1 - x2) — + xy = ox, where a e R, is 
dx

(a) a conic which is an ellipse
(b) centre of the conic is (0, a)
(c) length of one of the principal axes is 1
(d) length of one of the principal axes is equal to 2

1
t

1
t

b
2 V

(b) *_£ + f=0andi + Jr-1 = 0
a b a b

(c) x = e' + e~' and y = e' — e"'
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2 then X is56. If cos

(b)

(d)(c)

57. The value of cos — is

(b) tan

(c) tan (d)tan

(»)’
e

(d)-^ 
2e2

Paragraph V
(Q. Nos. 58 to 60)

The vertices of AABC lie on a rectangular hyperbola such that 
the orthocentre of the triangle is (2, 3) and the asymptotes of 
the rectangular hyperbola are parallel to the coordinate axes. 
The two perpendicular tangents of the hyperbola intersect at 
the point (1, I).

58. The equation of the asymptotes is
(a) xy -1 = y - x (b) xy + 1 = x + y
(c) xy - 1 = x - y (d) xy + 1 = - x - y

59. The equation of the rectangular hyperbola is
(a) xy - 5 = y - x
(b) xy - 1 = x + y
(c) xy = x + y + 1
(d) xy - 11 = - x - y

60. The number of real tangents that can be drawn from 
the point (1,1) to the rectangular hyperbola is
(a) 0 (b) 2
(c)3 (d)4

53. Locus of point of intersection of two perpendicular 
tangents to the hyperbola is
(a) (x-3)’+(y-7/2)’=l

4

(b) (x — 3)2 + (y — 7 / 2)2 =—
4

(c) (x — 3)2 + (y — 7 / 2)2 =—
4

(d) (x — 3)2 + (y — 7 / 2)2 =—
4

54. If origin is shifted to point (3, 7/2) and axes are 
rotated in anticlockwise sense through an angle 0, so 
that the equation of hyperbola reduces to its

x2 y2
standard form —-------- =1, then 0 equals

a b

(a)tan

Paragraph IV
(Q. Nos. 55 to 57)

Let P(0, )and Q(Q 2 )are the extremities of any focal chord of
2 2X Vthe hyperbola —---- -  = 1 whose eccentricity is e. Let 0 be the

a2 b2
angle between its asymptotes. Tangents are drawn to the 
hyperbola at some arbitrary point R. These tangent meet the 
coordinate axes at the points A and B respectively. The 
rectangle OA CB (O being the origin) is completed, then

55. Locus of point C is
b2 a2 1(a) — - — = -1
x y

, . a2 b2
x y

(a)^

(c)7

a‘ +b2' 

. »’ > 
a1

ab J

<b)4+4=1 x y

<d)4-4=i x y

= Xcos2

a2 +b2 
b2

a2 +b2
2ab

-e2
I 2

91 +e2 

2 

equal to 

(a)

0
2
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64. The normal at P to a hyperbola of eccentricity

69. Chords of the circle x2 +y2 =4, touch the hyperbola 

x2 y2
----------- =1. The locus of their middle-points is the
4 16

curve (x2 + y2)2 = Xx2 -16y2, then the value of Xis

70. Tangents are drawn from the point (a, P) to the 
hyperbola 3x2 - 2y2 =6 and are inclined at angles8 
and <|> to the X-axis. If tan 0. tan 0 = 2, then the value 
of 2a2 -p2 is

g Hyperbola Exercise 4:
Single Integer Answer Type Questions

■ This section contains 10 questions. The answer to each 
question is a single digit integer ranging from 0 to 9 
(both inclusive)

x2 y2 x2 y2
61. The ellipse ~ + 2 and the hyperbola —- ------ -  =1

a2 b2 A2 B2
are given to be confocal and length of minor axis of 
the ellipse is same as the conjugate axis of the 
hyperbola. If e7 and e2 represents the eccentricities of 
ellipse and hyperbola respectively, then the value of 
e,-2 +ej2 is

62. If abscissa of orthocentre of a triangle inscribed in a 

rectangular hyperbola xy = 4 is p then the ordinate 

of orthocentre of triangle is

63. Normal drawn to the hyperbola xy = 2 at the point 
P(t,) meets the hyperbola again at Q(t2), then 
minimum distance between the point Pand Q is

3

2V2
intersects the transverse and conjugate axes at M and 
N respectively. The locus of mid-point of MN is a 
hyperbola, then its eccentricity

x2 y2
65. If radii of director circle of the ellipse — + ~ =1 and 

a b
x2 y2

hyperbola —--------- =1 are in the ratio 1 : 3 and
a2 b2

x2 y2
66. The shortest distance between the curves-y- —=1 

a b
2 (b > a) is f(a,b), then the value of

4e2 - e2 = X, where e, and e2 are the eccentricities of 

ellipse and hyperbola respectively, then the value of X 
is

and 4x2 + 4y2 -a 

/(4,6)+/(2, 3) is

67. ABC is a triangle such that Z.ABC = 2 ZBAC.
If AB is fixed and locus of C is a hyperbola, then the 
eccentricity of the hyperbola is

68. Point P lie on 2xy =1. A triangle is constructed by P,S 

and S' (where S and S' are foci). The locus of 
ex-centre opposite S (5 and P lie in first quadrant) is 
(x + py)2 = (V2 -1)2 (x - y)2 + q, then the value of
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(A)

1(B) 6

(C) 8

A.
(D) 16

B.

72. Match the following.
C.

A. (P)
D.

i

J
1Column II

4

I
I

(s) ■

(s) A Perfect 
number

I

i
; (s) J 2V6

__________ Column I_________
If the vertex of a hyperbola bisects the 
distance between its centre and the 
corresponding focus, then the ratio of 
the square of its conjugate axis to the 
square of its transverse axis is

(p) i

i

■ (q) , 2V3

(q) A Prime 
number

Column II
A Natural 
number

H Hyperbola Exercise 5: 
Matching Type Questions

it at P meets coordinate axes at Q and 
R, then the area of triangle CQR is 
divisible by (where ‘C’ is centre of the 
hyperbola)
For the hyperbola x2 - 3y* = 9, acute 
angle between its asymptotes is —, 

then X is divisible by

Column I
If q and q are the eccentricities of 

i ellipse and hyperbola respectively, then 
' the values of X are
If both q and are the eccentricities of 
the hyperbolas, then the values of X 
are__________________________ ;__ .____
If q and gj are the eccentricities of the (r) 2^5 
hyperbola and conjugate hyperbola, 
then the values of X are
If q is the eccentricity of the hyperbola 
for which there exist infinite points 
from which perpendicular tangents can 
be drawn and q, is the eccentricity of 
the hyperbola in which no such points 
exist, then the values of X are

C.
■

whose length of the transverse axis is 4 
and that of the conjugate axis is 6, and

: S3 and S4 are the foci of the conjugate 
; hyperbola, then the area of quadrilateral
i S,S2S3S4 is--- 1---------------------------

D. J If equation of hyperbola whose
conjugate axis is 5 and distance 
between its foci is 13, is ax2 - by1 = c, 
where a and b are co-prime, then ~ is 1—JI _____

73. If e, and e2 are the roots of the equation x2 - Xx + 2 =G

■ This section contains 3 questions. Each question has 
four statements (A), (B), (C) and (D) given in Column I 
and four statements (p, q, r and s) in Column II. Any 
given statement in Column I can have correct matching 
with one or move statements (s) given in Column II.

71. Match *he following.

____ Column I
If X be the length of the latusrectum of 
the hyperbola 
16x2 -9/ + 32x + 36y-164 = 0, then 
3X is divisible by- . ! I
If the chord xcosa + y sin a = p of the ■ (q) 

x2 y2 hyperbola — - = 1 subtends a right ,

angle at the centre, a circle touches the i 
given chord and concentric with 
hyperbola, then the diameter of circle 
is divisible by I
For the hyperbola xy = 8 any tangent of (r) '

!

B. With one focus of the hyperbola 
x2 y2 ----- — = 1 as the centre, a circle is 
9 16 

drawn which is tangent to the 
hyperbola with no part of the circle 
being outside the hyperbola. The radius 
of the circle is --------------------------------------- -
If 5] and S2 are the foci of the hyperbola (r) A

I Composit 
e number

I Column II
(P) 2V2
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2

Hyperbola Exercise 7:
Subjective Type Questions

75. Statement I A hyperbola and its conjugate 
hyperbola have the same asymptotes.

Statement II The difference between the second 
degree curve and pair of asymptotes is constant.

76. Statement I The equation of the director circle to the 
hyperbola 5x2 -4y2 =20 is x2 +y2 =1.

Statement II Director circle is the locus of the point 
of intersection of perpendicular tangents.

■ In this section, there are 12 Subjective questions.

82. Given the base of a triangle and the ratio of the 
tangent of half the base angles. Show that the vertex 
moves on a hyperbola whose foci are the extremities 
of the base.

83. A,B,C are three points on the rectangular hyperbola 
xy ~c2, find

(i) The area of the triangle ABC.
(ii) The area of the triangle formed by the tangents 

at A,B and C.

■ Directions (Q. Nos. 74 to 81) are Assertion-Reason type 
questions. Each of these questions contains two 
statements :
Statement I (Assertion) and Statement II (Reason)
Each of these questions also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below :

(a) Statement I is true, Statement II is true; Statement II is a 
correct explanation for Statement I

(b) Statement I is true, Statement II is true; Statement II is 
not a correct explanation for Statement I

(c) Statement I is true, Statement II is false
(d) Statement I is false, Statement II is true

5 5
74. Statement I - and — are the eccentricities of two

3 4
conjugate hyperbolas.

Statement II If e, and e2 are the eccentricities of two 
conjugate hyperbolas, then e,e2 >1.

g Hyperbola Exercise 6:
Statement I and II Type Questions

84. If a hyperbola be rectangular and its equation be 
xy =c2, prove that the locus of the middle points of 
chords of constant length 2 d is
(x2 + y2)(xy -c2)=d2xy.

85. If four points be taken on a rectangular hyperbola 
such that the chord joining any two is perpendicular 
to the chord joining the other two, and if a, p, y, 8 be 
the inclinations to either asymptote of the straight 
line joining these points to the centre, prove that 
tan a tan p tan y tan 8=1.

77. Statement I Two tangents are drawn from a point on
x2 

the circle x2 +y2 =9 to the hyperbola -•» 

then angle between tangents is it / 2.
Statement II x2 +y2 = 9 is the director circle of 
x2 y2 
------— =1.
25 16

78. Statement I If eccentricity of a hyperbola is 2, then 
eccentricity of its conjugate hyperbola is 2/73.

Statement II If e and e, are the eccentricities of two 
conjugate hyperbolas, then ee, >1.

79. Statement I The line 4x - 5y = 0 will not meet the 
hyperbola 16x2 -25y2 =400.

Statement II The line 4x-5y =0 is an asymptote to 
the hyperbola.

80. Statement I The point (5, - 3) inside the hyperbola 
3y2-5x2 +1=0.

Statement 11 The point (x,, y,) inside the hyperbola 
x2 y2 x2 y2
—-2-r = 1,then-7-£T-1<0.
a2 b2 a2 b2

81. Statement I A hyperbola whose asymptotes include 
it/3 is said to be equilateral hyperbola.

Statement II The eccentricity of an equilateral 
hyperbola is V2.
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[AIEEE 2005, 3M]

[IIT-JEE 2007,1.5M]

90. From the point (x„y,) and (x2,y2), tangents are 
drawn to the rectangular hyperbola xy = c2. If the 
conic passing through the two given points and the 
four points of contact is a circle, then show that 
x,x2 = YiY2 and *1X2 + *2X1 =4f2-

91. A rectangular hyperbola passes through two fixed 
points and its asymptotes are in given directions. 
Prove that its vertices lie on an ellipse and hyperbola 
which intersect orthogonally.

92. Let normals are drawn from (a, 0) to the hyperbola 
xy =1, and (x^.y, ),/ = !, 2,3,4 be the feet of the 
co-normal points. If the algebraic sum of the 
perpendicular distances drawn from
(x., y,), i = 1,2,3,4 onto a variable line vanishes, 
show that the variable line passes through the point 
(a/4,0/4).

93. A series of hyperbolas is drawn having a common 
transverse axis of length 2a. Prove that the locus of a 
point Pon each hyperbola such that its distance from 
the transverse axis is equal to its distance from on 
asymptote, is the curve

•. (x2-y2)2 = 4x2 (x2-a2).

86. Pand Qare two variable points on the rectangular 
hyperbola xy =c2 such that tangent at Q passes 

through the foot of the ordinate of P. Show that the 
locus of the intersection of tangents at Pand Q is a 
hyperbola with the same asymptotes as of the given 
hyperbola.

87. A circle cuts two perpendicular lines so that each 
intercept is of given length. Prove that the locus of 
the centre of the circle is a rectangular hyperbola.

88. (a) Prove that any line parallel to either of the ' 
asymptotes of a hyperbola shall meet it in one point 
at infinity.

(b) Prove that the asymptotes of a hyperbola are the 
diagonals of the rectangle formed by the lines drawn 
parallel to the axes at the vertices of the hyperbola 
[i.e. at (± a, 0) and (0, ± 6)].

89. Let the tangent at a point Pon the ellipse meet the 
major axis at B and the ordinate from it meet the 
major axis at A. If Q is a point on the line APsuch 
that AQ = AB, prove that the locus of Q is a 
hyperbola. Find the asymptotes of this hyperbola.

■ This section contains questions asked in IIT-JEE, AIEEE, 
JEE Main & JEE Advanced from year 2005 to 2017.

94. The locus of a point P(a,0) moving under the 

condition that the line y = ax + 0 is a tangent to the
*2 y2

hyperbola — —-=1 is 
a b

(a) an ellipse
(b) a circle
(c) a parabola
(d) a hyperbola

95. Let a hyperbola passes through the focus of the
x2 y2

ellipse — +^- = 1. The transverse and conjugate axes 

of this hyperbola coincide with the major and minor 
axes of the given ellipse, also the product of 
eccentricities of given ellipse and hyperbola is 1, then

[IIT-JEE 2006, 5M]

i Hyperbola Exercise 8:
Questions Asked in Previous 13 Year's Exams

x2 y2
(a) the equation of hyperbola is — - = 1

x2 y1
(b) the equations of hyperbola is — - — = 1

(c) focus of hyperbola is (5,0)
(d) vertex of hyperbola is (5-73,0)

96. A hyperbola, having the transverse axis of length 
2sin0, is confocal with the ellipse3x2 +4y2 =12.

Then, its equation is [IIT- JEE 2007, 3M]
(a) x2cosec20 -y2 sec2 6 = 1
(b) x2sec29 -y2cosec20 = 1
(c) x’sin2© -y2 cos2 6 = 1
(d) x2cos29-y2sin20= 1

97. Two branches of a hyperbola
(a) have a common tangent
(b) have a common normal
(c) do not have a common tangent
(d) do not have a common normal

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


616 Textbook of Coordinate Geometry

2

98. For the hyperbola = 1, which of the

(a)1- (c)1 + + 1

(b)V3

Ji

wJ!
(c)V2

intersect at the points A and B.
101. Equation of a common tangent with positive slope to 

the circle as well as to the hyperbola is
(a) 2x - 4sy - 20 = 0 (b) 2x - Jsy + 4 - 0

(c)3x-4y + 8=0 (d)4x-3y + 4=0

102. Equation of the circle with AB as its diameter is 
(a)x2+y2- 12x + 24 =0 (b) x2+y2 + 12x +24 = 0 
(c)x2 + y2 + 24x —12 = 0 (d) x2 + y2 -24x-12 = 0

[IIT-JEE 2010, 3 +3M]

x* y2 

cos2 a sin2 a 
following remains constant when a varies 

[AIEEE 2007, 3M] 
(a) abscissae of vertices (b) abscissae of foci
(c) eccentricity (d) directrix

99. Consider a branch of the hyperbola
x2 - 2y2 - 2^2x - 4>/2y -6=0

with vertex at the point A. Let 8 be one of the end points 
of its latusrectum. If C is the focus of the hyperbola 
nearest to the point 4, then the area of the triangle ABC 
is [IIT-JEE 2008,3M]

(bjjj-, (c)1+j| (d)4
100. An ellipse intersects the hyperbola 2x2 -2y2 =1 

orthogonally. The eccentricity of the ellipse is 
reciprocal of that of the hyperbola. If the axes of the 
ellipse are along the coordinate axes, then

[IIT-JEE 2009, 4M]

, J 9 1

(c) (3V3, - 2V2) (d)(-373,2^2)

107. Consider the hyperbola H: x2 - y2 =1 and a circle 5 
with centre N(x2,0). Suppose that H and S touch each 
other at a point P(xy,y}) with x, >1 and y, >0.The 
common tangent to H and S at P intersects the X-axis 
at point M. is the centroid of the triangle PMN, 
then the correct expression(s) is(are)

[JEE (Advanced) 2015,4M] 
(a)-^- = 1--!7forx,>1 (b) = —J------ forx,>1

dx, 3X1, dx, K^xT-W
. . dl . 1 . ^ ... dm 1 r(c)__ = i+ forx,>1 (d)- = -foryI>0

dx, 3x, dy} 3

108. The eccentricity of the hyperbola whose length of the
latusrectum is equal to 8 and the length of its 
conjugate axis is equal to half of the distance 
between its foci, is [JEE (Main) 2016.4M]

(a)4V3
4 4(0)7 (d)4
3 73

109. A hyperbola passes through the point and

has foci at (± 2, 0). Then the taught to this hyperbola 
at pals passes through the point [JEE (Main) 2017,4M] 

(a) (-72,-73) (b) (372,273)
(c) (272,373) (d) (73,72)

(a) equation of ellipse is x2 + 2y2 = 2
(b) the foci of ellipse are (±1,0)
(c) equation of ellipse is x2 + 2y2 = 4
(d) the foci of ellipse are (±72,0)

Paragraph
(Q. Nos. 100 and 102)

x2 v2The circle x2 + y2 - 8± = Oand hyperbola — - ~ = 1

103. The line 2x + y = 1 is tangent to the hyperbola 
x2 y2
—----- -  = 1. If this line passes through the point of
a b
intersection of the nearest directrix and the X-axis,

then the eccentricity of the hyperbola is
[IIT-JEE 2010, 3M]

x2 y2
104. Let P(6,3) be a point on the hyperbola —---- -  =1. If

a b
the normal at the point P intersects the X-axis at
(9, 0), then the eccentricity of the hyperbola is

[IIT-JEE 2011, 3M]

* x2
(a) the equation of the hyperbola is —

(b) a focus of the hyperbola is (2,0)

(c) the eccentricity of the hyperbola is

(d) the equation of the hyperbola is x2-3y2 = 3

x2 y2
106.Tangents are drawn to the hyperbola —----- —=1,

parallel to the straight line 2x - y = 1. The points of 
contact of the tangents on the hyperbola are

[IIT-JEE 2012,4M]

(b)f--^,-~ 
k 272 72?

5
2 '“JI

(d)73
x2 y2

105. Let the eccentricity of the hyperbola —------ —=1 be
a b

reciprocal to that of the ellipse x2 +4y2 =4. If the 

hyperbola passes through a focus of the ellipse, then 
[IIT-JEE 2011,4M]

23
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0) (') (P)

(II) (ii) (Q)

/ = 4ax \OH) (iii) (R)

(IV) (iv) (S)

Answers

18. X = ± 617.2

,±

11. 79. (a)
b2 b2

83. (i)

99. (b)

3

I ■

2.(d)
7. (a)

12. (b)

2.(d)
8. (a)

2.(c)
7. (a)

3. (d) 
8.(b)

4. (d) 
9.(d)

4.(d)
9.(d)

5. (a)
11. (b)

5.(d)
10. (b)

15. (c)
21. (a)
27. (a)
33. (b.c)

103. (2)
109. (c)

49. (b)
55. (d) 
61.(2) 
67.(2)

17. (b)
23. (b)
29. (b)

51. (d) 
57.(b) 
63.(4) 
69.(4)

x2-a2y2
= a2

2-(b)
7. (a)

12. (c)

6. (a)
12. (c)

97. (b.c) 98. (b)
104.(b) 105.(b.d)
H0.(a,b,c)

(b) (III) (ii) (Q) 
(d)(1) (ii) (Q)

■ Direction (Q. No. Ill to 113) Matching the information 
given in the three columns of the following table.
Columns 1, 2 and 3 contain conics, equations of tangents 
to the conics and points of contact, respectively.

[JEE Advanced 2017, (3 + 3 + 3) M]

4- (c)
10. (a)

5. (b)
10. (c)

47. (c)
53.(d)
59. (c)
65. (7)

14. (b)
20. (a)
26. (c)

45. (a,b,d)
50. (c)
56.(a)
62.(8)
68.(5)

18. (b)
24. (c)
30. (c)

y= mx
+ a^m' + 1

__Column 2
my = m 2x + a

y= mx 
+ Ja2m2-1

15
27161

8 
37161

Column 1

? + a2/ 
= a2

3. (a)
8. (b)

£?_/. £ 
a2 b2

Exercise for Session 2
1. (d)
6. (a)

(S-

(ii)2c:

110. If 2x -y +1 = 0 is a tangent to the hyperbola 

x2 y2
—-------= 1, then which of the following cannot be
a 16
sides of a right angled triangle? [JEE Advanced 2017,4M]
(a) 2a, 8,1 (b)a,4,1
(c)a, 4, 2 (d) 2a, 4,1

_____ Column 3
a 2a'

m mJ

Chapter Exercises
1. (a) 2. (d) 3. (b)
7. (b) 8. (a) 9. (b)

16. (b)
22. (c)
28. (b)
34. (a,b,d) 35. (a,b,c)36. (b.c)
40. (a,d) 41. (a,b,c)42. (a,c,d)

44. (a,b,c,d)
48. (b)
54. (b)
60. (b)
66.(3)

Exercise for Session 3
1. (b)
6. (c)

11. (d)

Exercise for Session 1
1. (d)
6. (a)

U. (b)

3. (a)
8. (a)

13.X+ 3y = 0
14. 12? - 7xy- 12/ + 31x + 17y= 0
15. 6? + 13jy+ 6/ - 38x-37y-98 = 0

iff. The tangent to a suitable conic (Column 1) at (Vi,—) 

is found to be V3x+ 2y = 4, then which of the 

following options is the only correct combination?
(a) (IV) (iii) (S)
(b) (II) (iv) (R)
(c) (IV)(iv) (S)
(d) (II) (iii) (R)

112. For a =^2, if a tangent is drawn to a suitable conic 

(Column 1) at the point of contact (-1,1), then which 
of the following options is the only correct 
combination for obtaining its equation?
(a)(lll)(i)(P) (b)(1) (i)(P)
(c) (II) (ii) (Q) (d) (I) (ii) (Q)

113. If a tangent of a suitable conic (Column 1) is found to 
be y = x + 8 and its point of contact is (8, 16), then 
which of the following options is the only correct 
combination?
(a)(lll)(i)(P)
(c) (II) (iv) (R)

y=mx
+ Ja2m2 + 1

i 75. (a)
81. (d)

-01 
2','A

(I| ~ G) (G G) (*3 ~ 0
(r(+ r,)(r, + G) (r3 + 0

89. x = 0andx + y = 0

94. (d) 95. (a,c) 96. (a)
100. (a,b) 101. (b) 102. (a)
106. (a,b) 107. (a,b,d) 108. (a)
111. (b) 112. (d) 113. (a)

4. (a) 5. (d)
9. (c.d) 10. (c) 

13./ -? = 5
14. 8? -/ - 64x + 10y+ 71 = 0
16. (1,2);2^|J; 275; 271

19. 30x - 24y ± 7(161) = 0; | ±

13. (d)
19. (d)
25. (b)
31. (a,c) 32. (c.d)
37. (b,c) 38. (a.b.c) 39. (a.b)
43. (a,b,c,d)
46. (c)
52. (c)
58. (b)
64. (3)
70. (7)
71. (A) -> (p,r,s); (B) -> (p,q,r); (C) (p.r,s); (D) -> (p.r)
72. (A) (p,q); (B) -» (p,q); (C) -> (p,r); (D) -> (p,r,s)
73. (A) -> (q,r,s); (B) -» (p); (C) -> (p); (D) -> (q.r.s)
74. (b) 75. (a) 76. (d) 77. (a) 78. (b)
80. (c)

- ma a 
y]m‘ + 1 + 1

-a2m______ 1_
^a2m2 + 1 -ja^m2 + 1 ,

-a2m -1
■Ja2m2- 1 fja2m2 - 1 ,
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Solutions ...(ii)

,2

and

=>

Hence,

1*1 =

=> i.e.

k2 = ...(i)or

—- = 1 =$b = 
b2

h
c

occur in conjugate pair, thus roots of f(x) = 0 are 1, -Ji and 
-^2

a
^ +- e.

(for rectangular hyperbola e = V2) 

(’••P(x„y,), x2 -y2 = a2)

=> a < i and hence the conics intersect if 0 < a < -.
2 2

/(x)=(x-l)(x-^)(x+^) 

= x3 -x2 -2x + 2 
a+b+c+d=l-l-2+2=0

8. Let the point be (a, p)

=> P = a + c
Chord of contact of hyperbola T = 0.

^_VP=1
2 1

From Eq. (i) and (ii), we get
(fc2 -h2) = ±2h/h2 -a2)

=> (k2-h2)2 =4h2(h2-a2)
Required locus is

(x2 - y2)2 = 4x2(x2 - a2)
6. We know that if a circle cuts a rectangular hyperbola, then 

arithmetic mean of points of intersections is the mid-point of 
centre of hyperbola and circle.
c 3 + 5 + 2 + (-1) _ -g + 1
□ 0, —

4 2
4 + 3 + 6+ 0

4

xa , .—-y(a + c) = l

or h2 = kc2
Locus of P is x2 ~ kc2

3. As branches lies in the second and fourth quadrant.
/. We have xy < 0
=> m2-9<0=^|m|<3

4. Let A is (a, P), the B is (P, a)

V A and B an symmetrical about the line y = x.
So, tangents at A and B will be mirror images of each other 
about y = x. Thus, point of intersection will lie on y = x.

5. Let P(/i,fc) be any point on any one member of hyperbola
x2 y2family, having equation — - = 1; b is any arbitrary
a b

constant, then its asymptotes are given by y = + - x, then 
a

according to question

±-h-k
a

b2
7 + 1

1. ':PF}-PF2 = e x, -- 
k e

= e2x,2 -a2
= 2x>2 -a2

= x2 + x2 - a

= (OP)2
k = i

2. Let the point of contact of normal from point P(h, k), be R(t) 
for the hyperbola xy = c2
=> The equation of normal is

ct* -xt3+yt-c = 0 which gives
ct* -ht3 + kt - c = 0 [•/ It passes through (ft,k)]...(i)

=> t,2 + t2 + t32 + t42 =1 (given) ...(ii)
From Eq. (i),

It, = -, It, t2 = 0
c

(It,)2-2lt,t2=t,2 + t2 + t2 + t42
2

I -0 = 1

a2k2 
h2 - a2

•| - y j a - (yc + 1) = 0

Since, this passes through point (x, y,)
■ x, = 2y, and y,c + 1 = 0

= 21
2

21 = 2

9. Eliminating x, we have

b2 ab
This equation has real and distinct roots

1 4 n ——---- - > 0
a2b2 b2

> 4 or a2 < — 
a2 4

2
g + / = -8

7. We know that eccentricity of a parabola and rectangular 
hyperbola are 1 and V2 respectively. Also, irrational roots

(± bh - ak)2 
(a2 + b2)

a‘ + b‘

Further (h,k) lies on hyperbola 

£ k2 . .
a2 ,2
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= 120°13. Angle between asymptotes = 2 tan'

or

or

(-<3, 4) A

b
Now, angle between asymptotes = 2 tan = 60°.

A(2,-1)

tan
= 3or

or

= 30°or
or

or

(vb2 =9)

= cos
22

I

*XAl

=»

or Y
-(ii)

(i)

1

3 
1

b
a

or
or

or
.’.Required locus is

x2+ y2 =a2-b2 =27-9 = 18
14. Equation of chord joining a and p is

x I —cos 
a

Puta + P=3jc, then
x i- cos; 
a

It passes through the centre (0,0).
15. Let P(a cos0, bsinO) on the ellipse.

y

a-P) y-fa + P------ I —sin -------  
b

a + p
2

A 
$($ - b)

A 
s(s - a)

Equation of tangent at P on ellipse is

—cosO + —sinQ = 1 
a b

= 60°

b_ 1 
a -Ji 

a2 = 3b2 =27

ot-PA y n------+ - = 02 ) b

tan —

^==3
s-b

s -a = 3s-3b 
2s=3b-a 

a + b + c=3b-a

b-a = -
2 

AC - BC = constantor
.’.Locus of C is a hyperbola, whose foci are A and B. 
.’. Distance between foci =| AB| = 5>/2.

12. y.
J k

tan] - ZABC
11. •.•

tan | -ZBAC

tan -
\aj

a 
b = a^3orb2 = 3a2

=> a2 =3 (’.’ b1 = 9)
Required locus is director circle of the hyperbola and which is 
x2 +y2 =a2-b2 =3-9=-6 
which is not possible.

r
Let P=(^,y.)
It is clear from figure 

a >0
and Q(a,0) out side on the hyperbola, then

2 2x y 
a b 

a2 
--ISO 
a

a2 <a2
-a Sa <>a 

From Eqs. (i) and (ii), we get 
0<a <a 

ae(0,a]

10. Points from where perpendicular tangents can be drawn to the 
give hyperbola lie on the director circle x2 + y2 = 9 -16 = - 7 
which is an imaginary circle. Hence, no point exists.

1
2 
1
2
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[from Eq. (i)]
(iii)

2

or

or

or

Also,

Y'

(ii)

Also,

(i)

which is tangent ofy2 = 4ax 
(A2-fc2) 

k

or
or
Hence, locus of mid-point is

y2(x-a) = x3

17. It is clear from the figure the common tangent to the circle 
x2 + y2 = 1 and hyperbola x2 - y2 = 1 is x = 1 (which is nearer 
to P (1/2,1) and given one focus at P (1/2,1), so the equation of 
the directrix is x = 1. Hence, the equation of the ellipse is

X 
4 k

For centre, — = 
dx

7(x-l/2)! + (y-l)’=l|x-l|

=> 9(x-l/3)2 + 12(y-l)2 =1
13. Since, asymptotes of rectangular hyperbola are perpendicular 

to each other.
•/ Given asymptote is 3x — 4y - 6 = 0
:. Other asymptote is 4x + 3y + X = 0
Given, centre of hyperbola lies onx-y-l = 0
Since, asymptotes pass through the centre of hyperbola

Centre is the point of intersection ofx-y-l=0
and 3x - 4y - 6 = 0

a =—
h
k

ak2 
-(h2-k2) = —

-h3 + hk2 = ak2 
k2(h-a) = h3

or 
or

20. Let the middle-point of the chord is (h,k)
T =S}

3xh - 2yk + 2(x + h) - 3(y + k) = 3h2 -2k2 + 4h-6k 
Q L | O

Slope of this chord = ——- = 2 (given)

3h + 2 = 4k + 6

=> 3h - 4k = 4
Hence, locus of middle-point is 

3x - 4y = 4

21. Let /(x, y) = x2 + 3xy + 2y2 + 2x + 3y + 2 = 0

/. ~ = 2x + 3y + 2 and — = 3x + 4y + 3 
ox dy

0 and — = 0

2x + 3y + 2 = 0
3x + 4y + 3 = 0

After solving, we get
x = -1, y = 0

/.Coordinates of centre are (-1, 0).

22. •/ Hyperbola is —— — = 1
Foci are (±5,0) 16 9

F} = (5,0), F2 = (-5,0) 
4ew =5 

5 
Ch“4

Conjugate hyperbola of Eq. (i) is 
2 2x y ----- + —= 1 

16--9
Foci are (0,±5)

F3=(0,5),F4=(0,-5)
3ec =5 

5
~3

Equation of asymptotes of Eqs. (i) and (ii) are same
, 3 

y = ± — x and e,, <er
4

Auxiliary circle of Eq. (i) is x2 + y2 = 7 and Eq. (ii) is 
x2 + y2 =-7

/.Centre is (-2, -3), also (-2,-3) lies on Eq. (i) 
then -8-9 + X = 0

X = 17
Hence, other asymptote is 

4x + 3y + 17 = 0
19. Equation of normal of y2 = 4ax is 

y = mx -2am - am3 

which is tangent of x2 - y2 = a2 
(-2am- am3 )2 = a2m2 - a 

4m2 + m6 + 4m* = m2 -1 
m6 + 4m4 + 3m2 + 1 = 0

and equation of tangent at P on x2 - y2 = c2 is 
x (a cos 0) - y (b sin 6) = c2 

Since, curves intersect at right angle, then 
b _ a n— cot0 x — cotO = — 1 
a b 

tan20 = l
Since, P(a cos0, frsinO) also lies on hyperbola 
/. (ucos0)2 -(bsinO)2 =c2
Dividing both sides by cos2 0 , then 
or a2 - b2 tan20 = c2 (1 + tan2 9)

a2 - b2 =2c2 [from Eq. (iii)]
16. Let mid-point of the chord is (h,k).

/.Equation of chord of x2 - y2 = a2 is 
T=S, 

hx -ky =h2 -k2 
h (h2-k2)y = - x-------------
k k
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Y
f3

5

X'* -XF? 5 5

... (0=>

b sin

cos

- (ii)= 1Here,

then, point of intersection is ,b

x, = 2ct,x2 =

and4

= 0e
27. CS = p^2

Y
S

C (h, k)x =

X=>
0 i

...(i)=> y
Also,

(ii)

0
5

=>

4
x.

F<

Y

\

x = aji cos I — - (|»

a cos----- (j)

fa + pV
I 2 J 
a + P'j

. 2 J,cos
k

2

I +1

2c I
y> =7’^=l

23. Point of intersection of tangents at (aseca, b tana) and 
(asecP, fctanP) is 

/
a cos

/.Coordinate of S is either
(h + p, k + p) or (A - p, k - p)

28. -:H: x2 + 3xy + 2y2 + 2x + 3y = 0

Let pair of asymptotes is
x2 + 3xy + 2y2 + 2x + 3y + X = 0

A = 0

.*. xy = 4
From Eqs. (i) and (ii), 

2

= 4(x-l)

+ y>Y2
2ct(ct* - c) 2c (~ct* + c)

t3 t t
2c\t* - 1) 2cz(t‘ - 1)

r + t'

-Ct* +c ]
t J

From Eqs. (i) and (ii) it is clear that
[ ct* -c |

f )
-Ct* + c

t

y
2

y2
x = —+ 1

4
>2=4(x-l)

2x = 2s, y = -
s

From Eq. (ii),

I 2 J 
a + py

2 J
cc = 4>, p = ^-<|)

and area of quadrilateral formed by their foci = 4x^x5x5 

= 50 sq units

4 = 4(x-1)
x

4 = x5 -x2
x’ - x2 - 4 = 0

(x-2) (x2 + x + 2) = 0
x = 2, x2 + x + 2 # 0

and y = b
Required locus is y = b

24. xdy + ydx = 0

=> d(xy) = 0
xy = c

which pass through (2, 8), then 2 X8 = c 
c = 16

Equation of conic is xy = 16
.‘.Length of latusrectum = 2^2 (4) = 8^2

25. x = t2 + l,y =2t

2
Point of intersection is (2, 2)

26. Let rectangular hyperbola xy = c2

Equation of tangent at 7’ is
x- + yt = 2c 
t

x y— + = i
...

and equation of normal at 7’ is
xt3 - yt - ct* + c = 0 
xt2 -ty = ct* -c

x X
ct* -c 
~7~It

.4 
1
J2
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i.e.

or

or

or
= cos

cos
or

cos

cos -cos
=>

4-coscos

for fc = 1

, for fc = -1

Let
(0 Now, hyperbola is —

(i)is

=1

y
, 2or

or

and 
or

or
or

_1_ 
fce

— sin 
b

m1 -3m2 -4-0
(m2 - 4) (m2 4-1) = 0 

m2 -4 = 0
m = ± 2

0+0
2

e-t- <t> 
2

1 - fce
1 + fce

I =lXm2-3

The equation of the tangent is 
y = mx + i/(9m2 - 16) 

y/(9m2 -16) =2^5 

9m2 -16=20 
m2 =4

’-2=1
4

X = 1

3 3 9 91X2XX+2X-X1X--1X----2x1—Xx — = o
2 2 4 4

re+<H
2 J _ 

e+<h :
2 J 

f0^ _ 1 - fce 
\27 1 + fce 

T -e 
1 + e’ 

‘ 14-e
1 -e ’

m = ± 2 
a 4- b = sum of roots =0 

, 4
30. v x - 2 = m and y 4-1 = — 

m
(x-2)(y + l) = 4

X 9 9 „ n ---- + 2 = 0 
4-2 4

X 9— = - 
4 4

V(*r2 -1) >1 
fc2 >2 
fc > Ti

33. Equation of chord joining 0 and 0 is
x
— cos 
a

It passes through (fcae, 0), where fc = ± 1, then 
0-0 

, 2 , 
04-0 

. 2 .
0-0'

, 2 ,
0—0 

k 2 
,'0A tan - tan 
l2j

34. •; Foci of hyperbola are (± 3a, 0) and foci of ellipse are 
(± ^(25-16), 0) i.e. (±3,0) according to question.

a =1

and b2 =a2 (e2 -1) = 1 (9 -1) =8 
x2 y2

Now, hyperbola is —— ~ = 1

Alternate (a) a2 4- b2 = 1 4- 8 = 9
Alternate (b) Director circle is x2 4- y2 = 1 - 8 = - 7
i.e. there is no director circle. ,

, 2b2 2(8)
Alternate (d) Length of latusrectum = — =---- = 16

A — 2 7 fl 1
35. 16x2 - 3/ - 32x - 12y - 44 = 0

=> 16(x2-2x)-3(y2 + 4y) - 44 = 0
=> 16{(x - I)2 - 1} —3{(y 4- 2)2 -4} - 44 = 0

=> 16 (x — I)2-3(y + 2)z =48
(x — I)2 (y + 2)2
(V3)2 42

A : x2 + 3xy + 2y2 + 2x + 3y + 1 = 0 
H + C = 2A

C = 2A-H 
= x2 4- 3xy 4- 2y2 4- 2x 4- 3y 4- 2

.■.Conjugate hyperbola is x2 4- 3xy 4- 2y2 + 2x + 3y + 2 = 0 

x2 y229. The equation of the hyperbola is — - — = 1

or
From Eq. (i), common tangents are

y = 2x 4-1 and y = — 2x — 1
2x - y 4-1 =0 and 2x + y + 1 = 0

x2 v2 I---------
32. Foci of the ellipse —— 4- = 1 are (± a y(fc2 -1), 0) and foci

fc a a
2 2x yof the hyperbola — = 1 are (± ae, 0), e > 1

x-2 = X,y 4- 1=T 
XY = 4

s=(x-2)2 4-(y 4-1)2 =25 
X2 4- Y2 =25

Curve C and circle are concentric, therefore, 
(OP)2 4- (OQ)2 4- (OR)2 4- (OS)2 = 4r2 

= 4(5)2 
= 100

31. Equation of any tangent to the parabola y2 = 8x 
2 

y = /nx4- — 
m

which is also touches the hyperbola

= thenfA) 
1 3 \m)

a2 b2
v Foci are coincide, then

fl ^(k2 -1) = ae

fc2 -1 > 1 or 
k<-^2 or
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-(iv)=>

...(v)

or
From Eq. (iii),

then e =

36. xy = 1

Equation of normal at 7’ i.e.

is

Slope is

(i) =>

-(ii)

2

=>

...(iii)

and

and

are

„.(i)x = ±= -lX

•••(ii)

= -l=>

7

I

=>
Which is true
Alternate (c):

c2
-------- x

x2x3

Xj-X2

5X5
7(25 + 16)

Equations of the asymptotes of the given hyperbola are

i_£=o
15 16

The points of intersection of Eqs. (i) and (ii) are
(±25/741,120/741)

4

V41

x1 y2
39. Equation of the directrices of the given hyperbola------— = 1

which is true.
Alternate (b):

9x2 + 16y2 = 144

16 9
7 Condition of tangency 

c2=a2m2 + b2
25 = 16X1 + 9 = 25

f c2 |
Q = X2> —

I X2j

Eh X3, — I
< XiJ

Let orthocentre 0 = (h, k)
Then, slope of QR x slope of OP =-1

__ £ 
h - x,

>

xt3-yt-C + 1 = 0 

t2=-a~, 
b

a n a „ 
-->0=>—<0 

b b
a > 0, b < 0
a < 0, b > 0

and* = -^ 
c

or
37. P,Q,R,S lies on the circle

x2 + y2 + 2gx + 2fy + c = 0 
and also lies on

Solving Eqs. (i) and (ii), then

x2 + | — I + 2gx + + c = 0
^x

x4 + 2gx3 + ex2 + 2fc2x + c4 = 0

x1x2x3x4 =c4
D , x (

I XJ

x2
29

V Condition of tangency 
c2=a2m2-b2
25 =29 X1 -4=25

Which is true.
Alternate (d): Now length of perpendicular from centre (0, 0)
to the line y = x + 5 is M i.e. -4= * radius (5).

v 2 v 2

.•.Orthocentre lies on xy = c2
ie. (x4,y4)and(-x4,-yj

38. (c) y = x + 5
Comparing with y - mx + c 

m = 1, c = 5
Alternate (a) : Condition of tangency 

a c = — 
m

5 = 5
1

xy = c2

X2

7 \

__ 5. 
h - Xj

c2_/ix2x3 x^x2x3 K------------ - - -
xI c c

Also, slope of PQ x slope of OR = -1 
c2 _h x,x2 x^x2x3 

"^"”7“ c2

From Eqs. (iii) and (iv),

/, =-----
jqx2x3

Alternate (a): Length of transverse axis 
= 2 X 73 = 2x^

Alternate (b): Length of conjugate axis 
=2x4=8

Alternate (c): Centre x -1 = 0 

and y + 2 = 0, i.e. (1, - 2)
Alternate (d): 42 =(-73)2 (e2 -1) 

e’-l=15 
3 

3 

r?
L c2h = - x4 and k =-----

X4

5
'2

2fc2
x

X

25
y
16
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(i)

...(ii)and

and

(i)and

Now,

44.
if and (± 3,0) respectively.

Vertices and foci of the hyperbola

if

y

>XX'* 71O

Y'

— (0

...(ii)and
=>

and

=>

or
45. (1 -

or

i.e.
or e >

63
25

1
25

(+l
2

I =4

2dy  2xdx 
(o-7)~(i-x2)

i.e. e2 < 2
or 0 < e < 72, there are infinite (or more than one) points on 
the circle.

For point of intersection
( x2>l 

7 1----- =81
I ‘ 16 J

<144 ) 2

e2 >2
5/2, there does not exist any point on the plane.

42. Alternate (a):aw

a2 > b2 or ^- < 1 
a

x2 -4 = 2(1 + cost) = 4cos211

2 26y + 2 = 4cos -

are ± —, 0 and (± 3, 0), respectively.
V 5 / ?

40. ‘;\SP — S'P\=2a 
 

2a = 7(24 - 0)2 + (7 - 0)2 - 7(5 - 0)2 + (12 - 0)2

= 25-13 = 12
a =6

2ae = 7(24 -5)2 + (7 - 12)2 = 7(386)

V386 
e =------

12

mb"

Alternate (b):
tx y----- — + t = 0 => t = 
a b

x ty , „ - + — -1=0 => 
a b

From Eqs. (i) and (ii), we get
ay  (a - x)b

b(x + a) ay

a2y2 = b2(a2 - x2)
b2x2 + a2y2=a2b2

a2 b
Alternate (c): x2 - y2 = (e1 + e~‘ )2 - (e‘ - e-' )2 = 4

Alternate (d): x2 -6 = 2cost

1 t --
t.

a2 b2

From Eqs. (i) and (ii), then
x2 -4=y2 + 2

or x2-y2=6
43. Equation of any tangent to hyperbola is 

y = mx ± ^(a2m2 - b2) 

x2 y2
which is tangent of---- -  + ~ = 1

b a
then a2m2 -b2 = a2 - b2m2
=> (a2 + b2)m2 = (a2 + b2)

m2 = 1
or m = ± 1
From Eq. (i), common tangent are 

y = ± x± 7(a2 ~ i’2) 

x2 y2Vertices and foci of ellipse — + = 1 are (± 4,0)

2b2 121Latusrectum = — = — 
a 6

41. The locus of the point of intersection of perpendicular tangents 
is director circle

x2+y2=a2—b2

‘*=1 + 7
if a2 = b2, there is exactly one point (centre of the hyperbola)
i.e, e = Ji

2 ,2 b2a < b or — > 1 
a

gy__
b(x+ a) 

t _ (a-x)b 
ay

x^_
144

, 256 
x =----

25

I 25.

= square of the ordinate of point of intersection
2 f „ 9 2 9 256 144y2 for P = — x2 = — x--= —16 16 25 25

/.Sum of the squares of coordinates of P is x2 + y2 = 16
which is auxiliary circle formed by ellipse.

2 \x )— + xy =ax
dx

386
144

12
5
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=>
or

49. (It.)2-21^=2

or h2 - 4k-0 = 2=>

51.
46. •; Slope of tangent = -

M(for positive slope) (MO

.30° 30>
sin

>XX'* 0

tan30°

...(i)

(ii)

= sin

1 
e'2

9_
25

2

A

=>
or
=>

a
~b

or

„ > V2G^4 — 1
/

SjS, =5 = 2ae 
\S'P~SP\=2a 

2a = 4

I
i

a
b
Ji
2
1

Ji

r
i

Ji

e’ = 5-

3

Sol. (Q. Nos. 52 to 54) 
vSt (1,2) and52 (5, 5) are the foci 
then 
and 
Here, 
From Eqs. (i) and (ii) t

5 
e =-

4
52. Let e' be the eccentricity of conjugate hyperbola. 

i+±=i 
e2 e'2 
16 1---- 1- — = 1 => 
25 e'2

h}2 
2

Hence, the locus of (h, k) is x2 = 4y

50. •/ Curve C is x2 = 4y

.■.Equation of tangent at(2t, t2) is tx =y + t2 
=> A=(t, 0) and B = (0, -t2)
Let mid-point of AB is (h, k).
:. 2h = t and 2k = -12
=> 2lt =- (2/i)2 or 2h2 + k = 0
/.Required locus is 2x2 4- y = 0

Y

it = —
4

47. •/ Conic is x2 - (y -l)2 = 1

2 I
U’

. . 2'
2L, — and 2t., —
I 'J I tj

7 Sum of slopes of normals = Sum of ordinates of feet of 
normals

=>

Area of equilateral AOQR

= — (8Ji)2 = 48 Ji sq units
4

,,,, 2 2 2 2
••• A+'4 =7 +- + - + 

h ‘2 *j ‘4

Zt2 = 2Z|-|

^V2G

-k/2 
-1

2t, 
=7or

t, =2ji 
QR = 4t, = 85/3

- 2 ln(a - y) = - ln(l - x2) - Inc 
(a-y)2 = c(l-xJ)

ex2 + (y - a)2 = c
x2 ! (y-fl)2 = 1 
1 c

for c > 0, ellipse and for c < 0, hyperbola centre of the conic is 
(0, a) and length of one of the principal axes = 2a = 2

So/. (Q. Nos. 46 to 48)
Give conic is

x2 -y2 + 2y -2 =0
Equation of tangent at (a,b) is 

ax -by + (y + b)-2 = Q 
•/Tangent line pass through (0, 0), then 

b = 2
Also, (a, b) lies on Eq. (i), then 

a2 -b2 + 2b - 2 = 0 
a2- 44-4-2 = 0 

a2 =2 
a = ± Ji

2(1)2/. Length of latusrectum =----- = 2

48. •/ Given curve is rectangular hyperbola 
e = Ji

Thus, 1 4-e2 4-? =14-2 4-4 = 7
Sol. (Q. Nos. 49 to 51)

Any point on the hyperbola is (2t, 2/1) normal at this point is 
xt3 - yt -2t4 4-2 = 0

If the normal passes through P(h,k), then 
2t4 -ht3 4- kt -2=0

The equation has roots t2, t3, t4, then
L 

Zt.=-,ZV2 = 0»

. k
' 1 2 • ■ •

( 2 I 4,

•/ Feet of normals are 2^, — , 2tv — ,

L z’i 
V' u
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(U-)= —-

56. From Eq. (i)

cos
...(V)=>

54.
2e

and

cosC (3, 7/2) (vi)

5,(1.2)

cos

,2COS

(given)or
0 - tan' .2

57. From Eq. (ii),
0=2 tan

(0 tan

1...(ii)and 0=2 tan cos
sec

...(in)h = acos<|>or

k = — b cot <|) => tan <J> = — (iv) orand
or

2
1 + e

2
1 + e

v0 should be the angle between the transverse axis and X-axis, 
given by

f0
<2 
(P 
2> 0

2

b
a

1 
e

2e
1 + e

53. Locus of point of intersection of two mutually perpendicular 
tangents is the director circle given by

(x—h)2 + (y - k)2 =(a2 - b2)', 
where (h, k) is the centre of hyperbola given by 

.... (1+5 2 + 5W, 7> (U)=(— — mJ
a2 = 4, b2 = a2(e2 -1)

116 J 4
/.Required locus (director circle) is 

2

3
" 4

3^
4)

4 = e2
n 5-2tan0 =------

5-1

So/. (Q. Nos. 58 to 60)
58. Perpendicular tangents intersect at the centre of rectangular 

hyperbola. Hence, centre of the hyperbola is (1,1) and the 
equations of asymptotes are

x -1 = 0 and y -1 = 0
.'.Pair of asymptotes is

(x-l)(y-l) = 0
xy-x-y + l = 0

xy + 1 = x + y

1+ten&)tan®=
9,-92)

v 2 J

i-tan(y,an(y=
9, + 92)

. 2 J

cos(tHt)
From Eqs. (v) and (vi), we get

9, +92 
2

e, -e2 
2

8, +e2
__ 2
0, -0

2

a
=> sec 9 = — 

h
b
k

( 7(x-3)2 + fy—-

1 + tan2

X=e2

= a2 + b 
a2

cos2
= e or ----

cos'

Sol. (Q. Nos. 55 to 57)
P(asec0p btanOJ and Q(asec02, btan02) are the extremities 

of focal chord, then
tan&)tan&)=

a)

Let R = (asec (|), b tan )
.'.Equation of tangent at R is 

x y—sec (J) - — tan (J) = 1 
a b

.'. A =(acos<|>,0)
and B = (0,-bcot (j))

55. Let C=(h,k) »

'.' OACB is rectangle
.'. Mid-point of OC = mid-point of AB 

(h _(acos<f> —cot<f>
U’aJk 2 ’ 2

4 4

$2 (5, 5)

1 — c
----— for focus S(ae,0) 
1 + e

b 
a

1
To |
12 J

1____

I+?J 
1 

^1 + e2 -1

From Eqs. (iii) and (iv), we get

--- = 1 
h2 k2

Hence, required locus is

x2 y2
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[from Eq. (i)]

64. Let P(asec0, b tan0) be a point on the hyperbola —

(yb2=a2(e2-l) (i)

[v 2b =2B (given)]

or
sec0, 0M =

,..(i)

tan0N =

...(ii) ...(H)sec02h =

...(iii)tan02k =and

I C I I c
62. Othrocentre of triangle formed by the points I — LI ct2, —

7=1

xy = c2 is

= 7(1 + 8) =3 [from Eq. (i)]=
Here,

65.

(i)
(i)

I

(ii)

I

I

From Eqs. (ii) and (iii), we get
4a2h2 - 4b2k2 = (a2 + b2)2

.".Locus of R is

i

a’ + b’ 
b

Let mid-point of MN is R(h,k) 
(a2 + b2 

I a 
a2 + b2> 

b i

y1 

a2 + b2 
2b

3/2

>y/i(2)V2 =4 (\’AM>GM)

(7_£Distance PQ = -72t2)2 + —

x2 

a2 + b2
2a

which have eccentricity

7 
, + F

1 + ^

/ \I cand ct3, — on the rectangular hyperbola, 
k

c I
--------- ,-Ct.tjtj

I W, )
n j 1

c = 2and----- = - ortt.t. =-2c
Wa 2

Ordinate of orthocentre = - c ^t2t3
= - c x - 2c
= 2c2= 2(2)2
= 8

63. Since the normal drawn at P(t}) meets the hyperbola xy =2
again at Q(t2), then

^,=-1
( ( J2}

v P= 72 tp— andQ= 7i f2,—
< ) k /

2

Equations of director circle of ellipse

~ + —- = 1 is x2 + y2 = a2 + b2
a2 b2 _____ _

:. Radius (r,) = 7777)

=7Z + a* (i-«5
= fl7(2“cI2)

x2 y2
and director circle of hyperbola — - = 1 is

a b;
x2+y2=a2-b2

Radius (r2) = 7<a2 - b2)

59. Let equation of the hyperbola be
xy - x-y + X = 0 

It passes through (2, 3), then
6-2-3+A=0

X=-l
So, equation of hyperbola is

xy = x + y + 1
60. From the centre of the hyperbola, we can draw two real 

tangents to the rectangular hyperbola.
61. For ellipse (if a > b)

ae, =J(a2 -b2) 
or a2ef =a2 -b2
and for hyperbola

Ae2 = 7777)

A2e2 =A2 + b2
1 1 _ a2 A2
ef + e22~(a2-b2)+ (A2 + b2)

Since, both the curves are confocal =>0^ = Ae2 
or

a2 -2b2
2 + a2 -b2

a\2 =A2e2 

a2-b2=A2 + b2
A2-a2-2b2

with eccentricity e

a2=Sb2
Equation of normal at P is 

axcos0 + by cot0 = a2 + b2 

a2 + b2 
a

:. Distance PQ > 4
Hence, minimum distance between the points P and Q is 4.

.... .... x2 y2
- ■ - /T-1

=>
or
From Eqs. (i) and (ii), we get

1 1 a2
2 + 2 ~ 2 L

e, e2 a -b

~2

1

4
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Given, or 2

[from Eqs. (i) and (ii)]=>

or

=1or

Eccentricity (e) = = 2

\

68. Let P —j=, be any point on2xy =1 andS =(1,1)

Hence, and

Here,

...(i)

ac
and •••(ii)

S(1.1)(-1.-1) S' b

I

= V2
,20 aX'- >x0 A(a, 0)(-a, 0)8

and ’2c =

(•/ Directrices are x + y = ± 1)
■ Y

From Eq. (ii),

h =

and k =[from Eq. (i)]=>

1 -
(0

1
3

2+ - 
t

or

.Y c-

y 
a + x

h
M

x a 
___ 3 

f
I 9 .

= -l= + -l=-l
V2 h/2

Y
So, vertex is the nearest point. Hence, shortest distance = BA 

a a
= a — = —

2 2

67. Let A =(a,Q) and B =(-a,0)

If C =(x ,y)

:. tanO =———
a + x

t 1
= ^ + —^ + 1

-J 2 t>J2

—V21 t+ - I + 2t
V tj
2V2 -2

k tj
2>/2 -2

, , ( I"!h + k= -t+-I
k tj

y2 
2a2'

3

Q2
2 = — having origin as their common

4

V2,

4 2/(4,6)+/(2,3)=^ + J=3

B’( 

\O

1 = 1_2 3 
a7(2-e2) 
a 7(2“ e22)

9 - 9e2 = 2 — e2 
9e2 - e2 = 7 = X

X =7
x2 v2

66. v — - = 1 and x2 + y
a2 b

centre.

2y(a + x) _ y 
a2 + x2 + 2ax -y2 a -x

2{a2 - x2) =a2 + x2 + 2ax-y2
3x2 + 2ax-y2 -a2 = 0

3(x+*
k 3.

/ x2

/
(2a2 2a2>|----4. -----

9____3
2£2

9
1 1 1 • . A t. . \

1 uc any puun un^.jiy =1 aiiuj =V>-1/

and S' = (-1,-1)
Here t > 0
Let R(h, k) be the ex-centre of APSS' opposite to vertex S. 

tb
- a -c + -j=

h---------Ji-
a + b - c

b
-a-c+ —7=

k--------- ‘Ji-
a + b - c

b=2^2,a = ePM

4=+4-i
,V2 tV2 ,

’ t 1

~r + —r + 1,V2 tV2
V2

tan20 = —1— 
a - x

= y
2 a -x

2 2 2a2
-y =T

2tan0 y
l-tan20 a-x

2y
a + x
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and h-k = (ii) = 0

or

R

or

*X0

Y

x

or

=>

or

= 2 tan= 2 tan

or
(given)

X = length latusrectum = X=8

or 3X=32 72. (A) Let the hyperbola be —

2

P

18
1 t-- 
t, 18

then

x1
a‘

2a =ae
e=2

b2 2
a*

P2+3 
"a2 -2

sin2 a

~7~

i t-- 
__ L
J2 —1

2

I + 4

xx 
t

or
A Radius of circle = | p| = 2
Hence, diameter of the circle = 24

^. = ^=e2-l=(2)2-l=3
(2n)2 a1

Since, these lines are perpendicular to each other, then 
( 1 cos’a (

116 7~J+l 
1 J___l_ 

16 18 p2 
p = ±12

(C) Any point on xy = 8 is P j Ji t, —

„ irX = 2x —=— 
6 24

x2 y2
(B) Making — - — = 1 homogeneous with the help of 

xcosa + ysina = p, then

x2 _ y2 _ [ xcosa + ysina
16 18 ~

[ t + -
I t

=> (h + k)2=(j2-l)2(h-k)2 + 4

Locus of R is (x + y)2 = (V2 -1)2 (x - y)2 + 4 

On comparing, we get p =1 and q = 4 
p + q=5

69. Let P(h,k) be the middle-point, then equation of chord whose 
mid-point P(h,k) is

T=S, 
hx + ky -4 = h2 + k2 - 4 

hxi(h2 + k2) 
y~ k k 

x2 y2It will touch the hyperbola----- — = 1, then
4 16

2 h*
= 4X---161 k2 ■

(h2 + k2

I k
=> (h1 + k2)2 = 4h2 - 16k2
A Locus of P(h,k) is

(x2 + y2)2 = 4x2 -16y2
1 = 4 

x2 y270. The given hyperbola is — - = 1

Equation of tangents is y = mx ± y(2m2 -3) 

v Tangents from the point (a, p) will be 
(p-ma)2 -2m2 -3 

m2(a2 -2)-2map + p2 + 3 = 0 
P2 + 3

2-tfl 
a2 -2

2a2 -p2 = 7

Equation of tangent at P
V8 r x— + y x V8 t = 16 or 7—T + 7---- r = 1(a te)

CQ = ^sndCR = ~
Ji Jit

Hence, area of &CQR = - x CQ x CR
2
1 16/ 16= -X-^X-^- = 16
2 V8 V8t

(D) Hyperbola is x2 - 3y2 = 9

=i 
9 3

7 Angle between asymptotes

or
71. (A) 16x2 - 9y2 + 32x + 36y -164 = 0

=> 16(x2 + 2x + 1)-9(y2 -4y + 4)-144 = 0
or 16(x+ I)2 — 9(y-2)2 =144

(x + i)2 (y-2)2=:1 
9 16

2 X 16 32 -------— —
3 3

http://www.jeebooks.Chap
http://www.jeebooks.Chap
http://www.jeebooks.in


630 Textbook of Coordinate Geometry

(B) Given hyperbola is

-XX'* 13 = 26C S(5, 0)

r
or

,..(f
or

•■•(>)and 2 = 13or

2
...(H)

(iii)or

(iv)and

= 6

■X

1X'+ >Xc

(B)v

then

=>

and

25
9

z=1 
16

then
=>
=>

c
a
c

b

c- + -
b.

(3, 0),
~A1

S?

Y

S3

S4 

r

(A) We must have
e, < 1 < e2
D > 0 and/(I) < 0
X2 >8and3-A, <0
A. e (- - 272) u (2^2, oo) and A. > 3

X>3

e, > 1, e2 > 1

9

c 25l ,, - + —=13 
4 )

.**=36 
4

1
D £ 0 and /(I) > 0 and — > 1

Xe(-oo,-2^)]u[2^,oo)

A, < 3 and A, > 2
A. 6 [272, 3)

D = X2-8
A, 

x-coordinate of vertex = — and /(I) = 3 - A,

Its foci(±7(22 + 32), 0)

or S, = (713, 0) and S2 = (-713, 0)

and equation of conjugate hyperbola is
x2 y2" —+ ZT=1
22 32

Its foci (0,± 7(32 +21))

or S, = (0,713) and S4 s (0,-713)

5 e = -
3

Hence, its foci are (± 5,0)
The equation of the circle with (5, 0) as centre is 

(x —5)2 + (y - 0)2 = r2
Solving Eqs. (i) and (ii), we have

16x2 -9(r2 — (x — 5)2) = 144 

or 25x2 — 90x — 9r2 + 81 = 0 
Since, the circle touches the hyperbola, the above equation 
must have equal roots.
Hence, (90)2 - 4(25) (81 - 9r2) = 0 
or r = 0
which is not possible.
Hence, the circle can not touch at two points. It can only be 
tangent at the vertex.
Hence, r = 5 - 3 = 2
(C) Equation of hyperbola is

x2 _/=,
22 32

Hence, area of quadrilateral StS2S2SA
— 4 x Area of AS^S,

= 4 x - x CS. x CS, 
2

= 2 x 713 x7

(D) Given hyperbola is 
ax2 - by2 = c

(c/a) (c/ b) 

E -- 
\b~2

9
c

From Eqs. (i) and (ii)
c

169 
4

25
4
c

b c_ 144 
a

v a and b are co-prime
a = 25, b = 144

and from Eq. (iii), c = 900
__ lab 3X25X144 Hence, ■—- =---------------

2c 2 x 900

73. Let /(x) = x2 - Ajc + 2
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and =then

=>

or

and

or

Let e, = - and e2 =—

Now, ,2

81. If hyperbola is —

.•.Angle between asymptotes = 2 tan'

or For equilateral hyperbola a = b

and eccentricity e = 2

•.Statement 2 is true.

or

and
:. Statement I and Statement II are both true and Statement II 
is not a correct explanation of Statement I.

a2

D>0and f(72)<0 

X2 > 8 and 2 - X^2 + 2 < 0 

Xg(-oo.-272)u(2^, oo) 

X>2^2

X >2^2

K
2

b
a

4
-r>1 
■J3

then, angle between asymptotes

= 2tan~'(l) = 2. — =
4

'2=-l

79. If we solve 4x - 5y = 0
4

y = 5X

16x2 -25y2 =400 
x’ y2 . ------ = i 
25 16

we get, 0 = 1 => No solution 
4

=> The line y = -x does not meet but the line satisfies the

condition of being a tangent

c2 -a2m2 + b2 = 0-25 x — + 16 = 0 
25

/.Statement I is false.

78. The conjugate hyperbolas are

a’ + fc2 , 2 a2 + b2 
---- — and e, = —77— 

a------------------ b

e s
13., - = - + - = 1 and ee. =

2 4 4

74. Since, e, and e2 are the eccentricities of two conjugate 
hyperbolas, so e, > 1 and e2 > 1.
=> e2e2 > 1

/. Statement II is true.
As for and e2 for hyperbola and its conjugate,

1 1
7 + 7 = 1 e2

5 □ 5e, = - and e, =—
3 4

1 1 9 16
ef e2 25 15

/.Statement I is true, but Statement II is not correct explanation 
of Statement I.

75. By definition, if H (x, y) = 0

then Aj (x, y) = H(x, y) + X
/. Statement II is true
Since, C(x, y) = H(x,y) + 2

= A,(x,y) + (2-X)
Since, for A, (x,y) = 0, we have A = 0 and also for

A2(x, y), A = 0,So A, = Aj
/.Statement I is true and Statement II is correct explanation of 
Statement I.

76. •/ Director circle is the locus of the point of intersection of 
perpendicular tangents.
/. Statement II is true.
•/ Director circle of 5x2 - 4y2 = 20 

51_/=i
4 5

is x2 + y2 =4 - 5 or x2 ■
/. Statement I is false.

x2 v277. Director circle of----- — = 1 is
25 16 

x2 + y2 =25-16 = 9
Hence, angle between tangents is n/2.
/. Statement I and Statement II are true and Statement II is a 
coirect explanation for Statement I.

=> It must touch the curve at infinity.
/.Statement I and Statement II are both true but Statement II is 
a correct explanation for Statement L

80. The point (x, ,yt) inside the hyperbola.

£4 = 1.then
/. Statement II is false.

Also, 3y2-5x2 + l = 0
or 5x2-3y2-l = 0

/. Value of 5x2 - 3y2 -1 at (5, - 3) is 
5(5)2 -3(-3)2 -1 
= 125 - 27-1 =97 >0

/. Statement I is true.
~ ... ... x2 y2

a* fr2"1

(C) We must have -7 + = 1
e2

or e2 + e2 = (e1e2)2
=> (e, + e2)2-2e1e2 =(e,e2)2
=> X2-4=(2)2 or X2 =8

X = ± 2J2
(D) We must have < V2 < e2

then

y
b2
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and C3 =where C. .c2=-

tan(C / 2)

(let)

c

orb-c = a = constant

or

,2 or

c^, — , ct2, — and ct3, — respectively.

ct2 cti

++
Ct2 Ctl Since, |PQ|=2d

or|t22t3-t22t3 + t,t2 -t2t,+t2t2-t,2t2|

[from Eq. (i)]2or

and
2

-2d;

(0Required area =

1 f
1

4ft 
k

2ft 
c

c

h
c

7

c

h
c

2h 
^ + f’=7.

_ 1 t 
i

4)

82. BC = base of the triangle =a (constant) and A is the vertex.

(s - c) (s - a) 
tan(B / 2) y s (s - b)

" ’(s-a)(s-h)
s (s - c)

2s -2c
2s— 2b

1
2|C|C2Cj |

1

4c2-(A -t,)2 (*,-G)2 Ui-O2 
(r, - r2) (r2 - r3) (r3 -t,)
(t, + t2)(t2 + tJ)aJ + tl)

; 2 c2 ~ ~ ~
(A + t2)(t2 + t3)(t3 + t,)

1
1 *1 

C1=t32-t2,C2=t12-t2 and CJ=t2-tl2 
From Eq. (i)

(2d)2

2

I =2d

1 A2
1 t2 -2ct2

1 -2ct3

1
s — c =-------
s - b

a + b - c=----------- = k
a-b + c

B a c

(i) .'. Area of triangle ABC = -
2

I c I
84. Let chord be PQ and coordinates of P and Q are ct,, — and 

\ /
^ct2, —J respectively.

Now let mid-point of PQ is M (ft, k) 
h = ^(ct1+ct2) 

t, + t = — 
c 

2k _tl+t2 

c V2 
2ft 
c 

V2 
h 

V2 = . k

-&kk-c,>

= 2c2

and k - - • — + — 2h

4ft2 
(t,-t2)2=(<1+t2)2-4t1t2 = — 

c

k-\
“l^ft+lj

=> CA - BA = constant
By the focal property the locus of A is a hyperbola whose foci 
are B and C.

83. Let coordinates of A, B and C on the hyperbola xy = c2 are

.. .
<.J • -■

/ v2 c c l(^-ct2) + ---
XT ‘2

By componendo and dividend© 
k -1 _ b - c 
ft + 1 a

c 

c 

h
_ c _ + — ^2. + ^. — h.

2 |t2 t, t, t2 t, t3 

c2
2t,t2t3

= —I 2^t2t3

(ii) Equations of tangents at A, B, C are
x + ytf -2ct. =0 
x + yt2 -2ct2 =0
x + yt* - 2ct3 = 0

or
Hence, locus of the middle-point of PQ is 

(x2 + y2) (xy - c2) = d2xy.
85. Let the rectangular hyperbola is

xy = c2 ...(>)
Since, the centre of hyperbola (i) is origin (0,0) and equation of 
asymptotes are x - 0 and y = 0.
The equation of a line through (0,0) and makes an angle 0 with 
asymptote (X-axis) is y - x tan 0.

4ft
c2ft

c c

c

1
^2

(ft2 +ft2)(ftfc-c2) = d2ftft
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Y
or

or

X'< *X

-y

(0
i.e. -1

(■

or
(ii)

(iii)

(iii)

0

-(iv)

and k =

Putting 

then

x y n- + — = 0 
a b

a2
/i —

It will meet the hyperbola, where x (x tan 0) = c2 
i.e.

0 => y = -x 
a

x = c ^cot 0

x = c ^cot 0 in (1)

y = c ^(tan 0)

.'.The four points are (c ^cot 0, c ^tan0) where
Q = a,p,y,6.

The line joining the points a and P is perpendicular to the line 
joining the points y and 5.

= c2.

2c
2t2 +t2

, , 2c and k = —
3t2

/ \ / \ I C I c I 86. Let P ct;, — and Q ct2> — be any two points on xy 
\ h J \ J

Then tangents at P and Q are
x + yt12=2ct1 ...(i)

and x + yt2=2ct2 ...(ii)
On solving Eqs. (i) and (ii), the point of intersection, say (h, k), 
is given by

b - (~b). .y-b = (x-a) 
a-(-a)
b, 

y-b = -(x-a)
a
by = -x
a

i-2-o
a b

, , 2c and k =-------

The foot of the ordinate of P is (ct,, 0) and it lies on Eq. (ii) then 
ct, + 0 =2ct2 

t,=2t2

Then, from Eqs. (iii) and (iv), 
ft = 2c 2t2 t2 

2t2 + t2 
, 4c 
h - —12 

3 
, , 4c 2c hk = — t,x — 

3 3t2

hk = -c2
9

8
.'.Locus of (h, k) is xy = - c2, which is a rectangular hyperbola 

with the same asymptotes x = 0 and y = 0 as those of xy = c2.

b Y .-x+c =1 
a )

1 I u A. 2 2bc 1

a J
n t 2c (c2 + b2) _ 

' abX b2

One root of its equation is infinite since coefficient of x2 in it is 
zero. Also from Eq. (iii), when y —> °° as x —>
.'. Eqs. (i) and (iii) meet in one point at infinity.
(b) Lines through (a, 0); (-a, 0); (0, b) and (0, - b) are parallel to 
the principal axes, enclose a rectangle whose vertices are 
A (a, b), B (-a, b), C (-a, -b) and D (a, -b). Now equation of 
diagonal AC is

1
b2

87. Take two given perpendicular straight lines as the coordinate 
axes and let the equation of variable circle be

x2 + y2 + 2gx + 2fy + c = 0 ...(i)
Suppose circle (i) make an intercept of length a on X-axis and 
an intercept of length b on Y-axis. 

a=2yl(g2 -c) 

and b = 2 ^(f2 - c)

Squaring and subtracting these, we get 
4(g2-c)-4(/2-c) = a2-b2

4

4
Hence locus of the centre of circle (~g, -f) is 

x'-y^a'-b’) 

which is a rectangular hyperbola.
88. Let the hyperbola be

^-1
a2 b2

Its asymptotes are 
x y „ .---- — = 0 and 
a b

(a) Let us take the asymptote
x _y__ 
a b

Any line parallel to Eq. (ii) is 
b y=-x+c 
a

Eliminate y from Eqs. (i) and (iii), then

a2 b2

b2x2
a2

Y
Therefore, the product of their slopes = -1

c 5,/tan p - c ^tana c J tan 8 - c ^/tan y _
c Jcot P - c ^cot a c y/cot 8 - c ^cot y

tana^tanP)x(-Jtany ^tan6) = -1

tan a tan P tan y tan 8 = 1
I c

^2
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y

>xX'* H,o) 0

fa-b) D\fa~b)

= 1. Similarly the diagonal BD is the other asymptote.

...(i)

So y, =a

...(ii) Bfab)

y,

X'*
{“•Pl

y'

and

...(iv)

(0xy -k = 0

■•(ii)

(iii)

C 
(-a,-b)

abc + 2fgh - af2 - bg2 - ch2 = 0
k = a2

= a (sec 0 - cos <$>)

-a {sec0 - cos 0}

Hence, equation of rectangular hyperbola is 
xy - ay - 0x + k = 0, 

where k is any constant.
It passes through A (a, 0) and B (0, b)

O-O-0a + A: = O
0-ab-0 + k = 0 

k k
P = - and a=- 

a b
Hence equation of rectangular hyperbola becomes

.a b

c X
/w

fab) 
fab) A

Y^z^^z 
and coefficient of xy — 0 
=> x,y2 + x-y, + X = 0 ..(v)
Again the conic (iv) passes through (x,, y1) and (x2, y2) then 

(2x, y, - 2c2) (x,y2 + x2y, - 2c2)+ X (x,y, - c2) = 0
or 2(x,y2 + x2y,-2c2) +X = 0 (v Vi *c2)...(vi>
311(1 (*:Xi +y2xi “2c2)(y2x2 + x2y2 -2c2) + X(x2y2-c2) = 0 
=> 2(x2y, + jqy2-2c2) + X = 0 (v x2y2 *c2)...(vii) 
From Eqs. (v) and (vi), we get

2(-X -2c2) + X = 0
- X - 4c2 = 0

X=-4c2

xy, + x,y =2c2
and xy2 + xyy =2c2
The equation of the conic passing through Eq. (i) with
Eqs. (ii) and (iii) is

(xy,+ x,y-2c2)(xy2 + x2y-2c2)+X
(xy-c2) = 0

Now, Eq. (iv) represents a circle
:. coefficient of x2 = coefficient of y2

r
i.e. The diagonal AC is one of the asymptotes of the hyperbola

-................................................................................................................................... ■

a2 b’

89. Let the equation of ellipse is
x2 y2 , 
a2 b2

Tangent to Eq. (i) at P (a cos b sin $) is
x y— cos 4> + — sin 0 = 1 
a b

Coordinate of point B is
B = (a sec , 0) and AB

Let coordinate of Q be (x,, y,) then
x, = a cos (|) and y, 

a _ x, ]
kx, a)

=> x,y, = a2 - x,2
Hence, locus of Q is xy = a2 - x2
which is clearly a hyperbola.
Since, the equation of a hyperbola and its asymptotes differ in 
constant terms only, asymptotes of Eq. (ii) are given by 
x2 + xy - a2 + k = 0, k is any constant.
It represents two straight lines. The required condition for 
this is

then
/. Asymptotes are

x = 0 and x + y = 0
90. The given rectangular hyperbola is

xy = c2 ...(i)
Equations of chords of contact of(xp y,) and (x2, y2) w.r.t., 
xy = c2 are

A(a,0) 
----------->0

Then from Eq. (v)
w + x2Xi = 4c* 

which is the other condition.
91. Let two perpendicular asymptotes of a rectangular hyperbola 

are CD and CE.
Let the coordinates of A, B and C are (a, 0), (0, b), (a, p). OX 
and OY are parallel to CD and CE.
Then equations of CD and CE are 

y - P = 0 and x - a = 0
Thus combined equation of CD and CE is 

(x-a)(y-p) = 0 
or xy - ay - 0x + ap = 0
is the equation of asymptotes of rectangular hyperbola.

ea y
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X

< 7(P2 + 92) >

or
+ 9P

and x-y = k (ii)

kor

and

and

and

1

and

0

k =

and

At (0, 0) I
=>

(i)

and

•••(ii)

!

y
Given that y = ax + £ is the tangent of hyperbola 
=> m = a and a2m2 -b2 = p2

a2a2-b2=$2
Locus is a2x2 -y2 -b2 which is hyperbola.

y, + y? + y3 + y<
4

£ 
a2

px4 + qy< +r =0

Since, algebraic sum of perpendicular distances from 
(*i. y«). (*,. y2). to. y3) and (x<- yJto Eq- (“)is zero- 

/ X

Let the variable line be
px + qy + r = 0

= 4a2A2

Eq. (i) represents two sets of rectangular hyperbolas whose 
vertices lie on the straight lines VCV' and WCW' both passing 
through (a, p) inclined at 45° and 135° to OX 

k kThen a = p = - and their equations are 
b a

y-P = ±(x-a) 
k ( k\
a I b)

x
px, + qyt+r I px2 + qy2 + r px, + qy3 + r" I

= 0 
dx

^-1 + ^ = 0 
dx

. 7(p’+«J) J
/ X

j i----4 - T^4 • '

I 7(P2 + <72) > 
p(x, + x2 + x, + x4) + q(y, + y2 + y3 +y<) + 4r = 0 

f jq + x2 + x3 + x4
I 4 
a p .p-+q^+r=0
4 4

Putting in Eq. (i) then 
x2 y2
— + ----- x - y = 0
a b 
x2 y2
----- — -x + y = 0 
b----a

Differentiating these equations, we get
2x + 2y dy _dy
a b dx
2x 2y dy
b a dx

Slopes of lines are
 dy  (a - 2x)
dx a(2y - b)

_dy  a (2x - b)
dx b (2y - a)

m, = -1 and = 1
nqnq =-1

which shows that curves intersect orthogonally.
92. Equation of the normal to the hyperbola xy = 1 at t is

xt2 - yt - t* + 1 = 0
v It passes through (a, p)

t4-at3 + pt-i = 0
If foot of the co-normal points are

KJ

ky 
b> 

, - 1 f x + y =k - + - 
la b.

if 
b a, 

 ab(x + y) 
(a + b) 

flb (x-y) 
(a-b)

q + t2 + t3 + t4 = a 
x, + x2 + x3 + x4 = a

1 1 1 1 „ - + —+ —+ —=P 
t, t2 t3 t4

y1 + y2 + y3 + y4=P

Eq. (ii) passes through

93. Let the equation of hyperbola is

a2 a b
whose asymptotes are 

x y n 
a b

I-Z = o 
a b

Let there be any point P (h, k) on the hyperbola 
k = distance of P from transverse axis
h= distance of P from any asymptotes 

fx y

bh-ak 

7(fl2 + b')
Squaring (a2 + b2) k2 = b2h2 + a2k2 — 2ab hk
=> b(h2 -k2)=2ahk 

(h2-k2) = — 
b

Squaring (h2 -k2)2 =4a2h2 )

H
=> (h2-k2)2=4h2(h2-a2)
Hence locus of P (h, k) is 

(x2-y2)2=4x2(x2-a2). 
x2 y2

94. Tangent to the hyperbola — —- =1 is 
a b

= mx± yja2m2 -b2
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=> e =

ae = cosa.

= 1, As it passes through focus of ellipse i.e. (3,0)

2

1

or

Y
e -

X' +

Y'

= 1

.2

(i)
C

r

= i

4

3
5

1
2

1-1
2,

A 
(a,0)

/ 
C(ae, 0)

Clearly, AABC is a right triangle.

B ae, — 
I a J

B2 = A2

b2 = a2(l-e2)=a2

99. The given hyperbola is
x2 -2y2 -2y/2x-4^2y-6 = 0

=> (x2 -2y/ix + 2)-2(y2 + 2y2y + 2) = 6 + 2-4

=> (x-V2)2 -2(y + V2)2 = 4
(x - V2)2 (y + J2)2 _

22 (V2)2

4

D I 
\ a,

98. Given, equation of hyperbola is 
x2 y2 

cos2 a sin2 a
Here, a2 = cos2 a and b2 = sin2 a

x2 9y2
"A2 16A2

/. Weget A2 =9=>B2 =16 
x2 y2

/. Equation of hyperbola is — - = 1, focus of hyperbola is

(5, 0), vertex of hyperbola is (3, 0).
96. The length of transverse axis = 2sin© = 2a

=> a = sin©
Also for ellipse 3x2 + 4y2 = 12

x2 , y2 2 _ , .2
---- 1- — = 1, a = 4, b =3 
4---- 3

^5
Focus of ellipse = I 2 x -, 0 I (1, 0) 

\ 2 J

As hyperbola is confocal with ellipse, focus of hyperbola = (1,0) 
=> ae = 1 => sin 9 x e = 1
=> e - cosec 0

b2=a2(e2-l)
= sin2 ©(cosec2© -1) = cos2 0

/.Equation of hyperbola is 
x2 y2 

sin20 cos20
or, x2cosec2 0 - y2 sec2 0 = 1

97. Two branches of hyperbola have no common tangent but have 
a common normal joining SS'.

Y 
J k

2 2 1
X - V = -

2
which is rectangular hyperbola

e=4i
x2 y2Let the ellipse be — + ^ = 1 
a2 b2

Its eccentricity =

2

9

/. Area of (AABC) = | x AC x BC

1 / x b2 = - x (ae - a) x —
2 a

= = JI
2 2 (N 2 J

■GH
100. The given hyperbola is

a=2,b~y2 =>e

b2 = a2 (e2-l)
/. sin2 a = cos2 a (e2 -1)
or sin2 a + cos2 a = cos2 a . e2

or e2 = 1 + tan2 a = sec2 a => e =seca

-±-=l
cosa

Coordinates of foci are (±ae, 0) i.e. (± 1,0)
Hence, abscissae of foci remain constant, when a varies.

X2 y2
95. For the given ellipse — + — = 1

25 16

25/
=> Eccentricity of hyperbola = |

x2 y2Let the hyperbola be — - — = 1 then

25 
------1
9
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So, the equation of ellipse becomes

=>

(iii)or
...(ii)

(iii)and
fall (iv)

=>
(ve>l)

Hence, e =

(not possible)

or

(i) e =

2 (ii)

,2and

J3 
2

or
or

b2 =a2(el2-l) = a
.3

e2--(e2-l) = l 
4

(e2 — 4) (e2 — 1) = 0
e2 =4,e2*l

e =2

and hyperbola
4x2 -9y2 =36

then equation of hyperbola becomes 
x2 -3y2 = a2

which pass through (± 41, 0)

3 - 0 = a2
=> a2 =3
/.Equation of hyperbola is

x2 -3y2 =3
( 2and foci of hyperbola are I ± a/3 x ~^=, Oj i.e.,(±2,0)

From Eqs. (iii) and (iv), we get y2 =- and x,2 = 1 
2

and (xp yt) lies on ellipse x2 + 2y2 = a2 
x,2+2y,2=a2

=> 1 + 1 =a2 or a2 =2
/. Equation of ellipse is x2 + 2y2 = 2
whose foci (±1,0).

$0/. (Q. Nos. 101 and 102)
The intersection points of given circle

x2 +y2 -8x = 0

2
/. Eccentricity of hyperbola = -j= = e.

Hence,

104. Equation of normal at P (6,3) is 
^+b-l = a’+b‘

6 3
•/ Normal intersects the X-axis at (9, 0), then

— + 0 = a2 + b2 => 3a2 = 2a2 + 2b2 
6

a2 =2b2 
a1 = 2a2(e2 -1)

2

4
105. Given, ellipse is x2 + 4y2 = 4 

x2 y2 —+ i- = l 
4 1

|f 1" 
1-- 

/k 4.

and foci are (± -73,0)

(ii) 
can be obtained by solving these equations substituting value 
of y2 from Eq. (i) in Eq. (ii), we get

4x2 -9(8x-x2)=36 
13x2 -72x-36 = 0

x2 + 2y2=a2 ...(ii)
Let the hyperbola (i) and ellipse (ii) intersect each other at 
/’(Wi)-
/.(Slope of hyperbola (i) at (Xp y,)) x (Slope of ellipse (ii) at
(Wi) = “l

AxlA
y.

(i) 
Intersection point of nearest directrix x =- and X-axis is oj 

As, 2x + y = 1 passes through 0^

2a „ . e— + o = 1 => a = -
e 2

b2 =a2(e2 -1) = — (e2 -1) 
4

Substituting the values of a and b from Eqs. (ii) and (iii) in 
Eq. (i), then

^ = -1 
2y.

x12=2y12

Also (Xp yl) lies on x2 - y2 = -
2

. 2 2 1
xi -y> =-

L.

x2 y2
103. •/ line 2x + y = 1 is tangent to the hyperbola — - — = 1 

a b
(l)2=a2(-2)2-b2

4a2 -b2 =1

x = 6,-- 
13

2 660
y =12,------

169
/. A(6, 2-^3) and B (6,-2-73) are points of intersection.

101. Equation of tangent to hyperbola having slope m is
y = mx + 7(9m2 - 4)

Equation of tangent to circle is
y = m(x - 4) + -J(16m2 + 16)

Eqs. (i) and (ii) will be identical, then
2 

m =—j=
V5

So, equation of common tangents
2x |f36 \

y =—?= + J----- 4Vs yis )
2x 4 

y = ^r + ~rV5 V5
or 2x - V5y + 4 = 0

102. Equation of circle with AB as its diameter is
(x -6)(x-6) + (y-2-73) (y + 2-^) = 0

=» x2 + y2 - 12x + 24 = 0

a2
3
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(>)

(ii)

...(iii)

(-.-a2 *8)
or

(Q)2

(R)

(P)

4

..(i)

.(ii)

-|3x + — =Z and — = m

1 dm _ 
3x2 ’ dyt ~3

HI. y2 = 4ax
Equation of tangent in terms of slopes are

fl 2 /“\y = mx + — or my = m x + a (i)
m

and points of contact in terms of slopes are 
f a 2a 
I —.2 ’ „ m

HI (i) (P) (Ans. Q.No. 113) (Here, a = 8, m = 1)

—V3
II (iv) (R) (Ans. Q.No. Ill) (Here, a = 2, m =----- )

2

b2 = 4a and b =-ae or b2 = - a2e2
2 4

or b2= — a2e2

a2 (e1 — 1)= ~ => 4e2 - 4 = e2

2 
e = -?=

V3

106. Equation of tangent at (xpy|) is

9
Equation of line parallel to

2x~y = X
x2 y2

Line (ii) is tangent of — - =1, then

X2 =9X22 -4
X = ± 4y[i

From Eq. (ii), Equation of tangent is
2x - y = ± 4-72

~ x y 1Comparing Eqs. (i) and (iii), we get - ± ——

^±^andy,=±±

Hence, points of contact of the tangents on the hyperbola are 
' f 9 1 ) 'and----- —7=

k 2 <2 <2 J

=> b2 = 4a and b =-ae c. I2 
2 4

2 2
109. Let Equation of hyperbola is —- - ^7 = 1 

a b
2 3When it passes through P(ji,j3\ then — - — = 1 

a b
=> 2b2-3a2 =a2b2
and ae = 2 => a2 + b2 =4
From Eqs. (i) and (ii), we get 2(4-a2)-3a2 = a2(4-a2)
=> a2-9a2+8 = 0 => (a2-l)(a2-8) = 0

a2=l I
From Eq. (ii), b2 = 3

x2 y2Equation of Hyperbola is —-----— = 1

Equation of tangent at P(V2,V3) is ——- - = 1

Which is passes through (2 Ji,3 Ji)

2 4 
or e =- 

3

x2 y2110. (a,b,c) v2x - y + l = 0isa tangent of —7----- = 1, then
a 16

(I)2 =a2(2)z - 16 or (2a)2 =(1)2 +(4)2 
.*. 2a, 4,1 are the sides of a right angled triangle.

So/. (Q.Nos. 111-113)
I. x2 + y2 = a2

Equations of tangents in terms of slopes are 
y = mx + a^/(m2 + 1) (ii) 

and points of contact in terms of slopes are 
/ x

- ma a 
^(m2 + 1) ^(m2 + 1);

.*. I (ii) (Q) (Ans. Q.No. 112) (Here, a = V2, m - ±1) 
2 2

II. x2 + a2y2 = a2 or ^7 + ^7 = 1 
y a2 I2

Equations of tangents in terms of slopes are 
y - mx + ^(a2m2 + 1) (iv) 

and points of contact in terms of slopes are 

-q2m________ 1
k-J(a2m2 + 1) ^(a2m2 + 1),

f 9 _l_i 
\.2ji' Ji)

107. H .x2-y2 =1

S: Circle with centre N(x2, 0)
Common tangent to H and S at P(xi,yl) is

xxi -yy, =l=>mI =^- 
Z

Also radius of circle 5 with centre N (x2, 0) through point of 
contact (x^, y,) is perpendicular to tangent.

y,
xl = x2 - X] or x2 = 2x,

M is the point of intersection of tangent at P and X-axis

M —, 0 
)

■: Centroid of ARMN is (£, m)

:. Xj + — + x2 = 3f. and y, =3 m

Using x2 -2^, 
1 
3<

Also, (Xj, yt) lies on H,

- ~y" =lory1 =7(^ -O
m = ^(x2 -1) 

dm =
37(x,2 -1) 

1

108. — = 8 and 2b = - (2ae)
a 2

Xi
3 
1
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